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The General Context

Quantum computing is a new and powerful computational model that in
some cases provides an exponential advantage over ”classical” computational
models such as probabilistic and deterministic Turing machines. In 1997,
Peter Shor gave a polynomial time quantum algorithm for factorization,
while no polynomial time algorithm for the classical model is known. Com-
munication complexity is one of the major models of computations, that
has found numerous applications in several other areas of computer science.
In this model, one can actually prove that the quantum model is exponen-
tially more efficient than the randomized one for certain problems. The
main question in the area of quantum communication complexity is to find
such problems. Previously, such exponential separations have been proven
in most communication models for relational or promise problems.

The Problem Studied

We study the Hidden Matching Problem, defined by Bar-Yossef, Jayram
and Kerenidis, which is one of the most important problems in quantum
communication complexity, since it is the first and only problem known,
that gives an exponential separation between classical and quantum one-way
communication complexity. In the functional case, for a single instance of
the problem there is only one possible correct answer, while in the relational
case, there could be many possible correct answers. In the relational case,
the Hidden Matching problem has provided an exponential separation for
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both 2-party and multi-party communication. For the functional case, we
do not have a separation for the multiparty communication. In this thesis
we make significant progress towards resolving this main open question.

The Proposed Contribution

We have defined a new variant of the Boolean Hidden Matching problem and
have managed to prove a deterministic lower bound and a quantum upper
bound. Thus we have shown a new exponential separation between these
two models. We have also made progress towards proving a randomized
lower bound. For this purpose we defined another variant of the problem,
where we restrict one player’s (Bob’s) input to a small set and this way
we can derandomize any communication protocol, hence showing that the
deterministic complexity is equal to the randomized complexity (up to poly-
logarithmic factors).This way, we have reduced the question of finding a
randomized lower bound to finding a deterministic one. We have moreover,
extended our definitions to the multiparty case.

The case for its validity

We have provided rigorous proofs for the two main results in this thesis,
the deterministic lower bound for a variant of the Boolean Hidden Matching
Problem and a derandomization result for certain communication problems.

Future Prospects

Our derandomization technique is completely general and any communica-
tion protocol for the same type of problems can be derandomized via the
same technique.

We are currently unable to find a deterministic lower bound for the
problem for which we can actually derandomize the protocols. So the open
question is to find a deterministic lower bound for this problem. Finding
a deterministic lower bound would imply a randomized lower bound and
thus a new gap between quantum and randomized models could be shown.
Another way to tackle this problem would be to find a randomized lower
bound directly via, for example, Fourier analysis or information theory.

So far all the exponential gaps have been shown for promise problems.
For total functions no exponential gap is known. Thus it is worth investi-
gating whether an exponential separation for a total function is possible at
all, and whether some variant of the Hidden Matching Problem can provide
such a separation.
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1 Introduction

1.1 Quantum Computation

Quantum computing is a new computational model that may be physically
realizable and in some cases provides an exponential advantage over “clas-
sical” computational models such as probabilistic and deterministic Turing
machines. The basic difference between the classical and quantum model
of computation is that a classical computer has a memory made up of bits,
where each bit represents either a one or a zero, whereas, a quantum com-
puter maintains a sequence of qubits, where a single qubit can represent a
one, a zero or a superposition of these two (thus being in both states si-
multaneously). Thus in general, a quantum computer with n qubits can
be in an arbitrary superposition of up to 2n different states simultaneously
compared to a normal computer that can only be in one of these 2n states
at any one time.

When this model of quantum computation emerged, researchers con-
jectured that this model is exponentially more powerful than the classical
model. The reason behind this intution is not that n-qubits can be si-
multaneously in 2n states (as one can describe even ordinary probabilistic
computation in similar way). The reason is that the added power of quan-
tum computing seems to be derived from the fact that here we allow vectors
to have negative coefficients, and the norm that is preserved at each step is
the Euclidean (i.e., 12) norm rather than the sum (i.e., 11) norm.

First such victory came in 1997, flagging off researcher’s intution to
be true, when Peter Shor [Sh97] gave polynomial time quantum algorithm
for factorization. Despite much effort, no polynomial time algorithm for
the classical model is known. This poses a serious challenge to the strong
Church-Turing thesis, which stipulates that every physically reasonable com-
putation device can be simulated by a Turing machine with at most polyno-
mial slowdown. Thus it is worth investigating the relation between quantum
and classical computing models like black-box computation, communication
complexity and interactive proof systems to have a better understanding of
quantum and classical computing.

1.2 Communication Complexity

Communication complexity is one of the major models of computations, first
defined by Yao [Yao79] in 1979. Communication complexity has applications
in several other areas of computer science, including blackbox computation
and interactive proofs.
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1.2.1 Classical Communication Complexity And its Variants

A communication complexity problem can be defined by a relation R ⊆
X × Y × Z, where X,Y, Z are sets. Two players, Alice and Bob, who
have unbounded computational power, are given inputs x ∈ X and y ∈ Y
, respectively. Alice and Bob exchange messages according to a shared
protocol over a channel, until Bob has sufficient information to announce an
output z ∈ Z s.t. (x, y, z) ∈ R. The communication cost of a protocol is
the sum of the lengths of messages (in bits) Alice and Bob exchange on the
worst-case choice of inputs x and y. The communication complexity of the
problem R is the cost of the best protocol that computes R correctly.

In the one-way model, Alice is allowed to send a single message to Bob,
after which Bob announces the outcome. Last, in the Simultaneous Messages
Passing (SMP) model, Alice and Bob cannot communicate directly, but
instead, each of them sends a single message to a third party called the
“referee”, who computes the outcome based on the two messages.

There could be several different types of problems, that Alice and Bob
try to solve. Generally, the problem is a total Boolean function, meaning
that Alice and Bob receive inputs x ∈ {0, 1}n and y ∈ {0, 1}n and the goal
is to compute a Boolean function f(x; y), which is defined for all possible
(x, y). In other cases, Alice and Bob receive some particular type of inputs
that satisfy some special property and compute a Boolean function f(x, y).
For example, Alice and Bob might receive sets S and T with the property
that either they are disjoint or their intersection is half their size and the
question is to figure out which of the two cases it is. This kind of problem
is called partial function (or promise problem).

If the problem is a relation then there exists more than one correct
answers for a single instance of problem.

We can define different measures of communication complexity for a
problem R depending on the allowed protocol type. In the deterministic
case we do not allow Alice and Bob to make any error, meaning that they
must produce the correct answer for every valid instance of the problem.
But sometimes we allow Alice and Bob to make some error, by allowing
them to have access to public random coins. In a bounded-error random-
ized protocol with error δ, for any inputs x; y, the outcome z should be
correct with probability at least 1 − δ, where the probability is taken over
the public random coins. The cost of a randomized protocol is calculated
as the number of bits Alice and Bob exchange in the worst-case input. The
randomized communication complexity of R (w.r.t. δ) is the cost of the
optimal randomized protocol for R.
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An important generalization is the multi-party communication complex-
ity, where the communication occurs between k (> 2) players. We shall
study the most important version of multi-party communication, “the num-
ber on a forehead model”, defined by Chandra, Furst and Lipton [CFL83].
In this case, a function of k variables x1, ..., xk is computed by k players each
knowing k−1 of the variables, namely player i knows x1, ..., xi−1, xi+1, ..., xk.

In one-way multi-party communication complexity, first k−1 players are
not allowed to communicate between them and they send one message each
to the kth player. The kth player would output the answer based on the
messages received and his portion of input. Total cost of the communication
is the sum of the cost of all messages sent by all k − 1 players.

1.2.2 Quantum Communication Complexity

When we talk about quantum communication complexity, everything is the
same except the fact that now, Alice and Bob can communicate qubits
instead of bits. Some of the qubits are initialized to their respective inputs.
In a communication round, a player can perform a unitary operation on
his/her part of the qubits and send some of them to the other player. At the
end of the protocol Bob performs a measurement and decides on an outcome.
The outcome of the protocol should be correct with probability of at least
1 − δ (for any inputs x; y, where the probability is taken over tossing of
public coins and the outcome of the measurements of qubits). The quantum
communication complexity of R is the number of qubits exchanged in the
optimal bounded-error quantum protocol for R. In one way communication
complexity only Alice sends qubits to Bob. Bob is not allowed to send
anything to Alice.

The main question in the theory of quantum communication complexity
is whether in the different communication models sending quantum bits can
reduce significantly the amount of communication necessary to solve certain
types of problems.

1.3 Related work

For total functions, there is no exponential gap between quantum communi-
cation and randomized communication with public coins in any of the above
mentioned models yet. Buhrman et al.[BCWdW01] were able to solve the
equality problem in the SMP model with a quantum protocol of complexity
O(log n) rather than the Θ(

√
n) bits necessary in any bounded-error ran-

domized SMP protocol with private coins. However, if we allow the players
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to share random coins, then equality can be solved classically with O(1)
communication. But for promise problems, there are exponential gaps be-
tween quantum and classical randomized(public coin) computation. First
such a gap was shown by Ran Raz in 1999 [Raz99], where in order to com-
pute the partial function, the quantum model communication is O(log n)
bits and the bounded-error randomized communication protocol is Ω(n1/4)
bits of communicattion.

Moreover. Bar-Yossef et. al.[BJK04] in 2004 defined the Hidden Match-
ing Problem and proved an exponential gap between quantum and random-
ized communication in the one way model and the SMP model.

Theorem 1.1. The Hidden Matching Problem:Let n be a positive even
integer. In the Hidden Matching Problem, denoted HMn , Alice is given
x ∈ {0, 1}n and Bob is given M ∈Mn (Mn denotes the family of all possible
perfect matchings on n nodes). Their goal is to output a tuple < i, j, b >
such that the edge (i, j) belongs to the matching M and b = xi ⊕ xj .

Let’s see, why this problem is hard for classical communication protocols.
Suppose that Bob’s matching M is restricted to be one of n fixed edge
disjoint matching on n.

Bob’s goal is to find the value of xi ⊕ xj for some (i, j) ∈M . However,
since Alice has no information about which matching Bob has, her message
needs to contain information about the parity of at least one pair from
each matching. Hence, she needs to communicate parities of Ω(n) different
pairs to Bob. It can be shown that these many pairs must contain Ω(

√
n)

independent pairs and hence the message must be of size Ω(
√
n).

Bar-Yossef et. al.[BJK04] came up with a quantum protocol that works
with complexity O(log n) and they proved a lower bound of Ω(

√
n) for ran-

domized protocol for the hidden matching problem. Thus they showed the
first exponential separation for the hidden matching problem.

As we can see, there could be many possible answers for a single instance
of this hidden matching problem. However as we are more interested in
problems that have a single output for an instance of the problem, both from
complexity and cryptographic point of view, in 2004 in the same paper, Bar-
Yossef et. al.[BJK04] defined the Boolean version of The Hidden Matching
Problem.
They considered a partial Boolean function induced by the Hidden Matching
Problem, defined below. In the definition they view each matching M ∈Mn

as an n×2n edge-vertex incidence matrix. For two Boolean vectors v, w, we
denote by v ⊕ w the vector obtained by XORing v and w coordinate-wise.
For a bit b ∈ {0, 1}, we denote by b the vector whose entries are all b.
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Theorem 1.2. The Boolean Hidden Matching Problem: Let n be a
positive integer multiple of 4. In the Boolean Hidden Matching Problem,
denoted BHMn, Alice is given x ∈ {0, 1}2n and Bob is given M ∈M2n and
w ∈ {0, 1}n, which satisfy the following promise: either Mx⊕w = 0 (a “0“
instance) or Mx⊕w = 1 (a “1“ instance). Their goal is to decide which of
the two cases holds.

In that paper, they were able to show deterministic lower bound of Ω(n)
for this problem. And the same quantum protocol for Hidden matching
problem HMn works for The Boolean Hidden matching Problem BHMn.
So they showed an exponential gap between the deterministic and quan-
tum model. Later in 2006, Kerenidis and Raz[KR06] and Gavinsky et.
al.[GKKRW07] simultaneously showed an exponential gap for randomized
and Quantum model.

There, they define a slightly different version of the Boolean Hidden
Matching Problem.

Theorem 1.3. The Boolean Hidden Matching Problem (BHMn):
Alice gets as input a string x ∈ {0, 1}2n and Bob gets as input a perfect
matching M on [2n] and a string w ∈ {0, 1}n. The promise is that either
h(Mx;w) ≤ n/3 (“0” instance) or h(Mx;w) ≥ 2n/3 (“1” instance). The
goal is for Bob to determine where the input corresponds to a “0” instance
or to a “1” instance. Denote by h(.,.) the hamming distance function and
by h(.) the hamming weight function.

Again, the same quantum protocol for The Hidden matching problem
is sufficient for showing quantum upper bound. And by showing a lower
bound of Ω(

√
n), they showed an exponential gap between the quantum

and randomized models of communication for The Boolean Hidden Matchihg
Problem.

1.4 Importance of Studying The Problem

Studying The Boolean Hidden Matching problem is important for two rea-
son. First, it is the only problem we know that gives us an exponential sep-
aration between quantum and classical model of communication in one-way
settings. And secondly, it has found applications in various problems like
multi-party communication [GP08], Bells inequality violation [BRSW11],
Subgroup membership problem [MO11], Streaming Algorithms, Extractors
and Cryptography. This problem is also used to gain better understanding
of total boolean functions [MT09]. Thus it worth further investigating the
problem and try to improve the present results.
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1.5 Overview of The Thesis

In this thesis we study The Boolean Hidden Matching Problem.

For 2 party Case

• We define a new variant of The Boolean Hidden Matching Problem

• Show a quantum upper bound of O(log n)

• Show a deterministic lower bound of Ω(n), thus show a exponential
gap between the quantum and classical deterministic communication
models.

• Show a randomized upper bound of O(
√
n).

For Multi-party case

•We define a variant of The Boolean Hidden Matching Problem for k
players.

• Show that quantum and randomized upper bounds for the 2 party
case still hold for multi-party.

• Show that deterministic and randomized complexity is same for this
problem, by proving a derandomization result.

2 Two Party Boolean Hidden Matchihg Problem

2.1 Problem Definition

Definition 2.1. New Boolean Hidden Matchihg Problem:Alice is
given x ∈ {0, 1}2n and w ∈ {0, 1}n, and Bob is given M ∈ M2n (where
M2n is all possible bi-partite perfect matchings) which satisfy that either
Mx⊕w = 1 (a Yes instance) or Mx⊕w = 0 (a No instance). Their goal is
to decide which of the two cases holds.

This problem is similar to original boolean hidden matching problem but
now the string w is with Alice, instead of Bob. Here we have to ensure that
Alice having x and w, she does not gain any information about the matching
that Bob is holding. This can only happen when for some choice of x and w
there are only few choices of M . But this happen, with exponentially small
probability.
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Definition 2.2. Alice is given x ∈ {0, 1}2n and Bob is given M ∈ M2n

(where M2n is all possible bi-partite perfect matching) which satisfy the fol-
lowing promise: either Mx = 1 (a Yes instance) or Mx = 0 (a No instance).
Their goal is to decide which of the two cases holds.

2.1.1 Equivalence of Definition 2.1 and Definition 2.2

First we show a reduction from Definition 2.2 to Definition 2.1. We consider
our matchings to be a family of all possible bi-partite perfect matchings. So
the bi-partition is between two portion of x, lets say xa and xb, such that x
= xa · xb (”·” is a concatenation operator), and |xa| = n, |xb| = n, |x| = 2n.

Now when we say, Mx⊕w = 0(or 1) it actually means that the XOR of
the first vertex in xa, the corresponding matched vertex in xb and the first
vertex in w is 0(or 1), the XOR of the second vertex in xa, the corresponding
matched vertex in xb and the second vertex in w is 0(or 1) and so on.
xai ⊕ xbj ⊕ wi = 0(or 1), (where xbj is the matched vertex with xai).

So, we can define another string x1 = x1
a · xb where x1

a = xa ⊕ w, such
that now, Mx1 = 0(or 1)

Thus given any instance x, w and M in Definition 2.1, we can use x and
w to produce new 2n bit string x1 such that the answer remains same, i.e.

Mx⊕ w = Mx1

Reduction from Definition 2.2 to Definition 2.1 is trivial, because in
definition 2.1, we can fix w to be a 0 vector and it will become exactly the
problem defined in definitaion 2.2.

We further simplify the problem in Definition 2.2, so that we can later
derandomize all players in both 2 party and multiparty communication.

Definition 2.3. Alice is given x ∈ {0, 1}2n along with nMatchingsM1,M2, ..,Mn

from M2n (all possible bi-partite perfect matchings).
The promise is that for half of the n matchings Mx = 0 and for the

another half of the matchings Mx = 1.
Bob gets a matching from the n matching M1,M2, ..,Mn of Alice.
The goal is to find whether for Alice’s input x and Bob’s matching M ,

either Mx = 1 (a Yes instance) or Mx = 0 (a No instance).

2.2 Quantum Upper Bound

We present a quantum protocol (similar to [KR06]) for this problem with
communication complexity of O(log n) qubits.
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Let x = x1 ::: x2n be Alice’s input and M be Bob’s input.
Alice sends

|x〉 = 1√
2n

∑2n
i=0(−1)xi |i〉

So total number of qubits sent by Alice is log n
Bob performs a measurement on the state of |x〉 in the orthonormal basis

B = { 1√
2
(|k〉 ± |l〉)|(k, l) ∈M}

The probability that the outcome of the measurement is a basis state
1√
2
(|k〉+ |l〉) is

|〈x| 1√
2
(|k〉+ |l〉)〉|2 = 1

4n((−1)xk + (−1)xl)2

This equals to 1
n if xk ⊕ xl = 0 and 0 if xk ⊕ xl = 1.

Similarly, the probability that the outcome of the measurement is a basis
state 1√

2
(|k〉 − |l〉) is

|〈x| 1√
2
(|k〉 − |l〉)〉|2 = 1

4n((−1)xk − (−1)xl)2

This equals to 0 if xk ⊕ xl = 0 and 1
n if xk ⊕ xl = 1.

Thus, if the output of the measurement is a state 1√
2
(|k〉+ |l〉), then Bob

knows with certainty that xk⊕xl = 0. And if the output of the measurement
is a state 1√

2
(|k〉 − |l〉), then Bob knows with certainty that xk ⊕ xl = 1.

Let (k, l) be the j-th edge in the matchingM , then because of the promise
that either Mx = 0 or Mx = 1, Bob knows that if for the j-th edge the
answer is 0 (or 1) then the answers are 0 (or 1) for all the other (n-1) edges.

2.3 Deterministic Lower Bound

Let f : X × Y 7→ {0, 1, ∗} be a partial Boolean function. We say that the
input (x, y) is legal, if f(x, y) 6= ∗. The confusion graph Gf is a graph whose
vertex set is X; (x, x

′
) is an edge in Gf iff there exists a y such that both

(x, y) and (x
′
, y) are legal inputs and f(x, y) 6= f(x

′
, y).

It is known [KN97] that the deterministic one-way communication com-
plexity of f is logχ(Gf ) + O(1), where χ(Gf ) is the chromatic number of
the graph Gf .

Here we obtain a lower bound for this problem via a different method.
For any graph, G = (V,E), let

τ(G) = maxW⊆V
|W |

α(GW )

10



here, α(GW ) is the independence number of GW . It is easy to see that
χ(G) ≥ τ(G).

We will use the following theorems.

Theorem 2.4. (Bar-Yossef et. al. [BJK04]) The one way communication
complexity of any partial Boolean function f is at least Ω(log τ(Gf )).

Theorem 2.5. (Frankl and Wilson [FW81]) Suppose, 0 ≤ l1 ≤ l2 ≤ ... ≤
ls ≤ n are integers and F is a collection of subsets of {1, 2, ..., n} such that

F 6= F 1 ∈ F and |F ∩ F 1| ∈ {l1, l2, ...., ln},

then,

|F| ≤
∑s

i=0(ni )

We will prove the following.

Proposition 2.6. Define a graph G = (V,E), where the Vertices are all
possible x’s such that all these x’s have the same number of 0’s and 1’s on
each side of the bi-partition.

V = {X|X = (Xa ·Xb)
∧
|Xa| = |Xb| = n

∧
h(Xa) = h(Xb) = n

2 }

and for any two vertices p, q ∈ V , (p, q) ∈ E if and only if |p ∩ q| = n
2

(i.e. they differ in exactly n positions).
Then, The Graph G is isomorphic to a vertex-induced subgraph of Gf .

Proof. Note that G contains the vertices that correspond to x’s that have
the same number of 0’s and 1’s in each bi-partition, while Gf contains a
vertex for every x. We show that the edge-vertex relation in Gf is the same
as in G.

We prove that in the graph Gf , ∀p, q ∈ V with |p∩q| = n
2 then (p, q) ∈ E.

Consider any two vertices p,q from V of G. Let the bi-partition of p be
pa, pb and q be qa, qb. We assume that, p and q are different in exactly n
positions, where some bits are different between pa and qa and others are
different between pb and qb. Let’s say, h(pa, qa) = k (i.e. k bits are different
between pa and qa). Then h(pb, qb) = n − k (i.e. pb and qb are different in
n− k positions) as total difference is n.

Now, we claim that k (correspondingly n−k, as we assumed n to be even)
is even and the number of 0’s changed between pa and qa (correspondingly pb
and qb), is exactly the same as the number of 1’s changed. If p is valid then
h(pa) = h(pb) = n

2 . So if qa is different from pa in exactly k positions then
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number of 0’s changed has to be exactly k
2 and the number of 1’s changed

have to be k
2 . Otherwise h(qa) 6= n

2 . And if, h(qa) 6= n
2 then q is not valid

in V . But we assumed q to be valid. So h(qa) = n
2 implying the number 0’s

and number of 1’s to be same and k to be even.
Same applies for pb and qb.
So, now if we compare qa with pa (Figure 1(a) and 1(b)), we will see that

among the n
2 0’s of pa,

k
2 0’s have changed to 1’s. The other n

2 −
k
2 = n−k

2

0’s are unchanged. And, among the n
2 1’s of pa,

k
2 1’s have changed to 0’s.

The other n−k
2 1’s remain unchanged.

For pb and qb also, among n
2 0’s, (n−k2 ) 0’s are changed to 1’s and n

2 −
n−k

2 = k
2 0’s remain the same. And among n

2 1’s n−k
2 1’s are changed to 0’s

and k
2 1’s remain same.

Figure 1: Deterministic Lower Bound

Now consider a matching M1 in q (Figure 1(c)), where the k
2 edges are

between the portion of qa (k2 bits) where 0’s have changed to 1’s and the

portion of qb (k2 bits) where 0’s are unchanged, and n−k
2 edges are between

the portion of qa (n−k2 bits) where 0’s are unchanged and the portion of qb
(n−k2 bits) where 0’s have changed to 1’s. And also k

2 edges are between the

portion of qa (k2 bits) where 1’s have changed to 0’s and the portion of qb (k2
bits) where 1’s are unchanged, and n−k

2 edges are between the portion of qa
(n−k2 bits) where 1’s are unchanged and the portion of qb (n−k2 bits) where
1’s have changed to 0’s.

Now notice (in Figure 1(d)) that, all these n edges of the matching M1

are still valid for p and for q, if M1p = 0 then for q, M1q = 1 or vice versa.
Thus there exists an edge between p and q in the Graph G.

Now we will prove the other direction.
Assume that there is an edge in Gf , between two vertices p, q ∈ V . This

implies that there exist a Matching M1 such that M1p = 0 and M1q = 1 or
vice versa. wlog. we assume that M1p = 0. Now consider all the n edges
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of M1. For each edge, the two vertices must have the same value in p and
different value in q, since M1p = 0 and M1q = 1.

So p and q differ in n positions. Again q is also a valid vertex (q =
(qa · qb)

∧
|qa| = |qb| = n

∧
h(qa) = h(qb) = n

2 }), Thus |p ∩ q| = n
2 .

By Frankl, Wilson

α(G) ≤
∑n

2
i=0(2n

i )

We know that, For any positive integer n and m ≤ n
2 ,∑m

i=0(ni ) ≤ 2nH2(m/n)

So,

α(G) ≤ 22nH2(
n/2
2n

)

and,

H2(n/22n ) ≤ 3/4

The number of valid x’s are

|V | = (nn/2)× (nn/2) ≈ 2n√
n
× 2n√

n
= 22n

n

So, since G is a vertex-induced subgraph of Gf , it follows that,

τ(Gf ) ≥ |V |/α(G) ≥
22n

n

23n/2 = 2Ω(n)

Thus, by Theorem 2.4, the communication cost is at least Ω(n).

2.4 Randomized Upper Bound

To show a randomized upper bound, we give a protocol that works in O(
√
n)

bits of communication. This protocol is the same as the protocol for The
Boolean Hidden Matching Problem (BH2n) [BJK04]. Alice sends

√
2n ran-

dom bits of x and by the Birthday paradox, with high probability, there
would be at least one matching pairs and Bob can recover the value of the
edge from Alice’s message and hence solve the problem.

13



2.5 Open Questions

2.5.1 Randomized Lower Bound

By giving a deterministic lower bound and a quantum lower bound we have
proved an exponential separation between the quantum and deterministic
communication complexity for this new problem. We are currently unable
to prove a lower bound for the randomized communication protocol, but so
far we have been able to derandomize the randomized protocol (discussed
in details in Section 3.3) by restricting Bob’s input. This derandomization
process is general for problems where Alice can restrict the possible inputs
of Bob to a small number and thus in this way, we can derandomize any
communication protocol, hence showing that the deterministic complexity
is roughly equal to the randomized complexity. This allows us to focus
on proving a deterministic lower bound, which in turn would imply the
randomized lower bound.

Thus two open questions are

• Find a deterministic lower bound for the problem, which would yield
a lower bound for the randomized protocol

• Find a Randomized lower bound for the general problem.

We are currently working on this problem. The fourier analysis technique
for boolean functions is showing hope for solving the problem.

3 Multi-Party Boolean Hidden Matchihg Problem

We further extend the Boolean Hidden Matching Problem of section 2.1 to
the multi-party communication complexity.

3.1 Problem Definition

Our model is the k-player one-way communication model, where first k − 1
players cannot communicate between them and can only send messages to
k-th player.

Definition 3.1. The last player (k-th player) has x ∈ {0, 1}2n written
on his forhead. The first (k − 1) players are given a matching M ∈ Mn

(where Mn is all possible bi-partite perfect matching) in following way,
∃M1,M2,M3, ...,Mk−1 (k-1 strings) such that
|M | = |M1| = |M2| = .... = |Mk−1| and M = M1 ⊕M2 ⊕ ....⊕Mk−1.
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Each Mi is written on the i-th players forhead.
Given this settings, the last (k-th) player can see all M1 to Mk−1 and

by XORing them, he can get the matching M . For the other k − 1 players,
each i-th player can see the input x written on the k-th player’s forhead
and all k − 2 strings (M1,M2, ...,Mi−1,Mi+1, ...,Mk) written on the other
k−2 player’s forhead. Since he misses the string Mi, he has no informations
about the matching M .

The problem satisfies the following promise: either Mx = 1 (a Yes in-
stance) or Mx = 0 (a No instance). Their goal is to decide which of the two
cases holds.

Definition 3.2. This problem is the same as the previous definition (3.1)
along with the property that on the k-th player’s forehead, additional n-
matchings are written. These n matchings are defined the same way as Def-
inition 2.3 (Section 2.1) for the two-party communication. And the match-
ing, that is written distributedly on the first k − 1 player’s forhead, comes
from these n matchings. So, for any player among the the first k−1 players,
the possible set of valid matchings is reduced to n matchings.

We can also define a problem for the randomized model for k player.

Definition 3.3. All the settings are same as definition 3.2. The only dif-
ference is that instead of having the promise of either Mx = 1 or Mx = 0,
we allow the protocol to do some error. Thus we define the new promise to
be either h(Mx) ≥ 2n/3 (“yes” instance) or h(Mx) ≤ n/3 (“No” instance).

3.2 Quantum and Randomized Upper Bound

Proposition 3.4. There exists a quantum K-party one-way communication
protocol that exactly solves the problem (in Definition 3.1 and 3.2) using
O(log n) quantum bits.

Proof. Consider the following protocol.
First any of the first k− 1 players (lets say player 1) sends the quantum

state to the k-th player.

|x〉 = 1√
2n

∑2n
i=0(−1)xi |i〉

Then the k-th player computes matching M by XORing M1, M2, ... , Mk−1

M= M1 ⊕M2 ⊕ ....⊕Mk−1

Then he performs a measurement of |x〉 on the orthonormal basis
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B = { 1√
n

(|k〉 ± |l〉)|(k, l) ∈M}

So, similar to the Quantum Protocol in Section 2.2 for the 2-party case, the
k-th player can compute the answer.

The randomized upper bound is the same as the 2-party randomized
upper bound.

Any player among the first k−1 players can send O(
√
n) random bits of

x (as they can see x on k-th player’s forehead) to the k-th player and by the
Birthday paradox with high probability k-th player finds a value of a pair.

3.3 Derandomization

Consider a randomized protocol, where all the k players are randomized
algorithms. We can assume that they all share a common random string as
private random strings can be easily converted into public random string.
We will now show a way to derandomize all k players and make the protocol
deterministic.

Lemma 3.5. For every one way randomized k-party protocol P for the k-
party Boolean Hidden Matching problem (defined in Definition 3.3), that has
cost l, uses shared randomness and which has error bounded by ε, there exists
a new one-way k-party “deterministic“ protocol P 1 that has cost atmost
O(l · (log n)c), for some constant c.

Proof. Given protocol P (as defined in the lemma), we can apply the result
of Newman [N91] (which says that we can always reduce the number of
shared random bits to constant time the logarithm of the input size) and
convert it into a new protocol P1 which uses shared random bits of c1 · log n
with cost c2 · l and bounded error ε+ ε/2.

Now, in protocol P1 we can restrict the shared random bits to only the
first k − 1 players. k-th player does not have access to random string in
the following way. The first k − 1 players would produce their messages
based on the random string and then one of the k − 1 players will send the
random string to k-th player along with his message. In this way we get a
new protocol P2, which has cost O(l+ log n) and same error bound of O(ε).

Now notice that, all the first k − 1 players can see the string x and all
the n matchings written on the k-th player’s forehead. So the only piece of
information missing from each of the (k − 1) players is the Matching. But
they know that the matching is one of the n matching written on the k-th
players forhead.
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As all n-possible matchings are visible to each k−1 players, they can in-
dex them with log n bits. And as the Matching distributed on their forehead
is one of the n-matchings visible to them, the are only missing the index of
the matching. So they are missing log n bits of information.

So for the first k−1 players, only log n bits are unknown. And thus using
Newman’s result we can further reduce the k−1 player’s shared random bits
to log(unknown information) = O(log log n) bits. The error would increase
to ε1 = O(ε) and cost would be O(l + log n)

Now consider another protocol P3 which is derived from this protocol.
Here each k − 1 players sends all messages corresponding to all possible
values in the shared random string. Now the size of the shared random
string is O(log log n). Thus each of k − 1 players sends (log n)c messages to
the k-th player, for some constant c.

Thus the total cost in protocol P3 is O(l · (log n)c) and all k − 1 players
have become deterministic as they no longer have a shared random string.

The last player, however, receives all messages corresponding to all pos-
sible values of random strings from all k − 1 players. Thus he can generate
all messages separately corresponding to each value of the random string.

But notice that all messages are based on a single instance of x and M
of the problem, so if the protocol does not have any error, then the output
would be the same. In our case, error probability is bounded by ε1 < 1/2
(by taking ε small enough). So the k-th player can compute all possible
answers and output the majority. Thus the k-th player is also deterministic
and he produces the answer without any error.

So cost (deterministic protocol) = (log n)c· cost (randomized protocol)
Thus finding a lowerbound for the deterministic protocol would yield a

lowerbound for the randomized protocol. This derandomization technique
is true for two-party communication also. There we have, Alice instead of
first k − 1 players, who would be sending the messages to Bob instead of
sending to the k-th player.

3.4 Open Questions

The main open question now is to come up with a deterministic lower bound
for the derandomized problem. The alternate way to attack the problem
would be to directly come up with a randomized lower bound instead of
performing the derandomization. Actually, a direct lower bound would have
an advantage because it won’t have to rely on the fact that Bob’s input comes
from a small set and thus that technique would be more general.
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4 Conclusion

In this thesis, we have studied the Hidden Matching Problem, defined by
Bar-Yossef, Jayram and Kerenidis, which is one of the most important prob-
lems in quantum communication complexity. We have defined a new vari-
ant of the Boolean Hidden Matching problem and have managed to prove
a deterministic lower bound and a quantum upper bound. Thus we have
shown a new exponential separation between these two models. We have
also made progress towards proving a randomized lower bound. For this
purpose we defined another variant of the problem, where we restrict one
player’s (Bob’s) input to a small set and this way we can derandomize any
communication protocol, hence showing that the deterministic complexity
is equal to the randomized complexity (up to polylogarithmic factors). This
way, we have reduced the question of finding a randomized lower bound to
finding a deterministic one. We have moreover, extended our definitions to
the multiparty case.

As future work, we would like to find a deterministic lower bound for
the problem for which we can actually derandomize the communication pro-
tocols. As we said, finding a deterministic lower bound would imply a ran-
domized lower bound and thus a new gap between quantum and randomized
models could be shown. Another way to tackle this problem would be to find
a randomized lower bound directly via some other techniques (like Fourier
analysis, information theory etc. ).
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