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What Detlefsen needs in advance

1. ideal theories must satisfy the soundness condition - they do
not produce false real consequences

2. they are conceived by Hilbert to provide more effective and
safe deductive systems for real mathematics

3. most importantly, there should be universal formulas that
Hilbert would have counted as real (finitary)



Smorynski’s formulation of the argument

Hilbert’s Programme can be described thus: There are
two systems, nowadays called formal theories, S and T
of mathematics. S consists of the finite, meaningful state-
ments and methods of proof and T the transfinite, ideal-
ized such statements and methods. The goal is to show
that, for any meaningful assertion G , if T ⊢ G then S ⊢ G .
[. . . ]
Gödel destroyed Hilbert’s Programme with his First In-
completeness Theorem by which he produced a sentence
satisfying a sufficiently narrow criterion of meaningfulness
and which, though readily recognized as true - hence a
theorem of the transfinite system T , was unprovable in S .
In short, he produced a direct counterexample to Hilbert’s
desired conservation result.”



Some definitions

Let S denote a body of finitary mathematical assertions and
methods of proofs, and T its extension by transfinite statements
and methods.

Definition

1. T is real-sound if whenever T ⊢ φ, then S ̸⊢ ¬φ
2. T is real-complete (w.r.t. true sentences) if for every true real

sentence φ: T ⊢ φ

3. T is conservative (over S) if whenever T ⊢ φ for a real
sentence φ, then S ⊢ φ



Detlefsen’s analysis of the argument

▶ Smorynski works with an idealized T that proves all
“recognizably true” real sentences. Hence, since Gödel’s
sentence νs is a “recognizably true” real sentence, T proves it
and by G1 cannot be conservative over S

▶ according to Smorynski, Hilbert’s ideal theories are either
real-complete (and hence not conservative by G1) or not
conservative, and so they fail to be adequate

Detlefsen needs to establish that Hilbert held either that

1. T does not need to be real-complete to be adequate, or that

2. T does not need to be real-conservative to be adequate



Detlefsen’s analysis of the argument

▶ if Detlefsen shows the first disjunct, the ideal theory T in
Smorynski’s argument is not required to prove νs (or any
other S-independent sentence), and hence it can still fulfill the
conservation condition

▶ if Detlefsen shows the second disjunct, the very premise of the
G1-based argument does not hold, and neither does its
conclusion

▶ note that if Detlefsen manages to demonstrate either case,
Smorynski’s argument does not apply to every ideal theory T
that is adequate according to Hilbert, and hence is not
destructive for HP



Review of Hilbert’s requirements on T

▶ regarding real-completeness, the central point for Detlefsen is
that Hilbert conceived T purely instrumentally, that is he
wanted the ideal theory to work as an effective and reliable
deductive system for the real sentences of S

▶ this “effectiveness” and the soundness condition ([2], p. 179)
are the only necessary features of T , according to Hilbert

▶ specifically, T is not required to prove any more true real
sentences than S does

▶ Detlefsen concludes that “since νs is not provable by real
means, there is no reason why an ideal theory - whose aim is
to improve upon the efficiency of real methods of proof -
should be required to prove νs either”



Conservation condition is too strong

▶ regarding conservation condition, the point is to show that it
is not implied by the soundness condition

▶ Detlefsen nicely points out what precisely is needed so that a
real-sound T be also conservative - real propositions must
also be finitarily decidable (decidable by S)

▶ but if we take νs to be a real sentence, this is an inconsistent
assumption

▶ without this assumption, however, T may prove either
νs or ¬νs and still be real-sound w.r.t. S , because S does not
decide νs

▶ so the only important thing is to show that Hilbert did not
think that real sentences must also be finitarily decidable



Is Hilbert committed to finitary decidability of real
propositions?

▶ regarding some conceptual reasons against this view,
constructivists do not claim that finitary decidability and
meaningfulness are the same thing - this is because a sentence
φ is meaningful if we can understand its (finitary) proof and if
we can see that it is a correct proof of φ; but this does not
mean that we should be able to construct such a proof -
hence there may be finitarily meaningful statements that are
not finitarily decidable

▶ on the historical side, Detlefsen mentions that Hilbert
considered various undecidability results to be meaningful
propositions; if this is true, then though such statements are
usually not finitarily provable, they still count as real sentences

▶ note: Detlefsen does not give any reference or example of a
genuine proposition stating an undecidability result



No, and hence real-soundness does not imply conservation

Detlefsen concludes his argument as follows ([1], p. 365):

Since, then, there are textual reasons for denying that
Hilbert held the view that real propositions are finitarily
decidable, and conceptual reasons against such a view re-
gardless of its textual pedigree, it seems only charitable to
withhold attributing such a view to Hilbert. We therefore
reject the suggestion that he was committed to the finitary
decidability of real propositions and that his commitment
to real-soundness should therefore be seen as engendering
a commitment to real-conservation.
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