
NOTES ON FORMAL SCHEMES, SHEAVES ON R-FUNCTORS,
AND FORMAL GROUPS

RUNE HAUGSENG

The main aim of these notes is to define formal schemes; we also discuss sheaves
on generalR-functors and see how formal groups fit into this framework. In section 1
we recall the definition of schemes as locally affine sheaves in the Zariski topology,
as in [Goe]. In section 2 we define formal affine schemes as filtered colimits of affine
schemes, following [Str99]. Next, in section 3, we construct formal affine schemes
from linearly topologized rings, again following [Str99]; we also describe the locally
ringed space version of the definition, based on [Gro60, I.10]. Section 4 discusses
sheaves on R-functors, following [Goe] again, and section 5 recalls the definition of
formal groups and their Lie algebras from [Lur10, lecture 11].

1. Schemes — For the nth Time (n = 3)

Fix a ring R. Let AffR denote the category of affine schemes over R, i.e.
the subcategory of representable functors of Pre(AffR) = Fun(AlgR,Set) , and
let SpecR : Algop

R → AffR be the obvious equivalence (i.e. A 7→ HomAlgR
(A, –)).

Elements of Pre(AffR) are called R-functors.
We say that Y ∈ Pre(AffR) is a subfunctor of X ∈ Pre(AffR) if Y (S) ⊆ X(S)

for all S ∈ AlgR.
For A a ring and a an ideal of A, we define Ua ∈ Pre(AffR) by

Ua(S) = {f : A→ S : f(a)S = S}.

We say a subfunctor of SpecRA is open if it is isomorphic to Ua for some ideal a
of A.

More generally, a subfunctor Y of an R-functor X is open if for all maps
SpecRA → X, A any ring, the pullback Y ×X SpecRA is an open subfunctor
of SpecRA.

An open cover of X is a set of open subfunctors Yi such that
∐
i Yi(k)→ X(k)

is surjective for all fields k.

Question. Bringing in fields seems unnatural to me; is there a more natural version
of this definition? In particular, could we define {Yi → X} to be an open cover if
and only if for every morphism SpecRA → X, for A any R-algebra, the pullbacks
Yi ×X SpecRA→ SpecRA are an open cover of SpecRA?

Remark 1.1. Such covers (presumably) define the Zariski topology on SchR, or
on Pre(AffR).

Definition 1.2. An R-functor is a scheme over R if it is a Zariski sheaf and has
an open cover by affine schemes.
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2. Formal Schemes — Abstract Definition

Definition 2.1. A formal affine scheme over R is a filtered colimit of affine
schemes in Pre(AffR). Write ÂffR for the category of formal affine schemes.

Recall that a filtered category is a category C such that:
(i) For any two objects x, y ∈ C, there exists a third object z ∈ C with morphisms

x→ z and y → z.

(ii) For any two parallel morphisms x
g

⇒
f
y there exists a third morphism h : y → z

such that hf = hg.
A filtered colimit is the colimit of a functor from a filtered category.

Remark 2.2. The category AffR does have all colimits, but they are not preserved
by the inclusion into Pre(AffR) (unlike limits).

The category ÂffR is equivalent to the category Ind(AffR) with objects functors
X : I→ AffR where I is a directed category, and morphisms given by

HomInd(AffR)(X : I→ AffR,Y : J→ AffR) = lim
i∈I

colim
j∈J

HomAffR
(X(i),Y(j)).

Definition 2.3. A formal scheme is a Zariski sheaf that has an open cover by
formal affine schemes. We write ŜchR for the category of formal schemes over R.

Question. How does this relate to Ind(SchR)?

Remark 2.4. This is a very general class of “formal schemes”; it is perhaps more
common just to consider ones that locally look like the formal affine schemes we’ll
construct from topological rings in the next section.

Proposition 2.5 ([Str99, Proposition 4.6]). X : AlgR → Set is a formal affine
scheme if and only if X preserves finite limits and there exist affine schemes Xi and
maps Xi → X such that

∐
iXi(S)→ X(S) is surjective for all S ∈ AlgR.

Proposition 2.6 ([Str99, Proposition 4.7, 4.12]). ÂffR has all small colimits, and
the inclusion ÂffR ↪→ Pre(AffR) preserves filtered colimits. Moreover ÂffR has
finite limits and the inclusions AffR ↪→ ÂffR and ÂffR ↪→ Pre(AffR) preserve all
limits.

3. Formal Affine Schemes from Topological Rings

A topology on an R-algebra A is linear if the cosets of open ideals are open and
form a basis for the topology. (Such a topology makes A a topological ring.) Let
LAlgR be the category with objects R-algebras equipped with linear topologies
and morphisms continuous ring homomorphisms. Discrete topologies are linear,
which gives an inclusion d : AlgR → LAlgR.

For A ∈ LAlgR, define SpfRA : AlgR → Set by

(SpfRA)(S) := HomLAlgR
(A, dS) ∼= colim

J
HomAlgR

(A/J, S),

where J runs over all open ideals of A. Thus SpfRA is colimJ SpecRA/J and so
SpfRA is a formal affine scheme. We get a functor SpfR : LAlgR

op → ÂffR.
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If A is an R-algebra, any decreasing filtration A = I0 ⊇ I1 ⊇ I2 ⊇ · · · of ideals
defines a linear topology: the topology for which a + Ii for all a ∈ A, i = 0, 1, . . .,
is a basis. If Ii = ai for some ideal a of A, this is called the a-adic topology.

If A is a linearly topologized ring, then the completion Â of A is the ring
limJ A/J , where J runs over the open ideals of A, topologized as follows: the
natural maps Â → A/J are surjective, hence A/J ∼= Â/Ĵ for some ideal Ĵ of Â;
these ideals define a linear topology on Â. We say A is complete if the natural
map A→ Â is an isomorphism.

Note that ̂̂
A ∼= Â, i.e. completions are complete. We write Ab

a for the completion
of A with respect to the a-adic topology.

Clearly SpfRA = SpfR Â.

Example 3.1. Define Â1
R to be SpfRR[[x]], where R[[x]] is considered as R[x] c

(x).

Exercise 1. Check that this represents the functor AlgR → Set that sends an
R-algebra A to the set of its nilpotent elements.

Remark 3.2. The formal scheme SpfRAb
a can be thought of as an “infinitesimal

neighbourhood” in SpecRA of the closed subscheme corresponding to a.

3.1. Locally Ringed Spaces. Let’s describe the locally ringed space SpfRA cor-
responding to the a-adic topology on an R-algebra A: The underlying topologi-
cal space is the closed subspace V (a) and the structure sheaf OSpfR A is the limit
limn OSpecR (A/an); this makes SpfRA a locally ringed space.

Remark 3.3. Grothendieck defines formal affine schemes as locally ringed spaces
for a wider class of linear topologies in [Gro60].

4. Sheaves on R-Functors

Let X be any R-functor. AffX is the subcategory of Pre(AffR)/X of morphisms
from affine schemes to X. The Zariski topology on AffR induces a topology on
AffX : covers of SpecRA→ X are collections of morphisms

SpecRAi SpecRA

X

such that SpecRAi → SpecRA form a cover of SpecRA. A sheaf (of sets) on X
is a sheaf on AffX with respect to this topology. We write Pre(X) for Pre(AffX)
and Sh(X) for Sh(AffX).

The structure sheaf OX is defined by

OX(SpecR S → X) = S,

with the obvious action on morphisms.

Exercise 2. Check that this is indeed a sheaf.

Clearly OX is represented (in Pre(AffR)/X) by A1
R × X → X. Since OX is a

sheaf of rings, it is in a natural way a commutative ring object in Sh(X) (where
the product is the fibre product over X in Sh(AffR)).
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Definition 4.1. A sheaf of OX-modules is a module object over OX in Sh(X).
We write OX -Mod for the category of OX -modules.

A morphism f : X → Y in Pre(AffR) induces a functor Affop
X → Affop

Y by
composition, and this in turn induces a functor Pre(Y ) → Pre(X). This gives a
functor Sh(Y )→ Sh(X), unfortunately denoted f−1.

Exercise 3. Check that we don’t have to sheafify.

We define f∗ : OY -Mod→ OX -Mod by

F 7→ OX ⊗f−1OY
f−1F

The functor f−1 has a right adjoint f∗. (On presheaves we can construct a right
adjoint using Kan extension, then sheafify if necessary.) This restricts to a right
adjoint to f∗.

Exercise 4. Work this out explicitly.

If U is an open subfunctor of X, and F is a sheaf on X, then we write F|U for
i−1(F) where i : U → X is the inclusion.

Definition 4.2. Let F be a sheaf of OX -modules; then F is

• quasicoherent if for every morphism

SpecRB SpecRA

X

f

β

α

in AffX (where f = SpecR φ for some ring homomorphism φ : A → B),
the map F(f) : F(α)→ F(β) extends to an isomorphism

F(α)⊗A B
∼−→ F(β),

where B is considered as an A-module via φ. Write QCoh(X) for the
category of quasicoherent sheaves on X. Equivalently, F is quasicoherent
if X has an open cover {Ui} such that for all i there is an exact sequence

OIUi
→ OI

′

Ui
→ F|Ui

→ 0.

• locally free if X has an open cover {Ui} such that for all i, the restriction
F|Ui is isomorphic to some OIUi

.
• finitely presented if X has an open cover {Ui} such that for all i there

is an exact sequence

OIUi
→ OI

′

Ui
→ F|Ui → 0,

where I and J are finite.
• of finite type if X has an open cover {Ui} such that for all i there exists

a surjection OIUi
→ F|Ui with I finite.

• coherent if it is of finite type and for all open subschemes U of X and all
morphisms OnU → F|U have kernel of finite type.
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Remark 4.3. Equivalently [nLa], we can define QCoh(X) as follows: Let

QC : AlgR → Cat

be defined by QC(R) = R-Mod, QC(f : R→ S) = S ⊗R –. Then for an R-functor
X, we let QCoh(X) = Nat(X,QC), the category of 2-natural transformations of
2-functors, where X is thought of as a functor AlgR → Cat via the inclusion
Set ↪→ Cat of discrete categories.

Remark 4.4. If X = SpecRA, then a quasicoherent sheaf F on SpecRA is deter-
mined by the A-module M = F(1 : SpecRA → SpecRA): for any β : SpecRB →
SpecRA, we must have F(β) ∼= B ⊗AM .

Definition 4.5. For X an R-functor, we define an R-functor TanX by

TanX(S) = X(S[ε]/(ε2)),

the tangent functor of X. The maps S[ε]/(ε2)→ S given by sending ε to 0 define
a morphism TanX → X.

Then the tangent sheaf TX of X is defined by

TX = HomPre(AffR)/X
(–,TanX → X).

I.e. TX(SpecR S → X) is the subset of X(S[ε]/(ε2)) that maps to this S-point
under the map to X(S) that sends ε to 0.

Remark 4.6. I’m not quite certain this is correct. . .

5. Formal Groups

Let f(x, y) ∈ R[[x, y]] be a formal group law over R. We define a functor Gf :
AlgR → Ab by

A 7→ {a ∈ A : a is nilpotent},
with group structure given by (a, b) 7→ f(a, b). Recall from example 3.1 that as
an R-functor this corresponds to SpfRR[[x]] — thus Gf is a formal affine abelian
group scheme.

Definition 5.1. A formal group is an abelian group R-functor that is a sheaf
in the Zariski topology and has an open cover by functors Gf , where f are formal
group laws over R. (Thus a formal group is, in particular, a formal scheme over
R.)

Exercise 5. Check that this is equivalent to the definition in [Lur10, lecture 11].
Alternatively, show that they are different and correct these notes.

Let G be a formal group over R. The abelian group structure induces a unit map
e : SpecRR→ G. The Lie algebra g of G is e∗TG — a line bundle on SpecRR.

Remark 5.2. Lurie [Lur10, lecture 11] defines g to be G(R[ε]/(ε2)). This does not
seem to be the same as this definition in general. However, if R has no non-zero
nilpotents then a formal group G has only one R-point (true for a formal group
Gf since Gf (R) = {r ∈ R : r is nilpotent} = {0}, and I think it follows in general
provided the open cover of G by Gf ’s gives a surjective map on R-points since 0
in the Gf ’s must map to the same point in G as the inclusions are maps of group
schemes.(???)). In this case therefore e∗TG is the quasicoherent sheaf on SpecRR
defined by the module TG(e) which is all of G(R[ε]/(ε2)) since G(R) = {e}. I suspect
the definition above is the correct definition when R does have nilpotents. . .
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Proposition 5.3. G is isomorphic to the functor Gf associated to a formal group
law f over R (i.e. G is coordinatizable) if and only if g is isomorphic to a free
R-module of rank 1.
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