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 Diffusive Transport 

- Non-Interacting Particles  

- Transport dominated by inelastic 

scattering (defects, phonons etc.)

- Mean free pass 𝑙 ≪ sample size 𝐿

- Drude model 𝜌 =
𝑛𝑒2𝜏

𝑚

Transport: Diffusive vs Ballistic

 Ballistic Transport

- Non-Interacting Particles

- No scattering (𝑙 ≥ 𝐿)  

- Landauer-Buttiker Formalism



Hydrodynamic Flow

When the electron-electron mean free path 𝑙𝑒𝑒 = 𝑣𝐹𝜏𝑒𝑒 is the 
smallest length scale in the system (smaller then the sample size 𝐿
and the scattering length 𝑙 for any inelastic process) the charge 
carriers behave collectively as fluid. 

The idea of a viscous flow of electronic fluid was 

put forward by Gurzhi more than 50 years ago:

R. N. Gurzhi, Sov. Phys. JETP 17, 521 (1963) 

R. N. Gurzhi and S. I. Shevchenko, Sov. Phys. JETP 27, 1019 (1968)

R. N. Gurzhi, Sov. Phys. Uspekhi 94, 657 (1968)

Fast scattering leads to effective friction 
between adjacent layers of liquid moving 
with different drift velocity - viscosity.

It does not work in metals because scattering on phonons is always faster



Hydrodynamics in GaAs structures
Molenkamp and de Jong, Phys. Rev. 8 49, 5038 (1994) and  Solid-State Electron. 37, 551 (1994)

GaAs structures are very clean (no impurity scattering)

Temperature is the “knob” to control 𝜏𝑒𝑒:

𝜏𝑒𝑒 ∝
𝐸𝐹
𝑇2

(Giuliani and Quinn, Phys. Rev. B, 1982)

but at high T scattering is dominated by optical phonons

Trick: Use high current to heat up electrons.
Coupling with acoustic phonons is weak.

Gurzhi effect:
Transition from Knudsen to Poiseuille flow

Scholm and Pfeiffer
Nature Materials  9, 881 (2010)



 Low electron-phonon coupling

- High Optical Phonon energy = 200 meV (2000K)

- Low Acoustic Phonon coupling 𝑙𝑝ℎ ∝ 𝑇−1

Low extrinsic scattering (BN encapsulated devices)

Why Graphene?

 e-e scattering length:

microscopic calculations of the e-e mean free path for the 2D massless Dirac fermion

Principi et al, arXiv: 1506.06030

Polini and Vignale, arXiv:1404.5728
Li and Das Sarma, Phys. Rev. B 87, 
085406 (2013)

Above 100 K 𝑙𝑒𝑒 is smaller than 
the sample size

roughly ∝ 𝑇−2



Why Graphene?

Inelastic scattering time and mean free path in single layer graphene

At high temperatures 𝑙𝑒𝑒 < 𝑙

Note: the kinematic viscosity 𝜈 ~
1

2
𝑣𝐹 𝜏𝑒𝑒 decreases with increasing 𝑇. 

At high enough temperature the system should be in diffusive regime. 
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 Encapsulated Hall Bars

 Low disorder 

 Homogenous 

 Low Contact Resistance (1D)

 Mobility = 300,000 cm2/Vs

Samples

G. Auton – Fabrication

M. Ben Shalom–
Fabrication

Typical width – 3 𝜇𝑚



Hydrodynamic Effects in Graphene

Graphene Channel source

drain

Electron Whirlpools: negative 4-probe resistance 

“Effect of Viscosity”

V

Simple, but NOT THE BEST geometry of studying hydrodynamics



Hydrodynamic Effects in Graphene

Simple, but NOT THE BEST geometry of studying hydrodynamics

Levitov&Falkovich, arXiv:1508.00836 
Polini’s group, the method described 
in arxiv: 1508.00363 



Hydrodynamic Effects in Graphene

Why this geometry is not ideal for studying whirlpools?

V

Ballistic transport at low T
also gives negative signal

Ballistic: negative signal
Whirlpool: negative signal
Diffusive: positive signal 

source

drain



How to measure whirlpools properly?

Graphene Channel

V

Ballistic: positive signal
Whirlpool: negative signal
Diffusive: positive signal 

+

-

The geometry is the same as for transverse 
magnetic focusing, but in this case B=0

“Smoking gun”

source

drain



How to measure whirlpools properly?

Focusing experiments:
T. Tyachatanapat et al, Nature Physics 9, 225 (2013)
V. E. Calado et al., APL 104, 023103 (2014)

The geometry is the same as for transverse 
magnetic focusing, but in this case B=0

V
Graphene Channel

+

-

source

drain



Theory of Hydrodynamic Flow

• Steady state regime (all time derivatives set to zero) 
• Reynolds number <<1 (no turbulence)
• Only linear terms are considered

Continuity equation: 

Navier-Stokes equation: 

where 𝑱 𝒓 = 𝑛𝒗(𝒓) is the current density, 𝜙 𝒓 is the electric potential, 𝜈 is 
the kinematic viscosity and 𝜏 is the inelastic scattering time 

Electrostatic forces Viscosity “Friction”

Boundary conditions: no tangential force from edges on electron liquid

Solutions depend on the characteristic lengthscale: 𝐷𝜈 = 𝜈𝜏, which is 
proportional to the ratio of viscous force and external friction 

For details see I. Torre et al, arxiv: 1508.00363



Whirlpools. Numerical Simulations

𝐷𝜈 = 2.3 m

𝐷𝜈 = 0.7 m

𝐷𝜈 = 0

Solutions depend on the characteristic lengthscale: 𝐷𝜈 = 𝜈𝜏, which is 
proportional to the ratio of viscous force and external friction 



Whirlpools. Experiments
In monolayer graphene the hydrodynamic regime extends to room temperature 

SLG



Devices with Ballistic Obstacles
To reduce the ballistic contribution we fabricated devices with alternative geometry 

Here our standard Hall bar device contains 
physical cuts, which act as obstacles for 
blocking ballistic electrons but does not inhibit 
hydrodynamic viscous flow.

Non-local resistance is negative even at low T

The signal is smaller; 
the sample is more inhomogeneous



Rheometry of Electronic Liquid  
Measurements of 4-probe resistance (which depends on kinematic viscosity, 𝜏 and 
geometry of the device) and the longitudinal resistivity (which depends on 𝜏 only) 
allows us to extract kinematic viscosity: 

𝑅𝑁𝐿 = 𝑎
𝑚

𝑛𝑒2𝜏
+ 𝑏

𝑚

𝑛𝑒2𝑊2 𝜈

It can be shown that 4-probe (non-local) 
resistance:

where 𝑎 and 𝑏 are numerical coefficients 
that depends on geometry only.

The viscosity of the electronic liquid 
is ~ 10-50 times larger than that of 
honey.



Potential application: excitation of plasma waves 

Quote:
Resonant structures, similar to 
those in musical instruments, 
may be realized for the plasma 
waves, and these waves can be 
excited by a direct current just 
like wind musical instruments are 
excited by air jets.



 We present experimental evidence for the 
viscosity of an electron fluid – current 
whirlpools at the length scale ~ 0.5 m

 Our devices allow rheological measurements 
of electron fluid in solid state devices

Conclusions

Thank you!


