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Optimal Spatial Prediction
for Non-negative Spatial Processes Using
a Phi-divergence Loss Function

Noel Cressie, Alan R. Pearse, and David Gunawan

Abstract A major component of inference in spatial statistics is that of spatial pre-
diction of an unknown value from an underlying spatial process, based on noisy
measurements of the process taken at various locations in a spatial domain. The
most commonly used predictor is the conditional expectation of the unknown value
given the data, and its calculation is obtained from assumptions about the probability
distribution of the process and the measurements of that process. The conditional
expectation is unbiased and minimises the mean-squared prediction error, which can
be interpreted as the unconditional risk based on the squared-error loss function.
Cressie [4, p. 108] generalised this approach to other loss functions, to obtain spa-
tial predictors that are optimal (i.e., that minimise the unconditional risk) but not
necessarily unbiased. This chapter is concerned with spatial prediction of processes
that take non-negative values, for which there is a class of loss functions obtained by
adapting the phi-divergence goodness-of-fit statistics [6]. The important sub-class of
power-divergence loss functions is featured, from which a new class of spatial pre-
dictors can be defined by choosing the predictor that minimises the corresponding
unconditional risk. An application is given to spatial prediction of zinc concentrations
in soil on a floodplain of the Meuse River in the Netherlands.

1 Introduction

Spatial statistical analysis in a subset D of d-dimensional Euclidean space R
d is

concerned, inter alia, with inference on values of a hidden random process,

Y (·) ≡ {
Y (s) : s ∈ D ⊂ R

d
}
,

basedon spatial dataZ ≡ (Z(s1), . . . , Z(sn))′ where, independently for i = 1, . . . , n,
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[Z(si ) | Y (·)] = [Z(si ) | Y (si )] .

That is, measurements of the underlying process Y (·) are taken at known locations
and independently from one other. From Bayes’ Rule,

[Y (s0) | Z] ∝ [Y (s0),Z], (1)

where the “constant” of proportionality depends on the data Z and ensures that the
left-hand side of Eq. (1) integrates or sums to unity over all possible realisations of
Y (s0). The “square bracket” notation above is defined as follows: [A] is the proba-
bility distribution of A, [A, B] is the joint probability distribution of A and B, and
[B | A] is the conditional probability distribution of B given A. These distributions
are related through [B | A] = [A, B]/[A], which was used to obtain Eq. (1). The
left-hand-side of Eq. (1) is called the predictive distribution, and it is key to optimal
spatial prediction.

In what follows, we build a spatial statistical hierarchical model through the data
model,

[Z | Y (·)] =
n∏

i=1

[Z(si ) | Y (si )] , (2)

and the process model,
[Y (·)] ≡ [{Y (s) : s ∈ D}] . (3)

This latter probability model is often assumed to be a Gaussian process, although
for most of the chapter we simply assume that [Y (·)] is well defined. Indeed, our
focus here is on non-negative spatial processes, which clearly are non-Gaussian.

From Eqs. (2) and (3), the joint probability distribution is

[Y (·),Z] = [Z | Y (·)][Y (·)],

which generally depends on unknown parameters. Hence, an initial inference prob-
lem in spatial statistics is the estimation of those parameters. What is arguably the
more important inference problem is the spatial prediction of unknown values of
Y (·) at given locations or regions in D. Here we concentrate on the prediction of one
value, Y (s0), at a given location s0 in D. (Spatial prediction of many values jointly
and of averages over regions within D were considered by Cressie [4, Chap. 3].)

Optimal spatial prediction of Y (s0) based on spatial data Z is a classical problem,
forwhich there are a number of solutions that depend, inter alia, on the class of spatial
predictors over which the optimal one is chosen. Kriging [10] is probably the most
famous spatial predictor, where the class of predictors consists of linear functions
of Z. In this chapter, we shall use the most general class, namely predictors that are
measurable functions of Z. Since this includes linear functions, the optimal spatial
predictors we give will be better than, or perform as well as, the kriging predictors.
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Now we explain what the term “optimal” means in the preceding paragraph.
Define the function,

LSEL(Y (s0), δ(Z)) ≡ (δ(Z) − Y (s0))2, (4)

which is the squared prediction error, but the notation deliberately represents it as
the loss function, LSEL , where “SEL” denotes squared-error loss. It is a function
of two variables, namely the predictand Y (s0) and the predictor δ(Z), which is a
function of the data. Using terminology from statistical decision theory, we define
the unconditional risk for this loss function as,

E(LSEL(Y (s0), δ(Z))) = E(δ(Z) − Y (s0))2 , (5)

where the expectation is taken over the joint distribution [Y (s0),Z]. (Correspond-
ingly, the conditional risk is where the expectation is taken over the conditional
distribution [Y (s0) | Z].)

Now, the right-hand side of Eq. (5) is commonly referred to as the mean-squared
prediction error (MSPE), and an optimal spatial predictor, δ∗(Z), is chosen here to
minimise the MSPE. That is,

δ∗ = arg infδ∈FE (LSEL(Y (s0), δ(Z))) ,

= arg infδ∈FE (LSEL(Y (s0), δ(Z)) | Z) , (6)

since [Z] ≥ 0, and in Eq. (6) F is a well defined class of measurable functions of the
data.

When F is the class of all measurable functions, the solution to Eq. (6) is straight-
forward, as follows. First,

E (LSEL (Y (s0), δ(Z))) = E
(
E

(
(Y (s0) − δ(Z))2 | Z))

.

Using differential calculus, we solve for δ(Z) in the inner expectation:

∂

∂δ(Z)
E

(
(Y (s0) − δ(Z))2 | Z) = −2E(Y (s0) − δ(Z) | Z) = 0.

Consequently, the optimal predictor is

δ∗(Z) = E(Y (s0) | Z) , (7)

which is a predictor that is ubiquitous in Statistics. Furthermore, theminimisedMSPE
is the unconditional risk of using the optimal predictor given by Eq. (7):

RSEL(δ
∗) = E

(
Y (s0) − δ∗(Z)

)2 = E(var(Y (s0) | Z)) ,
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after some derivation and using the fact that E(δ∗(Z)) = E(E(Y (s0) | Z)) = E
(Y (s0)). That is, δ∗(Z) given by Eq. (7) is unbiased, and its MSPE is the expected
predictive variance.

In the case of kriging, F is the class of all linear functions of the data, so that
δ∗(Z) = a0 + ∑n

i=1 ai Z(si ). Hence, the optimal kriging predictor is found by min-
imising the MSPE over {ai : i = 0, . . . , n}, and the minimised MSPE is called the
kriging variance (e.g., Cressie [4, Chap. 3]).

There are several points to make about the optimal predictor in Eq. (7) that are not
brought out in the notation. First, there are no restictions on the class F of possible
predictors, except that they have to be measurable functions of the data Z. Second,
the optimal predictor δ∗(Z) depends on the chosen spatial location s0. Finally, and
most importantly for this chapter, δ∗(Z) is optimal for the choice of loss function,
LSEL . In what follows, the first and second points remain, but we look for optimal
spatial predictors using other loss functions, in particular for predicting non-negative
spatial processes.

In Sect. 2, we take a decision-theoretic approach to optimal spatial prediction, we
give a general definition, and then we discuss uncertainty quantification through the
use of prediction intervals. In Sect. 3, a new class of loss functions is proposed for
spatial processes that are non-negative, which we call the phi-divergence loss func-
tions; in particular, we focus on a class we call the power-divergence loss functions.
Section 4 shows how the same methodology can be adapted for spatial processes
that could also take negative values but are bounded from below. An application
of optimal spatial prediction based on the power-divergence loss functions is given
in Sect. 5, where spatial samples of zinc concentrations from a floodplain of the
Meuse River in the Netherlands are analysed. Section6 contains a discussion and
conclusions.

2 Decision-Theoretic Approach to Prediction

While the previous section sets up the notation and model behind optimal spatial
prediction, this section takes a generic approach to predicting a random variable Y
based on data Z , which could be a scalar or a vector. The key assumption here is
that [Y | Z ] depends on Z ; that is, there is information in the data Z that can be used
to predict the unknown Y . In the next section, we return to spatial prediction and,
in the results given there, Y is replaced with Y (s0), the hidden value of the process
Y (·) at a given location s0 ∈ D; and Z is replaced with spatial data Z that are noisy
measurements of Y (·) at known spatial locations {s1, . . . , sn}.

Cressie and Pardo [6] define a class of goodness-of-fit statistics via a class of diver-
gence measures between two discrete probability distributions, which they called
phi-divergences. Let {a j : j = 1, . . . , k} and {b j : j = 1, . . . , k} denote two discrete
probability distributions, and suppose that φ(·) is a convex function on the real line.
Then the phi-divergence measure between the two discrete probability distributions
is defined as,
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Dφ({a j }, {b j }) ≡
k∑

j=1

b jφ

(
a j

b j

)
, (8)

provided the function φ(·) satisfies φ(1) = 0, φ′(1) = 0, φ′′(1) > 0, 0 · φ(0/0) = 0,
and 0 · φ(p/0) = p limu→∞ φ(u)/u. Note that divergence measures are not neces-
sarily distance measures, so they are not necessarily symmetric in their arguments. A
leading example given by Cressie and Pardo [6, 7] is the class of power-divergence
measures, introduced by Read and Cressie [12, p. 93]. Let

φλ(x) = 1

(λ(λ + 1))

{(
xλ+1 − x

) + λ(1 − x)
}
, (9)

where it is straightforward to show that {φλ(·) : −∞ < λ < ∞} satisfies the five
conditions just below Eq. (8). The family given by Eq. (9) is defined for all λ ∈
(−∞,∞), by taking the limits as λ → −1 and λ → 0. Then for λ ∈ (−∞,∞), the
power-divergence measure is

Dφλ
({a j }, {b j }) = 1

λ(λ + 1)

k∑

j=1

a j

{(
a j

b j

)λ

− 1

}

, (10)

since
∑k

j=1 a j = ∑k
j=1 b j = 1. In the context of goodness-of-fit testing in a con-

tingency table with cells j = 1, . . . , k, let x j be the number of observations in cell
j , let n = ∑k

j=1 x j be the total number of observations in all cells of the table, and
let π j be the hypothesised probability that an observation falls in cell j . Then the
power-divergence goodness-of-fit statistics defined byCressie and Read [8] are given
by 2nDφλ

({x j/n}, {π j }), for λ ∈ (−∞,∞).
Decision theory for the prediction of Y with a predictor δ(Z), starts with a loss

function, L(Y, δ(Z)), as specified in the introductory section. The unconditional
risk is E(L(Y, δ(Z))), where the expectation is taken over the joint distribution
[Y, Z ]. A loss function has to satisfy L(·, ·) ≥ 0, L(Y,Y ) = 0, and in any particular
application the first moment, E(L(Y, δ(Z))), must exist [1, p. 3]. The predictor δ(·)
is specified to belong to a class F which, in this chapter, we take to be the largest
class possible; specifically,F is the set of all measurable functions of Z . Motivated by
Eq. (6), in this more general setting the optimal predictor based on the loss function
L(·, ·) is:

δ∗(Z) ≡ arg infδ∈FE(L(Y, δ(Z)) | Z) . (11)

The idea in this section is to marry the studies of goodness-of-fit statistics and
those of optimal prediction, by choosing a phi-function from Eq. (8), and then using
it to define the phi-divergence loss function,

L(Y, δ;φ) ≡ δ · φ

(
Y

δ

)
; Y ≥ 0, δ ≥ 0, (12)
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and it is easy to see that Eq. (12) satisfies the conditions of a loss function
[1, p. 3]. Since the units of Y and δ are the same, the loss function defined by
Eq. (12) and its unconditional risk have the same units as Y . This is in con-
trast to LSEL given by Eq. (4), and the MSPE, whose units are the same as the
units of Y 2.

The special case of substituting φλ given by Eq. (9) into Eq. (12) defines a new
class of loss functions whose members we call the power-divergence loss functions,

Lλ(Y, δ) ≡ L(Y, δ;φλ), for − ∞ < λ < ∞.

Hence, from Eqs. (9) and (12),

Lλ(Y, δ) = Y

λ(λ + 1)

{(
Y

δ

)λ

− 1

}

+ (δ − Y )

λ + 1
; λ �= 0,−1

L0(Y, δ) = Y log

(
Y

δ

)
− (Y − δ), (13)

L−1(Y, δ) = −δ log

(
Y

δ

)
+ (Y − δ),

where recall that Y ≥ 0 and δ ≥ 0. For all real λ, these are convex differentiable
functions of δ, Lλ(Y, δ) ≥ 0, Lλ(Y,Y ) = 0, and the first derivative of Lλ with respect
to δ, evaluated at δ = Y , is equal to 0. Notice that LSEL(Y, δ) ≡ (δ − Y )2 also has
these properties, but it has different units and it is defined for all real Y and all
real δ.

Our interest in this chapter is in non-negative predictors, δ(Z), of non-negative
predictands, Y . For the power-divergence loss function Lλ, we can derive the optimal
predictor δ∗

λ(Z) of Y from Eq. (11). Straightforwardly,

δ∗
λ(Z) = (

E
(
Y λ+1 | Z))1/(λ+1) ; λ �= 0,−1,

δ∗
0(Z) = E(Y | Z) (14)

δ∗
−1(Z) = exp(E(log(Y ) | Z)) ,

which we call the optimal power-divergence (OPD) predictors. Read and Cressie
[12, Sect. 8.4] obtain this result for inference on a parameter θ in a Bayesian (but
non-hierarchical) model. Notice that over all λ ∈ (−∞,∞), the only predictor given
by Eq. (14) that is unbiased is δ∗

0(Z) (i.e., where λ = 0). From Jensen’s inequality,
δ∗
λ(Z) over-predicts for λ > 0, and it under-predicts for λ < 0.
Unbiasedness is only one of a number of properties of a predictor that might

be considered. More importantly, a statistical property called validity addresses
behaviour beyond that of the predictor’s first moment. A prediction interval,
(aα(Z), bα(Z)) for predicting Y , is a valid (1 − α) × 100% unconditional prediction
interval if

Pr (aα(Z) < Y < bα(Z)) = 1 − α, (15)
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where the probability Pr(·) is with respect to the joint distribution [Y, Z ]. Following
the approach in Cressie [4, pp. 107–108], prediction intervals can be constructed
using loss functions. For a (1 − α) × 100% unconditional prediction interval for Y ,
consider the set

{
(Y, Z) : Lλ(Y, δ∗

λ(Z)) < K α
λ

}
, where K α

λ is a cut-off chosen so that

Pr
(
Lλ(Y, δ∗

λ(Z)) < K α
λ

) = 1 − α. (16)

Using the general expression above, it is not difficult to show that the (1 −
α) × 100% unconditional prediction interval for Y under power-divergence loss
is the set,

{Y : Y λ+1 − (λ + 1)δ∗
λ(Z)λY − λδ∗

λ(Z)λ
[
(λ + 1)K α

λ − δ∗
λ(Z)

]
< 0}. (17)

Now, we have already seen that Lλ(Y, δ) in Eq. (13) is a convex function of δ; it is
easy to see that it is also a convex function of Y with a minimum value L(δ, δ) = 0
at Y = δ. Hence, the interval (aα(Z), bα(Z)) in Eq. (15) is defined by the roots of
the function of Y in Eq. (17) and contains the optimal predictor, δ∗

λ(Z); see Eq. (14)
et seq. Since Pr(Y < 0) = 0, the lower limit aα

λ (Z)may, on occasions, take the value
0.

To obtain K α
λ via classical distribution theory, we need to know the distribution of

Lλ(Y, δ∗
λ(Z)), where both Y and Z vary randomly. A computational solution is avail-

able by simulating from [Y, Z ] and using the empirical distribution of Lλ(Y, δ∗
λ(Z))

to obtain K α
λ , up to Monte Carlo error.

The next section gives the details for spatial prediction, where the results for
the prediction of Y given by Eqs. (14) and (16) will be adapted to the spa-
tial prediction of Y (s0), with spatial predictor δ(Z) that is a function of the
spatial data Z.

3 Decision-Theoretic Approach to Spatial Prediction
of a Non-negative Spatial Process

The discussion of generic prediction given in the previous section applies with
almost no change to spatial prediction. Replace Y with the hidden process value
Y (s0) and Z with the spatial data Z. Generalising Eq. (6), the generic loss function,
L(Y (s0), δ(Z)), is used to define an optimal spatial predictor as follows:

δ∗(Z) ≡ arg infδ∈FE(L(Y (s0), δ(Z)) | Z). (18)

Examples of loss functions include squared-error loss (i.e., LSEL(Y (s0), δ(Z)) =
(δ(Z) − Y (s0))2), absolute-error loss (i.e., L AEL(Y (s0), δ(Z)) = |δ(Z) − Y (s0)|),
weighted squared-error loss (i.e., LWSL(Y (s0), δ(Z)) = w(Y (s0))(δ(Z) − Y (s0))2
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for weight function w(Y (s0)) > 0), and the linear exponential (linex) loss function
that is deliberately asymmetric [14]:

LLN X (Y (s0), δ(Z)) = v ·{exp(a ·(δ(Z) − Y (s0))) − a ·(δ(Z) − Y (s0)) − 1} , (19)

where −∞ < a < ∞ and v > 0.
All these loss functions are defined for Y (s0) and δ(Z) potentially taking negative

values. Our focus in this chapter is on spatial prediction for a non-negative spatial
process. For Y (s0) ≥ 0 and predictor δ(Z) ≥ 0, we use Eq. (12) to define the phi-
divergence loss function as,

L(Y (s0), δ(Z);φ) ≡ δ(Z) · φ

(
Y (s0)
δ(Z)

)
.

We have seen that the power-divergence loss function given by Eq. (13), with
φ = φλ, is an important special case. From Eq. (14), we obtain the following optimal
power-divergence (OPD) spatial predictors for Y (s0) ≥ 0:

δ∗
λ(Z) = (

E
(
Y (s0)λ+1 | Z))1/(λ+1) ; λ �= 0,−1

δ∗
0(Z) = E(Y (s0) | Z) (20)

δ∗
−1(Z) = exp(E(log(Y (s0)) | Z)) .

These were derived by minimising the unconditional risk under the power-
divergence loss function, which we denote by

Rλ(δ
∗
λ) ≡ E

(
Lλ(Y (s0), δ∗

λ(Z))
)
, (21)

where the expectation is taken over [Y (s0),Z]. The same result is obtained by min-
imising the conditional risk, E(Lλ(Y (s0), δ∗

λ(Z)) | Z), as in Eqs. (6) and (11).
As discussed in Sect. 2, the OPD spatial predictors in Eq. (20) are biased, except

when λ = 0. The bias of the OPD spatial predictor is defined as,

Bias
(
δ∗
λ

) ≡ E
(
δ∗
λ(Z)

) − E(Y (s0)) (22)

which, from Eq. (20) and Jensen’s inequality, is negative for λ < 0 and positive for
λ > 0. Furthermore, Bias(δ∗

λ) is a monotonically increasing function of λ, passing
through the point (λ,Bias(δ∗

λ)) = (0, 0).
Valid (1 − α) × 100% unconditional prediction intervals for Y (s0) follow from

Eq. (15) and (17). Specifically, for spatial predictand Y (s0), OPD spatial predictor
δ∗
λ(Z), and cut-off K α

λ , the (1 − α) × 100% unconditional prediction interval for
Y (s0) is the set,

{Y (s0) : Y (s0)λ+1 − (λ + 1)δ∗
λ(Z)λY (s0) − λδ∗

λ(Z)λ
[
(λ + 1)K α

λ − δ∗
λ(Z)

]
< 0}.

(23)
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The cut-off K α
λ and the resulting (1 − α) × 100% unconditional prediction inter-

val for Y (s0) are given by equations analogous to Eqs. (15) and (16) and can
be obtained directly from simulations of [Y (s0),Z]. Let Y ≡ (Y (s1), . . . , Y (sn))′
denote the process vector hidden behind the observations Z. Then the joint distri-
bution [Y (s0),Y,Z] = [Z | Y][Y (s0),Y], where the second term reduces to [Y] if
s0 ∈ {s1, . . . , sn}. In the first step, simulate values of Y (·) at {s0, s1, . . . , sn} and,
in the second step, simulate Z from the data model, [Z | Y] = ∏n

i=1[Z(si ) | Y (si )].
Finally, keep just the simulations from Y (s0) and Z, which can be used to obtain
simulations of Lλ(Y (s0), δ∗

λ(Z)) that allow K α
λ to be determined through numerical

root-finding methods.

4 Extensions to Spatial Processes Bounded from Below

So far, the spatial process Y (·) is bounded below by 0, but in this section we show
that the results are generalisable to the case where Y (·) is bounded below by −κ ,
where κ ≥ 0. In that case, Y (·) can take negative values, but it is always bounded
from below over the spatial domain D.

It is also possible to generalise everything in this section to κ < 0, which
may be of interest when Y (·) is only defined above a positive threshold. The
spatial-prediction problem is still to predict Y (s0) with δ(Z), but now we use the
loss function,

Lλ,κ (Y (s0), δ(Z)) ≡ Lλ(Y (s0) + κ, δ(Z) + κ), (24)

where Lλ is defined by Eq. (13). Then the same calculations that led to Eqs. (14) and
(20), yield the optimal spatial predictor, δ∗

λ,κ (Z), given by

δ∗
λ,κ (Z) = (

E
(
(Y (s0) + κ)λ+1 | Z))1/(λ+1) − κ; λ �= 0,−1

δ∗
0,κ (Z) = E(Y (s0) | Z) (25)

δ∗
−1,κ (Z) = exp{E(log(Y (s0) + κ) | Z)} − κ.

Substituting κ = 0 into Eq. (25) yields Eq. (20), the OPD spatial predictor δ∗
λ(Z) of

Y (s0) ≥ 0, for a given location s0 ∈ D.
Aswe saw in the previous section, valid (1 − α) × 100%unconditional prediction

intervals for Y (s0) are easily obtained by adapting Eq. (16) to the spatial setting.
Specifically, for a given λ and κ , we choose K α

λ,κ so that

Pr
{
Lλ,κ (Y (s0), δ∗

λ,κ (Z)) < K α
λ,κ

} = 1 − α.

The cut-off K α
λ,κ and, hence, the (1 − α) × 100% unconditional prediction inter-

val, (aα
λ,κ (Z), bα

λ,κ (Z)), for predicting Y (s0), can then be obtained by simulation, as
described in the previous section.
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Before closing this section, we show that the extended loss function,
Lλ,κ (Y (s0), δ(Z)), contains as a limiting case the linex loss function,
LLN X (Y (s0), δ(Z)) given by Eq. (19). The optimal linex spatial predictor is obtained
by minimising the unconditional risk and is easily seen to be [4, p. 108]:

δ∗
LN X (Z) =

(
−1

a

)
log(E(exp{−aY (s0)} | Z)) , (26)

where −∞ < a < ∞, and the units of a are the same as the units of Y (s0)−1. Notice
that δ∗

LN X (Z) in Eq. (26) is different from δ∗−1(Z) in Eq. (20), where the roles of
exp(·) and log(·) are reversed.

For ease of presentation here, we revert to the generic prediction problem in the
previous section, where the predictand is Y , the data are represented by Z , and we
abbreviate δ(Z) to simply δ. We first note that loss functions are non-negative. In the
case of Eq. (24), namely,

Lλ,κ (Y, δ) = 1

λ(λ + 1)

{
(Y + κ)λ+1

(δ + κ)λ
− (Y + κ) + λ(δ − Y )

}
, (27)

this is the case and, as it should be, the loss is 0 when δ = Y ; that is, Lλ,κ (Y,Y ) = 0.
In what follows, we put λ = −aκ in Eq. (27), where a �= 0 is fixed, κ has the

same units as those of Y , and κ → ∞. Hence, λ → ∞ if a < 0, and λ → −∞ if
a > 0, which is a well defined requirement since λ can take values anywhere on the
real line. Now consider the case where a < 0, so that λ → ∞ as κ → ∞. Further,
note that for v > 0, the optimal predictor obtained from Lλ,κ (Y, δ) is exactly the
same as the optimal predictor obtained from v ·Lλ,κ (Y, δ). Hence, write

(λ + 1)Lλ,κ (Y, δ) = (Y + κ)

−aκ

{(
1 + Y

κ

)−a·κ
(
1 + δ

κ

)−a·κ − 1 − a ·(δ − Y )
(
1 + Y

κ

)

}

.

Let κ → ∞ on the right-hand side and, since a < 0, we see that λ → ∞. Then

lim
κ→∞(λ + 1)Lλ,κ (Y, δ) = −1

a

{
exp(−aY )

exp(−aδ)
− a ·(δ − Y ) − 1

}

∝ exp(a ·(δ − Y )) − a ·(δ − Y ) − 1

∝ LLN X (Y, δ),

where the constants of proportionality are non-negative.
Consequently, when λ and κ are both large and non-negative, such that λ/κ =

−a > 0, the optimal shifted-power-divergence spatial predictor given by Eq. (25),
approximates the optimal linex spatial predictor given by Eq. (26). The case where
a > 0, and hence λ → −∞ as κ → ∞, yields the same result.

Recall that the spatial process Y (·) is bounded below by −κ . Here, κ → ∞ so,
in the limit, Y (·) becomes unbounded. The generalisation in this section defines
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loss functions where both Y (s0) and δ(Z) can take large negative values or large
positive values, which corroborates with LLN X being a limiting case in the class
{Lλ,κ : −∞ < λ < ∞, κ ≥ 0}.

5 Spatial Prediction of Zinc Pollution on a Floodplain
of the Meuse River

In this section, the OPD spatial predictors and associated prediction intervals are
applied to the problem of predicting zinc concentrations in a floodplain of the Meuse
River in the Netherlands. Zinc is a heavy metal that is harmful to plants, soil inverte-
brates, and other species when they are exposed to it at high levels [9]. The dataset,
henceforth referred to as theMeuse River data, is a set of observations of soil concen-
trations of cadmium, copper, lead, and zinc, alongwith covariates (including distance
to the river, Easting, Northing, soil type, and historical flooding frequency) at 155
survey sites to the west of the town of Stein, Netherlands [11, 13]. Figure1 shows the
boundaries of the spatial region D given by the area enclosed by the river and a canal
running around the town of Stein, Netherlands, and the sampling locations therein.
The Meuse River data also include a regular grid of 3,103 prediction locations with
geographic covariates available that are the same as those for the sampling locations.
Of these prediction locations, 15 were chosen (some deliberately and some at ran-
dom) as sites where OPD-spatial-prediction properties were analysed. Of these 15
locations, five were deliberately chosen so that four were placed at the extremes of
the spatial domain and one was placed in the middle. The remaining 10 locations
were chosen at random in D. The data locations and prediction locations are shown
in Fig. 1.

The methodological development in this chapter assumes a data model and a
process model, from which the predictive distribution, [Y (s0) | Z], is obtained from
Eq. (1). Recall that Y (s0) ≥ 0, which we achieve by modelling Y (·) as the fourth
power of aGaussian process (a choice based on exploratory data analysis; see below).
Define the Gaussian spatial process,

W (s) ≡ x(s)′β + ξ(s); s ∈ D, (28)

wherex(·) is an eight-dimensional vector of covariates obtained aftermodel-selection
to include geographic terms (distance to river and Easting), soil-type terms (calcare-
ous meadow soils, non-calcareous meadow soils, or red brick soil), and flooding-
frequency terms (once every two years, once every ten years, or once every 50
years); ξ(·) is a zero-mean Gaussian process with a stationary, isotropic covariance
function; and the parameters of the process model [Y (·)], where Y (·) ≡ W (·)4, are
β (mean function) and θ (covariance function).

Exploratory data analysis based on transforming theMeuse River data with differ-
ent powers resulted in taking a fourth-root transformation of the zinc concentrations.
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Fig. 1 Map of the 155
survey sites from Rikken and
Van Rijn [13] (white
triangles) and fifteen
prediction locations,
comprising five that were
deliberately chosen (orange
circles) and 10 that were
chosen at random (smaller
yellow circles). The spatial
domain D considered here is
the area enclosed by the
serpentine Meuse River and
a canal running around the
town of Stein, Netherlands.
Aerial image products:
Kadaster/Beeldmateriaal.nl,
CC BY 4.0

Fig. 2 A Gaussian Q-Q plot
of the standardised residuals
from a linear model where
the fourth-root of zinc
concentrations have been
modelled as a function of
geographic, soil-type, and
flooding-frequency terms

Hence, the data model is defined in terms of Z̃ ≡ (Z(s1)1/4, . . . , Z(sn)1/4). Now,
[Z̃ | Y (·)] is obtained from

Z̃(si ) = W (si ) + εi ; i = 1, . . . , n, (29)

where {ε1, . . . , εn} are independent and identically distributed Gau(0, σ 2
ε ) random

variables that are independent of W (·). That is, [Z̃ | W (·)] is Gau(0, σ 2
ε In), where

In is the n × n identity matrix and σ 2
ε is the measurement-error variance. Equation

(28) substituted into Eq. (29) yields a trans-Gaussian model for Y (·) [4, pp. 135–
138]. After fitting x(·)′β̂ to Z̃, we obtained residuals whose standardised quantiles
are plotted against Gau(0, 1) quantiles in the Q-Q plot shown in Fig. 2.
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According to Bayes’ rule, the data model given by Eq. (29), combined with the
processmodel given byEq. (28), yields the predictive distribution [W (s0) | Z̃], which
is Gaussian with mean and variance,

E(W (s0) | Z̃) = x(s0)′β + cW (s0)′−1
Z̃

(Z̃ − Xβ)

var(W (s0) | Z̃) = σ 2
W − cW (s0)′−1

Z̃
cW (s0).

Here, CW (‖h‖; θ) ≡ cov(W (s + h),W (s)) is the stationary isotropic covariance
function forW (·); cW (s0) ≡ (CW (‖s1 − s0‖; θ), . . . ,CW (‖sn − s0‖; θ))′; σ 2

W ≡ CW

(0; θ); W is an n × n covariance matrix with (i, j)-th entry equal to CW (‖si − s j‖;
θ); and Z̃ ≡ W + σ 2

ε In . Note that, in practice, estimates for the parameters β, θ ,
and σ 2

ε are substituted into the formulae for the conditional mean and the conditional
variance given just above. From M conditional simulations {W (s0)1, . . . ,W (s0)M}
simulated from [W (s0) | Z̃], conditional simulations from [Y (s0) | Z̃] are obtained
simply as follows

{Y (s0)1, . . . ,Y (s0)M} ≡ {
W (s0)41, . . . ,W (s0)4M

}
, (30)

and these are used to obtain OPD spatial predictors given by Eq. (20). Here, we chose
M = 10,000.

Since the primary goal of this section is to illustrate OPD spatial prediction, we
only give a brief description of the estimation of the parameters β and θ . After
transforming the data to Z̃ via the fourth-root transformation, the ordinary-least-
squares estimate, β̂OLS , of β in Eq. (29) resulted in the residuals,

r(si ) ≡ Z̃(si ) − x(si )′β̂OLS; i = 1, . . . , n.

From these detrended data {r(si ) : i = 1, . . . , n}, an empirical semivariogramwas
computed, and a spherical semivariogram model, γW (·; θ) ≡ CW (0; θ) − CW (·; θ),
was fitted to it to yield an estimate θ̂ of θ (e.g., see Cressie [4, Sect. 3.4.3]). Figure3
shows the empirical semivariogram (estimated robustly according to the method of
Cressie and Hawkins [5]) and the fitted spherical semivariogram, γW (h; θ̂) (fitted by
weighted least squares, using the weights proposed by Cressie [3]).

Now, returning to the original measure of spatial dependence, the fitted covariance
function is,

CW (·; θ̂) = γW

(
∞; θ̂

)
− γW

(
·; θ̂

)
. (31)

This allows a generalised-least-squares estimator, β̂GLS , of β to be obtained:

β̂GLS ≡
(
X′̂−1

Z̃
X

)−1
X′̂−1

Z̃
Z,
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Fig. 3 A plot of the
empirical semivariogram for
zinc-concentration residuals
in the soils of the Meuse
River floodplain (obtained
from the robust
Cressie-Hawkins estimator
[5]) and a fitted spherical
semivariogram model (fitted
by weighted least squares
using ‘Cressie weights’ [3])

where ̂Z̃ ≡ ̂W + σ̂ 2
ε In , ̂W has (i, j)-th entry equal to CW (‖si − s j‖; θ̂), and σ̂ 2

ε

is assumed to be equal to 0.08364, the so-called nugget effect shown in Fig. 3 as
limh→0 CW (h; θ̂). That is, the micro-scale variation of W (·) is assumed to be zero.

At this point, the spatial-process model is assumed to have parameters equal to
β̂GLS , θ̂ , and σ̂ 2

ε . In all the prediction equations that follow in this section, these
estimates of β, θ , and σ 2

ε will be substituted in without accounting for the effect
their estimation has on the spatial-prediction uncertainties. Generally, estimation
variances are O(n−1) [4, Chap. 1], whereas prediction variances are O(1), which
goes some way to justify our not accounting for the estimation uncertainties.

Now we turn our attention to OPD spatial prediction of Y (s0), using the results
given in Sect. 3. The OPD spatial predictor, the unconditional risk, the bias, and
the 95% unconditional prediction interval are involved in the analysis presented
below. The definitions of these quantities are given in Eqs. (20), (21), (22), and (23),
respectively. The cut-off K 0.05

λ for the 95% unconditional prediction interval was
obtained via the simulation described at the end of Sect. 3.

In what follows, we focus on s0 at the fifteen locations among the 3,103 pos-
sible in D (see Fig. 1), which were described at the beginning of this section. At
all fifteen locations, we computed a 95% unconditional prediction interval for λ ∈
{±3,±2.5,±2,±1.5,±1.0,±0.5,±0.25,±0.15,±0.10,±0.05, 0}; the narrower
the prediction interval, the more precise the prediction. The widths of the 95% pre-
diction intervals were then computed for each of the fifteen locations; Fig. 4a shows
how the widths at the five deliberately chosen locations vary with λ. Let λ∗(s0) be
the value of λ that minimises the width of the 95% prediction interval for s0 given by
each of the 15 prediction locations. Figure4b shows a histogram of the 15 values of
λ∗(s0) obtained numerically for the 15 locations of s0. The median (shown as a red
vertical line) is 0.25, leading us to choose λ = 0.25 and the OPD spatial predictor,
Y ∗(s0) = δ∗

0.25(Z), for all s0 ∈ D.
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Fig. 4 a Plots of the widths of the 95% unconditional prediction intervals for Y (s0) as functions of
λ, where s0 is at each of the five deliberately chosen prediction locations. b A histogram of the 15
values of λ∗(s0) that minimised the width of the 95% unconditional prediction interval, respectively
at the 15 prediction locations; the median value is 0.25, which is indicated on the histogram by a
vertical red line

Fig. 5 Maps of a the OPD spatial predictor, δ∗
λ(Z), for λ = 0.25; b the bias, Bias(δ∗

λ), for λ = 0.25;
and c the unconditional risk, Rλ(δ

∗
λ), for λ = 0.25. In map a, the midpoint of the colour scale,

corresponding to a white colour, is set to 320 ppm, which is two times the U.S. Environmental
Protection Agency’s Soil Screening Level for zinc for terrestrial plants [9, p. 4]

Finally, in Fig. 5, we present plots of the prediction surface δ∗
0.25(Z) at all 3,103

prediction locations (Fig. 5a), the bias (Fig. 5b), and the unconditional risk (Fig. 5c)
of the OPD spatial predictors. It is not surprising that the bias at each prediction site
is positive, because the chosen λ = 0.25 > 0, but there is clearlymore bias in regions
where the data are sparse. The unconditional risk is a quantification of the uncertainty
of the spatial predictor, analogous to the minimised MSPE under squared-error loss.
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6 Discussion and Conclusions

This research is based on the idea that distance measures and divergence measures
can be used as loss functions in a decision-theoretic approach to inferring unknown
parameters or random variables from data and a statistical model. Squared-error
loss is ubiquitous, but that loss is symmetric around the true value. Our setting is
spatial prediction of a hidden-process value at a given spatial location, where the
process, the data, and the spatial predictor are all non-negative. We featured the
power-divergences [8], a family of divergences within the class of phi-divergences
[6] that have non-negative arguments and are not symmetric around the true hidden-
process value.

The optimal spatial predictor minimises the expected loss, where the expectation
is taken over the randomness in the process and in the data. The minimised expected
loss is then the smallest unconditional risk among all possible spatial predictors.
In general, the spatial predictor is biased with respect to the mean of the hidden-
process value. However, there are other statistical criteria by which an inference
can be judged, such as prediction intervals. For a given level α, the shorter the
(1 − α) × 100% prediction interval, the more precise the inference. In Sect. 3, we
give results for the OPD spatial predictors, in terms of a computational algorithm
to compute it, its bias, its unconditional risk, and a (1 − α) × 100% unconditional
prediction interval for the hidden-process value that is being predicted.

In this article, we have emphasised statistical criteria that take expectations over
all sources of randomness in the statistical model, namely the joint distribution of the
hidden-process value and the spatial data. We have extended our results to criteria
that take expectations over the conditional distribution given the data, namely the
predictive distribution, and this research will appear elsewhere. The well known
spatial predictor, kriging, uses the squared-error loss function andminimises themean
squared prediction error, which is the unconditional risk under squared-error loss.
The kriging predictor is unbiased, and hence the minimised mean-squared prediction
error is the expectation of the conditional variance (conditional on the data). In the
context of squared-error loss, this conditional variance is the minimised conditional
risk. Inference with respect to the predictive distribution can be quite sensitive to the
spatial data observed and is generally more precise than inference with respect to the
joint distribution. For example, we have found that conditional prediction intervals
can be much narrower than their unconditional counterparts.

In conclusion, new spatial predictors have been obtained by changing from min-
imising themean-squared prediction error tominimising the unconditional risk based
on a power-divergence loss function. The methodology developed in Sects. 2–4 is
directly applicable to prediction for non-negative spatial processes and data. Our
methodological results are applied to spatial prediction of zinc concentrations in soil
on a floodplain of the Meuse River in the Netherlands.
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