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ELECTROMAGNETIC THEORY
Unit 2
Syllabus
Laplace s & Poisson s equations, solution of Laplace s equation, Electric dipole, dipole moment, potential
& electric field intensity due to dipole, Behavior of conductors in an electric field. Conductor & insulator,
electric field inside a dielectric, polarization, Boundary value conditions for electric Field, Capacitance &
Capacitances of various types of capacitors, Energy stored and energy density in static electric field,
Current density, conduction & convection current density ohms law in point form, equation of
continuity.

1. E-field and Gauss's Law: theory
Introduction
Gauss's law (which is deduced from Coulomb's law) provides a convenient technique for determining
The E-field due to a number different, high-symmetry charge distributions.  Furthermore by suitable
vector manipulation we arrive at the first of Maxwell's equations.

Concept of Flux
If a vector quantity A passes through a surface S which is described by the vector S, then the flux through S
is defined as the component of A normal to the surface multiplied by the area of S.

Flux = AS cos = A.S
For a closed surface an outward directed flux is defined as having a positive sign. If the vector A is not
constant over the surface S then S must be divided into a series of elements dS over which A.dS is constant.
The total flux through S is then given by

where the integral is a surface one over S.

As Gauss's Law Consider a point charge q enclosed by a surface S. Consider a general surface element dS
which lies a distance r from q. The E-field at dS is
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and the flux through dS is hence given by ..Outward flux across dS:

Solid Angle!
However the term (dS cosθ)/r2 is simply the solid angle d subtended by dS at q (see maths notes for this
course). Hence
Outward flux across dS

And total flux across closed surface S is

The circle on the integral sign indicates that the integral is to be taken over a closed surface. From the
principle of superposition any number of charges contained within S produce an individual flux through the
surface which add together to give a total flux. Any charges lying outside of S contribute equal amounts of
inward and outward flux and hence do not contribute to the total flux through S. Hence our final result
which applies to a collection of charges Q within S, is

2. Consequences of Gauss's law applied to conductors Shielding A conductor contains at least some
charges which are free to move within it. When initially placed in an external E-field the field will penetrate
into the conductor and cause the free charges to move (Diagram a). However these can only move as far as
the surface of the conductor (assuming it is of finite size). This maximizes the separation between the
charges and minimizes the forces acting on them. Charge collects at the surface and produces an E-field
within the conductor which opposes the external field.
Equilibrium is quickly reached where the displaced charges produce an internal field which exactly cancels
the external one (and hence there is no further movement of charge (Diagram b).

within a conductor at equilibrium there can be no E-field.
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all points of the conductor must be at the same potential.
The cancellation of the external electric field inside the conductor is used to shield sensitive instruments

from external electric fields.
A solid conductor carries all its excess charge on the surface. Solid conductor in (a) carries a net charge.
Within conductor E=0 hence flux through Gaussian surface G is zero and hence net charge contained within
G is also zero. All the excess charge is on the surface. Hollow conductor in (b) must also carry any excess
charge on its outer surface. In (c) the hollow region contains a charge (+Q). In which case the inner surface
must carry an equal but opposite charge -Q. These requirements are necessary to give a zero flux through
the Gaussian surface G. It is also clear that in case (b) E = 0 within the hollow region.

The electric field must be perpendicular to the surface. Why? Because the surface is an equipotential:

3. Use of Gauss's Law to find the E-field due to symmetrical charge distributions
(a) spherical but non-point charge.

A conducting sphere of radius a carries a charge Q on its surface. By symmetry the resultant E-field must by
spherically symmetric and hence can only have a radial component. r >a. Take as a Gaussian surface (G) a
sphere of radius r (>a) placed concentric to the conductor. By symmetry the field E must be constant at all
points on G and also normal to G. Flux through G = field x surface area = E.4 r2 .
Total charge enclosed by surface is Q E.4 r2=Q/ 0
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Hence: E=Q/(4επ0r2) Since V is a function only of r (due to symmetry):
V= Q/(4επ0r) .    zero at

.as if entire charge were concentrated at the centre.
r<a. Within the conductor, charge contained within G is zero (all charge is on surface) E = 0. Hence
electric potential within sphere must be constant and equal to surface potential =

Q/(4επ0a). Therefore:

(b) infinite plane of charge.
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Top diagram: An infinite (or very large) sheet carries a uniform charge density . By symmetry the resultant
E-field must have a direction normal to the plane and must have the same size at all points a common
distance from the plane. Take as a Gaussian surface a cylinder of cross-sectional area A and height 2h. Flux
is only non-zero through ends of cylinder. If field at cylinder ends is E then total flux is 2EA. Charge
enclosed is area x charge density = Aσ Hence from Gauss's law 2EA=A / 0 E  = / 2 0 Electric field is a
constant!!This is much easier than the integration method.

Note: this thin plate actually has two surfaces, each carrying half the charge.
Semi-infinite thickness plane conductor (Diagram b).The electric field at the surface of the conductor is
given by
E= /

exactly double the sheet result!

4. Differential form of Gauss's Law : general argument
The integral form is

We now consider the general case where the charge contained within the surface S is continuously
distributed with a volume density ρ (which may be depend upon spatial position).
In this case the total charge within S is given by a suitable volume integral of .

where τ is the volume enclosed by the surface S. Hence Gauss's law is now
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We now apply Gauss's divergence theorem  to convert the surface integral on the LHS to a volume integral.
Gauss's theorem states that 'if a closed surface S encloses a volume then the surface integral of any
vector A over S is equal to the volume integral of the divergence of A over .'
Mathematically Gauss's theorem can be written as

where A is the divergence of the vector A.
Applying the divergence theorem to Gauss's law we have

The two volume integrals can now be combined as they are both evaluated over the same volume

As this is true for any closed surface the result requires that at every point in space

This is Gauss's law for electric fields in differential form. It is the first of Maxwell's equations.
In words Gauss s law states that 'at any point in space the divergence of the E-field is equal to the charge
density at that point divided by 0.' As the divergence can be thought of as giving the number of field lines
starting (if positive) or terminating (if negative) at a given point, the above equation states that: the
number of field lines starting or terminating at a given point is proportional to the charge density at that
point .

5. Poisson's and Laplace's equations
We have

Combining these equations we obtain

where in Cartesian co-ordinates

this is Poisson's equation.
At points where the charge density is zero ( =0) Poisson's equation reduces to Laplace's equation

Poisson's and Laplace's equations are often used to find V for a given charge distribution and boundary
conditions.

In cylindrical and spherical coordinates:

Seek separable  solutions of the form R(r)S( ), gives spherical harmonic functions and  Legendre
polynomials:
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6. The circuital law for E-fields
We have shown that the electric potential difference between two points A and B (VBA) is given by

where the integral is a line one between points A and B.
Now consider two different paths between points A and B (I and II). We know that VBA is independent of

the path taken between A and B and hence

If we now traverse path II in the opposite direction (from B to A) the resultant line integral has a value of -
VBA. Hence we can write

but the addition of the two integrals is now simply the line integral of E around a closed path (A to B by
path I followed by B back to A by path II). Hence

This result states that the line integral of E around any closed path in an electrostatic field is zero.
Alternatively the work done in taking a test charge round any closed path in an electrostatic field is zero.
This result is a consequence of the central nature of the E-field due to static charges. In this case the E-field
is said to be conservative.
The above result is only true for E-fields produced by static charges (electrostatics). We will see in
subsequent lectures that in situations where we have a time varying magnetic field that

Consequences of the E-field circuital law Because the circuital law has a null result it is not particularly
useful for solving specific problems. However one useful deduction concerns the form of the E-field at the
surface of a conductor. Consider the surface of a conductor and the rectangular path as shown. The two
ends of the path can be made very small so that they don't contribute to the line integral.

Within the conductor we know that E=0. Hence to satisfy
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the E-field along the top edge of the path must also be zero. Hence there is no tangential component of E
just outside the surface of the conductor and hence any E-field must be entirely normal to the surface.
'The E-field just outside a charged conductor is always normal to its surface.'

The differential form of the circuital law
We have for electrostatics that

Stoke's theorem states that if a closed path L bounds a surface S, then the surface integral of the curl of a
vector A over S is equal to the line integral of A around L.

where xA is the curl of vector A.
Applying Stoke s theorem to the circuital law for E gives

as we can make the area S infinitesimally small.
Hence the curl of any electrostatic E-field is always zero. This is the differential form of the circuital law.
This result also follows because E is given by the gradient of the electric potential and it can be shown that
the curl of any vector which is derived from the gradient of a scalar function is always zero:

V=0

Polarisation of plane wave:
The polarisation of a plane wave can be defined as the orientation of the electric field vector as a function
of time at a fixed point in space. For an electromagnetic wave, the specification of the orientation of the
electric field is sufficent as the magnetic field components are related to electric field vector by the
Maxwell's equations.
Let us consider a plane wave travelling in the +z direction. The wave has both Ex and Ey components.

The corresponding magnetic fields are given by,

Depending upon the values of Eox and Eoy we can have several possibilities:
1. If Eoy = 0, then the wave is linearly polarised in the x-direction.
2. If Eoy = 0, then the wave is linearly polarised in the y-direction.
3. If Eox and Eoy are both real (or complex with equal phase), once again we get a linearly polarised wave

with the axis of polarisation inclined at an angle , with respect to the x-axis. This is shown in
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Depending upon the values of Eox and Eoy we can have several possibilities:
1. If Eoy = 0, then the wave is linearly polarised in the x-direction.
2. If Eoy = 0, then the wave is linearly polarised in the y-direction.
3. If Eox and Eoy are both real (or complex with equal phase), once again we get a linearly polarised wave

with the axis of polarisation inclined at an angle , with respect to the x-axis. This is shown in
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Linear Polarisation
4. If Eox and Eoy are complex with different phase angles, will not point to a single spatial direction. This
is explained as follows:

Let

Then,

and

To keep the things simple, let us consider a =0 and . Further, let us study the nature of the electric
field on the z =0 plain.

From equation we find that,

and the electric field vector at z = 0 can be written as

Assuming , the plot of for various values of t is in .
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Plot of E(o,t)
From equation and we observe that the tip of the arrow representing electric field vector traces qn
ellipse and the field is said to be elliptically polarised.

Polarisation ellipse
The polarisation ellipse shown in 6.6 is defined by its axial ratio(M/N, the ratio of semimajor to semiminor
axis), tilt angle (orientation with respect to xaxis) and sense of rotation(i.e., CW or CCW).
Linear polarisation can be treated as a special case of elliptical polarisation, for which the axial ratio is
infinite.
In our example, if , from equation (6.47), the tip of the arrow representing electric field vector
traces out a circle. Such a case is referred to as Circular Polarisation. For circular polarisation the axial ratio
is unity.

Circular Polarisation (RHCP)
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Further, the circular polarisation is aside to be right handed circular polarisation (RHCP) if the electric field
vector rotates in the direction of the fingers of the right hand when the thumb points in the direction of
propagation-(same and CCW). If the electric field vector rotates in the opposite direction, the polarisation
is asid to be left hand circular polarisation (LHCP) (same as CW).
In AM radio broadcast, the radiated electromagnetic wave is linearly polarised with the field vertical to
the ground (vertical polarisation) where as TV signals are horizontally polarised waves. FM broadcast is
usually carried out using circularly polarised waves.
In radio communication, different information signals can be transmitted at the same frequency at
orthogonal polarisation ( one signal as vertically polarised other horizontally polarised or one as RHCP
while the other as LHCP) to increase capacity. Otherwise, same signal can be
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Electrical resistance of a material is influenced by its geometric configuration; hence a new parameter
called electrical resistivity ( ) is defined such as it is independent of the geometry.
Where A cross-sectional area perpendicular to the direction of the current, and l the distance between
points between which the voltage is applied. Units for  are ohm-meters ( -m).
J = n.q.v  (6)
 = n.q.µ .(7)
 = ne .q e .µ e (8)
 total =  electronic +  ionic .(9)

for semiconductors, for ionic materials Reciprocal of the electrical resistivity, known as electrical
conductivity ( ), is used to express the electrical behavior of a material, which is indicative of the ease with
which a material allows of flow of electrons.

 = n.q.µ n + n.q.µ p ..(10)
Electrical losses are also known as Joule heating losses.
Second form of Ohm s law can be obtained by combining the equations (3) and (4) to
give: Electrons are charge carriers in metals. In ionic materials (for example ionic ceramics), conduction is
result of net movement of charged particles (cations and anions) in addition to any electron motion.
However, both electrons and holes are charge carriers in semiconductors and in doped conductive
polymers. Thus equation 7 can be written as follows:
where J current densit y (A/cm2), E electric field strength (V/cm).
In all conductors, semiconductors, and many insulating materials, only electronic conduction exists i.e.
electrons are the only charge carriers. Ionic conduction results because of net motion of charged ions.
Movement different particles in various materials depend on more than one parameter. These include:
atomic bonding, imperfections, microstructure, ionic compounds, diffusion rates and temperature.
Because of these, electrical conductivity of materials varies tremendously.

Electric Dipole in a Uniform Electric Field
Resistivity or conductivity does not depend on the dimensions of the material. These properties are
microstructure-sensitive instead, like many other intrinsic properties, for example yield strength. Thus
either of it (usually conductivity) allows us to compare different materials. Solid engineering materials
exhibit very wide range of electrical conductivity (about 27 orders of variation). Hence the materials for
electrical applications are classified according to their electrical conductivity as: conductors,
semiconductors and insulators/dielectrics. Metals are conductors having conductivities in range of 107 ( -
m)-1, while semiconductors have conductivities in range from 10-6 to 104 ( -m)-1, and materials with
conductivity lower than 10-10( -m)-1 are termed as insulators.
Place an electric dipole in a uniform field r

E E φi , with the dipole moment vector p making an angle θ
with the x-axis.
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Boundary Conditions
Please read about the derivation of these boundary conditions in the textbook.  Boundary conditions apply
for waves of any frequency, even though they are discussed in the static section here.
Electric Field Boundary Conditions

Steps to solve boundary condition problems:
Typically you are given or have previously calculated the electric field (E) or flux density (D) in one of the
two regions.

1) Break the electric flux density vector (D) into tangential and normal components as shown above.
2) Solve for the tangential components like this:

3) Solve for the normal components like this:
The normal components depend on the surface charge density s (C/m2) .
D1n D2n = s (C/m2)     OR 1E1n - 2E2n = s
Special Cases:
Perfect Dielectrics (conductivity = 0)
Surface charge density can only exist on a conductive surface, so if both materials are perfect dielectrics
(have no conductivity), then s = 0.
Perfect Conductors (conductivity is infinite)  (metals)
The electric field inside the metal = 0, so Et = 0 inside the metal, and on its surface.  TANGENTIAL E = 0 on
surface of metal
Magnetic Field Boundary Conditions
Use the same as above, but replace electric fields or flux density with magnetic fields (H) or flux density
(B).
Steps to solve boundary condition problems:
Typically you are given or have previously calculated the magnetic field (H) or flux density (B) in one of the
two regions.
1) Break the magnetic flux density vector (B) into tangential and normal components as shown above.
2) Solve for the tangential components like this:
The tangential magnetic fields depend on the surface current density (most books call this Js, some time
call it (K).  This is the current density (A/m2 ) flowing ON THE SURFACE.

EEDBecause

EEor
DD

ro

tt
tt

εεε
εε 21

2

2

1

1
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3) Solve for the normal components like this:
B1n = B2n OR µ1H1n = µ2 H2n

Special Cases:

Perfect Dielectrics (conductivity = 0)
Surface current density can only exist on a conductive surface, so if both materials are perfect dielectrics
(have no conductivity), then Js = 0
Perfect Conductors (conductivity is infinite)  (metals)
The magnetic field inside the metal = 0, so Hn = 0 inside the metal, and on its surface.  NORMAL H = 0 on
surface of metal.

How to Apply This Concept:
There are three main ways we apply the concept of boundary conditions.

1) As described above, boundary conditions provide an understanding of how fields behave on the
surface of metal.  The tangential E field and normal H fields are always zero on a metal surface.

2) Given the fields in one region, find the fields in the other.  This calculation can be used to derive
Snell s law for optics (we will discuss this in the fiber optic section) and accounts for why light and
other fields bend when they move from one material to another.

3) Observe that the electric field  is always weaker in the stronger dielectric (larger ).  For instance,
when fields pass from air (low  ) to skin/fat (low ) to muscle (high ), the fields will be strong in
skin/fat and low in muscle.  Hyperthermia is a method of heating the body to treat cancer.  We
have previously discussed that standing waves can be set up in the fat layer and overheat it.  Even
without these standing waves, we can expect the fat layer to have higher fields than the muscle
layer because of the boundary conditions. Turning up the power enough to get the fields we want
in the muscle layer could overheat the fat layer.  The water bolus helps to eliminate this problem by
reducing the standing waves, and by removing the heat from the body through conduction.

The magnetic field also produces interesting results.  The electric fields tend to circulate around the
magnetic field (in the direction defined by the fingers of the right hand with the thumb pointed in
the direction of the magnetic field).  Circulation can occur in multiple regions of the model if they
are somewhat separated electrically.  (See the model of the cow in the attached chapter.)  These
electric fields are once again reduced by high dielectric materials.

4) We also solve problems called boundary value problems  in electromagnetic where we assume we
know the shape of the incident field (a plane or spherical wave, for instance), and we solve for the
electric and/or magnetic field in an easy-to-define object (such as a layered cylinder, sphere, etc.)
using boundary conditions.  You can learn more about this in an Advanced Electromagnetics Course.

conduction and convection current
In our discussion so far we have considered field problems that are associated with static charges.
In this chapter we consider the situation when the charges can be in motion and thereby

HB

KmAJHH stt

µ
)/( 2
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constituting current flow.

Due to the movement of free charges, several types of electric current can be caused:
Conduction Current is due to the drift of electrons and/or holes and occurs in conductor and
semiconductor. Motion of ions gives rise to electrolytic currents and convection current results
from motion of electrons and/or ions in an insulating medium such as liquid, rarified gas and
vacuum.
It is worth mentioning here that in time varying scenario, bound charges give rise to another type of
current known as Displacement current, which we shall consider in more detail in later chapters.

Introduction

Why is there a need to study the reflection and transmission properties of plane waves when incident on
boundaries between regions of different electric properties?  Perhaps you had no idea that we experience
this topic daily in our lives.  For instance, when you try and make a call on your cell phone and you are
downtown amongst all those tall buildings.  Will you always have great reception?  When the hot sun
penetrates your window it can quickly heat up your room, but maybe you have blinds, curtains, or tinted
material to prevent some of that intense heat.  For those of you that wear glasses, you know what happens
when you get your picture taken; that annoying glare from those glasses.  What about a light ray on the
surface of a mirror?  A reflection can be seen and some of that ray will penetrate the glass.

The Figure 1 is the fundamental concept.  It illustrates the geometry of the positive z propagating plane
wave that is normally incident on a plane interface between regions 1 & 2.

2   Normal Incidence Plane Wave Reflection and Transmissions at Plane Boundary Between Two
Conductive Media

The electric and magnetic fields related to the incident wave are given by the following:

x
i

m
ze1

1γ
(1)

Region 1

1 1 1ε µ σ, ,
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y
i m ze1

1

1

η
γ

* Note:  (i) incident, (m1) medium 1, ( 1) propagation constant in region 1, ( 1) wave impedance in region
1, (z) direction of propagating wave

The complex propagation constant in region 1 isγ α β1 1j .     *Note:    and  are the real and imaginary
parts respectively.  The propagation constant  is that square root of 2 whose real and imaginary parts
are positive:

 =  + j where, α ω
µε σ

ωε2
1 1

2

, β ω
µε σ

ωε2
1 1

2

The wave impedance as defined in chapter 2 as the ratio between the electric and magnetic fields is
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The wave impedance  in a conductive medium is a complex number meaning that the electric and
magnetic fields are not in phase.  The phase velocity will be less than the velocity of light vp < c.  The
wavelength  in the conductive medium will be shorter than the wavelength o in free space at the same
frequency, = 2 /  < o.  The factor α ze will attenuate the magnitudes of both E and H as they
propagate in the +z direction.

What happens when this wave hits the boundary?
Some of the energy related to the incident wave will transmit across the boundary surface at z = 0 in region
2, therefore providing a transmitted wave in the +z direction in medium 2.  The following are the electric
and magnetic fields related to the transmitted wave:

x
t

m
ze2

2γ
, y

t m ze2

2

2

η
γ

t1 = 0
t2 > t1 e-α z

The electric field associated with a plane wave propagating along the positive z direction.
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Recall Maxwell s equations:
ε σj
j

· E = 0
· H = 0

The Wave equation for H:
∂
∂

∂
∂

∂
∂

γ
2

2 2

2

2

2

2
2

x y z

For now, let s look at the simplest system, that consisting of a plane wave of coordinate z.
d

d z

2

2
2γ

Therefore, according to the wave equation as noted above, equations (1) & (2) satisfy Maxwell s equations.
If the amplitude of the transmitted wave m2 is unknown then boundary conditions at the interface z = 0
separating the two media must be satisfied.
Good conductors are often treated as if they were perfect conductors.  Metallic conductors such as copper
have a high conductivity  = 6 * 107 S/m, however, only superconductors have infinite conductivity and are
truly perfect conductors.

Static (time independent)
n · D1 = s
n · (B1 B2) = 0
n 1 = 0
n ( )1 2 = 0

* Subscripts denote the conducting medium.
Characteristics of static cases:
1. Electrostatic field inside a good conducting medium is zero.  Free charge can exist on the surface of

a conductor, thus making the normal component of D discontinuous being zero inside the
conductor and nonzero outside. The tangential component of E just inside the conductor must be
zero even if the surface is charged.

2. The electric and magnetic fields in the static case are independent.  A static magnetic field can
therefore exist inside a metallic body, even though an E field cannot.   The normal component of B
and the tangential components of H are therefore continuous across the interface.
For time-varying fields, the boundary conditions for good (perfect) conductors are:
Time varying fields (time dependent)
n ·D = 0

n · B = 0
n = 0
n = Js

The subscripts have been deleted because in this case the only nonvanishing fields are those outside the
conducting body.

x
t & x

i are tangential to the interface therefore the boundary conditions will require these fields be equal
at z = 0.   Equate x

t & x
i , and set z = 0.  *Note:  (t) is transmitted wave, (i) incident wave.  The result will

be m m1 2 *Note: (m) medium, (+) transmitted wave .. (3)
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y
t & y

i are also tangential to the interface, so by applying the same procedure as above you will notice
that it is impossible to satisfy the magnetic field boundary conditions ifη η1 2 .
We can then, include a reflected wave in region 1 traveling away from the interface, or in other words in
the z direction.  Only part of the energy related to the incident wave will be transmitted to region 2
because of the process the incident fields must encounter prior to crossing the boundary.  The fields left
behind during this process will in fact be the reflected wave.

The electric and magnetic fields related to the reflected wave are

x
r

m
ze1

1γ .(4)

y
r m z

e1

1

1

η
γ

Note:  (r) reflected wave, (-) wave traveling in the z direction
Equation (4) is related by x

r

y
r η 1 because the reflected wave is traveling in the z direction and the

Poynting vector E H will be in the -az direction.  To satisfy the boundary conditions for the tangential
electric field, z = 0.   This is important because the basic model assumes three waves incident, reflected
and transmitted:

x
i

x
r

z x
t

z0 0

This can be simplified, by adding the E field transmitted to the E field reflected of        medium 1 with a
result equal to the E field transmitted wave of medium 2:

m m m1 1 2 (5)

*Note:  We can model the system as three waves incident, reflected and transmitted.     Boundary
conditions must be met for the E field as well as the H field.  Waves have both E & H fields - ω η .

Similarly, enforcing the continuity of the tangential magnetic field at z = 0,

m m m1 1 2

Therefore,
m m m1

1

1

1

2

2η η η
..(6)

To solve for m2 , multiply equation (.6) by η 1and add the result to equation (.5).  The result is:

m

m

2

1

2

1 2

2η
η η

.(7)
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The transmission coefficient is the ratio of the amplitudes of the transmitted to the incident fields:
2 2

1 2

η
η η

..(8)

The amplitude of the reflected wave can be solved for by multiplying equation (6) by η2 and subtracting
the result from equation (5) for a result of:

m m1 1
2 1

2 1

η η
η η

..(9)
The reflection coefficient is the ratio of the amplitudes of the reflected and incident electric fields given
by:

m

m

1

1

2 1

2 1

η η
η η

(10)

From equations (8) & (10), note that the reflection and transmission coefficients are
related by1 .
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