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Summary 

This work discumes how two sample t-tests behave when applied to data that may violate the 
classical statistical assumptions of independence, heteroscedasticity and Gaussianity. The usual 
two sample t-statistic based on a pooled variance estimate and the Welch-Aspin stathtic me 
treated in detail. Practical “rules-of-thumb” are given along with their applications to various 
examples so that readers will easily be able to use such tests on their own data sets. 
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1. Introduction 

The biometrician must be a clever and versatile scientist, working in diverse 
areas on a variety of problems that range from design to analysis to interpretation 
to reporting. A single batch of numbers and a question about their population mean 
(one sample problem), or two batches and a question about the equality of their 
means (two sample problem), a e everyday problems and usually considered rou- 
tine. A quick look a t  stem and leaf plots (or histograms) to check that  the batches 
are roughly normal, is followed by a t-test: first computation of a one sample or a 
two sample t-statistic, second a table look-up, and finally a statement as to  
whether the null hypothesis is rejected or not (at  a stated level of significance). 

In our introductory example belGw, we will detail the assumptions needed for the 
two sample t-test to be valid; see CRESSIE, SHEFFIELD and WHITFORD (1984) for 
the one sample problem. But what if the assumptions are not met? Alternative 
statistical procedures, for example nonparametric tests, permutation tesh,  
“robustified ”versions of standard testa, may be employed, but the more familiar 
parametric procedures can often still be validly used. More importantly, they 
are frequently used anyway, almost regardless of underlying assumptions. It is 
the aim of this paper to investigate the “region of validity” of the two sample 
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t-test and to suggest minor modifications to the table look-up where appropriate 
(see CRESSIE e t  al., 1984, for analogous one sample results). Notice that our ap- 
proach is a pragmatic .one; we believe the two sample t-statistic will be used often 
enough to warrant this study. A different, statistically more satisfying approach, 
is to modify the statisticitself, to  remove undue influence of outliers (YUEN, 1974; 
TIKU, 1980; KAFADAR, 1982). 

The data used here to illustrate the two sample t-test come from an experiment 
to determine the nitrogen binding capabilities of laboratory mice (DOLKART, HAL- 
PERIN and PERLMAN, 1971), one'group being the normal (control) group and the 
other being a diabetic (experimental) group. Both groups were treated with bovine 
serum albumen (BSA) for 28 days and on the 29th day the amount ofBSA nitrogen 
bound, in micrograms per milliliter of undiluted mouse serum, was measured. 
Table 1 gives the results, which will allow a critical examination of the normality 
assumptions of the two sample t-test and, in so doing, the nitrogen binding capa- 
bilities of the two groups will be compared. 

Table 1 

Amount of BSA nitrogen bound (pglml) 
for 20 normal mice and 19 diabetic mice 

Normal Mice Diabetic Mice 

155.76 
282.00 
197.34 
297 .OO 
115.50 
126.72 
119.46 
29.04 

252.78 
122.10 
349.14 
109.90 
143.22 
64.02 
25.54 
85.80 

122.10 
454.85 
655.38 

13.88 

82.50 
99.66 
97.66 

150.48 
242.88 

67.98 
227.70 
130.68 
73.26 
17.82 
19.80 

100.32 
71.94 

133.32 
464.64 
38.96 
46.20 
34.32 
44.56 

First we look a t  the two samples side by side in Table 2. Then we calculate t w o  
t-values : TZ, the test statistic used when the two groups are assumed to come from 
populations with the same variance, and T:, the test statistic which does not re- 
quire the assumption of common variance. Both are used to test H, : p= = pr 
against Hi : px =-py, where gx is the average amount of nitrogen bound by normal 
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Table 2 

Stem and leaf plots of the amount of BSA nitrogen bound (pglrnl) 
for 20 normal mice, and 19 diabetic mice 
(Unit = 10.0; i.e. 1 * I 2 represents 120) 

133 

Normal Mice Diabetic Mice 

O* 
0. 
1* 
1 .  
2* 
2. 
3* 
3. 
4* 
4. 
5* 
5. 
6* 
6. 

122 O* 113344 
68 0. 677899 
0112224 1* 033 
59 1. 5 

2* 24 
589 2- 

3* 
3- 
4* 

5 4.  6 

rhice. Similarly for py. The statistic T2.is defined by 

x - Y  
T2= 

2 ’  (m - 1) 8; + (n  - 1) s, ( 1 . 1 )  

\ - xi 
where Xi, i =  1, 2, ..., m, are the results for the control group, ,Y =‘L, 

m m 
2 (xi-x)2 

8; = f.= ‘ 
mental group. The statistic TF defined by 

; and y ,  S; have corresponding definitions for the experi- 
m - 1  

was proposed by WELCH (1937) and its  distribution was tabulated by ASPIN (1 949). 
Using the data in Table 1 we find, 

x= 186.077, Si=(158.924)2, m = 2 0 ,  
F=112.720, #$=(105.831)2, n = 1 9 ,  

and hence, 
T2= 1.687, Tg= 1.704 . 

If the assumptions needed for the valid use of TI are satisfied, then the T2 value 
is compared with the critical value found from Student’s t tables on 37 degrees of 
freedom. Using a 5 level of significance the value t37,.03 = 1.687 ( = T 2 ,  here), so 



1 3 4  N. A.  C. CRESSIE, H .  J. WHITFORU 

the data support H i  ratherthan H, as the observed value of the statistic is large 
enough to conclude tha t  the normal mice have a sigtlificantly higher binding 
capacity than diabetic mice. Also, for T:, the data support Hi, as tc,,05 : 1.690 
(-= T;, here), where e =35 are the equivalent degrees of freedom (see Section 3) .  

The question now arises as to whether the assumptions underlying the use of the 
two sample t-tests have been met. These assumptions are: 
1.  X , ,  i = 1 ,  2, ..., m ;  Y j ,  j = 1 ,  2 ,  ..., n are jointly independent. 
2. Up to location shift, X i ,  i = 1 ,  2, ..., m ;  Y j ,  j = 1, 2, ..., n, are identically distri- 

3. These distributions are normal (or Gaussian) : 
buted with variances a$ = ui. = u2. 

X,-N(px, uz), i = l ,  2, ..., m ,  
Yj-N(pI,, a2), j = 1 ,  2 ,  ..., n . 

For !T';, assumption 2. may be relaxed sufficiently to allow ~ ~ + a ~ ~ .  More often 
than not, at least one of fheassumptions is not satisfied and indeed i t  is unrealistic 
to expect that  l . ,  2. and 3. will all hold in any particular testing problem. 

Section 2 investigates the effect of a departure from the normal distribution 
assumption. Section 3 exanlines the consequences of a departure from the honio- 
geneous variances assumption. Conclusions are given in Section 4.  We believe t h e  
independence assumption to be similarly important, but the main applications are 
for time series or spatial data. Because the correlation models used typically 
come from the theory of stochastic processes, we feel t ha t  this is not the place to 
pursue a detailed study of dependence structures. This will be published elsewhere. 

2. Normal (Gaussian) distribution? 

Use of (the T 2  and TT statistics with t-table look-ups, i8 valid when the underlying 
distributions are normal. This assumption is clearly to be questioned as few real- 
life examples meet the rigid criterion of normality, and the example in Section 1 
is no exception. In general, the shape of any frequency curve can be effectively 
described by two parameters, skewness and (excess) kurtosis (KENDALL and STU- 
ART, 1977,  pp. 87-88), which for a normal distribution arc both zero. Clearly, one 
way to assesas whether data are drawn from a normal distribution, is to estimate 
skewness and excess kurtosis (sk,  ku)  with the sample estimates : 

m 

i=l 
2 (xi-.x)3 

,-. 

312 ' (2.1) sk= { i = l  2 ( X . - W j  
and 

m 
,-. 2 (Xi-x)4 

(2.2) ku = 
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In  our examplewehaveskx=1.504, kux=1.976,sky=2.115, ku,=4.518. Can the 
two sample t-tests still be used to analyse these data? We will now show tha t  with 
modification, the answer is yes. We will do this in two ways; each way uses the 
idea of approximating a variable by its corresponding Cornish-Fisher expansion 
(CORNISH and FISHER, 1937). In presenting the two approaches we will also com- 
pare them. 

2.1. Correcting for nonzero skewness and kurtosis 

CRESSIE e t  al. (1984) ex’amined the consequences of departure; from normality in 
the one sample t-statistic, making extensive use of tables given by POSTEN (1979). 
These tables give an estimate of the true level of significance. Posten (1978) has 
made similar calculations in the two sample case ( T2 only) but he unrealistically 
assumes that  both groups have the same sample size, variance, skewness and 
kurtosis. LEE and D’AGOSTINO (1976) consider the effect on T, and T: of unequal 
sample sizes, differing variances and kurtoses but skewnesses equal t o  zero. GAYEN 
(1950) examines the tail probabilities of T, for equal &ample sizes, equal variances 
and differing skewness, kurtosis combinations, while GRONOW (1953) examines T2 
and TT when there are unequal sample sizes, zero skewnesses and differing varian- 
ces and kurtoses. None of these approaches allows us to consider the effect on T, 
and T,* of unequal sieed samples being drawn from nonnormal populations which 
may differ in their degree of nonnormality, a situation which we consider is most 
likely to arise in real-life situations. In what is to follow we will eventually assume 
equal variances, and tackle the complication of unequal variances more thoroughly 
in Section 3. 

Our approach to  the problem of nonnormality is to find a way of assessing how 
the skewness and kurtosis of the control group combine with the skewness and 
kurtosis of the experimental group to jointly affect the behaviour of the T, and 
T: statistics. We do this by using the Cornish-Fisher expansion of three statistics; 
the one sample t-statistic (Ti), the two sample t-statistic (T2) and the Welch-Aspin 
statistic (TZ). 

JOHNSON (1978) shows that  the Cornish-Fisher expansion of Ti on N data values 
is 

sk(12-I) sk lz  IV (ku+2-Sk’) 
T1-1+ - 

6 1 %  21% 2 I?? (2.3) 

where 1, v are independent and identically distributed (i.i.d.) N(0, 1). Similarly we 
have derived the Cornish-Fisher expansions of T,, T: ; they are 

a: 0;. sk,& skycr$ 
- A -  
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a'' a, -+- 
_ -  

' 2  -+- 
where 6, E are  i.i.d. N(0, 1 )  and 

(2.5a) 

where 6, E are  i.i.d. N(0, 1 )  and 

Remark 2.1. 
From equation (2.4a), we see tha t  unless ui=a$ or n=m,  the variance (to first 
order) of T 2  is not 1 as  i t  should be. Hence even asymptotically, a test based on T 2  
will not achieve the correct significance level when a: $:a; and m +n. The absence 
of u;, a'; in the first term of (2.5a) shows tha t  /;=a$ is not a requirement for 
using T;. 

In  order to  use Posten's one sample tables we take  the mean and  variance of 
each Cornish-Fisher expansion and equate. For example, the mean of the Cor- 
nish-Fisher expansion of T ,  is 

1 sk,ai - sk yu; 

mn -+- 
(2.7) E(T2)- -- 2 I"; a,\,, ' 

\ n  ml 
and this is equated to the mean of the  expansion of Ti, which we write as 

equivalent skewness 
E(T,)- - 

2 (m+n)'12- * 
(2.8) 

Here the term "equivalent skewness" (es) refers t o  the skewness value needed 80 

t ha t  a one sample t from a sample of size m + n, matches in first moment to a t w o  
sample t .  Thus we obtain a formula which allows us to  assess the  effect of the  
possible differing sltewnesses of the two groups, on T 2  (and Tq),  by using well- 
documented tables for the one sample t-statistic (POSTEN, 1979). Upon putting 
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a4:=& we have the following result for T 2  
(mn)"' 
( m + n )  

es = -- (skx - s k y )  , (2.9) 

which is obtained after equating the right hand sides of (2.7) and (2.8). Similarly 
we have for Tf 

Upon taking the variances of the expansions of T I ,  T 2  and T; and matching them, 
we obtain formulae for the equivalent kurtoses ek and ek*. For T 2 ,  

m n 2mn 
(5a-b)  (a -b )  

(kuy) + 9 (m + n)2 (2.11) e k = -  (ku,) + m + n  
where a = (sk,  - s k y )  

(2.12) a=(&, ( ; ) - s k y t ) )  

And for T; 
n7- m2 
m 

m + n  

- (ku,) f; (ku,) 
(2.13) ek* = -+ f (n -nz )  [;-;I. 
Remark 2.2 
When the restrictions applied by POSTEN (1978), namely equal sample sizes, 
skewnesses and kurtosel;, are used here, we have t h a t  es, and ek are respectively 
zero, and the original kurtosis value. These results help to explain Posten's findings 
that  T 2  is an extremely robust test statistic. In fact, only in this special cme does 
the effect of perhaps large (but equal) skewnesses i n  the two populations, cancel. 

Remark 2.3 
Formulae (2.9) through (2.13) give a quick guide to rather complicated two sample 
departures from normality, in terms of the easier. one sample problem. H 

Remark 2.4 
Estimates (2.1) and (2.2) of population skewnesses and kurtoses have sampling 
error but we know this extra effect on assessing departures from normality to be 
of second order (HALL, 1983). 

Returning to the introductory example of treating normal and diabetic mice 
with BSA, we have ,-. A 87- ,- - (158.924)2, skX, 1.504, ku,= 1.976, 

A A 

8&= (105.831)2, s k y =  2.1 15, ku, = 4.51 8 . 
0; 

a& 
Withsamplesofsizem=20andn=19,an F-testsupportesthehypothesis that  - = 1  . 
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Therefore we have from (2.9) through (2.13), ’ 
A A 

es = - 0.305, ek=3.191 (for T 2 )  , 

es* = -0.399, ek* = 3.359 (for T:) . 
fi A 

As Yomm’s (1979) tables for Ti do not give estimates for samples of size m +n= 
= 39, we use the level of significance for n = 30 and n = OJ and interpolate on reci ~ 

procal sample size. Then for the one sided test based on T 2  we have, using the near- 
est value ( sk ,  ku) = ( -0.4, 3.2) 1, in Posten’s Table 111, that  the true level of 
significance, CI.’, is approximately 

30 
39 

~’-0 .0500+-  (0.0112) =0.059 , 

and for T;, using the nearest (sk,  ku) = ( -0.4, 3.6), the true level of significance, a’, 
is approximately (use equivalent degrees of freedom e = 35) 

30 
35 

~ ’ ~ 0 . 0 5 0 0 + -  (0.0109) =0.059 . 

Both of these values are well within the [3 7 O/o] “forgiveness” interval ciet by 
PEARSON andPLEAsE (1975). Consequently we can conclude that  our original deci- 
sion to reject H o  was correct, but only after checking on the valid use of both T? 
and T;. 

2.2. Correcting for Nonzero skewness 

In this  section we will look at adjusting the l’, and T: statistics to allow for differ- 
ing skewnesses of the population. JOHNSON (1978) used the Cornish-Fisher ex- 
pansion to eliminate the effects of low order bias and skewness in the one sample 
t-statistic. We follow his approach closely for two sample t-statistics. As in Gection 
2.1 we will assume t& = (T:., leaving the discussion of unequal variances until the 
end of Section 3. Consequently, we have after some algebra, the following modi- 
fied t-statistics, 

(2.15) U2 = i 

- 
(-Y - Y) + -. 

- _ _ _ _ _  - - 

1 Because we subtracted 3 in calculating our kurtosis the actual value used in looking up Postens’ 
table is 6.2. 
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- 1 sk,a: sk,o;) ;{dcx" --s2&}(x-y)z 
6 m2 n2 m2 n2 + ($+$) ($+!!)2 

V(2, -+- 2) 
( (X- P)+ 

(2.16) U;= 

Thus U 2  is a modification of T 2  which eliminates first order bias and skewness 
effects; Ug modifies T: similarly. Notice that all the modification occurs in the 
numerator, where X - P is replaced by X - P +c +d (X - P)2. In practice, c and d 
are estimated by sample moments, which is correct to first order. 

Remark 2.6 
Suppose for the moment that ku,=ku,,=O. The approach of Section 2.1 uses 
POSTEN'S (1979) T, tables to approximate t h e  true level of significance (a')  of the 
test based on T 2  for any given sk,, sk,, combination. This value satisfies, 

P(T*=-tn+n -2,J = a' , 
where a' is a function of sk,, sk, and is obtained from POSTEN'S (1979) tables. The 
critical value tm+n-2.m is obtained from Student'st tables using m + n  -2 degrees of 
freedom and the stated level of significance a. Similarly for T;. However, for the 
modified U2,  U ;  we have 

U2=T2+(6i3,-8jp) and U ; = T ; + ( 8 $ - 8 $ )  ; 

(2.17) 

(2.18) 

The expressions for 8, and 8; can be obtained from (2.17) and (2.18) respectively 
by replacing sk, with sk., & with a: and m with n. 

As we are assuming zero kurtosis we are now able to go directly to Student's 
t-tables, so that to first order, 

(2.19) P( T7_) t ,+n,? . , - (~ , -8~))=a 9 

(2.20) P(Tg>t, , , - (8;  - & q ) ) = a  ; 
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e is equivalent degrees of freedom, discussed in Section 3. Thus the approach of 
this Section 2.2 results in adjustments to the critical values, whereas the approach 
of Section 2.1 results in adjustments to the levels of significance. 

Finally, in this section we wish to examine the effect of nonzero kurtosis in order 
to make a recommendation as to whether we need to adjust for both nonzero skew- 
ness and kurtosis. We can do this by using the U ,  and U ;  statistics, finding their 
equivalent kurtoses, having already ensured by the adjustments that  the equi- 
valent skewnesses arezero, and then looking up POSTEN’S (1979) one sample tables 
for the resulting ek, ek* values. Using the methods of Section 2.1 we have, as w e  
would expect, that  ek and ek* are given by equations (2.11) and (2.13). The 
question now arises as to the extent to which ek and ek* can deviate from zero 
without affecting the validity of the test. Since we have related our results to the 
one sample t-statistic, we can examine this problem by consulting POSTEN (1979). 
We notice that  for kurtoses between -1 .6  and 4.8, skewness=O, and for all 
sample sizes larger than 5, the actual level of significance is within the [3 %, 7 
“forgiveness” interval set by PEARSON and PLEASE (1975). This is in accord with 
CRESSIE (1980) who found tha t  in the presence of both skewness and kurtosis, one 
essentially needs only worry about the skewness component. Consequently we re- 
commend that  the t-statistics be adjusted by the appropriate combinations of sk,, 
sky (see equations (2.19) and (2.20)), and a quick check made on the equivalent 
kurtoses. 

Returning to the introductory example of measuring BSA nitrogen bound for 
normal and diabetic mice, we obtain (sample estimates e.g. 8; are used in place 
of population quantities e.g. a;). 

8x=0.227:  &y=0.092 U~=!Z12+(&3x-8y)=1.914 , 

8; = 0.2 1 5 .  6%; = 0.099 U” 1- - T‘f  - + (as - a:.) = 1.9 1 9 

Then compare 

U,= 1.914 with t37,,0j = 1.687 
U$= 1.919 with t35,,05= 1.690,  

to conclude tha t  normal mice have significantly higher binding capacity than dia- 
betic mice (ek is a t  worst 3.359, which is within the - 1.6,  4.8 limits). 

2.3. A Recommendation 

Although the method of Section 2.2 (i.e. adjusting the statistic) does not take into 
account nonzero kurtosis, we have seen tha t  nonzero skewness is the most impor- 
tant component of nonnormality to  be controlled for. Besides, a check on the kur- 
tosis can be made by computing equivalent kurtoses given by (2.11) and (2.13) 

The method of Section 2.1 (i.e. monitoring the significance level) has a draw- 
back which is illustrated hy the example. To calculate the equivalent skewness and 
equivalent kurtosis, one must assume & = u;. It is not clear that  this is exactly the 
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A A 

case for the mice data. We obtained es= -0.305, ek=3.191,  which yields a sig- 
nificance level for the t-test: P( T 2  B 1.687) = 0.059 =-0.05. However from Section 
2 .2 ,  8 x - 8 1 , = 0 . 1 3 5 ,  and hence P ( T 1 - z 1 . 6 8 7 - 0 . 1 3 6 )  = .05. Therefore P ( T z z  
z 1.687) -= .05. Which do we believe? In the light of possible unequal variances 
(Section 3),  i t  is clear that  the approach described in Section 2.2, of adjusting the 
statistics (through ax, ar, 8: and a:), is to be preferred:: 

3 ,  Identical Distributions? 

3.1. The Model 

If the full set of assumptions for the classical two sample problem, namely 
Xi, ..., X, i.i.d. N(px, az) independent from Yi, ...) Y ,  i.i.d. N ( p Y  ,a2), is now changed 
so that “identical distribution” (i.d.) is dropped, can we still test H, : px = py using 
T 2  (or TT) and the t-tables on m +n - 2 degrees of freedom Z Notice that nonpara- 
metric statistics such as the Wilcoxen-Mann-Whitney do very poorly in this 
situation (MURPHY, 1976). We need a model for this type of departure from the 
assumptions; the essenceof the i.d. part is really that all the variances‘are equal, so 
that in this section we shall henceforth assume 

(3.1) X , ,  ..., Xml i.i.d. N(pz, a:,,), Xmlfl,  ..., X ,  i.i.d. N(px, a$,2) ; 
Yi, ..., Y,, i.i.d. N(pr, a”,,,), Ynl+!, ..., Y, i.i.d. N(py, a;,2). 

This model is typical when a number of,different technicians or pieces of equipment 
are involved in measurement of the same quantity, yielding subgroups of differing 
precision. 

Remark 3.1. 
We have chosen to split the X variables and the Y variables each into two groups 
of differing precision. All our results can be easily generalized to where we have k 
groups of theX variables with precisions u:,,, ... , a$,k, and 1 groups of the Y varia- 
bles with precision o;,,, ..., a$,,. 

Remark 3.2. 
When = a$;2 = ay,, = a$,2, assumptions (3.1 ) reduce to the usual model, under 
which T, ( -tn+m-2 under H,) is the appropriate test statistic to use. To find the 
behaviour of T z  and of T:  in a “neighbourhood” of the usual model, is the robust- 
ness problem; here assumptions (3 .1 )  define tbe neighbourhood. 

Remark 3.3. 
When ax,l = =a, and ay,l =a&>, =a;, the inference problem becomes that of 
the classical Behrens-Fisher problem. Before we briefly review the literature, i t  is a 
simple matter to see that  provided m and n both tend to  infinity in such a way 

2 

2 2 2 
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that r = lim (nlm), where O-= r < m, then under the pull hypothesis of equal means, 

(3.3) T; 4 N(0, 1) , 
where “ 3” denotes convergence in distribution, or weak convergence. 

Remark 3.3 shows that unless r =  1 or a>=& asymptotically T 2  can never be 
N(0, l ) ,  and by implication can never be approximately tn+m-l  in finite samples. 
P u t  quite simply, T 2  is asymptotically not safe (see CRESSIE, 1982) in the face of 
nonidentical distributions (and r =I= 1)’. On the contrary T;, the Welch-Aspin 
statistic,‘is asymptotically robust against a; =t= a;. 

W 

3.2. The Behrens-Fisher Problem 

The Behrens-Fisher problem is classically that of constructing an exact test of 
significance for the hypothesis of equality of means of two independept normal 
populations, where the ratio of their variances is unknown (in particular not equal 
to 1). Dissatisfaction with the Behrens-Fisher solution (BEFIRENS, 1929 and FISHER, 
1935, 1939) in terms of fiducial probabilities, led to other attempta to solve this 
problem. The papers by SCHEFF~ (1970), DAVENPORT and WEBSTER (1975), GANS 
(1981) show the best (in terms of size and power) practical solution to  be the 
Welch-Aspin atatistic Tg, with a t-table look-up on 

degrees of freedom. We generalize this below, for the model based on (3.1). WELCR. 
( 1  937) proposed Ti instead of T 2  and ASPIN (1949) published tables of its distri- 
bution. WANG (1971) concluded tha t  in practice one can use T;-t, under Ho, 
without much 106s of accuracy of the probability of Type I error. GANS ( 1  98 1) com- 
pared the tests based on T2, on T;, and on a preliminary F-test for equal variances 
followed by T:. Interestingly he concluded that the preliminary test was not 
helpful, endorsing a recommendation made in CRESSIE et al. (1984), with regard 
to heterogeneous variances in the one sample problem. 

3.3. Use of T 2  

In Hpite of these objection8 to  T 2  in fav0u.r of T:,,we will present some rules-of- 
thumb indicating when T 2  can provide a reasonable solution to the Behrens-Fisher 
problem. When m =n, (3.2) indicates that  a test of equal means based on T 2  and it 
t-table look-up on m +n - 2 degrees of freedom, should possess levels robust against 
0; -+ a;. Using the [3 %, 7, %) “forgiveness” interval of PEARSON and PLEAS18 

(1975), we see from Table 1 of POSTEN, YEH and OWEN (1982), that  for m=ns8 ,  
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the (two-sided) test based on T ,  can be considered a 5 OJ0 test regardless of the 
values of a;, a;. This remarkable robustness is lost rather dramatically when m is 
different from n. For example, Table 111 of Posten et  al.’s paper shows that  for 
nlm= 1.5, the (two-sided) test based on T ,  can be considered a 6 Ol0 test under the 
following sonditions: 

m = 8 ;  0.2 1 -= a;/a2.< 2.17 

m=24;  0.30-=aila;-=2.23 
m=40;  0.31-ea$/a’,-=3.25. 

Further tables are available for other values of n/m. 
An asymptotic approach gives a rough guide that is quick t o  implement. Since a 

level a ~ [ 3  %, 7 isacceptable, then the critical value (for a two-sided test, say) 
of 1.96 could be as low as 1.81 and as high as 2.17. When a ~ + a ~ . ,  and m + n  (but m 
and n large), we have from (3.2) 

m= 16; 0 . 2 8 ~ a x / a , c 3 . 2 1  2 2  

where r =n/m. Therefore i t  is allright to use the statistic 1 TZI with critical value 1.96 
provided 

1.96 
1.81 5 (2 .17 .  

{(ra; + a$)/(& + ra2p))‘” - 
Hence a roughguide can be obtained as to the applicability of T2,  by checking 
whether 

For example, suppose n/m=1.5 and m--;  then provided 0.33 sS i /S ; s2 .32 ,  a 
test based on T2 is applicable. This agrees with finite sample recommendations 
given immediately above. 

The experimenter who wants to test whether two group means are equal, will we 
hope be convinced by the warnings given above, that  T 2  is nonrobust against 
a i+a$  (and by implication against unequal in (3.1)). The test 
based on T,* however, does not have these problems. 

a;,2, a;,,, 

3.4. Use of Tq 

We would now like to explore the idea that under assumption (3.1), T: can, in 
finite samples, be approximated in distribution ‘by a t,  random variable, where e 
can be thought of as “equivalent degrees of freedom.” Typically O-clim {e/(m+ 
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+n)} < 1, reflecting the intuitive idea that differing precisions ignored by T: 
will result in a loss of information and hence broader confidence intervals for 
px - p y .  The problem differs substantially from the Behrens-Fisher problem i n  
that the groups of differing precision may not even be identifia.ble within the X or 
I' variables. Regardless, the asymptotic result (3.3) for T ;  still holds. That is, un- 
der assumption (3.1) and H o :  px=pl-,  Tg N(0, l ) ,  sinc6 CRESSIE (1982) has 
shown that even when there are groups of differing precision, the one sample 
t-statistic is safe; i.e. var (X) = d(Si /m) .  Hence var (X - Y) = 8 (S?Jm + S i / n ) ,  and 
the result follows. This asymptotic result suggests that  in finite samples, T: 
might be a.pproximated by a Student's t distribution on say e degrees of freedom. 

(3.6) 
where D2=S%/m+S:Jn. After some algebra, and assuming (3:1), it can be shown 
that to leading order 

(3.7) 

0 

The same reasoning as in CRESSIE ( 1  982) leads to 
e = 2[ 8( D2)]2/var ( 0 2 )  , 

2 2 
m3 
1 1 

m2 nl 

var ( 0 2 )  = - (mpg,i + (m -ml) a$,2) +z (np$., + (n  -nl) a;,?) 
# 

g(D2) =- (miu$,,+(m-ml) ( n l  (a:p,i+(n-nl) a;,?), 

where the limits lim (mi/m), lim (nl/n), liin (nlm) are assumed to exist and be =-O. 
Substituting (3.7) ihto (3.6) and pursuing the identical analysis as in CRESSIE 
(1982), wesee 1 d e  s m f n ,  and to the order of magnitude retained, eE[4&/(&+ 1)2 ,  
11 (m+n),  where 

2 max {ai,i/m2, 0 ~ . ~ / m 2 ,  uir,,/n2, uZ,2/n2> 
min {a~,j/m2, a&/m2, 4 J n 2 ,  ~; , .~/n2> ' 

& =  < 

Finally, the use of sample variances instead of population variances leads to a teHt 
of Ho based on T,h which is approximately distributed as t,  under H,; the equiva- 
lent degrees of freedom e, are approximately 

(3.8) 

Here 
described in (3.1). 

Remark 3.4. 
Should the data configuration of Remark 3.1 a.pply (k groups of X variables and I 
groups.of Y variables), then using the obvious notation, (3.8) generalises to 

miS:,,/m4+ (m-ml) S~s2/m4+ntS4,r,i/n4+ (n -nil S4y,2/n4 e-i = 
(m,Si,,/m2+ (m-m,)  ~: , , /m2+n~~i~ , /n2+ (n-n,) sZp,,/n2)2 ' 

Si,2, AS;,,, S2,,2 are the respective sample variances from the sample8 

k 1 
2 miS~-~i/m.4 + 2 n,s"yj/n4 

{ 
e - , - " - i  i = l  , 

I 
- 

miSi,i/mz+ 2 niSiSi/n2 
i = i  j = l  

k 1 
where 2 mi=m, and 2 nj=n . 

1 = 1  j = l  
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Remark 3.6. 
Should the data configuration of Remark 3.2 apply (all variances equal)  then T 2  is 
the best test statistic to use, and use of T: based on e degrees of freedom will re- 
sult in a loss of power. That is, confidence intervals of px - pLY will be wider than 
they should be; the lower bound e z {4Q/(Q + 1 ) 2 }  (m + n),  tells us the worst. possible 
case. H 

Remark 3.6. 
Should the data configuration of Remark 3.4 apply (the Behrens-Fisher problem), 
then equivalent degrees of freedom e become 

which agrees with WELCH (1947), apart from the minor (smaller order) difference 
that he has (S;/m)2/(m - 1) + (s&/n)2/(n - 1) in the numerator. WANQ (1971) gave 
tables of the distribution of T ;  under Ho,  showing the accuracy of the approxima- 
tion TZ-t,. 

# 

3.5. An Example 

CRESSIE (1982) has analysed measurements of g, the acceleration due to  gravity, 
given by HEYL and COOK (1936). There were eight series of measurements made 
in a laboratory of the National Bureau of Standards a t  Washington, D. C., be- 
tween May 1934 and July 1935. The raw data are presented in Table 1 of CRESSIE 
(1982); we show the summary statistics of.each series, here in Table 3. 

Clearly the first four series have far greater variance t$an the last four. 1~ order 
to  test whether not only the variance but also the mean is affected, we group the 
first four together and the last four together, and arrive at: 

Y = 980078.29, 
m = 36, fli = 980079.64, = (16.937)2 , 
n = 45, S$ = ( 4.722)2 . 

A stem and leaf plot shows the assumption of normality for both samples, not to 
be an unreasonable one. 

Table 3 

Summary statistics for the eight series of measurements of g, 
found in HEYL and COOK (1936) 

Number Mean (in 1 0 - 3  cm/sec*) Variance 

8 
1 1  

9 
8 
8 

11 
13 
13 
10 Bioiii. 

980066.38 
980089.91 
980077.33 
980081.38 
980075.25 
980078.91 
980077.54 
980080.38 

J. 28, (1986) 2 

(19.250)' 
( 15.293) 
(15.756) 2 

( 8.297) 2 

( 3.655) 2 
( 5.839) 2 

( 4.737) 2 

( 3.355) 2 
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Now n/m= 1.25, so that consultation of POSTEN et  al. (1982) Table 111, shows 
that application of T? is valid provided O-= cri/oi,< 5.96. Here SiIS; = 12.86, show- 
ing quite clearly that  use of T2 is not appropriate. From (1.2) 

x - P  T" - =0.464,  2-s; , s; -+- 
m n  

and from Remark 3.6, the equivalent degrees of freedom are e = 40. Compare this 
with the nominal m +n - 2 = 79 degrees of freedom of T,. Now from the t-tables, 
P (t,,>2.021) =2.5 o/o, andsince 0.464<2.021, we accept the null hypothesis that 
the mean of the first group is the same as the mean of the second (i.e. conclude that, 
the first four experiments only had trouble with precision, but not with bias). 

Strictly speaking, the two groups are each made up of four series of experi- 
ments, of differing variances. We should apply the formula of Remark 3.4, and 
calculate a modified e :  

k = 4 ;  m=36;  m i = 8 ,  m 2 = l l ,  m3=9,  m 4 = 8 ,  
1=4;  n=45;  n j=8 ,  n , = l l ,  n,=13, n 4 = 1 3 ,  

From Table 3, modified e =34 degrees of freedom. The significance value 2.021 is 
only slightly modified, in the second decimal~place. There is no change in the con- 
clusion to accept the equal means hypothesis. 

4. Conclusions 

The two sample problem which tests for equality of means, has been exclusively our 
interest in this article. For dealing with nonnormal distributions, but  equal vari- 
ances, we have seen that the most important param+er to control for is the skew- 
n e w  Both approaches ih Section 2 do this, but the one of Section 2.2 does i t  more 
directly and effectively. Its implementation is simple : 
1. Calculate T2,  ax, aY (or T:,  a:, a$) from ( 1 . 1 )  and (2.17) (or (1.2) and (2.18)). 
2. Compare T 2 +  (ax --aY) (or T :  + (a; -a$)) with the tm+n-2,, (or t,,,) percentage 

3. Reject or accept Ho, as with an unmodified t-test. 
An example where the steps are set out, is given a t  the end of Section 2.2. 

For dealing with heteroscedastic data, the test based on T 2  is shown to be in- 
appropriate. We recommend use of the Welch-Aspin statistic T:, whose imple- 
mentation is simple. 
1. Calculate T:, e from (1.2), (3.8). 
2 .  Compare T*, with the t,+ percentage point. 
3. Reject or accept Hot as with an unmodified t-test. 
An example where the steps are set out, is given in Section 2.3. 

point. 
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Finally, should both nonnormality and heteroscedastic variance be a problem, we 
have in Tf+(&$-8C) (compared to a t , ,  percentage point), a test statistic ro- 
bust against both types of departure. 
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