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Announcing the beginning of a Big ,Journey — Outlining the roadinap

Quantum field theory remains the basis for the understanding and description of the fun-
damental phenomena in solid state physics and phase transitions, in high-energy physics.
in astroparticle physics, and in nuclear physics multi-body problems. It is taught in every
university at the beginning of graduate studies. In American universities quantum field the-
ory is usually offered in three sequential courses, over three or four semesters. Somewhat
symbolically, these courses could be called Field Theory I, Field Theory 11, and Field The-

ory III although the particular names may (and do) vary from university to university, and
even in a given university, as time goes on

Field Theory I treats relativistic quantum mechanics, spinors, and the Dirac equation
and introduces the Hamiltonian formulation of quantum field theory and the canonical
quantization procedure. Then basic field theories (scalar, Yukawa, QED, and Yang- Mills
theories) are discussed and perturbation theory is worked out at the tree level. Field Theory I

usually ends with a brief survey of the basic QED processes. Frequently used textbooks
covering the above topics are F. Schwabl, Advanced Quantum Mechanics (Springer, 1997)

and F. Mandl and G. Shaw, Quantum Field Theory, Second Edition (John Wiley and Sons,
2005).

Field Theory II begins with the path integral formulation of quantum field theory Per-
turbation theory is generalized beyond tree level to include radiative corrections (loops)
The renormalization procedure and renormalization group are thoroughly discussed, the
asymptotic freedom of non-Abelian gauge theories is derived, and applications in quantum
chromodynamics (QCD) and the standard model (SM) arc considered. Sample higher-order

corrections are worked out. The SM requires studies of the spontaneous breaking of the
gauge symmetry (the Higgs phenomenon) to be included. A typical good modern text here
is M. Peskin and D. Schroeder, An Introduction to Quantum Field Theory (Addison-Wesley,
1995). Some chapters from A. Zee, Quantum Field Theory in a Nut Shell (Princeton, 2003)
and C. ltzykson and J.-B. Zuber, Quantum Field Theory (McGraw-Hill, 1980) can be used

as a supplement.

Field Theory Ill has no canonical contents. Generically it is devoted to various advanced
topics, but the choice ofthese advanced topics depends on the lecturer's taste and on whether

one or two semesters are allocated Sample courses which I have given (or have witnessed

in other universities) are: (i) quantum field theory for solid state physicists (for critical
phenomena conformal field theory is needed), (ii) supersymmetry; (iii) nonperturbative
phenomena (broadly understood). In the first two categories some texts exist, but I would

not say that they are perfectly suitable for graduate students at the beginning of their career,
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nor that any single text could be used in class in isolation Still, by and large one manages
by combining existing textbooks.

In the third category, the set of books with pedagogical orientation is slim Basically,
it consists of Rubakov's text Classical Theory of Gauge Fields (Princeton, 2002), but, as
can be seen from the title, this book covers a limited range of issues A few topics are also
discussed in R. Rajaraman, Solitons and Instanions (North-Holland, 1982)

I moved to the University of Minnesota in 1990. Since then, I have lectured on field
theory many times. Field Theory Ill is my favorite. I choose topics based on my experience
and personaljudgment ofwhat is important for students planning research at the front line in
areas related to field theory The two-semester lecture course goes on for 30 weeks. Lectures
are given twice a week and last for 75 minutes per session The audience is usually mixed,
consisting of graduate students specialiiing in high-energy physics or in condensed-matter
physics. This "two-phase" structure of the audience affects the topic selection process too,
shifling the focus towards issues of general interest. The choice of topics in this course
varies slightly from year to year, depending on the student class composition and their
degree of curiosity, my current interests, and other factors.

Usually (but not always) I keep notes of my lectures. This book presents a compilation
of these notes. The reader will find discussions of various advanced aspects of field the-
ory spanning a wide range from topological defects to supersymmetry, from quantum
anomalies to false-vacuum decays.

A few words about other relevant textbooks are in order here. None covers the full
spectrum of issues presented in this book. Some parts of my course do overlap to a certain
extent with existing texts, in particular [1—15]: however, even in these instances the overlap
is not complete The chapters of this book are self-contained, so that any student familiar
with introductory texts on field theory could start reading the book at any chapter All
appendices, as well as sections and exercises carrying an asterisk, can be omitted at a first
reading, but the reader is advised to return to them later. A list of references can be found
at the end of each chapter.
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Preventing a brief review of the history of the subject. The modern perspective

Quantum field theory (QFT) was born as a consistent theory for a unilied description of
physical phenomena in which both quantum-mechanical aspects and relativistic aspects
are important. In historical reviews it is always difficult to draw a line that would separate
"before" and "after."1 Nevertheless, it would be fair to say that QFT began to emerge
when theorists first posed the question of how to describe the electromagnetic radiation
in atoms in the framework of quantum mechanics. The pioneers in this subject were Max
Born and Pascual Jordan, in 1925. In 1926 Max Born, Werner Fleiscnberg, and Paseual
Jordan formulated a quantum theory of the electromagnetic field, neglecting polarization
and sources to obtain what today would be called a free field theory. In order to quantiLe
this theory they used the canonical quantization procedure. In 1927 Paul Dirac published
his fundamental paper "The quantum theory of the emission and absorption of radiation
In this paper (which was communicated to the Proceedings of the Royal Society by Niels
Bohr), Dirac gave the first complete and consistent treatment of the problem. Thus quantum
field theory emerged inevitably, from the quantum treatment of the only known classical
field, i.e. the electromagnetic field

Dirac's paper in 1927 heralded a revolution in theoretical physics which he himself
continued in 1928, extending relativistic theory to electrons The Dirac equation replaced
Schrödinger's equation for cases where electron energies and momenta were too high for
a nonrelativistie treatment. The coupling of the quantized radiation field with the Dirac
equation made it possible to calculate the interaction of light with relativistic electrons,
paving the way to quantum electrodynamics (QED).

For a while the existence of the negative energy states in the Dirac equation seemed to
be mysterious. At that time — it is hard to imagine antiparticles were not yet known1 It
was Dirac himself who found a way out he constructed a "Dirac sea" of negative-energy
electron states and predicted antiparticles (positrons), which were seen as "holes" in this sea.

The hole theory enabled QFT to explore the notion of antiparticles and its consequences,
which ensued shortly. In 1927 Jordan studied the canonical quantization of fields, coining
the name "second quantization" for this procedure. In 1928 Jordan and Eugene Wigner
found that the Pauli exclusion principle required the electron field to be expanded in plane
waves with anticommuting creation and destruction operators.

I For a more detailed account of the first 50 years of quantum field theory see e g Victor Weisskopf's article Ill
or the "historical introduction" in [2] and vivid personal recollections in 131
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In the mid-I 930s the struggle against infinities in QFT started and lasted for two decades,

with a five-year interruption during World War II. While the infinities of the Dirac sea and
the zero-point energy of the vacuum turned out to be relatively harmless, seemingly insur-
mountable difficulties appeared in QED when the coupling between the charged particles
and the radiation field was considered at the levcl of quantum corrections Robert Oppen-
heimer was the first to note that logarithmic infinities were a generic feature of quantum
corrections. The best minds in theoretical physics at that time addressed the question how to

interpret these infinities and how to get meaningful predictions in QFT beyond the lowest
order Now, when we know that every QFT requires an ultraviolet completion and, in fact,
represents an effective theory, it is hard to imagine the degree of desperation among the the-

oretical physicists of that time. It is also hard to understand why the solution of the problem
was evasive for so long Landau used to say that this problem was beyond his comprehen-
sion and he had no hope of solving it [4]. Well .. . times change. Today's students familiar

with Kenneth Wilson's ideas will immediately answer that there are no actual infinities: all
QFTs are formulated at a fixed short distance (corresponding to large Euclidean momenta)

and then evolved to large distances (corresponding to small Euclidean momenta); the only
difference between renornialiiable and nonrenormali7able field theories is that the former

are insensitive to ultraviolet data (which can be absorbed in a few low-energy parameters)
while the latter depend on the details of the ultraviolet completion. But at that time theorists

roamed in the dark. The discovery of the renormali7ation procedure by Richard Feynman,

Julian Schwinger, and Sin-Itiro Tomonaga. which came around 1950, was a breakthrough, a

ray of light. Crucial developments (in particular, due to Freeman Dyson) followed immedi-
ately. The triumph ofquantum field theory became complete with the emergence ofinvariant

perturbation theory, Feynman graphs, and the path integral representation for amplitudes,

(0.1)

where the subscript i labels all relevant fields while S is the classical action of the theory
calculated with appropriate boundary conditions.

In the mid-l950s Lev Landau, Alexei Abrikosov, and Isaac Khalatnikov discovered a
feature of QED, the only respectable field theory of that time, that had a strong impact
on all further developments in QFT. They found the phenomenon of zero charge (now
usually referred to as infrared freedom): independently of the value of the bare coupling at
the ultraviolet cut-off, the observed (rcnormalized) interaction between electric charges at

"our" energies must vanish in the infinite cut-off limit. All other field theories known at that
time were shown to have the same behavior. On the basis of this result, Landau pronounced

quantum field theory dead [5] and called for theorists to seek alternative ways of dealing
with relativistic quantum phenomena.2 When I went to the theory department of ITEP in

1970 to work on my Master's thesis, this attitude was still very much alive and studies of

2 Of course, people continued using field theory tbr orientation, e g for extracting analytic properties
of the S-matrix amplitudes, hut they did it with that that was merely an auxiliary tool
rather than the basic framework
The Institute of Theoretical and Experimental Physics in Moscow
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QFT were strongly discouraged, to put it mildly. Curiously, this was just a couple of years
before the next QFT revolution.

The renaissance of quantum held theory, its second debut, occurred in the early 1970s,
when Gerhard 't Ilooft rcali,ed that non-Abelian gauge theories arc renormaliiable (includ-
ing those in the Higgs regime) and, then, shortly after, David Gross, Frank Wilczek, and
David Politzer discovered asymptotic freedom in such theories. Quantum chromodynamics

(QCD) was born as the theory of strong interactions. Almost simultaneously, the standard
model of fundamental interactions (SM) started taking shape. In the subsequent decade
it was fully developed and was demonstrated, with triumph, to describe all known phc-
nomenology to a record degree of precision. All fundamental interactions in nature fit into
the framework of the standard model (with the exception of quantum gravity, of which I
will say a few words later).

Thus, the gloomy prediction of the imminent demise of QFT --a wide spread opinion in
the 1960s --turned out to be completely false. In the 1970s QFT underwent a conceptual
revolution ofthe scale comparable with the development ofrenormalizable invariant pertur-
bation theory in QED in the late I 940s and early I 950s. It became clear that the Lagrangian

approach based on Eq (0.1), while ideally suited for perturbation theory, is not necessarily
the only (and sometimes, not even the best) way of describing relativistic quantum phe-
nomena. For instance, the most efficient way of dealing with two-dimensional conformal
field theories is algebraic. In fact, many different Lagrangians can lead to the same theory

(according to Alexander E3elavin, Alexander Polyakov, and Alexander Zaniolodchikov, in
1981). This is an example of the QFT dualities, which occur not only in conformal theories
and not only in two dimensions. Suffice it to mention that the sine-Gordon theory was shown

long ago to be dual to the Thiring model. Even more striking were the extensions of duality
to four dimensions. In 1994 Nathan Seiberg reported a remarkable finding: supersymmetric

Yang—Mills theories with distinct gauge groups can be dual, leading to one and the same
physics in the infrared limit!

Some QFTs were found to be integrable. Topological field theories were invented which
led mathematical physicists to new hori,ons in mathematics, namely, in knot theory,
Donaldson theory, and Morse theory.

The discovery ofsupersymmetric field theories in the early 1 970s (which we will discuss

through later) was a milestone of enormous proportions, a gateway to a new world, described by

Introduction QFTs of a novel type and with novel and, quite often, counterintuitive properties. In its
to Pa" II impact on QFT, I can compare this discovery to that of the New World in 1492. People who
Section ventured on a journey inside the new territory found treasures and exotic, and previously

unknown, fruits: a richness of dynamical regimes in super-Yang- Mills theories, including a
broad class of superconformal theories in four dimensions; exact results at strong coupling,

hidden symmetries and cancellations; unexpected geometries and more.

Supersymmetric theories proved to be a powerful tool, allowing one to reveal intriguing
aspects of gauge (color) dynamics at strong coupling. Continuing my analogy with Colum-
bus's discovery of America in 1492, I can say that the expansion of QFT in the four decades

that have elapsed, since 1970 has advanced us to the interior of a new continent. Our task
is to reach, explore, and understand this continent and to try to open the ways to yet other
continents. The reader should be warned that the very nature of the frontier explorations in
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QFT has changed considerably in comparison with what is found in older textbooks A nice
eharacteri7ation of this change is given by an outstanding mathematical physicist, Andrey
Losev, who writes 161.

In the good old days, thcori7ing was like sailing between islands ofexperimental evidence
And, if the trip was not in the vicinity of the shoreline (which was strongly recommended
for safety reasons) sailors were continuously looking forward, hoping to see land — the

sooner the better
Nowadays. some theoretical physicists (let us call them sailors) Ihavel found a way

to survive and navigate in the open sea of pure theoretical construction. Instead of the
horizon they look at the stars,4 which tell them exactly where they are. Sailors are aware
of the fact that the stars will never tell them where the new land is, but they may tell them
their position on the globe In this way sailors — all together —are making a map that will
at the end facilitate navigation in the sea and will help to discover new lands

Theoreticians become sailors simply because theyjust like it Young people seduced by
captains forming crews to go to a Nuevo El Dorado of unified Quantum Field Theory or
Quantum Gravity soon realiLe that they will spend all their life at sea Those who do not
like sailing desert the voyage, but for true potential sailors the sea becomes their passion
They will probably tell the alluring and frightening truth to their students —and the proper
people will join their ranks.

Approximately at the same time as supersymmetry was born in the early-to-mid-I 970s,
a number of remarkable achievements occurred in uncovering the nonperturbative side
of non-Abelian Yang—Mills theories: the discovery of extended objects such as monopoles
(G. 't Hooft; A. Polyakov), domain walls, and flux tubes (H. Nielsen and P. Olesen) and, linally,

tunneling trajectories (currently known as instantons) in Euclidean space time (A. Polyakov
and collaborators) A microscopic theory of magnetic monopoles was developed It took
people a few years to learn how to quantize magnetic monopoles and similar extended
objects. The quasiclassical quantization of solitons was developed by Ludwig Faddeev and
his school in St Petersburg and, independently, by R F. Dashen, B. Hasslacher, andA. Neveu
Then Y. Nambu, S. Mandelstam, and G. 't Hooft put forward (practically simultaneously
but independently) the dual Meissner effect conjecture as the mechanism responsible for
color confinement in QCD. It became absolutely clear that, unlike in QED, crucial physical
phenomena go beyond perturbation theory and field theory is capable of describing them.

The phenomenon of color confinement can be summarized as follows. The spectrum
of asymptotic states in QCD has no resemblance to the set of fields in the Lagrangian;
at the Lagrangian level one deals with quarks and gluons while experimentalists detect
pions, protons, glueballs, and other color singlet states never quarks and gluons. Color
confinement makes colored degrees of freedom inseparable. In a bid to understand this
phenomenon Nambu, 't Hooft, and Mandelstam suggested a non-Abelian dual Meissner
effect. According to their vision, non-Abelian monopoles condense in the vacuum, resulting
in the formation of non-Abelian chromoelectric flux tubes between color charges, e.g
between a probe heavy quark and antiquark pair. Attempts to separate these probe quarks

Here by "stars" he means aspects of the intemal logic organi7ing the mathematical world rather than outstanding
members of the community
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would lead to stretching of the flux tubes, so that the energy of the system grows linearly
with separation. That is how linear confinement was visualized.

One may ask, where did these theorists get their inspiration? The Meissner effect, known

for a long time and well understood theoretically, yielded a rather analogous picture. It
answered the question: what happens if one immerses a magnetic charge and antieharge in

a type-Il superconductor?
Ifwe place a probe magnetic charge and anticharge in empty space, the magnetic field they

induce will spread throughout space, while the energy of the magnetic charge—anticharge
configuration will obey the Coulomb l/r law. The force will die off as 1/r2. Inside the
superconductor, however, Cooper pairs condense, all electric charges are screened, and the

photon acquires a mass; i.e., according to modern terminology the electromagnetic U( I)
gauge symmetry is Fliggsed. The magnetic field cannot be screened in this way; in fact, the
magnetic flux is conserved. At the same time the superconducting medium cannot tolerate

a magnetic field. This clash of contradictory requirements is solved through a compromise.
A thin tube (known as an Abrikosov vortex) is formed between the magnetic charge and
anticharge immersed in the superconducting medium. Within this tube superconductivity
is destroyed which allows the magnetic field to spread from the charge to the antieharge
through the tube. The tube's transverse size is proportional to the inverse photon mass while
its tension is proportional to the Cooper pair condensate. Increasing the distance between

the probe magnetic charges (as long as they are within the superconductor) does not lead
to their decoupling; rather, the magnetic flux tubes become longer, leading to linear growth
in the energy of the system.

This physical phenomenon inspired Nambu, 't Hooft, and Mandeistam's idea of non-
Abelian confinement as a dual Meissner effect. Many people tried to quantify this idea. The
first breakthrough, instrumental in all later developments, came only 20 years later, in the
form of the Seiberg—Witten solution of.iV = 2 supersymmetric Yang—Mills theory. This
theory has eight supercharges, which makes the dynamics quite "rigid" and helps one to
find the full analytic solution at low energies. The theory bears a resemblance to quantum
chromodynamics, sharing common family traits. By and large, one can characterize it as
QCD's second cousin.

The problem of confinement in QCD per se (and in nonsupersymmetric theories in
four dimensions in general) is not yet solved. Since this problem is of such paramount
importance for the theory of strong interactions we will discuss at length instructive models

of confinement in lower dimensions.
The topics listed above have become part of "operational" knowledge in the community

of field theory practitioners. In fact, they transcend this community since many aspects
reach out to string theorists, cosmologists, astroparticle physicists, and solid state theorists.

My task is to present a coherent pedagogical introduction covering the basics of the above
subjects in order to help prepare readers to undertake research of their own.

We will start from the Higgs effect in non-Abelian gauge theories. Then we will study the
basic phases in which non-Abelian gauge theories can exist Coulomb, conformal, Higgs,
and so on. Some "exotic" phases discovered in the context of supersymmetrie theories will

not be discussed.
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A significant part of this book will be devoted to topological solitons, that is, the topo-
logical defects occurring in various field theories. The term "soliton" was introduced in
the l960s, but scientific research on solitons had started much earlier, in the nineteenth
century, when a Scottish engineer, John Scott-Russell, observed a large solitary wave in a
canal near Edinburgh. Condensed matter systems in which topological defects play a crucial
role have been well known for a long time suffice it to mention the magnetic flux tubes in
type II superconductors and the structure of ferromagnetic materials, with domain walls at
the domain boundaries.

In 1961 Skyrme [7] was the first to introduce in particle physics a three-dimensional
topological defect solution arising in a nonlinear field theory Currently such solitons are
known as Skyrmions. They provide a useful framework for the description of nucleons and
other baryons in multicolor QCD (in the so-called 't Flooft limit, I e. at —* oo with

fixed, where is the number of colors and g2 is the gauge coupling constant).
In general, in this book we will pay much attention to the broader aspects of multicolor

gauge theories and the 't Hooft limit. We will see that a large-N expansion is equivalent to
a topological expansion. Each term in a I/N series is in one-to-one correspondence with a
particular topology of Feynman graphs, e.g. planar graphs, those with one handle, and so
on. Large-N analysis presents a very fruitful line of thought, allowing one to address and
answer a number of the deepest questions in gauge theories.

As early as in 1965 Nambu anticipated the cosmological significance of topological
defects [8]. He conjectured that the universe could have a kind of domain structure Sub-
sequently Weinberg noted the possibility of domain-wall formation at a phase transition in
the early universe [9].

From the general theory of solitons we pass to a specific class of supersymmetric critical
(or Bogomol 'nyi—Prasad—Sommerfield-saturated) solitons.

I will present a systematic and rather complete introduction to supersymmetry that is
(almost) sufficient for bringing students to the cutting edge in this area.

Readers should be warned that nothing wil the said on the quantum theory ofgravity. There
is no consistent theory of quantum gravity Attempts to develop such a theory led people to
the inception of critical string theory in the late I 970s. This theory builds on quantum field
theory and, it is hoped, goes beyond it. It is believed that, after its completion, string theory
will describe all fundamental interactions in nature, including quantum gravity. However,
the completion of superstring theory seems to be in the distant future. Today neither is
its mathematical structure clear nor its relevance to real-world phenomena established. A
number of encouraging indications remain in disassociated fragments. If there is a definite
lesson for us from string theory today. it is that the class of relativistic quantum phenomena
to be considered must be expanded as far as possible and that we must explore, to the fullest
extent, nonpertiirbative aspects in the hope of finding a path to quantum geometry, when
the time is ripe, probably with many other interesting findings en route.

Finally, a few words on the history of supersymmetry are in order5 The history of
supersymmetry is exceptional. All other major conceptual developments in physics have
occurred because physicists were trying to understand or study some established aspect

For more delails see 1101
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of nature or to solve some puzzle arising from data The discovery in the early l970s of
supersymmetry, that is, invariance under the interchange of fermions and bosons, was a
purely intellectual achievement, driven by the logic of theoretical development rather than
by the pressure of existing data.

The discovery of supersymmeiry presents a dramatic story. In 1970 Yuri GolI'and and
Evgcny Likhtman in Moscow found a superextension of Poincaré algebra and constructed

the first four-dimensional field theory with supersymmetry, the (massive) quantum elec-
trodynamics ofspinors and Within a year Dmitry Volkov and Vladimir Akulov in
Kharkov suggested nonlinear realizations of supersymmetry and then Volkov and Soroka
started developing the foundations of supergravity Because of the Iron Curtain which
existed between the then USSR and the rest of the world, these papers were hardly noticed
Supersymmetry took off after the breakthrough work of Julius Wess and Bruno Zumino in
1973 Their discovery opened to the rest of the community the gates to the Superworld.
Their work on supersymmetry has become tightly woven into the fabric of contemporary
theoretical physics.

Often students ask where the name "supersymmetry" comes from The first paper of
Wess and Zumino [II] was entitled "Supergauge transformations in four dimensions." A
reference to supcrsymmetry (without any mention the word "gauge") appeared in one of
Bruno Zumino's early talks [121. In the published literature Salam and Strathdee were the
first to coin the term supersvmmelry. In the paper [13], in which these authors constructed

supersymmetric Yang—Mills theory, super-symmetry (with a hyphen) was in the title, while
in the body of the paper Salam and Strathdee used both the old terminology due to Wess and

Zumino, "super-gauge symmetry," and the new one. This paper was received by the editorial

office of Physical Letters on 6 June 1974, exactly eight months after that of Wess and
Zumino [II] An earlier paper, of Ferrara and Zumino [14] (received by the editorial office
of Niic lear Physics' on 27 May I 974),7 where the same problem ofsuper-Yang Mills theory
was addressed, mentions only supergauge invariance and supergauge transformations.
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12 Chapter 1 Phases of gauge theories

1 Spontaneous symmetry breaking

1.1 Introduction

We will begin with a general survey of various patterns of spontaneous symmetry breaking
in field theory Our Iirst task is to get acquainted with the breaking of global symme-
tries at first discrete, then continuous. After that we will familiarize ourselves with the
manifestations of spontaneous symmetry breaking.

Assume that a dynamical system under consideration is described by a Lagrangian £ pos-
breakdown sessing a certain global symmetry Assume that the ground state of this system is known

Generally speaking, there is no reason why the ground state should be symmetric under
1//al mean1 g Examples of such situations arc well known For instance, although spin interactions

in magnetic materials are rotationally symmetric, spontaneous magneti/ation does occur:
spins in the ground state are predominantly aligned along a certain direction, as well as
the magnetic field they induce. Even though the Flamiltonian is rotationally invariant, the
ground state is not. If this is the case then, in fact, we are dealing with infinitely many ground
states, since all alignment directions are equivalent (strictly speaking, they are equivalent
for an infinitely large fcrromagnet in which the impact of the boundary is negligible).

This situation is usually referred to as spontaneous svnirnetrv breaking. This terminology
is rather deceptive, however, since the symmetry has not disappeared but, is reali7ed in a
special manner. The reason why people say that the symmetry is broken is, probably, as
follows Assume that a set of small detectors is placed inside a given ferromagnet far from

A learned the boundaries. Experiments with these detectors will not reveal the rotational invariance of
theoretician the fundamental interactions because there is a preferred direction, that of the background
will he able magnetic field in the ferromagnet For the uninitiated, inside-the-sample measurements give
OgUL 1 U

no direct hint that there are infinitely many degenerate ferromagnets, which, taken together,

fundamental form a rotationally invariant family. Indeed, one can change the direction of only a finite
interaction is number of spins at a time by tuning one's apparatus. To obtain a ferromagnet with a different
rotational/v direction of spontaneous magnetization, one will need to make an infinite number of steps.
invariant Thus, the rotational symmetry of the Hamiltonian, as observed from "inside," is hidden.
/,oni the Ofcourse, it becomes perfectly obvious if we make observations from "outside." Ilowever,
presence oJ . . . .

in many problems in solid state physics and in all problems in high-energy physics, the spatial
extension is infinite for all practical purposes. An observer living inside such a world, will
have to usc guesswork to uncover the genuine symmetry of the fundamental interactions.

Since the terminology "spontaneous symmetry breaking" is common, we will use it too,
at least with regard to the breaking of global symmetries. Now we will discuss discrete
symmetries; the simplest example is

1.2 Real scalar field with Z2-invariant interactions

Let us consider a system with one real field with action

fdDx — (11)
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where U is the self-interaction (or potential energy) and D is the number of dimensions.
In held theory one can consider three distinct cases, D = 2, D = 3, and D 4. The first
two cases may be relevant for both solid state and high-energy physics, while the third case
refers only to high-energy physics.

The potential energy may be chosen in many different ways In this subsection we will
limit ourselves to the simplest choice, a quartic polynomial of the form

(1.2)

where in2 and g2 are constants. We will assume that g2 is small, so that a quasiclassical
treatment applies.

It is obvious that the system described by Eqs. (1 1), (1 .2) possesses a discrete Z2
symmetry:

The (1.3)
svrnmetri' L2

an
I

Indeed, only even powers of enter the action. This is a global symmetry since the
cramp/c at transformation (I .3) must be performed for all x simultaneously.
the discrete For the time being we will treat our theory purely classically but will use quantum-
global mechanical language We will refer to the lowest energy state (the ground state) as the

U)
vac uum. To determine the vacuum states one should examine the Hamiltonian ofthe system,

'x + + (1.4)

Since the kinetic term is positive definite, it is clear that the state of lowest energy is
that for which the value of the field is constant, i.e. independent of the spatial and time
coordinates. For a constant-field configuration the minimal energy is determined by the
minimization of We will refer to the corresponding value as the vacuum value.

Within the given class of theories with the potential energy (1.2) we can find both
dynamical scenarios, manifest Z2 symmetry or spontaneously broken Z2 symmetry,
depending on the sign of the parameter in2.

1.3 Symmetric vacuum

Let us start from the case of positive m2; see Fig. 1.1. The vacuum is achieved at

(1.5)

This solution is obviously invariant under the transformation (1.3) Thus the ground state of
the system has the same symmetry as the Hamiltonian. In this case we will say that the
vacuum does not break the symmetiy spontaneously. One can make one step further and con-

sider small oscillations around the vacuum. Since the vacuum is at zero, small oscillations
coincide with the field itself. In the quadratic approximation the action becomes

S2 = fdDx — (1.6)

We immediately recognize ni as the mass of the particle. Moreover, from the quartic
term one can readily extract the interaction vertex and develop the corresponding
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The potential energy (1.2) at positive m2.

The potential energy at negative m2.

Feynman graph technique. The Z2 symmetry of the interactions is apparent Because
of the invariance under (I .3). if in any scattering process the initial state has an odd
number of particles then, so does the final state. Starting with any even number of par-
ticles in the initial state one can obtain only an even number of particles in the final
state. Thus, a smart experimentalist, colliding two particles and never finding three, five,
seven, and so on particles in his detectors, will deduce the Z2 invariant nature of the
theory.

1.4 Nonsymmetric vacuum

Let us pass now to another case, that of negative m2. To ease the notation we will introduce

a positive parameter, —m2. The new potential is shown in Fig. 1.2. Strictly speak-
ing, I am cheating a little bit here, in fact, what is shown in Fig. 1.2 is not the potential
(1.2) Rather, I have added a constant to this potential. AU chosen in such a

way as to adjust to iero the value of U at the minima. As you know, numerical additive

a.- H
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constants in the Lagrangian are unobservable — they have no impact on the dynamics of the
system.

The symmetric solution = 0 is now at a maximum of the potential rather than a mini-
mum. Small oscillations near this solution would be unstable; in fact, they would represent
tachyonic objects rather than normal particles.

The true ground states are asymmetric with respect to (1 3),

(1.7)
g

The two-fold degeneracy of the vacuum follows from the Z2 symmetry of the Lagrangian in

(1 6) Indeed, under the action of( 1 3) the positive vacuum goes into the negative vacuum.
and vice versa

In terms of i' the potential takes the form

(1.8)

To investigate the physics near one of the two asymmetric vacua, let us define a new
"shifted" field x.

(1.9)

which represents small oscillations, i e the particles of the theory. First let us examine the
particle mass. To this end we substitute the decomposition (1.9) into the Lagrangian with a
potential term given by Eq (1.8). In this way we get

(1.10)

using Eq. (1.7) for By comparing the kinetic term with the term within the large
parentheses we immediately conclude, for the mass of the x quantum, that

(1.11)

In the unbroken ease of positive in2 the particle's mass was in (see Eq. (1.6)) We see that
changing the sign of,n2 leads to a factor of difference in the particle mass.

The occurrence of the term cubic in x in (1.10) is even more dramatic. Indeed this term,

in conjunction with the quartic term, will generate amplitudes with an arbitrary number of
quanta. For instance, the scattering amplitude for two quanta into three quanta is displayed
in Fig 1 3!

The selection rule prohibiting the transition of an even number of particles into an odd
number, as was the case for positive m2 (a symmetric vacuum), is gone. Even for a smart
physicist, doing scattering experiments, it would be rather hard now to discover the Z2
symmetry of the original theory.

Let us note parenthetically that there is an easy heuristic way to generate Feynman graphs in the asymmetric-
vacuum theory from those of the symmetric theory In the symmetrie-sacuum theory, where all vertices are
quartic, one starts for instance from the graph of Fig I 4a and replaces one external line by the vacuum
expectation value (Fig I 4b) Since is just a number, one immediately arrives at the graph of Fig I 3
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The Feynman graph for the transition of two x quanta into three in an asymmetric vacuum.

><\:
(t) (h)

Converting Feynman graphs in the symmetric theory (a) into those of the theory with asymmetric vacua (b) The cross

on the broken line means that this line is replaced by the vacuum value of the field 0.

A trace of this symmetry remains in the broken phase, namely a relation between the

cubic coupling constant in the Lagrangian (—jcg), the quartic constant (—g2/4), and the
particle mass squared

This relation (cubic constant)2
does not hold I quartic constant = — . (1.12)

2,n-
br genetic X

uhic and
A qualitative signature of the underlying spontaneously broken Z2 symmetry is the

interaction existence of domain walls.

in

(I 2)
1.5 Equivalence of asymmetric vacua

Two questions remain to be discussed Let us start with the simpler. What would happen if,
instead of the vacuum at i,, we (or, rather, nature) chose the second vacuum, at 0 = —
The decomposition (1 .9) would obviously be replaced by = — i + x. This would change
the sign of the cubic term in the Lagrangian, which, in turn, would entail the change in sign
of all amplitudes with an odd number of external lines. We should remember, however,
that it is not amplitudes but probabilities that are measurable. Since there is no interference
between amplitudes with odd and even numbers of external lines, the sign is unobservable.
The physics in the Iwo vacua is perfectly equivalent'

This brings us to the second question: is there a direct manifestation of the fact that
the underlying theory is Z2 symmetric and the Z2 symmetry is spontaneously broken by
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the choice of vacuum The answer is yes, at least in theory. We will discuss this
phenomenon at length later (see Chapter 2).

1.6 Spontaneous breaking of the continuous symmetry

To begin with, we will consider the simplest continuous symmetry, U( I). Consider a complex

field with action

S = fdDx (1.13)

where the potential energy in fact depends only on for instance,

(1.14)

In this case the Lagrangian is invariant under a (global) phase rotation of the field

e1a —* (115)

If the mass parameter m2 is positive, the minimum of the potential energy is achieved
at = 0 This is the unbroken phase. The vacuum is unique. There are two particles, that
is, two elementary excitations, corresponding to and The mass of both these

elementary excitations is in.
Changing the sign ofm2 from positive to negative drives one into the broken phase The

potential energy can be rewritten (after addition of an irrelevant constant) as

= g2
1.2)2, (116)

where

m
v (1.17)

g

U(4) has the form ofa "Mexican hat," see Fig. 1.5. The degenerate minima in the potential
energy arc indicated by the black circle. An arbitrary point on this circle is a valid vacuum.
Thus there is a continuous set ofvacuum states, called the vacuum manitbid. All these vacua

are physically equivalent.
As an example let us consider the vacuum state at = v. Near this vacuum the field

can be represented as

(1.18)

where and x are real fields. Then in terms of these fields

ii 2 . 2

(1.19)
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/I
The potential energy (1.16). The black circle marks the minimum of the potential energy, the vacuum manifold.

The

theorem,

Section 30 /

The mass of an elementary excitation of the field is = = A remarkable
feature is that the mass of the x quantum vanishes: the potential energy has no terms
quadratic in x in (1.19)

This is a general situation the spontaneous breaking of continuous symmetries entails the
occurrence ofmassless particles, which are referred to as Goldstone particles, or Goldstones
for short.2 In solid state physics they are also known as gapless excitations. For instance,
in the example of the ferromagnet discussed at the beginning of this section such gapless
excitations exist too: they are called magnons Detecting magnons within the ferromagnet
sample gives a clue that in fact one is dealing with an underlying symmetry that has been
spontaneously broken.

In the problem at hand, that of a single complex held, the spontaneously broken sym-
metry is U( 1). It has a single generator; hence the Goldstone boson, the phase of the order
parameter, is unique.

To conclude this section we will consider another example, with a slightly more sophis-
ticated pattern of symmetry breaking, which we will need in our study of monopoles
(Section 15)

The model for analysis is a triplet of real fields & ((1 = 1,2,3) with the Lagrangian

= + (1.20)

where = and ,u2 > 0 It is obvious that this l.agrangian is 0(3)-symmetric
while the vacuum state is not. The minimum of the potential energy is achieved at
ji2/g2; thus ,u/g v. The angular orientation of the vector of the vacuum field in

2 Sometimes the Goidstone bosons are relèrred to as the \amhu—Goldstone bosons They were discussed liNt by
Nambu in the Context of the Bardeen Cooper Schrieflèr superconductivity [ii in the context of high-energy
physics they were discovered by (ioldstone [21

liii ()/
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the 0(3) space is arbitrary. The vacuum manifold is a two-dimensional sphere
of radius t' All points on this manifold are physically equivalent.

Suppose that we choose &ac = (0, 0, v}, I e. we align the vacuum value of the field along
the third axis in isospace. The original symmetry is broken down to LJ( 1). The fact that there

is a residual tJ( 1) is quite transparent. Indeed, rotations in the isospace around the third axis

do not change Øvac Thus, in this problem we are dealing with the following pattern of
symmetry breaking:

0(3) —÷ tJ(l) (I 21)

Two out of three generators are broken; hence, we expect two Goldstone bosons. Let us see

whether this expectation comes true.
Parametriiing the field near this vacuum as (q(x), x(x), i' + and calcu-

lating U(ço, ii), it is easy to see that only one field, ij, has a mass term, = while
the fields and x have only cubic and quartic interactions and remain massless The fields

and x present two (ioldstonc bosons in the problem at hand. The interaction depends on
the combination + x2 and is invariant under the U( I) rotations

sina. x cosa, (1.22)

in kill agreement with the existence of an unbroken U(l) symmetry
71/ic Summarizing, if continuous (global) symmetries are spontaneously broken then mass-
signature of
discrete less (,oldstonc bosons emerge, one such boson for each broken generator. The occurrence

svinmetrt of Goldstones (gapless excitations) is the signature of spontaneous continuous symmetry
breaking is breaking. A reservation must be added immediately: Goldstone bosons do not appear in
the D = I + 1 theories unless they are sterile. We will discuss this subtle aspect in more detail
ocLurrence later (see Section 30)
of domain

The interactions of Goldstone bosons respect the unbroken symmetries of the theory.
(kinks) .

These symmetries are realized linearly; the broken part of the original symmetry is realized
nonlinearly.

2 Spontaneous breaking of gauge symmetries

2.1 Abelian theories

The simplest example of the spontaneous breaking of gauge symmetries is provided by
the quantum electrodynamics (QED)3 of a charged scalar field whose self-interaction is
described by the potential depicted in Fig. 1 .5. This theory is obtained by gauging the

Strictly speaking. QEDper se is under-defined at short distances, where the effective coupling grows and hits the
Landau pole Thus to make it consistent an ultraviolet completion is needed at short distances I-or instance. one
can embed QED into an asymptotically free theory The Georgi -Glashow model, Section 15 I. gives an example
of such an embedding It is important to understand that dillérent ultraviolet completions do not necessarily lead
to the same physics in the infrared I-or instance. Polyakov's confinement in three-dimensional QED illustrates
this statement in a clear-cut manner, see Section 42
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model (1.13) with global U(l) symmetry that was studied in Section 1.6. In other words
we add the photon field, whose interaction with the matter fields is introduced through a
covariant derivative, giving

S = fdDx + — (2.1)

where e is the electromagnetic coupling and the covariant derivative V is defined as

(2.2)

The kinetic term of the photon field is standard. Now the Lagrangian is invariant under the
local U( I) transformation

(2.3)

If the potential has the form (1 .16), the field develops an expectation value and the gauge

U( 1) symmetry is spontaneously broken.
I hasten to add that the terminology "spontaneously broken gauge symmetry," although

widely accepted, is, in fact, rather sloppy and confusing.4 What exactly does one mean by
saying that the gauge symmetry is spontaneously The gauge symmetry, in a sense,
is not a symmetry at all. Rather, it is a description of x physical degrees of freedom in
terms of x + y variables, where v variables are redundant and the corresponding degrees
of freedom are physically unobservable. Only those points in the field space that are given
by gauge-nonequivalent configurations are to be treated as distinct

lfwe decouple the photon by setting e = 0, the action (2.1) is invariant under global phase
rotations. The condensation of the scalar field breaks this invariance, but the invariance of
the "family of models" is not lost, Under this phase transformation one vacuum goes into
another that is physically equivalent. Say, if we start from the vacuum characterized by a
real value of the order parameter then in the "rotated" vacuum the order parameter is
complex. The spontaneous breaking of any global symmetry leads to a set of degenerate
(and physically equivalent) vacua.

Switching on the electromagnetic interaction (i e. setting e 0), we lose the vacuum
degeneracy the degeneracy associated with the spontaneous breaking of the global sym-
metry. Indeed, all states related by phase rotation are gauge equivalent. They are represented
by a single state in the Hilbert space of the theory. In other words, one can always choose
the vacuum value to be real. This is nothing other than the (unitary) gauge condition.

Unitary Thus, the spontaneous breaking of the gauge symmetry does not imply, generally speaking.

gauge, first the existence of a degenerate set of vacua as is the case for the global symmetries. Th
appearance what does it mean, after all9
ott/ic I-Iiggs By inspecting the action (2 1) it is not difficult to see that has a nonvanishing (and con-
field stant) value in the vacuum, the spectrum of the theory does not contain any massless vector

particles. The photon acquires three polarizations and a mass in v = where?' is a real
parameter,i' = The remaining degree of freedom is a real (rather than complex) scalar

At present theorists tend to say that the theory is when there is a spontaneously broken gauge
symmetry
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field, the Higgs field, with mass in H = This is seen from the decomposition (1 .1 8),

where x must be set to zero because the field is real in the unitary gauge. The theoretical
discovery of the Higgs phenomenon goes back to [3—5]. This regime is referred to as the
Iligg.s phase One massless scalar field is eaten up by the photon field in the process of
the transition to the Higgs phase. In the Higgs phase the electric charge is screened by the
vacuum condensates Probe (static) electric charges will see the Coulomb potential I /R
at distances less than and the Yukawa potential exp(—mv R)/R at distances larger
than Moreover, the gauge coupling runs, according to the standard Landau formula,
only at distances shorter than and becomes frozen at

2.2 Phases of the Abelian theory

Quantum electrodynamics was historically the first gauge theory studied in detail. This
model is simple, with no mysteries. Nevertheless, it is nontrivial exhibiting three different
types of behavior at large distances.

We have just identified the Higgs regime, in which all excitations are massive. At large
distances there is no long-range interaction between charges

Now we replace the scalar charged matter fields by spinor fields (electrons) with mass
in. The same probe charges will experience a totally different interaction at large distances,
the Coulomb interaction, with potential proportional to

e2(R)
V(R)

R

where R is the distance between the probe charges. Classically e2 is a constant. Quantum
corrections due to virtual electron loops make e2 run.

Its behavior is determined by the well-known Landau formula, which tells us that at large
distances e2 decreases logarithmically:

(2.4)
lnR

If m is finite, the logarithmic fall-off is frozen at R — in The corresponding limiting
value of e2 is

' 2 —le;=e(R=m ).

The potential between two distant static charges is

(25)

The dynamical regime having this type of long-distance behavior is referred to as the
Coulomb phase. In the case at hand we are dealing with the Abelian Coulomb phase.5

Now let us ask ourselves what happens if the electron mass vanishes. Unlike the massive
case, where the running coupling constant is fro7en at R = in the theory with in = 0

Behavior like (2 5) can occur in non-Abelian gauge theories as well, as we will see later Such non-Abelian
gauge theories, with long-range potential (2 5). are said to be in the non-Ahelian Coulomb phase
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the logarithmic fall-off (2 4) continues indefinitely: at asymptotically large R the effective
coupling becomes arbitrarily small.

Thus, in the asymptotic limit ofmasslcss spinor QED we have a free photon and a massless
electron whose charge is completely screened. The theory has no localized asymptotic states
and no mass shell, nor S matrix in the usual sense of this word Still, it is well defined in,
say, a finite volume.

This phase of the theory is referred to as an infrared-free phase. Sometimes it is also
called the Landau zero-charge phase.

Summarizing, even in the simplest Abelian example we encounter three different phases,
or dynamical regimes: the Coulomb phase, the lliggs phase, and the free (Landau) phase,
depending on the details ofthe matter sector. All these regimes are attainable in non-Abclian
models too

The non-Abelian gauge theories are richer since they admit more dynamical regimes, to
be discussed in Section 3.

2.3 Higgs mechanism in non-Abelian theories

In the
niathe,naii al
literature
T(R) is

Itfloi't ii as the
Dvnkin
mdcv

See tiOfl

30 1

The Higgs mechanism in QED, considered in Section 2.1, extends straightforwardly to
non-Ahelian theories. The only difference is that U( I) is replaced by a non-Ahelian group,
which is then gauged The essence of the construction remains the same

Instead of the single complex field of QED (see Eq (2 I )), we start with a multiplet of
scalar fields

/j

belonging to a representation R ofa non-Abelian group G.The representation
R may be reducible; for simplicity, however, we will assume R to be irreducible for the time
being. The generators of the group G in the representation R will he denoted Ti', where

[T', Th] = T', Tr = (2.6)

and are the structure constants of the group G. In this book we will deal mostly with
the unitary groups SEJ(N) Occasionally. the orthogonal groups 0(N) will be involved

Assume the self-interaction of the fields to be such that the lowest-energy state the

vacuum breaks

G H, (2 7)

where H is a subgroup of G A particular case is H = 1, corresponding to the complete
breaking of G. In accordance with the general Goldstone theorem, the spontaneous break-
ing (2.7) entails the occurrence of dim G — dim H (ioldstone bosons (here dim G is the
dimension of the group, i.e. the number of its generators)

Now, to gauge the theory, instead of the conventional derivative d,L we introduce a
eovariant derivative

where

= iA11, (2.8)

T" (2.9)
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and are the gauge lields. transforms as for any (1(x) e G then

must transform in the same way:

(2.10)

This requirement defines the transformation law of the gauge fields

(2.11)

The gauge field strength tensor (to be denoted by rather than F01, to distinguish the
non-Abelian and Abelian cases) is defined as6

i D1 = —i IA,1

= (a0 — + T'1 (2.12)

The kinetic term of the gauge field is

= 4g2
(2.13)

while the scalar fields are described by the Lagrangian

= (2.14)

where summation over the multiplet-R index is implied. In what follows we will use the
notations and indiscriminately.

Now the dim G dim H Goldstonc bosons that existed before gauging arc paired up with

the gauge bosons to produce dim G — dim H three-component massive vector particles. In
the unitary gauge one imposes dimG dim H gauge conditions. If instead

____________

we use the shorthand then = 0, provided that 7' H The corresponding dim H
Muss gauge bosons stay massless he masses of the remaining dim G — dim H gauge bosons are

Iformula for
obtained from the matrix

gauge

= 2g2 E G/H. (2 15)

Referring to [6] for a more detailed discussion of the generalities, in the remainder of
this section we will focus on two examples of particular interest.

2.3.1 From SU(2)iocai to SU(2)global

The model to be discussed below is part of the (ilashow—Weinberg Salam standard model

(SM) of electroweak interactions The gauge group is SIJ(2) The structure constants are
jalu = euhI ,where is the Levi—Civita tensor (a, b, c = 1,2,3). The matter sector consists

ofan SU(2) doublet of complex scalar fields where i = 1,2. In other words, the are

it k obvious that the transformation law of under the gauge transformation is
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the scalar quarks in the fundamental representation. The covariant derivative acts on as

fol lows

— 7W") = (2.16)

where the r" arc the Pauli matrices. We will choose the 4 self-interaction potential to be in
the form

(2.17)

Quite often it is said that this theory has just SU(2) gauge symmetry and nothing else.
This is wrong. In fact, its symmetry is

SU(2)gaugc X SU(2)global. (218)

One can prove this in a number of ways. Probably, the quickest proof is as follows. Let us
introduce the 2 x 2 matrix

/ _(th2)* \
x=f 1. (2.19)

\ /
The Lagrangian of the model rewritten in terms of X takes the form [7]

= + — (2.20)

Note that the generators in the covariant derivative V act on the matrix X through matrix
multiplication from the lell This Lagrangian is obviously invariant under the transformation

X(x) -÷ (2.21)

supplemented by (2.11), where Mis an arbitrary x-independent matrix from SU(2)globaI.
The symmetry (2.18) is apparent. In the vacuum, = v2 Using gauge freedom
(three gauge parameters), one can always choose the unitary gauge in which the vacuum
value ofX is

/1 o\
Xvac =

0 1

(2.22)

This vacuum expectation value breaks the SU(2)gauge and SU(2)gIohaI symmetries, but the
diagonal global SU(2) symmetry corresponding to U = M remains unbroken. Thus, the
symmetry-breaking pattern is

SU(2)gauge X SU(2)global + (2.23)

Three would-be Goldstonc bosons are eaten up by the gauge bosons, transforming them into
massive W bosons belonging to the triplet (adjoint) representation of the unbroken SU (2)diag

symmetry. There are no massless particles in this model. The physically observable exci-
tations are three W bosons with mass mw = and one Higgs particle (a singlet with
respect to SU(2)globaI) with mass

This model will be discussed in more detail in Section 21 12 in the context of instanton
calculus.
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2.3.2 From SU(2)iocai to U(1)ioca1

Bclow, I will outline the Georgi—Glashow model [8]. lfnecessary, it can be easily generalized
to SU(N), with the gauge-symmetry-breaking pattern

SU(N)-+ U(l)N_I.

The Lagrangian of the model is

= + l (V — — (2.24)

where is the triplet of real scalar fields in the adjoint representation; the covariant
derivative in the adjoint acts as

= + (2.25)

One can always choose a gauge (the unitary gauge) in which
With matter

Jleldsinthe (226)
adjoin! rep-
resentation, The vacuum value of the field 4 is
one can say
that 0(3) = (2.27)
0(2)

which implies that the SU(2)gaugc symmetry breaks down to U(l)gauge. Since .j'3 acts on
Øvac trivially, remains massless (a "photon"), while the two other gauge bosons become
W bosons, acquiring mass mw = gv, where

A' ±iA2w±_ IL

Besides the two W bosons and the photon there is another physical particle, the l-liggs boson,
with mass mH = At distances much larger than the W bosons decouple and
the theory reduces to QED.

This model will be discussed in Chapter 4

3 Phases of Yang—Mills theories

The phase structure of non-Abelian gauge theories is richer than that of QED. In addition
to the three regimes described in Section 2.2, which were known already in the 1960s,
Yang—Mills theories can exhibit confining and conformal phases, phases with or without
chiral symmetry breaking, and so on.

3.1 Confinement

We will start by discussing the confining phase. Consider pure Yang—Mills theory (2.13),
where the gauge group is assumed to be StJ(N) for arbitrary N. At short distances the
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A quantum closed string as a glueball.

running coupling constant falls off logarithmically [9],

a(p) I 11N=
3

the interaction switches off, and one can detect albeit indirectly the gluon degrees of
freedom as described by (2.13)

At large distances we enter a strong coupling regime. The physically observed spectrum
is drastically different from what we see in the Lagrangian. In the case at hand an experi-
mentalist, ifhe or she could exist in the world of pure Yang Mills theories, would observe
a spectrum of glueballs that are, generally speaking, nondegenerate in mass. One can visu-
alize the glueballs as a closed string (or, better, a tube), in a highly quantum state, i.e. a
string-like field configuration which wildly oscillates, pulsates, and vibrates; see Fig 1.6.

If we add nondynamical (i e. very heavy) quarks into the theory and set the quark and anti-
quark at a large distance from each other, such a string will stretch between them (as shown
in the figure on the opening page of this chapter), connecting the pair of probe quarks7 in an
inseparable configuration. What is depicted in that figure is a highly quantum (presumably,
nonperturbative) open string configuration with quarks attached at the ends. If we try to
pull the quarks apart we just make the string longer, while the energy of the configuration
grows linearly with separation.

This phase of the theory, whose existence was conjectured in 1973 [9], is referred to as
color confinement. Although there is no analytic proof of color confinement that could be
considered exhaustive, there is ample evidence that this regime does, indeed, occur First, a
version of color confinement was observed in certain supersymmetric Yang—Mills theories
[10]. Second, the formation of tube-like configurations connecting heavy probe quarks
was demonstrated numerically, in lattice simulations. I will not dwell on the dynamics
leading to color confinement (this topic will be postponed until we have learned more
of the underlying physics; see Chapters 3 and 9). It is worth noting, however, that there
are distinct versions of confinement regimes, such as oblique confinement [II], Abelian
and non-Abelian confinement, both of which are found in Yang Mills theories, etc Some
examples will be considered in Chapter 9. The impatient and curious reader is directed to
the original literature or the review paper [12].

Probe quark Q are those for which pair production in the vacuum can be ignored This can he achieved by
endowing them with a mass IOQ In contrast, dynamical quarks q are either massless or light. A

Asyrnplolk

(3.1)



A Wilson contour C, with area A and perimeter P. The probe quark is dragged along this contour.

W(C)= Tr
dim R
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A - LT. I' 2 (L- T)

L

Kenneth Wilson was the first to suggest [13] a very convenient criterion indicating
whether a given gauge theory is in the confinement phase. Consider a gauge theory in
Euclidean space-time. Introduce a closed contour, as shown in Fig. 1.7. Assume that T>>
L A1, i e. the contour is large.5 Consider the Wilson operator

(3.2)

where the subscript R indicates the representation of the gauge group to which the probe
quark belongs (usually the fundamental representation).

The asymptotic form of the vacuum expectation value of W(C) is

(W(C))vac oc exp[— (siP +aA)], (3.3)

where A Li' is the area of the contour and P = 2(L + 'I') is the perimeter, and a are
numerical coefficients of dimension mass and mass squared, respectively If we have

(3.4)

then the theory is in the confinement phase, while at a = 0 the theory does not confine.9
We refer to these cases as the area law and the perimeter law, respectively.

Why does the area law implies confinement? The reason is that, on general grounds,

(W(C))vac ocexp[—V(L)T] (3.5)

if the contour is chosen as in Fig. 1.7. Hence, the area law means that the potential V(L)
between distant probe quarks Q and Q is V(L) = aL at L >> A The coefficient a is the
string tension (in many publications it is denoted by T rather than a).

Generally speaking the contour does not have to be rectangular, but for the rectangular contour the result is
simpler to interpret
If a 0 the penmctcr temi is subleading The parameter ji renormali,es the probe quark mass
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3.2 Adding massless quarks

From pure Yang—Mills theory we pass to theories with matter. Considering Nj massless
quarks in the fundamental representation is the first step. Each quark is described by a Dirac
spinor and the overall number of Dirac spinors is Nj-. At N = 3 and Nj- = 3 we obtain
quantum chromodynamics (QCD), the accepted theory of strong interactions in nature

The most obvious impact of adding masslcss quarks is the change in fin, the first
coefficient in the Gell-Mann—Low function. Instead of the expression of fi(-j in (3 1) we
now have

fiO=.N3Nf (3.6)

If Nf> N then the coefficient changes sign, we lose asymptotic freedom, and the Landau
regime sets in. The theory becomes infrared-free, much like QED with massless electrons.
From a dynamics standpoint this is a rather uninteresting regime.

Let us assume that Nf < Now we will address the question. what happens if Nj- is
only slightly less than the critical value N? To answer this we need to know the two-loop
coefficient in the fi function.

3.3 Conformal phase

The response of Yang—Mills theories to scale and conformal transformations is determined
See Sections
4 and 36

by the trace of the energy--momentum tensor

o

fi(a) is the Gell-Mann—Low function (also known as the fi function). In SU(N)
Yang—Mills theory with Nf quarks it has the form

a2 a3 g2fi(a)= .., a=—, (3.8)
81n,u 2ir 4m

where fib is given in (3.6) while

flu = — (3.9)
3 6N\ /

At small a the first coefficient in (3.8) dominates and so the fi function is negative, implying
asymptotic freedom at short distances. What is the large-distance behavior of the running
coupling constant

Assume that

(3.10)

Then the first coefficient, is anomalously small,

(3.11)
The ratio
flu is At the same time the second coefficient is not suppressed, it is ofa normal orderofmagnitude,
negative.

flu
(l3N2_3), (312)

and negative!
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27r

The /3 function at Nf slightly less than N. The horizontal axis presents Na/2ir. The zero of the beta function is at

<< 1.

Position of
/RJIxcd

As the scale decreases (at larger distances), the running gauge coupling constant grows
and the second term in (3.8) eventually becomes important. Generally speaking, the second
term takes over the first one at Na/yr 1 (the strong coupling regime), when all terms in
the a expansion of the /3 function are equally important and one cannot limit oneself to the
first two terms. However, if Nj is only slightly less than N then the /3 function develops
a ,ero at a value of a which is parametrically small,t0 namely, we have

Na5N/3o 8 1)

313)
27r — —fit 75 Nf(N, I))'

where

(3.14)
25N2 75N3 \ /

In other words, the second term catches up with the first one prematurely when Na/ir I.

Hence we are at weak coupling and higher-order terms are inessential. The facts of the
existence of this zero and its position are reliably established.

As an example, let me indicate that if N 3 and Nj = 15 then

(3.15)
44

The /3 function is shown in Fig. 1.8.
The zero of the /3 function depicted in Fig. 1.8 is nothing other than the infrared fixed

point of the theory. If we start from the value of a lying between 0 and a run
then it will hit a5 in the infrared (remember, in the ultraviolet a(jt) tends to 0).

Hence at large distances /3(a) = /3(a5) = 0, implying that the trace of the energy—
momentum tensor of the theory vanishes and so the theory is in the conformal phase.
There are no localized particle-like states in the spectrum; rather, we are dealing with mass-
less unconfined interacting quarks and gluons All correlation functions at large distances

10 By I mean that if, for instance, N is large white c does not scale with N then f(N, v) —* I,
and (8/75)(v/N)
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1

I I I

I 2

Dynamical regimes change with the number of massless quarks A/f.

exhibit a power-like behavior)' As long as is small, the interactions of the mass-
less quarks and gluons in the theory arc weak at all distances, short and large, and thus
amenable to the standard pcrturhative treatment. In particular, the potential between two

probe, static, quarks at a large separation R will behave approximately as a*/R, reminding
us of conventional QED with massive electrons.

Since we are absolutely certain that, slightly below N1 = we are in the conformal

phase, on increasing v (i.e., decreasing N1 ) we cannot leave this phase straight away. There

should exist a critical value ofthe number of flavors above which the theory is conformal
(onformal

in the infrared. The interval
windost

(3.16)

is referred to as a con/hrma/ window.12 The exact value of is unknown. From experiment

we know that N7 > 3 at N = 3. On general grounds one can argue that cN, where c

is a numerical constant of the order of unity Of course, near the left-hand (lower) edge of
the conformal window one should expect — I so that the theory, albeit conformal

in the infrared, is strongly coupled In particular, in this case there is no reason fir the

anomalous dimensions to be small.

Summarizing, if N1 lies in the interval (3.16) then the theory is in the conformal phase

For Nj close to the right-hand (upper) edge of the conformal window the theory is weakly

coupled and all anomalous dimensions are calculable. Belavin and Migdal considered this
model in the early 1970s 115]. Somewhat later, it was studied thoroughly by Banks and
Zaks [16]

3.4 Chiral symmetry breaking

Next, in our journey along the Nj axis (Fig. I 9)lct us descend to N1 = 1,2,3,. . Strictly

speaking, dynamical quarks (in the fundamental representation) negate confinement under-

stood in the sense of Wilson's criterion the area law for the Wilson 1oop disappears. Indeed

the string forming between the probe quarks can break, through iiq pair creation, when the

energy stored in the string becomes sufficient to produce such a pair (Fig. 1.10). As a result,

sufliciently large Wilson ioops obey the perimeter law rather than the area law. however,
intuitively it is clear that, in essence this is the same confinement mechanism, although

We will see in Chapter 8, Section 36. that the trace of the energy—momentum tensor in Yang Mills theories
with massless quarks is proportional to a Basic data on conformal symmetry are collected in
appendix section 4 A more detailed discussion of the implications of conformal invariance in four and two
dimensions can be fiund e g in 1141

2 his terminology was suggested in 1121, and it took root
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The string between two probe quarks Q and Q can break through pair creation in Yang—Mills theories with

dynamical quarks.

in the case at hand it is natural to call it quark confinement. The dynamical quarks are
identifiable at short distances in a clear-cut manner and yet they never appear as asymptotic

states. Experimentalists detect only color-singlet mesons of the type or baryons of the

type qqq.
Theoretically, if necessary, one can suppress pair creation by sending N to see

Chapter 9

At N1 > 2 a new and interesting phenomenon shows up. The global symmetry of Yang—
Mills theories with more than one massless quark flavor is

SIJ(Nf)L x SU(Nf)R x U(l)v. (3.17)

The vectorial U( 1) symmetry is simply the baryon number, while the axial U( 1) is anomalous

(sec Chapter 8) and hence is not shown in (3.17). The origin of the chiral SU(Nf)L x
Mass/ess

SU(Nf)R symmetry is as follows. The quark part of the Lagrangian has the

(3.18)

/
where is the Dirac spinor ofa given flavor f and '47' = Each Dirac spinor is built
from one left- and one right-handed Weyl spinor,

I= •f ),
(3.19)

Dirac
from two I where i is the color index (i.e the index of the fundamental representation of SU(N)coior)
Weyl while f is the flavor index, f = 1,2 N1 . The left- and right-handed Weyl spinors in the

kinetic term above totally decouple from each other. Hence, rquark is invariant under the
independent global rotations

—* U SU(Nf)L, U E SU(Nf)R. (3.20)

Experimentally it is known that the chiral SU(Nj)i x SU(NJ)R symmetry is sponta-
neously broken at N = 3 and NJ = 2,3. In the present case, a number I of massless
(ioldstone bosons the pions emerge as a result of this spontaneous breaking. This phe-
nomenon bears the name chiral symmetty breaking (XSB). In Chapter 8 we will outline
theoretical arguments demonstrating XSB in the limit N —÷ oc with Nj fixed.



32 Chapter 1 Phases of gauge theories

Right-handed quark before and after the turning point.

There are qualitative arguments showing that in four-dimensional Yang - Mills theory x SB

may be a consequence of quark confinement plus some general features of the quark—gluon
interaction. In particular, a well-known picture is that of Casher [17] why

in Yang—Mills theories with massless quarks (no scalar fields!) color confinement entails a
Goldstone-mode realization of the global axial symmetry of the Lagrangian. A brief outline
is as follows. If we deal with massless quarks, the left-handed quarks are decoupled from
the right-handed quarks in the QCD Lagrangian If spontaneous breaking of the chiral

rc h
symmetry does not take place, this decoupling becomes an exact property of the theory:

aser.s
the quark ehirality (helicity) is exactly conserved. Assume that we produce an energetic
quark- antiquark pair in, say, e+e annihilation. Let us place the origin at the annihilation
point. If the quarks' energy is high then they can be treated quasiclassically. Let us say
that in the given event the quark produced is right-handed and moves off in the positive z
direction; the antiquark will then move off in the negative z direction. If the quark energy
is high (E>> A, where A is the QCD scale parameter) the distance L that the quark travels
before confining effects become critical is large, L E/A2. Color confinement means that
the quark cannot move indefinitely in the positive z direction; at a certain time T E/A2
it should turn back and start moving in the negative z direction. Let us consider this turning
point in more detail. Before the turn, the quark's spin projection on the z axis is +1/2
Since by assumption the quark's helicity is conserved, after the turn, when becomes
negative, the quark's spin projection on the z axis must be —1/2 (Fig. 1 11). In other words,

= —I. The total angular momentum is conserved, consequently, AS, = —l must be
compensated. At the time of the turn, the quark is far from the antiquark and so they do not
"know" what their respective partners are doing; conservation of angular momentum must
be achieved locally. The only object that could be responsible for compensating the quark

is a QCD string that stretches in the z direction between the quark and the antiquark.
The QCD string provides color confinement but it does not have (more exactly, it is
presumed to have no L-) and, thus, cannot support the conservation of angular momentum
in this picture. Thus, either the quark never turns (no confinement) or, if it does, chiral
symmetry must be spontaneously broken.

The relation between quark confinement and XSB is a deep and intriguing dynamical
question. Since I have nothing to add, let me summarize. There is a phase of QCD in
which quark confinement and XSB coexist. On the Nj- axis this phase starts at Nf = 2 and
extends to some upper boundary Nj = N* coincides with

I have used quotation marks since discussion could be said to be a little nebulous and imprecise
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the left-hand edge of the conformal window It may happen that < and the
interval < N1 < is populated by some other phase or phases (c g. confinement

without XSB)

3.5 A few words on other regimes

Using various ingredients and mixing them in various proportions to construct a matter
sector with the desired properties, one can reach other phases of Yang -Mills theories. For
instance, by H iggsing the theory, as in Section 2.3.2, and breaking SU(N) down to U( 1 )N_ I

we can implement the Coulomb phase. Let us ask ourselves what happens if this Higgsing is

implemented through the scalar fields in the fundamental representation, as in Section 2.3.1.

lfthe vacuum expectation value v>> A then the theory is at weak coupling; it resembles the
standard model. However, if v A then the theory is at strong coupling. Our intuition tells

us that in this case it should resemble QCD, with a rich spectrum of composite color-singlet

mesons having all possible quantum numbers.

There are convincing arguments [18] that there is no phase transition between these
two regimes. Indeed, if the scalar fields are in the fundamental representation then the
color-singlet interpolating operators that can be built from these fields and their covariant
derivatives, and the gluon field strength tensor, span the space of physical (color-singlet or
gauge-invariant) states in its entirety. All possible quantum numbers are covered. As the
vacuum expectation value v changes from small to large, the strong coupling regime gives
place smoothly to the weak coupling regime, possibly with a crossover in the middle. Each

state existing at strong coupling is mapped onto its counterpart at weak coupling.

For instance, consider the operator

(3.21)

At o A this operator produces a p meson and its excitations. The low-lying excitations
could be seen as resonances. As v increases and becomes much larger than A the very
same operator obviously reduces to v2 W11 plus small corrections. It produces a W boson
from the vacuum. It produces excitations, too, but they are no longer resonances; rather,
they are states that contain a number of W bosons and lliggs particles with the overall
quantum numbers of a single W boson Note that the global SU(2) symmetry of the model

of Section 2.3 1 is respected in both regimes. All states appear in complete representations

of SU(2), e.g triplets, octets, and so on.
In the general case the following conjecture can be formulated:

Suppose that, in addition to gauge fields, a given non-A helian theory contains a set oJ
Iliggs fields, which, by developing vacuum expectation values (VEVs) can "Higgs" the
gauge group completely while the set of gauge-invariant operators built from the fields of
the theory spans the space of all possible global quantum numbers (such as spin, isospin,
and all other global symmetries of the Lagrangian) Then on decreasing all the above VEVs
in proportion to each other from large to small values we do not pass through a Iliggs-
confinement phase transition. a crossoverfrom weak to strong coupling takes place
I/in addition there are masslessfermions coupled to the gauge fields then there could be
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a phase transition separating the chirallv symmetric and chirally asymmetric phase,s This
would he an example of xSB without confinement.'4 The opposite — confinement without

x SB is impossible in the absence of couplings between the fermion and scalar fields

Contrived matter sectors can lead to more "exotic" phases I have already mentioned
oblique confinement. In supersymmetric Yang—Mills theories with matter in the adjoint
representation a number of unconventional phases were fiund in [19] We will not consider
them here, as this aspect goes far beyond our scope in the present text.

Exercise

3.1 In QF.D with one massless Dirac fermion, identify the only one-loop diagram that
determines charge renormalization Calculate this diagram and show that the following
relation holds for the running coupling constant:

I I p= In —.
e2(p) e2ca) 6jr2

,IC1

]
Regardless of the value ofe2 (u), at p (i.e. at large distances) we have e2 (p) 0.

This phenomenon is known as the Landau zero-charge or infrared freedom. However,
at large p namely, p = /z cxpl6m2/e2(js)], we hit the Landau pole in e2(p). When one
approaches this pole from below, perturbation theory fails.

4 Appendix: Basics of conformal invariance

tic general-
ization, In this appendix we will review briefly some general features of conformal invariance For
supercon/or- a comprehensive consideration of conformal symmetry and its applications the reader is
mal directed to [14, 20, 22].
symmetry,

In D-dimensional Minkowski space we havebriefly
diccuccedin d.c2 =
Section 62 3

where for I) = 4, for example,

gpt (41)

Under the general coordinate transformation

x x'

the original metric is substituted by

—÷ = (42)

14 Such examples arc known in supcrsymmetnc Yang Mills theories
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so that the interval ds2 remains intact. Clearly, the general coordinate transformations form
a very rich class that includes, as a subclass, transformations that change only the scale of
the metric:

(43)

All transformations belonging to this subclass form, by definition, the confornialgmup. It
is obvious that, for instance, the global scale transformations

x —÷ = X is a number, (4.4)

is a conformal transformation. Moreover, the Poincaré group (of translations plus Lorentz
rotations of flat space) is always a subgroup of the conformal group. The Minkowski metric
(4.1) is invariant with respect to translations and Lorenti rotations.

In general, conformal algebra in four dimensions includes the following 15 generators.

P/L (four translations);
K,1 (four special con formal transformations);
D (dilatation),

(six Lorentz rotations).

Below, a few simple facts concerning the action ofthe conformal group in four dimensions
are summarized. The set of 15 transformations given above forms a I 5-parameter Lie group,
the conformal group. This is a generalization of the 10-parameter Poincaré group, that is
formed from 10 transformations generated by Pa and By considering the combined
action of various infinitesimal transformations taken in a different order, the Lie algebra of
the conformal group can be shown to be as follows:

i P)'] = gaY — g$Y pa,

i

pa

j[D,Ka]

1 =

i [D, D] = i [D, = i [Ka, = 0. (4.5)

Conformal
The first three commutators define the Lie algebra of the Poincaré group. The remaining
commutators are specific to the conformal symmetry If they were exact in our world this
would mean, in particular, that

= e2a p2. (4.6)
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The latter relation would imply, in turn, either that the mass spectrum is continuous or that
all masses vanish. In neither case can one speak of the S matrix in the usual sense of this
word Instead of the on-shell scattering amplitudes, the appropriate objects for study in
conformal theories are n-point correlation functions of the type

(Oi(xi)

whose dependence on — is power-like. The powers, also known as critical exponents,
depend on a particular choice of the operators 0, (and, certainly, on the theory under
consideration).

Before establishing the conditions under which a given Lagrangian L, which depends on

the fields 4), is scale invariant or conformally invariant, we must decide how these fields
4) transform under dilatation and conformal transformations. For translations and Lorentz
transformations the rules are well known:

= —i =

= —i = (xa8$ + (4.7)

where is the spin operator. For the remaining five operations forming the conformal
group, the following choice is consistent with (4.5):

= (d+xa)4)(x), (4.8)

(4.9)

where d is a constant called the scale dimension of the field 4).
We can describe the generators of the conformal group in a slightly different language.

Consider the infinitesimal coordinate transformation

x'R (4.10)

then

= —

and to ensure that (4.3) holds one must take + as being proportional to
namely, that

2= (4.11)
D

where is the flat Minkowski metric. For 1) > 2 the maximal information one can
from this relation is as follows.

(i) is at most a quadratic function ofx;
(ii) can include a constant part

corresponding to ordinary x-independent translations;
(iii) the linear part can be of two types, either EIL(x) = where A is a small number

(dilatation), or = where = (Lorent7 rotations);
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(iv) finally, the quadratic term satisfying Eq. (4.11) has the form

(4.12)

where b° is a constant vector. Equation (4. 12) corresponds to special conformal trans-
formations. It is rather easy to see that the latter actually presents a combination of an

inversion and a constant translation,

xe/_i

(4.13)x- x

Loosely speaking, in three or more dimensions conformal symmetry does not contain
more information than Poincaré invariance plus scale invariance. Ifone is dealing with

A digression a local Lorentz- and scale-invariant Lagrangian, its conformal invariance will ensue.
about the
povsihle Caveat: The above assertion lacks the rigor of a mathematical theorem and, in fact,

need not be true in subtle instances (such instances will not be considered in this book). In

theoriev "normal" theories the scale and conformal currents are of the form [21]

= C'5 = [h5x2 — 2x5(bx)] (4.14)
tar

is the
respectively. here is the conserved and symmetric energy—momentum tensor 15 that

value as in .

(4 12) exists in any Poincare-invariant theory and defines the energy—momentum operator of the
theory:

=0 (4.15)

Then the scale invariance implies that

(4.16)

which, in turn, entails 16

(4.17)

Equation (4.17) then ensures that the conformal current is also conserved,

= 0. (4.18)

5 Note that in some theories is not unique I'his allows for the so-called improvemenlv, extra terms which
are conserved by themselves and do not contribute to the spatial integral in (4 15) For instance, in the complex
scalar field theory one can add

Al = const x
—

this improvement does not change P11 but it does have an impact on the trace
In theories in which improvements are possible one should analyLe the set of all conserved and symmetric
energy momentum tensors to that there exists a traceless tensor in this set



38 Chapter 1 Phases of gauge theories

Logically speaking, the representation (4 14) need not be valid in "abnormal" theories.17
For instance, Polchinski discusses [22] a more general extended representation in which l8

SR (4.19)

where is an appropriate local operator without an explicit dependence on Then,
(4.16) implies that

= _a,1SR, (4.20)

and the energy—momentum tensor is not tracelcss provided that dR SR 0. Generally speak-
ing, the absence ofa traceless energy -momentum tensor (possibly improved) is equivalent
to the absence of conformal symmetry. Thus, "abnormal" scale-invariant theories need not
be conformal.

After this digression, let us return to "normal" theories — those treated in this book, in
such theories Eq. (4.14) is satisfied and scale invariance entails conformal invariance.

Applying the requirement of conformal invariance is practically equivalent to making all
dimensional couplings in the Lagrangian vanish in particular, all mass terms must be set
to iero.

Warning this last assertion is valid at the classical level and is, in foci, a necessary hut
not sufficient condition Moreover classical conjormal invariance may he (and typically is)
broken at the quantum level owing to the scale anomaly; see Chapter 8 There are notable
exceptions. fOr example iV = 4 super- Yang Mills ('Section 61 3,) i.s confOrmal/v
invariant at the classical level It remains conformal/v invariant at the quantum level too
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wa/is - Domain walls antigravilale. Quantum corrections Can we observe fractional
electric charges2 Yes, we can, on domain walls
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5 Kinks and domain walls (at the classical level)

In this chapter we will consider a subclass of topological solitons Let us assume that a
field theory possesses a few (more than one) discrete degenerate vacuum states A field
configuration smoothly interpolating between a pair of distinct degenerate vacua is topo-
logically stable. This subclass is rather narrow for instance, it does not include vortices, a
celebrated example of topological solitons. Vortices, flux tubes, monopoles, and so on will
he discussed in subsequent chapters.

In nonsupersymmetric field theories the vacuum degeneracy requires the spontaneous
breaking of some global symmetry either discrete or continuous.t If there is no symmetry
then, while a vacuum degeneracy may be present at the Lagrangian level for accidental
reasons, it will be lifted by quantum corrections. For our current purposes we will focus on
theories with spontaneously broken discrete symmetries. Then the set of vacua is, generally
speaking, discrete.

We will stan our studies from the simplest model,

S = fdDx (ad) X — (5.1)

with one real scalar field and Z2 symmetry, —s Here v is a free parameter that is
chosen to be positive. Then the Z2 symmetry is spontaneously broken, since the lowest-
energy state the vacuum — is achieved at a nonvanishing value of Since the global
Z2 is spontaneously broken, there are two degenerate vacua at = ±t. The classical
solution interpolating between these two vacua is the same for I) = 2, 3. and 4 (where D
is the number of space- time dimensions). In four dimensions we are dealing with a wall
separating two domains. The wall's total energy is infinite because it has two longitudinal
space dimensions and its energy is proportional to its surface area. At D = 3, the two
domains are separated by a boundary line, with one longitudinal dimension. Hence the
domain line energy is proportional to the length of the line. Finally, at D = 2 there are no
longitudinal directions: the energy of the interpolating configuration is finite and locali7cd
in space. Thus, at D = 2 we are dealing with a particle of a special type called a kink (from
the Dutch, meaning "a twist in a rope").

5.1 Domain walls

Since we have two distinct vacua, we can imagine the following situation. Assume that on
one side of the universe = —v and on the other = v. As we know, the physics is
the same on both sides However, being a continuous field, cannot change abruptly from
—t' to v. A transition region must exist separating the domains &ac = —t' and V.

This transition region is called the domain wall (Fig. 2.1). Needless to say, in the transition
region the energy density is higher than it is far from the wall, in the vacua. The wall

Note that in supersymmetric theories (theories where supersymmetry StJSY is unbroken) all vacua must
have a vanishing energy density and are thus degenerate, see Part II
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The transition region between two degenerate vacua corresponding to the order parameters ctvac = — v and

= n is a domain wall.

organizes itself in such a way that this energy excess is minimal. 1 will elucidate this point
shortly. The very existence of the domain wall is due to the existence of two (in the case
at hand) degenerate Z2-asymmetrie vacua. Thus, the domain wall is a theoretical signature
of the spontaneous breaking of a discrete symmetry.

The above energy excess is of course proportional to the wall area A

— Evac = (5 2)

Wall Wnsion where the coefficient is the wall tension.
Let us examine the case of D = 4, i.e. one time and three spatial dimensions x, V.

First of all note that the domain wall, if it is unperturbed, is flat — it extends indefinitely
in, say, the xv plane — and static, i.e. time-independent, in its rest frame. lhus, the field
configuration describing the domain wall depends only on z,

= —(x)) = = (53)

The field configuration interpolating between +v and —c will be referred to as an antiwall.
The flatness of the wall is obvious it follows from the requirement of minimal energy.

Equally obvious is its infinite extension the boundary between two vacua cannot end (at
least, not in the model under consideration; later on. in Section 6, we will consider more
contrived models supporting wall junctions).

Needless to say, the choice of 1 as the axis perpendicular to the wall and x and v as axes

parallel to the wall is a mere convention. One can always rotate the wall plane arbitrarily.

5.2 Visualizing the wall configuration

Let us try to visuali,e the phenomenon under discussion — the formation of two domains,
in which the order parameter takes two distinct values, ±c, separated by a transitional
domain in which the held continuously interpolates between = —i and = r To this
end it is convenient to consider I) = 1+1 theories. The spatial dimension will be denoted
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A straight 'rope" in the left trough represents one of two ground states.

t

Small oscillations near the ground state. The wave propagating in thez direction with time is interpreted as an

elementary particle.

by z. Thus, our theory is formulated on a line, —oo < < co At each given point z we
have a potential U(4) with two degenerate minima. One can imagine two parallel troughs
separated by a barrier (Fig. 2.2), and an infinite rope that has to be placed on this prolilc in
such a way as to minimize its energy. The ground state (i.e. the minimal energy state, the
vacuum) is achieved when the rope, being perfectly straight, is placed either in one trough

(the left-hand one in Fig. 2.2) or the other. Figure 2.3 depicts small oscillations around this
ground state at a given moment of time. With advancing time the wave moves in the z
direction Upon quantization, such a wave is interpreted as an elementary particle.

()
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lftheZ2 symmetry ofthe model is explicitly broken and the right-hand local minimum of U(Ø) is slightly higherthan

the left-hand one then this configuration, with the "roll-over rope," is unstable. The position of the crossover will

move with time towards the negative values of z in order to minimize the energy.

In addition, there exists a topologically different class of stable static-field configurations.

Imagine an (infinite) rope that starts in one trough and smoothly rolls over into the other
trough (Fig. 2.4). The energy of this configuration is evidently not the absolute minimum.
However, it does attain a minimum for the given boundary conditions —sc) =
—v, oo) = v. Moreover, this configuration is obviously perfectly stable: one needs
to invest infinite energy in order to "unroll" the rope back into one trough.

The situation changes if the two minima of the potential are not exactly degenerate.
Consider, say, the potential U(4) depicted in Fig. 2.5, where the right-hand minimum is

A topologically distinct minimum of the energy functional. The "rope" crosses over from one trough to another

1)
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slightly higher than the lefi-hand minimum. In this case, the Z2 symmetry is explicit/v
broken from the very beginning; there is only one true vacuum, at = —t' The second
minimum of the potential at = i' is a local minimum of energy and is not stable quantum-
mechanically. Even if again you initially place the "rope" so that it crosses from one trough
to the other, as in Fig. 2.5, it will start unrolling since it is energetically expedient for the
length of the rope in the right-hand trough to be minimized and the length in the left-hand
trough to be maximized. In this way we gain energy. The transition domain will keep

______

moving in the direction of negative values of z; there is no static stable field configuration
for the asymptotic behavior —oc) = —t , oc) in this case.

5.3 Classical equation for the domain wall

The energy functional that determines the wall configuration follows from the action (5.1),

= f
f dx dv is the area of the wall, A oc. The quantity is called the wall

rension: it measures the energy per unit area. For the time being we will discuss a purely
classical domain-wall solution. We will consider quantum corrections later (see Section 8)
here let us note that neglecting quantum corrections is justified as long as the coupling
constant is small, g2 I In this case the classical result is dominant — all quantum
corrections arc suppressed by powers of g2.

The field configuration (z) minimizing the tension (under the boundary conditions
(5.3)) gives the wall solution. The condition of minimization leads to a certain equation for

—i (z). To this end one slightly distorts the solution, so that + then expands the
Wa//pm/tie . . .

equation j

functional in and requires the term linear in to vanish. In this way one arrives at

— =0. (5.5)

Of course, this is nothing other than the classical equation of motion in the model with
action (5.1), restricted to the class of fields that depend only on one spatial coordinate, z

The differential equation (5.5) is highly nonlinear The domain-wall problem does not
allow one to solve the equation by linearization, as is routinely done for small oscillations
near the given vacuum (i.e for particles). Such nondissipating localized solutions of non-
linear equations, whose very existence is due to nonlinearity, are generically referred to as
S 0/itofl5

5.4 First-order equation

Although the solution of the particular nonlinear equation (5.5) can be found in every
handbook on differential equations, it is instructive to imagine that this is not the case
Let us pretend that we arc on an uninhabited island, with no handbooks or Internet, and
play with Eq. (5.5), with the goal of maximally simplifying the search tbr a domain-wall
solution.
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As our imagination is ready to soar, we will replace the coordinate z by a fictitious time
r and by a fictitious coordinate X. Then. Eq. (5 5) takes the form

x= g2X(X2 (5.6)

where the "time" derivative is denoted by an overdot. One can immediately recogni/e the
Newton equation ofmotion for a particle ofmass m = I in the potential —

In Newtonian motion, kinetic + potential energy is conserved, therefore

k2
2 2(X = eonst 0 (5.7)

The fact that the constant on the right-hand side vanishes follows from the boundary condi-

tions (5.3). Indeed, in the infinite "past" and "future" both the kinetic and potential energies
vanish.

Thus the existence of an integral of motion (the conserved energy) allows us to obtain
the first-order differential equation

X = — (58)

instead of the second-order equation (5.5).

Returning now to the original notation and :, we can rewrite Eq (5.8) as follows:

g - -

(59)

here the sign ambiguity in Eq. (5.8) is resolved in the following way. Consider the field
configuration interpolating between at = —oc and at : = +oc (the wall, see
Fig 2.6). The left-hand side of Eq. (5.9) is positive and so is the right-hand side In the
case of the field configuration interpolating between and (the antiwall) one should
choose the plus sign in Eqs. (5.8) and (5.9).

The solution of Eq. (5.9) interpolating between = —,' and = v.
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The first-order differential equation (5.9) is trivially integrable. Indeed.

The energy density e vs. z for the domain-wall solution (5.11).

= 2 = arctanh j + consi. (5 10)gj —a- ge \eJ
We will denote the integration constant on the right-hand side by zo. for reasons which will

become clear soon. Then

, (5.11)

where R = ge, as usual. The profile of this function is depicted in Fig. 2.6. The energy
density (in other words, the Hamiltonian density) is defined as

e(z) = + (5 12)

cf. Eq. (5.4). If the tension has dimension D I, the energy density E(z) has dimension

I) (in mass units). The plot ofE(z) on the domain-wall configuration is presented in Fig. 2.7.
Away from the vicinity of: = :o the energy density rapidly approaches zero, its vacuum
value.

Comparing Figs 2.6 and 2.7 we see that zo plays the role of the soliton center. In fact,
instead ofa single domain-wall solution we have found a whole family of solutions, labeled
by a continuous parameter zo. It is obvious that the tension does not depend on

The soliton center zo (or any other similar parameter occurring in a more complicated
problem) is called the coordinate orsoliton modulus. The existence of a family of
wall solutions in the problem at hand is evident. Indeed, the original Lagrangian is invariant
under arbitrary translations of the reference frame. At the same time, any given solution of

the type (5 II), say, spontaneously breaks the translational invariance in

the: direction. The existence ofa family of solutions labeled by zo restores the translational
symmetry.



5.5 The Bogomol'nyi bound

In this section we will discuss a more general derivation of the first-order equation for the

domain-wall profile, which, among other things, will also reveal a topological aspect of the
construction.

First, I will introduce an auxiliary function (it is called the superpotenlial, see Part

II), where

(513)

Note that the extrema ofthe superpotential, i e the critical points where W' = 0, correspond

to the vacua of the model under consideration; see Fig. 2.8. The superpotential and the
potential are related as follows:

I /dW\2

Next, observe that the tension see Eq. (5.4), can he rewritten as

2

— f I
J +

—
'lz

fdz
f

± (5.14)

There are two sign choices here: ± correspond to the wall and antiwall solutions. We will
focus on the wall case, choosing the + sign in the square brackets The second term in the
braces is the integral over a full (total) derivative:

The superpotential vs.

f W(n)

48 Chapter 2 Kinks and domain walls

(5.15)
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This term does not depend on particular details of the profile function for am'
tel ms are satisfying the boundary conditions (5.3) it is the same. That is why it is called the topological
topological term.
They are also

Combining Eqs. (5.14) and (5.15) one obtains
referred to a

topological
I d )

2

charges = + f dz
{ [

+ , (5.16)

where

AW )'V(v) — W(—i)

Since the expression in the braces is positive definite, it is obvious that for am' function
interpolating between two vacua (see Eq. (5.3))

(517)

i.e. the tension is larger than or equal to the topological charge. This is called the Bogo-
mol 'nyi inequality or hound [I] It is saturated (i.e. it becomes an equality) if and only if
the expression in the braces in Eq. (5.16) vanishes, i.e. the first-order equation

= (5.18)

holds (ef. Eq. (5.9)). Thus, the domain-wall profile minimizes the functional (5 16) in
the class of field configurations with boundary conditions (5.3). In the ease at hand the
Bogomol'nyi bound is saturated, and the wall tension is

4 p3 (5.19)

Note the occurrence of the small parameter g2 in the denominator. This is a general feature
of solitons in the quasiclassical regime.

The above consideration can be readily generalized to a class of multifield models, with
a set of fields (n > 2), provided that the potential reduces to

=
(aW)2

, (5.20)

where W is a superpotential that depends, generally speaking, on all the In this case the
vacua (the classical minima of energy) lie at the points where

=0, £= 1 2 ..,n, (5.21)

corresponding to the extrema of W. Moreover, Eq. (5.16) takes the form

= + f dz
i

+
}

. (5.22)



50 Chapter 2 Kinks and domain walls

Domain wall in 1+2 dimensions.

The Bogomol'nyi bound is achieved provided that

dz
II. (5.23)

5.6 Dimensions 0 = 3 and 0 = 2

In three dimensions (one time, two spatial) the domain wall is not really a wall. Rather, it
is a line separating two distinct phases of the model on a plane (Fig. 2.9) The energy of the
"wall" is equal to its tension times the length of the line.

In the D = 2 case, z is the only spatial dimension. At I) = 3 and D = 4 the soliton
under consideration is not localized in other spatial dimensions, i e x and/or v. At D = 2

the transverse spatial dimensions are absent, the action (5.1) contains no integrations over
perpendicular coordinates. Thus, the soliton (5.11) presents a localized lump ofenergy a

particle. Correspondingly, the integrals (5 4) or (5. 16) give the particle mass2 rather than
tension. It is instructive to check the dimensions ofall relevant physical quantities. At I) = 2

the parameter i is dimensionless, while g and have dimension of mass Thus, the soliton
mass is

and dim(Mk) = mass. (5.24)

As mentioned earlier, for D = 2 the soliton (5.11) is often referred to as a kink The si7e of
the kink is of order/I_i while its Compton wavelength is At small (i e.

for g//i I) the Compton wavelength is much smaller than the kink sue. In other words,
for the kink under consideration the classical si7e is much larger than the quantum size In
essence the kink is a (quasi)elassical object As mentioned earlier, this is a general feature
of all solitons at weak coupling.

The solution (5.11) refers to the kink rest frame. Since the kink mass is finite, one should
be able to accelerate it. The kink solution corresponding to the motion of the particle with
the velocity V is

ii
,'tanh

)
(5.25)

where now plays the role of the kink center at i = 0 (see Exercise 5.4).

2 More exactly, they give the particle energy in the rest frame, see Lxercise S 4

4
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We will discuss quantum corrections to Mk in Section 8.

5.7 Topological aspect

In this subsection we will consider in some depth the topological aspects of the problem,
which have been mentioned already in Section 5.2. It is convenient to frame our discussion

in terms of D = 2 theory, although all assertions can be reformulated with ease for I) = 3

and D = 4.

Let us consider field configurations with finite energy (at i = 0). Finiteness of the energy

implies that the field is a smooth function ofz that tends to one of two vacua as z —÷ ±oc.

(Otherwise, its potential energy would blow up.) Thus, in the problem at hand, we have
two points at the spatial infinities z = which are mapped by onto two vacuum

points It is clear that there are four distinct classes of mappings:

-r, -v},
-÷ +1', +OC -* +v}.

(5.26)
-1', -* +?'},

1—oo +n, +oc -+ —i}

It is impossible to leap from one class into another without passing en route a configuration

with infinite energy. In particular, any time evolution caused by the dynamical equations
of the model at hand or by local nonsingular sources will never take the field configuration
from one class into another. One needs infinite energy (action) for such a jump The class

of a mapping is a topological property.
The first two classes are topologically trivial - they correspond to two vacua and

oscillations over these vacua. These are the so-called vacuum sectors.
The kink sectors are topologically nontrivial. Kinks belong to the third class in Eq (5.26),

while antikinks belong to the fourth. The field configuration realiiing the minimal energy in

the kink sector is the soliton solution (5.11). Since its energy is minimal in the given sector

(and field configurations do not leap from one sector to another) it is absolutely stable. Any
other field configuration from the given class has a higher energy.

Summariiing, one can say that the existence of topologically stable solitons is due to the
existence of nontrivial mappings of the spatial infinity onto the vacuum manifild of the

I
Topological

theory. Let us remember this fact, as it has a general character.
viability . .

One can go one step further and introduce a topologkal current. Equation (5.15) will

prompt us to its form. Indeed, let us introduce a (pseudo)vector current

j/i = (5.27)

where r11 is the absolutely antisymmetric tensor of the second rank, the Levi—Civita tensor

(remember that we arc considering the 1) = 2 model). Unlike Noether currents, which are

conserved only on equations of motion, the current f'1 is trivially conserved for any field
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Moduli fields

configuration. The topo logical charge Q corresponding to the current is

Q
= f dzJ° = f (5.28)

It is conserved too.

5.8 Low-energy excitations

So far we have considered a static, plane (unexcited) wall, i e a configuration with minimal
energy in the given topological sector Now let us discuss wall excitations. An excited wall
is obtained from a static plane wall through the injection of a certain amount of energy,
which perturbs the wall and destroys the time independence. If the energy injected is large
enough (typically, larger than the inverse wall thickness the corresponding perturbation

changes the inner structure ofthe wall For instance, its thickness becomes a time-dependent

function of and v. A wave of perturbation of the wall thickness propagates along the wall.
At still higher energies the wall can emit quanta of the field from the wall surface into
the three-dimensional bulk.

I lere we will discuss briefly another type of perturbation, which neither changes the inner
structure of the wall nor emits field quanta into the three-dimensional bulk. Assume that
the energy injected into the wall is small, much less than the inverse thickness ji. From the
standpoint of such excitations the wall can be viewed as inlinitely thin, and the only process

which can (and does) occur is a perturbation of the wall surface as a whole. In other words
the wall center zo (see Section 5.4) becomes a slowly varying function ofi,x, y describing
waves propagating on the surface of the wall. This is depicted in Fig. 2.10 Fields such as

x, v), localized on the surface of the topological defect, are called moduli fields. In fact,
they are the (Ioldstone fields associated with the spontaneous breaking of some symmetry

on the topological defect under consideration.

z

The low-energy wall excitations are described by the effective world-sheet theory of the modulus field z0 (t, x, y)
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In the case at hand, the bulk four-dimensional theory is translationally invariant. A given
wall lying in the xv plane and centered at zo breaks translational invariance in the direction.
Hence, one should expect a Goldstone field to emerge The peculiarity of this field is that
it is localized on the wall (its "wave function" in the perpendicular direction is determined
by the wall profile and falls off exponentially with the separation from the wall)

The low-energy oscillations of the wall surface are described by a low-energy effective
theory of the moduli fields on the wall's world sheet. For brevity, people usually refer to
such theories as world-sheet theories.

In the present case, the world-sheet theory can be derived trivially. Indeed, we start from

the wall solution — zo) and endow the field with a slow t, x. y-dependence coming
only through the adiabatic dependence zo(r, x, v):

zo) —÷ y)) —

= {i,x,y). (5.29)

Here I have introduced three world-sheet coordinates (p = 0, 1,2) to distinguish them
from the four coordinates x12 = 0,1,2,3) of the hulk theory. Then substituting (5.29)
into the action (5 1) we get

S =

f dxdy + fd3x

, 2dzo(x' )
= const + fd x ( öxp )

(5.30)

World—sheet
This is the action for a free field zo(x') on the wall s world sheet There is no potential

iheori
term this obviously follows from the (ioldstonc nature of the field The general form
of the effective action in (5.30) is transparent and could have been obtained on symmetry
grounds. Only the normalization factor requires a direct calculation.

5.9 Nambu—Goto and Dirac—Born—Infeld actions

The world-sheet action in (5 30) captures only terms of the second order in derivatives. In
fact, one should view it as the lowest-order term in the derivative expansion. 1,

i.e. the oscillations of the wall surface are not small, one must include in the world-sheet
action terms of higher order in the derivatives. They cannot be obtained by the simple
calculation described above. However, in the limit of infinitely thin walls (which are known
as branes , or 2-branes, to be more exact) one can obtain the world-sheet action from a general

argument. Indeed, in this limit the internal structure of the wall is irrelevant, and the action
can depend only on the 3-volume swept by the brane in its evolution in space—time

The action we arc looking forwas suggested, in connection with strings, by Nambu [2] and

Goto [31. We will need some facts from differential geometry going back to the nineteenth
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century. To ease the notation, in this section we will omit the subscript 0, so that the wall
surface is parametrized by the function z(1.x,v). The induced metric gpq is defined as

Xpq = apX,L (531)

where

= z(x")}, (5 32)

It is instructive to write down the explicit form for the induced metric:

—

I z . (5.33)

z — I —

The world volume swept by the branc is fd1x where

g (5.34)

The proportionality coefficient in the action can be readily established by expanding g up
to the second order in derivatives and comparing with Eq. (5 30) In this way we arrive at

= f d3x (5.35)

Nainirn
Goto where the subscript NG stands for Nambu- (Ioto.

The Nambu—Goto action is not very convenient for practical calculations at

because of the square root in (5.35). Usually one replaces it by an equivalent Polyakov
action [4], which we will not discuss here

In certain problems (see e.g. [51). in addition to the translational modulus field zo(x")
the domain walls possess a modulus of phase type; that is,

and so on are identified On the brane (i.e in 1+2 dimensions), the massless field of phase
type can be identified with a massless photon [61, namely.

= (5 36)

where e is the electromagnetic coupling constant. This is discussed in detail in Section 42 3

The Nambu—Goto action can be generalized further to include electrodynamics on the
brane's world sheet. This is done as follows.

and tro

____________________

SDBI = f d1x (gpq + aF,,q), (5.37)

where the constant a is defined by

a
=

(5.38)
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and the subscript DRI stands for 1)irac. Born, and Infeld. who were the first to construct this
action. Expanding (5 37) in derivatives and keeping the quadratic terms, we get, in addition
to (5.30), the standard action of the electromagnetic field

SDBI (5.39)

5.10 Digression: Physical analogies for the first-order equation

Logicric
equation

If: is interpreted as a "time" and as a "coordinate" then the set of the first-order equations

aW(X)X=— , .,n,
d

(cf. Eq. (5 23)) has a very transparent classical-mechanical analog. This is the equation
describing the flow of a very viscous fluid (e.g honey) on a "potential profile" W(X) at

the given point. Indeed, X is the fluid velocity while —VW(X) is the force acting on the
fluid. In the limit of very high viscosity the term with acceleration can be neglected, and
we are lefi with a limiting law, the velocity is proportional to the force

Using this analog it is easy to guess, without actually solving the equation, whether the
solution exists For instance, a single glance at Fig. 2 8 tells us. yes. a droplet ofhoney placed

at the point —ti, at the maximum of the profile, will flow to the point r, the minimum. In
fact, for the problem at hand, where we have a single variable, it is quite easy to find the
analytic solution. This is not the case for problems with several fields. Then our intuition
about viscous fluid flows is indispensable.

For cubic superpotentials Eq. (5.8) has another application. Let us shift the variable, so
that X + v X, and rewrite (5 8) as

X = A(AX — X2),

where A and A are positive constants (A = and A = 2r). Written in this form, we
have nothing other than the so-called logistic equation, describing, among other things, how

new products saturate markets with time. Say, a new high-quality mass product appeared on

the market on 1 January 2002. At first, it is manufactured by only one or two companies, not

many instances of the product arc in use, and most people do not know how good it is. The

number of people who purchase the product at any given moment of time is proportional
to the number of owners at this moment of time (it is supposed that the owners spread
the word to their friends). Thus, at the beginning the number of owners X is small, and
the number of purchases X is proportional to X. As time goes on, new companies start
manufacturing this product and putting it on the market, and eventually almost everybody
has one. This interferes destructively with new purchases. In a first approximation this
destructive interference is described by a quadratic term with a negative coefficient

We have already discussed the solution of this equation (see Fig. 2.6 and Eq. (5 11)).
At the start the number of owners grows exponentially but then, quite abruptly, it reaches
saturation (the market is full) and so the number of new purchases approaches zero in an

exponential manner. This is the time for a new product to appear. If you are curious you
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can find the saturation time and the rate of growth at the initial stage in terms of parameters
A and A.

Exercises

5.1 As is well known, for a quantum-mechanical double-well potential, with

Hamiltonian

(E5l)

the ground state is unique It is symmetric under —÷ The symmetry present
in the Hamiltonian is not broken in the ground state. Why, then, in a field theory
treatment of the double-well potential does the ground state break Z2 symmetry?

What is the difference between quantum mechanics, (E5. I), and field
the Bogomol'nyi bound for the antiwall. i c the field configuration with

minimal tension and the boundary conditions

= = c and = oc) (E5.2)

5.3 Find the thickness of the wall, i.e. the width of the energy distribution E(z) (see
Eq. (5.12)). What is the asymptotic behavior of e(z) at I: :01 —÷ oc? Express the
result in terms of the mass of the elementary excitation.

5.4 Cheek that the moving-kink profile (5.25) is indeed the solution of the classical
equation of motion

82 82 0U(4)(t zIt")) =0.

At V 0 does it satisfy a first-order differential equation" Calculate the classical
energy E and (spatial) momentum P ofthe moving kink (5 25). Show that the standard
relativistic relation E2 P2 = holds

5•5* Consider a complexified version of the real model discussed above

= 0°4) (F5.4)

where 4) is a complex rather than a real field The prime denotes differentiation with
respect to 4) while the star denotes complex conjugation. Assuming W to be a holo-
morphic function of 4), prove that the second-order equation of motion for a domain
wall or kink following from (E5.4) implies a first-order equation of the Bogomol'nyi
type [8]. Note that the converse is of course trivially valid.
Solution. The minima of the potential, the so-called critical points, are determined
by the condition W' = 0. The kink solution interpolates between two distinct critical

See e g [7], p 183, problem 3
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points. It is obvious that at z —÷ the solution must approach the initial (final)
critical point, while —÷ 0. The second-order equation of motion

= (E5.5)

implies that

=
2

(E5.6)
az

from which we conclude that
2

— = const = 0 (E5.7)

That the constant vanishes follows from the boundary conditions near either of the
two critical points.

Now, following Bazeia et a/, let us consider the ratio

-i
= —. (E5 8)

Differentiating this ratio with respect to z we arrive at

—

= 0, (E5.9)

by virtue of Eq. (E5.7). This implies that R is a z-independent constant, while Eq (E5 .7)

tells us that the absolute value of this constant is I. Hence

= W (E5. 10)

where a is a constant phase that is to be determined from the boundary conditions.
It is not difficult to see that a = arg where is the difference between the
superpotentials at the final and initial critical points

6 Higher discrete symmetries and wall junctions

6.1 Stable wall junctions: generalities

So far we have considered isolated walls in the planar geometry. Everybody who has seen
soap foam understands that, generally speaking, domain walls can intersect or join each
other, forming complicated networks.

A wall junction is depicted in Fig. 2.11, It is a field configuration where three or more
walls join along a line (in D = I + 3) The line along which the walls join is called the
wa//junction. As is clear from Fig. 2.11, all the fields in this wall junction configuration
are z-independent they depend only on x and y. Therefore for a static wall junction the
problem is essentially two dimensional; see Fig 2.12. The same picture as in Fig. 2.12
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The domain-wall junction. Here four domain walls join each other; the junction is oriented along the z axis.

The cross section of the domain-wall junction in the perpendicular plane. An eight-wall junction is shown.

Conventions
and

emerges for domain boundaries in D = I + 2. In this case the z coordinate does not appear
at all. There is no analog of the junction configuration in D = I + 1.

In this section we will concentrate on wall junctions of the "hub and spokes" type. as in
Fig. 2.12, which occur when a symmetry is spontaneously broken. We will orient the
wall spokes in the xy plane as indicated in Fig. 2.12, namely, the hub is at the origin, the
first spoke, say, runs along the x axis in the positive direction, the second runs at an angle
27r/n, and so on. At the point P the theory "resides" in the first vacuum, at the point Q in

the second, etc. This configuration is topologically stable.
First let us discuss general features of the tension associated with the wall junctions. In

Fig. 2.12 the energy ofthejunction configuration (per unit length) is defined as the integral

'I

<< I. << I?
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of the volume energy density over the area inside the circle, where it is assumed that the
radius R of the circle tends to infinity

=flength

It is assumed that the parameters of the problem have been adjusted in such a way that the

vacuum energy vanishes. This ensures that there is no R2 term on the right-hand side of
Eq. (6.1)

It is intuitively clear that T1 = where is the tension of the isolated wall and ii
is the number of walls meeting at the junction. The quantity T2 is the wall junction tension
From now on it will be referred to as 7], so that Eq. (6.1) takes the form

(62)

A general proof of the fact that T1 = is quite straightforward. Of crucial importance
is the fact that the wall thickness (i e. the transverse dimension inside which the energy den-

sity is nonvanishing, while outside it vanishes with exponential accuracy) is R-independent

at large R. This width is denoted by e, see Fig. 2.12
Figure 2.13 presents part of the junction configuration inside the circle ? I R. The

rectangles around the spokes have width L, where I. is an auxiliary parameter chosen to be

much larger than the spoke width L >> In the limit R —* the width L stays fixed.
Outside the shaded areas the energy density y) vanishes, since the fields are at their

vacuum values. The integral (6.1) is saturated within the near-hub circular domain of radius

L and within the rectangles. Each rectangle obviously yields plus terms that do not

grow with R in the limit of large R. The latter are due to the fact that the expression
does not correctly represent the circular domain of radius — L around the hub (represented

by the black circle in Fig. 2.12). This remark completes the proof of Eq. (6.2).

6.2 A model with wall junctions

Now that we have discussed the definitions we can address the underlying dynamics. If the

spontaneously broken discrete symmetry is Z2, there are no stable static wall junctions (see

A detail of Fig. 212. The wall junction and two neighboring walls are inside the shaded area.

R—+oo. (61)

I)e/lning the
JUflCtiOfl

tension

I —atllrU((I II('I(
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The potential energy in the model (6.4) for n = 8.

Ili

A sample
model

Exercise 6 1 at the end ofthis section). They appear only for higher discrete symmetries, such
as Z,, with n > 3. Wc will assume that the Z,, symmetry is realized through multiplication
of (some of) the fields in the problem at hand by a phase, the simplest possibility.

In the theory of a single scalar field the Z,1 symmetry with a 3 can be realized
as an invariance of the Lagrangian under multiplication by the phase exp(2irik/n), where
k=l,2

f27rik\
—* exp I I\nJ k = 1,2 a. (63)

Needless to say, it is necessary to have a complex field — a real field cannot do the job. The
Z,1-symmetric Lagrangian with which we will deal is4

= U(q5,çb) = (1 (1 — (6.4)

where the bar denotes complex conjugation and and v are constants that can be chosen
to be real and positive without loss of generality. The mass dimensions of and v depend
on D. In four dimensions the field 0 has the dimension of mass, hence o [m12

t o The potential (6.4) is depicted in Fig. 2.14.
The kinetic term in the Lagrangian (6.4) is in fact invariant under a larger symmetry.

U( I). acting as exp(ia) with arbitrary phase The potential term is invariant under
the transformation (6.3).

The model described by the lagrangian (64) is by no means the most general possessing symmetry Al
n 3 it is nonrcnormali,ahlc Since at the moment we arc not interested in quantum corrections it will suit our
purposes well
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I iii

The vacua (6.5) of the model (6.4) for n = 8.

In the vacuum the invariance ofthc Lagrangian is spontaneously broken: see Fig 2.14.
Correspondingly, there arc ii distinct vacuum states

12jrik'\
= V !" exp ( ) , k = 1,2 n, (6.5)\flJ

where is the arithmetic value of the root. The positions of the vacua in the complex

plane are depicted in Fig. 2.15 by solid circles. At the positions of the circles U vanishes;

at all other values the potential U(Ø) is strictly positive. As we already know, all n
vacua are physically equivalent.

It is instructive to calculate the mass of an elementary excitation. To this end one must
consider small oscillations near the vacuum value Since all the vacua are physically
equivalent we can consider, for instance,

= + , (6.6)

where and x arc real fields.

Next, we follow a standard routine. Substitute Eq. (6.6) into Eq. (6.4) and expand the
Lagrangian, keeping terms not higher than quadratic (the linear terms cancel). This quite
straightforward calculation yields

= = . (6.7)

Thus the mass of the two real scalars is degenerate. This is a special feature of the potential

(6.4).

6.3 Elementary and composite walls

With n vacua one can have many distinct types of wall For instance, one can have a wall
separating the first vacuum from the second, the first from the third, and so on. A special
role belongs to the so-called elemeniary walls the walls separating two neighboring vacua.

Note that nonelementary walls need not necessarily exist; they may turn out to be unstable.

For example, in some models the wall separating the first vacuum from the third may decay
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into two elementary walls the first—second and which experience mutual

repulsion and eventually separate to infinity The existence or nonexistence of nonelemen-
tary walls depends on the dynamical details of the model at hand Elementary walls always

exist. In Figs. 2.11 and 2.12 all the walls shown are elementary. In this ease it is clear from

the symmetry of the model that the minimal energy configuration is achieved if all relative
angles between the walls arc the same: 2ir/n.

6.4 Equation for the wall junction

The equation describing a wall-junction configuration is a two-dimensional reduction of
the general classical equation of motion, which takes into account that the solution in which

we are interested does not depend on time (i.e. it is static) or on z.

+
=

(6.8)

The complex conjugate equation holds for Moreover, appropriate boundary conditions
must be imposed.

While Eq. (6 8) is general. the boundary conditions depend on the details of the model.
In the model under consideration, where the vacuum pattern is fairly simple, see Eq. (6.5),
the boundary conditions are obvious: (i) one should choose a solution Ø(x, v) of Eq (68)
such that arg 0 (x, y) changes from 0 to as we travel in the xy plane around a large circle

centered at the origin (where the wall junction is assumed to lie); (ii) the solution must
be symmetric under rotations in the x's' plane by an angle 2ir/n. The first requirement, in
conjunction with continuity of the solution, implies that

0(x.y) 0 as 0

Both features are clearly seen in Figs. 2.16 and 2. 17, which display a numerical wall-junction

solution of Eq. (6 8) for the model (6.4) with n = 4 and v = 1. The plots are taken from [91

The choice of the potential energy in the Lagrangian (6.4) is the special ease for which
is representable as a product of two factors:

U(0
8W(0)

, (69)
do

where

/
W(0) 0" J

(610)
\ n+1 j

depends only on 0 while 1/V depends only on The function W(0) is referred to as a
superpotential. In much the same way as for the real-field model with which we dealt in
Section 5.5, we can use the Hogomol'nyi construction to derive the first-order differential
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and a is a phase.5 (In the real-field model e'° = ± I.) The solutions of Eqs. (6.11) and
(6.12) are automatically the solutions of the second-order equation (6.8) for arbitrary a.
The opposite is not necessarily true, of course. The wall solution of Eq. (6.11),
depends only on the single coordinate x. For the wall junction, Eq. (6.12), the solution

depends on two coordinates.

Let us show that the first-order equations above imply the second-order equation We
will do this exercise for, say, the wall-junction solution To this end we differentiate both
sides of Eq. (6.12) with respect to

—
—

(6 13)
— 2 4

where in the last formula on the right-hand side we have exploited the complex conjugate
of (6.12). Using the definition (6.9) it is easy to see that Eq. (6.13) is equivalent to

=
(6.14)

which is, in turn, equivalent to (6.8).
We will pause here to try to understand how the boundary conditions determine the value

of the phase a in Eq. (6.11). This equation refers to complex and W, therefore, even
though the equation is first order, our intuition is not nearly as helpful in this ease as it was

in the real-field model. We have to rely on the mathematics A conservation law that exists
An integral .. .

in this problem will help us. Consider the derivative
of motion

W = e-t° e'° (6.15)/ i)x dx

Now, using Eq. (6.11) and its complex conjugate we immediately conclude that the right-
hand side vanishes. In other words,

Im W) (6.16)

is conserved on the wall solution, i.e. it is independent of x. Our task is to put this
conservation law to work.

Assume for definiteness that the wall which we are going to construct interpolates between

= and = Then

Winiiiai (I — =
1u (6.17)

n + I i,, ii + I

Wiinai = (I —

n + I

—un f2iri=—pv expj—n+l

For complex scalar field models with potential energy (6 9) Eq (6 12) was derived in [10)
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Determination of the phase a in Eq. (6.11) from the boundary conditions.

Since Im W) is conserved for the wall solution, comparing the initial and the final
points we arrive at a condition on a, namely

sincy = sin (a
— h-).

(6.18)

Its solution appropriate for our case is

ir 'r
(6.19)hquation 2 n

(6 19) is in
see 1-ig. 2.18.

agreement

wit/i (6 20) It is obvious that in the case at hand Eq (6.19) is identical to

a = arg — VVinitiai) . (6.20)

In fact, this latter equation is universal: it is valid (i.e. it determines the phase a in Eq. (6.11))
in generic models with potential energy of the form (6.9).

Unfortunately, in the model under consideration, analytic solutions are known neither
for junctions nor even for isolated walls.6 A few multi field models that admit analytic
wall-junction solutions have becn discussed in the literature (see e.g. [13]). We will not
consider them here because of their rather contrived structure, Instead, let us examine the
energy density distribution for the wall-junction solution presented in Figs. 2.16 and 2.17.
Figure 2.19 shows

E(x,y) = U + +

a function of x, v. It is clearly visible that four domain walls join each other in the
junction, located at the origin, and that the energy density in the junction is lower than that
in the core of the walls. This fact implies, in particular, that

(6.21)

In the limit n >> I an isolated wall solution was found [lii in the leading and the next-to-leading order in
i/n Besides, the wall tension is established analytically for any n while the junction tension only for n I.

see [l21
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Energy density of the domain-wall junction.

This negative tension of' the wall junction is typical. For isolated objects, say, walls or
strings, a negative tension cannot exist since then such objects would be unstable: they
would crumple. The negativity of]] does not necessarily lead to instability, however, since
the walljunction does not exist in isolation; ii is always attached to walls that have a positive
tension. lfthejunction crumpled then so would the adjacent areas of the walls, which would
be energetically disadvantageous provided that 1] were not too negative, which is always
the case.

Exercises

6. I Explain why there are no stable wall junctions in the model (5. I) of Section 5, with
the spontaneously broken Z2 symmetry and doubly degenerate vacuum states.

62 The phase a in Eq. (6.12) is arbitrary. Explain the origin of this ambiguity.
63 Calculate the tension of the elementary wall in the model (6.4) in the limit n >> I,

using the Bogomol'nyi construction. Find the condition on the parameters of the model
under which >> 1. This is the condition of applicability of the quasiclassical
approximation.

6.4* Calculate the tension of the elementary wall junction for the model (6 4) in the lii.iit
fl>> I.

7 Domain walls antigravitate

So far we have ignored gravity. This is certainly an excellent approximation since gravity
is extremely weak and usually cannot compete with other forces. However, if domain walls
exist as cosmic objects in the universe, their gravitational interaction certainly cannot be
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neglected. In this section we will become acquainted with a remarkable fact, the gravitational

field of domain walls in D = I + 3 is repulsive rather than attractive [14, 151. This is the
first example of antigravity, the dream of all science-fiction writers. Even though this
observation will remain, most probably, a theoretical curiosity and will have no practical
implications, it provides an interesting exercise, quite appropriate for this course.

7.1 Coupling the energy—momentum tensor to a graviton

To derive this "antigravity" result we will need to know a few facts from Einstein's relativity
and from nonrelativistic quantum mechanics. I hasten to add that we do not assume a
thorough knowledge ofEinstein's relativity,just some basic notions: that gravity is mediated
by gravitons, that gravitons are described by a massless spin-2 field and that the
interaction of and matter occurs through the universal coupling of to the energy—

momentum tensor of the matter fields, Tuie

= (7.1)

Linearized 1
I

g/ulityis where is the Planck mass. The interaction (7.1) neglects nonlinear gravity effects. In

OK here the problem at hand we are assuming that since then there is no need to consider

nonlinear effects.
The energy—momentum tensor is a symmetric conserved tensor. Its particular form

depends on the model under consideration. The general rule for deriving T"t' is as follows
(i) Write the action of the model in general covariant form. For instance, in the real-field

model of Section 1 2 we have

S
= f — (7.2)

where is the metric and g Note that in the actual world g is always negative,

so that is defined unambiguously as the arithmetic value of the square root.

(ii) Differentiate the integrand in Eq. (7.2) with respect to and set the metric to be

flat after differentiation:

=2 , =diag{1,—l,—l,—l}. (7.3)

Alternatively, one could represent the metric gpe as plus small fluctuations,

= +
Mp

and linearize Eq. (7.2) with respect to hpe.7

In fact in the theory of scalar fields, the energy momentum tensor is not unambiguously defined by the
above procedure So-called improvement terms are possible The improvement terms are conserved by them-
selves, nondynamically, i e without the use of the equations of motion Being full derivatives they do not
change the energy—momentum operator For instance, in the example under consideration one can add
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L >> f.,

at

The gravitational interaction between a domain wall and a distant localized body. The broken rectangles denote the

integration domains for determination of the corresponding energy—momentum tensors. The distance L is assumed

to be much larger than/and r

In this way we obtain that in the model at hand the energy—momentum tensor is

= — U(Ø)] . (7.4)

Note that = I + plus (irrelevant) terms that are quadratic or high-
order in h. This expression is obviously symmetric. It is instructive to check directly the
conservation of Let us calculate the divergence:

= + — +

=
+ = (75)

where the second line vanishes because it is proportional to the equation of motion.

7.2 The domain-wall energy—momentum tensor is unusual

The next step in our antigravity calculation is to find the energy—momentum tensor for the
domain wall and for an isolated localized object (say, a metal ball or a planet) In what
follows it will be assumed that the measurement of gravity is done at distances much larger

than the typical sues olthe gravitating bodies, see Fig. 2.20.

gP' — to the energy momentum tensor, cf Sections 496 and 59 I his corresponds to the addi-
tion of RØ2 to the action, where R is the scalar curvature Improvement terms would not affect our
derivation
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For a domain wall at rest we have

= diag{l, —1, —1,0}, (7.6)

where is the wall tension and it is assumed that the wall lies in the vv plane. For an
isolated localized nonrelativisric body (a particle, a ball, or a planet)

(7.7)

where M is the total mass of the body.

A few comments on the derivation of the above expressions are in order. Let us start with

the domain wall. In the rest frame the domain-wall profile depends only on z. Therefore,

only the derivatives survive in Eq. (7.4)

0 if
+ = = 0,

- (7 8)—

+ ifp = = x or y,

Since we are supposing that the effect under investigation is measured far from the wall,
we should integrate over z for the domain where the wall is located (sec Fig. 2.20) To this
end we observe that on the one hand

f dz = fdz = (7.9)

which immediately leads to Eq. (7.6).
On the other hand, for an isolated on-mass-shell particle with momentum p and mass M,

= E p0. (7.10)

In the rest frame this is the same as Eq. (7 7)

7.3 Repulsion from the walls

To see that a probe body experiences repulsion in the gravitational field generated by the
wall, we will compare the interaction of two probe bodies with that between the wall and
a probe body. As is well known, the structure of the potential can be inferred from the
Born graph describing the scattering of two interacting bodies (Fig. 2.21). According to the
Born formula,8 the scattering amplitude is proportional to the Fourier transform of
the potential,

(7.11)

See 171. Section 126
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The Born graph for the scattering of two bodies due to one-graviton exchange The broken line denotes the graviton

propagator.

where is the interaction potential The inverse of this formula gives the potential in
terms of the Fourier transform of the scattering amplitude,

As is clear from Fig 2.21, the Horn scattering amplitude is proportional to

(7 12)

gravilon

(7.13)

where is the graviton propagator, which in turn is proportional to the graviton
density matrix. Remember that the graviton is described by a massless spin-2 field,

oc —s- + — + longitudinal terms), (7 14)

where the longitudinal terms contain the momentum q. These longitudinal terms (which
are gauge dependent) are irrelevant since they drop out upon multiplication by TWut) or

because of the transversality of the energy momentum tensor.
Combining Eqs. (7. 13) and (7 14) we arrive at the conclusion that the interaction potential

V() can be written as

oc (2 — x (Fourier transform of (7.15)

The expression in parentheses determines the sign of the interaction between the two bodies

Let us calculate it for three distinct cases:

./.(i)0o = (ball ball),

i — I

=

)00 = — (wall—ball),
/L

—3T1 1)00 7(2)00 = —3T1 (wall—wall),

(7.16)

where are the wall tensions. To ease the notation I have dropped the subscript w It
is worth noting that we have assumed the walls to be parallel to each other in the case of
the wall—wall interaction We see that if the gravitational interaction between two localiied

probe bodies (balls at rest) is attractive which is certainly the case then the gravitational
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interaction between two distant walls and between a wall and a ball is repulsive. Note
that the corrections due to the motion of the probe bodies relative to the walls (which are
taken to be at rest) are proportional to powers of their velocity a small parameter in the
nonrelativistic limit. Equation (7.16) reproduces Newton's well-known law according to
which the gravitational potential of two distant nonrelativistic bodies is proportional to the
product of their masses For the walls it is their tension that enters

Instead of determining the interaction from the Born scattering amplitudes, one could
follow a more traditional route and solve the Einstein equations for a source term generated
by the wall,

R = (7.17)

where R is the scalar curvature 1161. Convoluting both sides
with one finds that the scalar curvature is given by

R =

and, hence,

= — (7.18)

In an appropriately chosen gauge Eq (7.18) implies that

ri —

Of course, that the interaction potential V equals This returns us to Eq. (7.16) and
simultaneously confirms the formula for the graviton density matrix given in Eq. (7.14)

Suppose that we are interested not only in the sign of the gravity interaction but also in
its functional form, i.e. the dependence on the distance between two gravitating bodies. As

follows from Eq. (7.15), to find this dependence one has to perform the Fourier transform of
2 in various numbers of dimensions 8: 1, 2, or 3. One encounters similar Fourier trans-

transfonn formations in numerous other problems It makes sense to derive here a general formula:

I
"

- f = f dq
q22?l (qx)

= 2n F (8/2
(7.20)

F (ii)

where

is a Bessel function and 8 and a are treated as arbitrary integers such that the integral

(7 20) exists. The first line in Eq. (7.20) is obtained upon integration over the angle between
and and the second line presents the result of integration over . A few important

particular cases are as follows:

I I

— = xIJ (721)
1 q 8=1.
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The first expression gives the gravitational interaction of two localized bodies (we recover
the familiar I /r2 Newtonian force) and the second the wall ball interaction. Here the force
is distance-independent, in full accord with intuition.

Exercises

7.1 The Lagrangian ofa free photon field is

= F'°',

where is the photon field strength tensor Find the energy -momentum tensor of
the photon and show that it is (i) conserved, (ii) traccless. Do the same for the three-
dimensional free Maxwell theory. Does the trace of the energy momentum change in
this ease9 Does the canonical energy momentum tensor allow for improvement terms

in this problem?
7 2* Explain what happens in Eq. (7.20) if n = I and = 2. What does one get for V(x)

in this case?

8 Quantization of solitons (kink mass at one loop)

We will discuss the quasiclassical quantization of solitons, which is applicable to solitons
in weakly coupled theories Although this procedure is conceptually similar to that of the
canonical quantiiation of fields, it was not worked out until the early 1970s [17, 18]. when
theorists first addressed in earnest various soliton problems in field theory.

The,e !.s a .

We will consider the simplest example, the calculation of the mass of a kink appear-

symmetric ing in the two-dimensional theory of one real field To simplify our task further we will
analog in find the one-loop correction to the classical expression in the logarithmic approximation
Section 71 Nonlogarithmic terms will be discarded. This formulation of the problem provides a peda-

gogical environment that is free of excessive technicalities and, at the same time, exhibits

the essential features of the procedure.9

8.1 Why the classical expression for the kink mass has to be renormalized

The model we will deal with is described by the action

S
= f d2x — (8.1)

for a detailed list of references relevant to this calculation see 1191 (the span two decades)
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I malization in

renor-

x

x

x
Mass parameter renormalization. The field is defined in Eq (1.9), and should not be confused with x (t, z) in

Eq. (8.5) and the equations that follow it. The mass m of the elementary excitation is = =

where

V(çb) = [w'(Ø)]2.

8.2 Mode decomposition

The principles of the quasiclassical quantization of solitons are the same as in the standard
canonical quantization procedure. There are important nuances, however, that are specific
to the soliton problem.

Our starting point is the field decomposition

= + x(t,z) , (85)

kink mass

W = — (8.2)

This theory is renormalizable. A kink in two dimensions is a particle; its mass is finite and
is determined by the bare parameters in Eq. (8.2). Namely,

m3
Mk = (8.3)

3g

where in is the mass ofthe elementary excitation in either ofthe two vacua, m = go The

kink mass is a physical parameter and as such must be expressible in terms of the renor-
mali7ed quantities. While g2 is not logarithmically renormali,ed in two dimensions, the
elementary excitation mass is renormalized. This renormalization in the log approximation
is described by the single graph depicted in Fig. 2.22

Calculation ofthis diagram is straightforward and leads to the following relation between
the renormalized and the bare mass parameters

3,2 M2
= m2 — In —f, (8.4)

2m m

where is the ultraviolet cutoff (see also Exercise 8.1 at the end ofthis section). From the
renormalizability of the theory under consideration it is clear that Mk must be renormalized
in such a way that in3 in Eq. (8.3) is replaced by Our task is to see how this happens
and extract general lessons from this calculation of the kink mass renormalization.

x(t,z) in
5) and the

Xn(Z) below
are not to he
C Ofl/iI'e(l

vidth the field

x
Section /
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where (z) is the kink solution (see Eq. (5 II)), which is a large classical background field,
while x(t,z) describes small fluctuations in this background, to be quanti7ed On general
grounds one can represent x (i, z) as

x(r,z) = xn(z) , (86)

where the basis set of functions {Xn(Z)} must be complete and orthonormal. The functions
xn(z) must also satisfy appropriate boundary conditions, which we will discuss shortly.
Generally speaking, one can usc any complete and orthonormal set of functions. One set
will prove to be the most convenient for the above decomposition

To see that this is indeed the case let us substitute (8 6) into the action (8 1) and expand the

action in the quantum field x Since the background field is the solution to the classical

equation of motion, the term linear in x vanishes and we arrive at

= + f drdz [4 — 4X(1,Z)L2 x(i.:)] +..., (87)

where the ellipses indicate terms cubic in x and higher, which are not needed at one loop.
In deriving this equation we have integrated by parts and used the boundary conditions
x(±oc) = 0; see below Moreover, L2 is a linear differential operator of the second order.

L2
=

+ (W")2 + W' w'"] . (8 8)

Using

= tanh (8.9)
2

and Eq. (8 2) we obtain the Hamiltonian for the quantum part of the dynamical system in
question, in the form

N
= f dz (1, z)J2 + 4 x (t, z)L2 x (t. (8 10)

where

= +m2 [i (cosh (8.11)

The form of the llamiltonian (8.10) prompts us to the most natural way of mode decom-
position Indeed, L2 is a llermitian operator whose eigenfunctions constitute a complete
basis, which can be made orthonormal. Let us define x,,(z) by

(8.12)

and impose appropriate normali,ation conditions,

f (813)
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Using as a basis in Eq (8.6) and substituting this decomposition into Eq. (8.10) we
arrive at

(8.14)

This is the sum of the Ilamiltonian for decoupled harmonic oscillators. This decoupling is
the result of our using the L2 modes in the mode decomposition As usual, the canonical
quanti/ation procedure requires us to treat and as operators, rather than (-numbers,
satisfying the commutation relations

lafl, = . (8.15)

An unexcited kink corresponds to all oscillators being in the ground state. The sum of the
/ero-point energies for an infinite number of oscillators represents a quantum correction to

the kink mass,
Before discussing the quanti/ation procedure in more detail, and in particular how to

make the above formal expression for meaningful, I will pause to make a few crucial
remarks.

Equation (8 12) can be interpreted as the Schrödinger equation corresponding to the
potential depicted in Fig. 2.23. As we will see shortly. this potential has two discrete levels
with w2 < in2; the levels with w2 > in2 form a continuous spectrum. To make the sum over
ii well defined, we must discretize the spectrum. To this end let us introduce a "large box,"
i c. impose certain confining boundary conditions at z = ±L/2 where 1. is an auxiliary
large parameter that we will allow to tend to infinity at the end of our calculation.

The particular choice of boundary conditions is not important as long as we apply them
consistently. Needless to say, the final physical results should not depend on this choice.
The simplest choice is to require that

x,,(z) = 0 at = (8.16)

Note that the two eigenfunctions with w2 < m2 satisfy Eq. (8.16) automatically at L
For eigenfunctions with w > m- the boundary conditions (8 16) discretize the spectrum.

'Ii

II)—

The potential in L2.
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To say that each mode in the mode decomposition gives rise to a (decoupled) harmonic
oscillator is not quite accurate; it is true for all modes with positive eigenvalues. however,
in the problem at hand one mode is special. Its eigenvaluc vanishes.10 Such modes are
referred to as zero modes and must be treated separately, because the fluctuations in the

Zero modes functional space along the "direction" of the zero modes arc not small.
The occurrence of zero modes (a single zero mode in the case at hand) can be under-

stood from a general argument. The solution (8.9) represents a kink centered at the origin.
This particular solution breaks the translational invariance of the problem. The breaking is
spontaneous, which means that, in fact, there must exist a family of solutions centered at
every point on the: axis translational invariance is restored by this family. The latter is
paramctri7ed by a collective coordinate zo, the kink center:

— 70) = (8 17)

Two solutions, :0) and — Z0 where 6zo is a small variation of the kink
center, have the same mass. Therefore, it is clear that the zero mode Xo is proportional to
the derivative

xo(z 70) :0) (8.18)
dzo

Normalizing to unity we get

xo(z) = = IcoshLz/212
(8 19)

This result — the proportionality of the zero modes to the derivatives of the classical
solution with respect to the appropriate collective coordinates is general In the case at

hand there is a single collective coordinate and a single zero mode. In other problems
classical solutions can he described by a number of collective coordinates (moduli). The
number of zero modes always matches the number of collective coordinates.

The sums in Eqs (8.6) and (8.14) run over n 0. For a discussion of the second discrete

level see Section 8.5.

8.3 Dynamics of the collective coordinates

In two dimensions a kink is a particle. If we consider a kink in the ground state, none of
the oscillator modes is excited. The kink dynamics are described by a single variable, :o
We will carry out the quanti7ation of this variable (usually referred to as the translational
modulus) in the adiabatic approximation.

In this approximation we assume that the kink moves very slowly, so that the time
dependence of the kink solution enters only through the time dependence of its center.

= — :0(t)) (820)

0 In stable systems there are no modes with eigcnvalues
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Substituting the ansatz (8 20) into Eq. (8.1) we arrive at

S
=

f dzdt{ — + + = fdr (—Mk + (8.21)

Here we have used Eq (8.19) and the fact that the expression in the square brackets is the
kink mass. The corresponding 1-lamiltonian is

Mk
(822)

2 2Mk

where p-0 is the canonical momentum:

zo) = —i . (8.23)

There is no potential term in Eq. (8.22) The reason is clear. Zo reflects the translational
invariance of the original field theory and hence the kink energy cannot depend on Zo per ye,

only on the kink velocity Equations (8 22) and (8 23) represent the first-quantized
description of a freely moving particle characteri,ed by a single degree of freedom, its
position. Equation (8.22) prompts us to how one can generalize_the Hamiltonian to go, if

necessary, beyond the assumption << I, namely: —+ V/Me +

8.4 Nonzero modes
Mode
de ompos!- Let us return to the expression for the Hamiltonian,
l,Ofl of the

Mk 2 / 1 2 W
Mk + (8.24)

Quantum fluctuations in the "direction" of nonzero modes are described by the last term. To

specify the quantum state of the kink we must specify the quantum state of each harmonic
oscillator in the sum. Let us consider the situation when the kink is in the ground state. All
oscillators then are in the ground state too, which obviously implies that

Mk + . (8.25)

To calculate the sum over the /ero-point energies we must know the spectrum of the oper-
ator (8.11). Fortunately, the Schrodinger equation (8.12) has been very well studied in the
literature)1 The potential in this equation is a special case it is called "reflectionlcss"
and we will use this fact below.

The spectrum has two discrete eigenvalues, 0 and 3in2/4 All other eigen-
values lie above m2. This part of the spectrum would be continuous if it were not for the
"large box" boundary conditions (8.16). Let us forget about these boundary conditions for a
moment. The general solution of (8.12) is given in [7]; however, we do not need its explicit
form. It is sufficient to know the following.

SeC [71. pp 73,SO
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First, the solutions with w2 > 1112 are labeled by a continuous index p. This index is
related to the cigenvalue by

p = m2 (8 26)

and spans the interval (0,00).
Second, there is no reflection in the potential (8.1 1) In other words, choosing one of two

linearly independent solutions in such a way that

x,(z) = at z +00, (p > 0) (8.27)

(i.e. choosing the right-moving wave) we have the same exponential in the other asymptotic

region:

x,,(z) = at —+ —00. (8.28)

The left-moving wave, which appears at z —÷ —oc in generic potentials does not
appear in the problem at hand. The only impact of the potential is a phase shifi S,, where

=
(I + ip/m (I + 2ip/m

(8.29)
I — ip/mJ I 2ip/mJ

The second, linearly independent, solution with the same cigcnvalue can be chosen as
The general solution then has the form

+ (8.30)

where A and B are arbitrary constants.

Now let us discretize the spectrum imposing the boundary conditions (8.16). From
Eq. (8.30) we get two relations for A and B,

A + B = 0, A + B = 0. (831)

A nontrivial solution exists if and only if

Xp (L/2)
= +1 (8 32)

x, (—172)

This constraint in conjunction with (8 27)- (8.29) gives us the following equation for p:

= ±1, (8.33)

or, equivalently,

pL — = n = 0, 1,.. (8.34)

Let us denote the nth solution of the last equation by For what follows I note that for
an "empty" vacuum (no kink) the corresponding equation would be

pL=irn (835)

and the iith solution would be

= (8.36)
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We need to calculate the sum At large p the eigenvalues grow as p, and the

sum is quadratically divergent. Should we be surprised? No.
The high-lying modes do not "notice" the kink background; they are the same as for

the "empty" vacuum, whose energy density is indeed quadratically divergent. When we

Subtracting measure the kink mass we perform the measurement relative to the vacuum energy. Thus
the tacuuni the vacuum energy must be subtracted from the sum which becomes
fluctuations

= ((On

= + + + second bound-state energy.

(8.37)

The need to subtract the vacuum energy is a general rule in this range of problems.
Since our task is the calculation of hMk with logarithmic accuracy we will omit from

the sum (8 37) the contribution of the second bound state (with = 3m2/4). For any

preassigned n, the difference 5/in2 + + is arbitrarily close to zero at I. 00

Only summing over a large number of terms with ii in L gives a logarithmic effect Under
these conditions we can write

= — = "i 's"
, (8 38)

2 2s,/m2 + 2 +

where Eqs. (8.34) and (8.35) have been used Keeping in mind the limit 1. —+ 00 we can
replace summation over ii by integration over p:

f (8.39)

Then we get

I db 1/2
bMk =

J
dp —f + . (8.40)

2m dp

Here we have integrated by parts and used ho = = 0 The derivative of the phase is

readily calculable from Eq. (8 29),

db 2/1 2 \ p
+ (8.41)

dp m +y2 I +4y2) in

Substituting this expression into (8 40) and discarding nonlogarithmic contributions we get

= 3m fdv/v. (842)

This integral is logarithmic. l'he divergence at small v (small p) is an artifact of the approx-
imation we have used. In fact, comparing Eqs. (8.41) and (8.42) we see that at the lower
limit of integration the logarithmic integral is cut off at y

The divergence at large v (large p) is a genuine ultraviolet divergence, typical of renor-
malizable field theories. To regularize this divergence we must introduce an ultraviolet
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cutoff Then at the upper limit of integration the logarithmic integral (8.42) has a
cutoff at y =

As a result, we Finally arrive at

= Mk — In
(M 2

4m \m

m3 3m
(843)

3g- 4m

Let us compare this result with the expression for the mass parameter m renormalized

(8 43) and at one loop, see Eq. (8.4). We observe, with satisfaction, that the logarithmically divergent
(844) term is completely absorbed in the rcnormaliied mass
match'

3

= (8.44)
k 3g2

Note that the coupling constant g is not logarithmically renormali,ed in the present model.
In our simplified analysis we have ignored nonlogarithmic (Finite) renormalizations of

Mk and in at one loop. These were first calculated in a pioneering paper (see the second
paper in [18]). The result after incorporating them is

=
—

—

(8.45)

8.5 Kink excitations

If we excite any oscillator corresponding to the a 0 modes we get an excited kink
state. Of particular interest is the mode with eigcnvalue = 3m2/4. It corresponds to an
eigenvibration of the kink that dies off exponentially at — zol

in The state
it below the threshold of the two-particle states "kink + elementary excitation."

Therefore it is stable. The higher-f states decay into the ground-state kink and one or more
elementary excitations.

Exercises

8.1 Derive the equation (8.4).
8 2 Prove by direct calculation that xo(:) satisfies the equation

L2XO(Z)0 ([8.1)

Solution The simplest way to check Eq. (E8.l) is as follows. l.ct us represent L2 in
the factorized form

L2 = (h82)
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where

P = a, + = + m tanh(m:/2),

(E8.3)pt = +m tanh(inz/2).

This decomposition reduces the second-order equation (E8.5) to the Iirst-order
equation

Xo ra- + ,n tanh(tnz/2)J = 0, (E8.4)
Icosh(,nz/2)12

which is obviously satisfied
8.3 Using the explicit form of the iero mode, prove that the Schrodinger equation

L2 Xn(Z) = (E8.5)

has no negative eigenvalues.

9 Charge fractionalization

In this scction we will become acquainted with fermions in the context of soliton physics.
Fermions are unavoidable in supersymmetric models. However, they can appear in non-
supersymmetric models too. In some ways. dealing with fermions in nonsupersymmetric
models is a simpler task. Once fermions have been introduced we encounter, quite
frequently, interesting and counterintuitive effects in the soliton background. Charge frac-
tionalization is one such phenomenon. We will discuss other spectacular effects due to
fermions in topologically nontrivial backgrounds in subsequent sections.

Let us remember that at weak coupling, when the quasielassical treatment is applicable,
the soliton background field is strong. Since the fermions present purely quantum effects,
in the leading approximation we can first construct the soliton, ignoring the presence of
fermions altogether, and then consider fermion-induced effects in the given background;
the impact of fermions on the background field reveals itself at higher orders.

9.1 Kinks in two dimensions and Dirac fermions

Thiv model The simplest model in which the presence of fermions leads to interesting phenomena is
with the model with kinks discussed in Section 5. The bosonic sector of the model includes one
Majorana real scalar field Here we will couple it to a Dirac fermion.
fermions o
in Section The Lagrangian of the model can be chosen, for instance, as follows

(9.1)
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where is a real scalar held, g and A are positive coupling constants, and i/i is the Dirac
(complex two-component) spinor,

Warning i/i
= (9 2)

these y
1/12 /

matrices are Here, convenient choice of gamma matrices is
1,0/is tan—

y°=a2, y1 y5=y°y' =—al, (9.3)
Section 45 2

where aI,2,3 arc the Pauli matrices. The hosonic part of the Lagrangian (the first two terms
in Eq. (9.1)) is the same as in Section 5, with the very same kinks. Therefore we will bypass

this part of the construction, focusing on the fermion part represented by the second two
terms in Eq. (9 1).

In our model there exists a global U( I) symmetry,

1/' —÷ i/i (9.4)

This symmetry has an obvious interpretation: it relates to the fermion charge. The fermion

current

j" = 1/' (95)

has no divergence

= 0 (9 6)

Equation (9.6) is an immediate consequence of the equations of motion. It implies, in turn,

that the fermion charge, defined as

Q = (9.7)

is conserved.

Besides its global U( 1) symmetry this model possesses a Z2 symmetry:

(9.8)

This Z2 symmetry is spontaneously broken in the vacuum. There are two vacuum states, at

= ±v In both vacua the mass of the elementary fermion excitations is equal,

(9.9)

see Eq (9.1) Note that the sign of the mass term in the Lagrangian changes when one passes

from one vacuum state, at 1/i = —i, to the other, at q5 = i'. The kink solution interpolates
between the two vacua. The mass term vanishes at the center of the kink solution. The fact

that the mass term changes sign on the kink will play a crucial role in what follows.
The canonical quanti/alion of the field 1/' in the given vacuum is straightforward. Let us

consider for definiteness the vacuum at = —i'. The free fermion field Lagrangian is

(9.10)
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where is given by Eq. (9.9). The field canbe decomposed into plane waves Then the
standard procedure of quantization of the field in a box of size I. yields

(apup + , (9.11)

where p Pc and E(p) = + in2. This expression describes fermion annihilation and
antifermion creation a1, and are the corresponding annihilation and creation operators.
With our choice of gamma matrices the spinors U1, and 'v1, can be defined as follows.

/ \ /
u,,=( I. I (912)

\(—p + \(—p —

The standard anticommutation relations are implied for the creation and annihilation
operators.

{a1, = (9.13)

all other anticommutators vanish. It is not difficult to check that Eq (9. 13) entails the proper
anticommutation relation for the field namely

= — :') (9.14)

As usual the vacuum state of the theory must be defined as the state that is annihilated by
all the operators a,., and b,,:

= b,,Ivae) = 0. (9.15)

Then the state describes a fermion elementary excitation i.e. a fermion with momen-

tum p. while describes an antifermion. Furthermore, if one uses the decomposition

(9 II) in the expression for the fermion charge (9.7). one obtains

Q = — I)] . (9 16)

It should be clear that a definite fermion charge can be assigned to each elementary
excitation of the theory. Equation (9 16) implies that the charge of the fermion is unity and
that of the antifermion is minus unity, while the charge of the bosonic elementary excitation

vanishes At the same time, Eq. (9.16) reveals a drawback in our definition of the fermion
charge. Namely, if we try to calculate the fermion charge of the vacuum state (9.15) then
we will find that it is positive and infinite. This additive infinite constant has no impact on
the charges of the excitations — that is why usually one just ignores it.

As we will see shortly, when we come to the soliton fermion charge we have to use a
more careful definition preserving the neutrality of the vacuum state. Fortunately, it is very
easy to amend the fermion current (9.5) using its C invariance (charge conjugation). To
this end let us introduce the charge-conjugated fermion field i/ia and the fermion current
for this field. The charge-conjugated field must depend linearly on and must satisfy
the same equation as thus

= 0, = 0, (9.17)

1/i/lode
deeompovi—

(jo/I plane
uat'es -
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where we have taken into account that the field is C-even. Since our yoi matrices are

Amended purely imaginary, it is obvious that
krrnion Now, if we introduce the fermion current as

= (918)

instead of Eq. (9.5), it is still conserved, while the expression for the fermion charge becomes

Q = — . (9.19)

The amended definition (9.18) is identical to that presented in Eq. (9.5) up to a constant —
the infinite additive constant in the vacuum charge mentioned above. Now the vacuum is
neutral, as it should The charges of all elementary excitations stay the same; for any finite
number n, any ensemble of n quanta has integer fermion charge.

For future comparison I give here the second-quantized expression for (the fermion part
of) the Hamiltonian,

H = (9.20)

where an infinite additive constant has been omitted.
Now, after this rather extended digression on canonical quantization, we are ready to

address the kink problem in the presence of fermions. Since the kink solution is static, one
can still use the Ilamiltonian (canonical) quantization. The decomposition in plane waves
(9.11) is no longer appropriate, however. In the kink background a plane wave is no longer a
solution ofthe equation ofmotion lfthc kink center is fixed, translational invariance is lost

does not commute with the Hamiltonian. The decomposition (9.11) will not diagonaliLe
the Hamiltonian

Let us write the equations for the eigenvalues of the Dirac operator in the presence of a
kink To this end we take the classical equation of motion

Jr \
(9.21)

\
and substitute there

(922)

In the kink background, with the kink center fixed at the origin, a discrete symmetry

survives corresponding to the transformation z —z. The eigenfunctions of the corre-
sponding operator can be classified according to this Z2 symmetry: under z —z they are
either even or odd.

To be more specific, let us introduce two conjugated operators,

P = = (9.23)
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where here stands for the kink solution (5.11),

= 'tanh (9.24)

The precise form of the kink solution is not important at this stage. What is important,
though, is that the kink solution is topologically nontrivial: at —oo the field tends

to a negative constant and at z —÷ oo to a positive constant.

From the pair of the conjugate operators P and one can construct two Ilermitian
operators, namely

L2 = = +

[2 = ppt = + + (9.25)

where =
We need to choose Ilermitian operators since only for such operators does the set of

eigenfunctions present a complete orthonormal system suitable for decomposition.
It is clear that all eigenvalues of L2 and L2 are non-negative (and the cigenfunctions are

real). In fact, the spectra of both operators arc the same, with the exception of the zero mode.

To be able to discuss this point more carefully we need to discreti,e the spectrum, in much
the same way as a "large box" discretizes the spectrum of Pz in the canonical quantization
near the trivial vacuum (see above). Convenient boundary conditions in the present case
are as follows. At z = +L/2 the eigenfunctions of L2 satisfy the constraint

Xn(Z = ±L/2) = 0, (926)

where

= (9.27)
Con I'enienl
boundary For the eigenfunctions x,, of L2 we impose the boundary conditions
condition

PX,1(z = ±L/2) = 0, (928)

where

L2 xn(z) = (9.29)

Equations (9.27) and (9.29) reflect the fact (mentioned above) that the spectra of L2 and
12 are degenerate under these boundary conditions.

Indeed, let Xn(Z) be a normalized eigenfunction of the operator L2. l'hen

= (9.30)

is the normalized eigenfunction of L2 having the same eigenvaluc. The converse is also
true. If is a normalized eigenfunction of then

(9.31)
wn

is the normalized eigenfunction of' L2 having the same eigenvalue.
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The only subtlety for the zero mode. The operator L2 has a zero mode. L2XO = 0,

while L2 does not. Why is this?
For a ,ero mode to occur in L7 it is necessary that = 0. 'Ihis equation has a

I-ermwn ,,ormal,zthle solution,
:ero mode

Xo (X f . (9.32)

lfX is positive (which I am assuming) and has the asymptotic behavior specilied after

Eq. (9.24) then the zero mode (9.32) is normali,able.
Fora zero mode to occur in L2 it would be necessary that = 0, which would require

that

xo exp(x dZ

This solution
\

!S 1101 which is non-normali7able. This fact that only one of these two operators has a ,cro
mulizuble' mode will have far-reaching consequences

Now, if we usc the cigenfunctions of the operators L2 and L2 for the decomposition

of the fermion field i/i, the fermion part of the Ilamiltonian will be diagonalized The
seeond-quantiLed expression for the fermion field takes the form

z) = ao (
Xo(z) ) + ( )

+ e"t
( )]

(933)
with a similar expression for The operators and are interpreted respectively as

annihilation and creation operators, with the standard anticommutation relations

} = (9.34)

Using the completeness of both sets of eigenfunctions, x,1(z) and it is not difficult
to check that the basic anticommutation relation (9.14) is satisfied (in the limit 1. oc).

In the kink background, the fermion part of the Hamiltonian reduces to

H
= f d: +

- 0

-J 0

= , (935)
n

where I have dropped an additive (infinite) constant in the last line. Note that the operators

ao, relating to the zero mode do not enter the second-quantized Hamiltonian (9 35) which
looks essentially identical to that in Eq. (9 20)

Now our task is to build the lowest-energy state, the ground-state kink, which is an analog

of the vacuum state in the ease of the trivial solution = It is no surprise that there
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are two such states for a given kink. The fermion level associated with the zero mode may

or may not be filled both options lead to the same energy.

Indeed, as is obvious from Eq. (9.35), the minimum energy in the Ièrmion sector is
achieved when all levels with n 0 are empty, i.e

= = 0, n 0. (9.36)

Here Ikink) denotes the ground-state kink. Since ao does not enter the 1-lamiltonian, the
condition aolkink) = 0 is not mandatory. Let us first assume that this condition is imposed,

aolkink) = 0. (9.37)

This is the condition that this level is empty. One can build another state, let us call it Ikink'),

such that

kink') = (9.38)

This is the state with a filled 7ero level. Both states, kink) and kink'), have the same energy,

= . (9.39)

The reason for this is obvious since this fermion level has zero energy, whether or not it is

filled does not matter.

9.2 What is the fermion charge of the kink?

Now we are able to deduce the fermion charge of the kink. As explained earlier, we should
measure the charge using the amended current (9.18). Substituting the decomposition (9.33)

into (9.18) one obtains

Qklnk = — + + h,, — — a,1 . (9.40)

There is no ambiguous additive constant here the expression for the current has been

adjusted already in such a way that the trivial vacuum = ±v carries zero charge. In order
to find the fermion charge of the kink we sandwich Eq. (9.40) between Ikink) or kink'),
using the conditions (9.36) and (9.37) and the definition (9.38):

= (kink'IQklflklkink') = . (941)

The result is remarkable! There are two kink ground states, and both have fractional charge.

Remember that any finite number of elementary excitations in the trivial vacua can only
produce an integer-charge state. Technically, the occurrence of the fermion charge ±1/2 is
due to the existence of a single fermion zero mode in the kink background.

See Part/I Other models, with an odd number of fermion zero modes on solitons, are known. In all
for many

such problems the fermion charge of the soliton is fractional.
imporiani . .

examples When I say that there is one fermion zero mode on the kink, I need to qualify this The
zero mode represented by the first term in (9.33) is complex. Consider the equation on

and that on in the kink background (see Eq. (9 17)). Both have a solution. Since we are
dealing with Dirac (complex) fermions, even though the functional form for the solution is
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the same (proportional to xo) these are two distinct Lero modes. The corresponding moduli

parameter is complex we have ao and which are independent.

Were we dealing with the Majorana fermion, we would get only one modulus. This
situation is also referred to as the one-fermion zero mode. One encounters such an example

in supersymmetry (see Chapter II Section 71) In problems where the l)irac fermion has
one ,ero mode we end up with fermion charge fractionali,ation. An even more unusual
phenomenon occurs when the Majorana fermion has one zero mode the very distinction
between bosons and fermions is lost in this case.

Our derivation of the fact that the fermion charge ofthe kink is ± 1/2 is completely sound,

albeit rather technical. This fact is so counterintuitive that the curious reader may be left
unsatisfied in a search for the underlying physics. Without delving into details, we will say
only that the missing halfof the fermion charge does not totally disappear. It "delocalizes,"
i.e. it leaves the soliton and attaches itself to a boundary of the "large box." In no local
experiments (performed in the vicinity of the kink) can one observe the "missing 1/2." An
experimentalist investigating the kink states will simply detect ±1/2.

Exercise

9 1 Look through later chapters and identify other examples of charge fractionaliiation
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91 10 Vortices and strings

10 Vortices and strings

In field theory solitons ofa "curly type" arc called vortices, for a good reason. They are close
relatives of tornadoes and of the vortices on a water surface that are a matter of every-day
experience. Vortices can develop in field theories with spontaneously broken continuous

symmetries in which vacuum manifolds have a circular structure. The simplest example
can he found in models with gauge U( 1) in the Iliggs phase, with which we will start. This
example was found long ago: in 1957 it was discussed by Abrikosov [1] in the context of
superconductivity; in 1973 Nielsen and Olesen [2] considered relativistic vortices after the
advent of the lliggs model in high-energy physics After we have become acquainted with
Abrikosov Nielsen—Olesen (ANO) vortices we will discuss some generalizations.

Topological defects of the vortex type can be considered in 1-1-2 and 11-3 dimensions. In
the latter case they represent flux tubes (strings) In the former case we are dealing with
vortices per se

In passing from the classical vortex solution in 1+2 dimensions to the flux-tube solution
in 1 1-3 dimensions, the form of the solution per se does not change. In 11-3 dimensions we
will always assume that the flux tube under consideration is parallel to the z axis. Then
the static flux-tube solution depends only on x and v and coincides with the static vortex
solution in 1+2 dimensions. With this convention the magnetic field inside the flux tube is
aligned in the z direction, i.e. B = {O, 0, B3 }. The vortex magnetic field is a scalar quantity
under spatial rotations in 1+2 dimensions the photon field strength tensor has a single
spatial component F12, which transforms as the time component of a 3-vector.

Vortices in 1-1-2 dimensions are particles and are characterized by their mass. Strings in
1 1-3 dimensions are extended objects. They are characterized by their energy per unit length,
the string tension

Even though the classical solutions in 1+2 and dimensions coincide, the determi-
nation of quantum corrections to masses or tensions depends critically on the number of
dimensions, since the quantum corrections "know" of the presence of the z direction. Thus
they should be treated separately in these two cases.

10.1 Global vortices

The simplest vortex that one can imagine emerges in the theory ofa single complex scalar
U(l) k not

field with U( 1) symmetry, for which
gauged here

(10.1)

where

= v2)2. (10.2)

In the vacuum = v, but the phase of the field may rotate. Imagine a point on the xv
plane and a contour C which encircles this point (Fig 3.1). Imagine that, as we travel along



The vortex of the 0 field. The arrows show the value and phase of the complex field at given points on a contour

that encircles the origin (the vortex center).

Polar coordinates in thexy plane, r = ,/x2 + y2.

this contour, the phase of the field increases from 0 to 2jr, or from 0 to 4jr, and so on,
is said to "wind." In other words,

(r,a) —÷ at r —÷

Topological
formula br
the firsi
homotopy
group

where we are using polar coordinates: cc is the angle in the xy plane, r is the radius (Fig 3.2),

and n is an integer. Such a field configuration is called a vortex. It is clear, on topological
grounds, that the winding of the field cannot be unwound by any continuous field defor-
mation. Mathematically this is expressed as follows The vacuum manifold in the case at
hand is a circle. We map this abstract circle onto a spatial circle as depicted in Fig. 3.1 Such

maps arc categorized by topologically distinct classes, labeled by integers that arc positive,
negative or zero:

= Z.

92 Chapter 3 Vortices and flux tubes (strings)

V

X

(10.3)
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The integer labeling a class counts how many times we wind around the vacuum-manifold
circle when we sweep the spatial circle once. The map is orientable: by sweeping the vacuum

manifold clockwise we can wind around the spatial circle clockwise or anticlockwisc
Although such global vortices may play a role if their spatial dimensions are assumed to

be finite, their energy diverges (logarithmically) in the limit of inhinite sample size. Indeed,

= as r -+ 00 (i,j = 1,2), (10.4)

which implies that

E = fd2x + 2m?2n2 f 00. (10.5)

Thus, the global vortex mass (the flux-tube tension in D = 4 dimensions) diverges loga-
rithmically both at large and small r. The small-r divergence can be cured if we let —* 0

in the vicinity of the vortex center. To cure the large-r divergence we have to introduce a
gauge field.

10.2 The Abrikosov—Nielsen—Olesen vortex (or string)

A way out allowing one to make the vortex energy finite is well known.1 To this end one
needs to gauge the U(l) symmetry. The Abrikosov—Nielsen—Olesen (ANO) vortex is a

soliton in the gauge theory with a charged scalar field whose vacuum expectation value
1 breaks U( I) spontaneously. The model is described by the Lagrangian

= + — (10.6)

where F111 is the photon field strength tensor,

= a/SAL

and the covariant derivative is defined by

= ineAp)c5, = + (10.7)

where n5 is the electric charge of the field (in the units of e, for instance, =
+1/2, +1,...).

The potential energy is chosen in such a way as to guarantee that the l-liggs mech-

anism does take place. Equation (10.2) achieves this. As usual, the constants X and e are
assumed to be small, so that a quasiclassical treatment is justi lied.

This model is invariant under the U( 1) gauge transformations

A,5 — (108)

Since the transverse si/c of the ANO string is of order mV1 H • see below, and the energy density is well locali7ed.
some people refer to the ANO string as local Strings occupying an intermediate position between the global
strings of Section tO I and the ANO strings, whose transverse si7e can be arbitrary while their tension is finite,
go under the name of semi/os al I-or a review see 13] An example of a semilocal string is the CP( I) instanton
provided that one elevates the CP( I) model to four dimensions Semilocal strings will not be considered in this
text
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Usually the gauge is chosen in such a way that, in the vacuum,

(109)

This is called the unitary gauge. The phase of r can be chosen arbitrarily; usually it is
I Unuaiy . .

I gauge
assumed that v is real. It is obvious that hq. (10.9) corresponds to the minimal energy, the
vacuum. In the unitary gauge the scalar field in the vacuum is coordinate independent.

Owing to the lliggs mechanism the vector field acquires a mass

= (10 10)

is eaten by the Higgs mechanism, so that = r + The surviving real
scalar field which is not eaten up by the vector field, is called the Higgs field. Its
mass is

mH (10.11)

In order to see that the soliton finite-energy solution does exist in this model, and to find
it, let us first consider all nonsingular field configurations that are static (time-independent)
in the gauge A0 = 0. Imposing the gauge A0 = 0, we still have the freedom of doing
time-independent (but space-dependent) gauge transformations We will keep this freedom

in reserve for the time being. The only requirement that we impose now is the finiteness of
the energy:

fd2x + + <oc. (10 12)

To ensure that the energy is finite it is necessary (but not sufficient) that 0 at

00, i.e.

(1013)

Let us choose a circle of large radius R (eventually we will let R —÷ 00) centered at the
origin. The absolute value on this circle must be v; however, the phase of the field 0
is not fixed by the condition fd2x < oc. Thus, one can choose

(1014)

on the large circle. The winding number does not depend on details of the function f(a),
but only on its global (topological) properties. An example off(a) that belongs to the class
n = I (i.e. a single winding) is [(a) = a. By performing a "small" time-independent gauge
transformation we can always transform f(a) into any other function from the a I class;

see Fig. 3.3.

The same is true with regard to the phase functions f(a) chosen to belong to other classes,

with integer (positive or negative) n I. Any continuous function satisfying the boundary

conditions f(0) = 0 and = 2nir can he transformed into f(a) = na. This is an

analog of the unitary gauge in the topologically trivial class a = 0
The condition

—÷ (10.15)
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The winding
number
the flux of
the magnetic
fleldin the
string core,
in unitc

The phase functions (10.14) from then = 1 class. This class is defined by the boundary conditions f(0) 0 and

f(2m) = 2jr.

/ (a)

2x

(5

at large r is necessary but not sufficient to ensure the finiteness of the energy functional
(10.12). Indeed, assume that A —÷ Oat lxi oc. Then we have

f fdri.
The last integral diverges logarithmically at larger, as in Eq. (10.5).

This divergence, due to the winding can be eliminated. Indeed, is not the correct

measure of the variation in since it is the covariant derivative that counts. One can try to

introduce the gauge potential A in such a way that (i) at lxi —÷ 00 it is pure gauge and no
field strength tensor Fjj is generated (otherwise, there would be a divergence owing to the

term); (ii) —+ 0 fast enough that there is no divergence in thefd2x term.

Using Eqs. (10.4) and (10.7) it is not difficult to see that to meet the above requirements
we must switch on the gauge potential in such a way that asymptotically, at large r, it
tends to

= = i,j = 1,2, (10.16)
tte r

where is the two-dimensional Levi--Civita tensor It is clear that then both and

fall off at infinity faster than l/r2 (in fact, they fall off exponentially fast), and the energy
integral converges.

The form of the gauge potential (10.16) is in one-to-one correspondence with the form of
the phase in the asymptotics see Eq. (10.15). One can write an integral representation

for the winding number:

(10.17)
2irJ

where B is the magnetic field,

B = Fi2. (10.18)

The second equality on the right-hand side is due to Stokes' theorem, which allows
one to transform the contour integral into a surface integral over We see that the
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winding number is proportional to the flux of the magnetic field carried by the string in

its core.

10.3 The critical vortex

svnanetric So far we have focused on two issues. the topological stability of the U( 1) vortex and how
counterpart .

in Section 74 gauging U(l) allows one to obtain a vortex of finite energy. Neither the precise form of the
soliton solution nor its mass were addressed. Now it is time to discuss these issues. We will

consider a special limiting case, the critical, or Bogomol'nyi--Prasad--Sommerlield (BPS),
vortex.

For generic values of the scalar coupling X (see Eq. (10.2)), the scalar-field mass (also
called the Higgs-field mass) is distinct from that of the photon. The ratio of the vector-field
mass and the Higgs mass is an important parameter in the theory of superconductivity since

it characteriLes the superconductor type, see e.g. [4]. Namely, for < in, we have a

type I superconductor (the vortices attract each other), while for PiH > tn v we have a type

superconductor (the vortices repel each other). This is related to the fact that the scalar
o/ the I and .

field produces an attraction between two vortices, while the electromagnetic field producesii
a repulsion.

The boundary separating type I and type II superconductors corresponds to the special
case =mv, i e. to a special value of the quartic coupling X given by

(10.19)

see Eqs. (10.10) and (10 II). In this case the vortices do not interact.
It is well known that the vanishing of the interaction between two parallel strings at

the special point = can be explained by a criticality (i.e BPS saturation) of the
Abrikosov—N ielsen—Olesen vortex. At this point the vortex satisfies the first-order equations

and saturates the Bogomol'nyi bound
BogomoI'nvi This bound follows from the following representation for the vortex mass (string

I completion tension) T
in the vortex

__________

I n2 2

T = fd2x + +

= fd2x B + — + (Di +

+27ru2n. (10.20)

The representation (10.20) is known as the Bogomol'nyi completion. It is not difficult to
see that the first and second lines in Eq. (10 20) arc identical up to the boundary term. The
difference between them reduces to

f d2x [neB v.2) + (10.21)
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plus an integral over a total derivative that vanishes. The terms proportional to cancel

each other; the remainder is the flux times v2.
The minimal value of the tension is reached when both terms in the integrand of

Eq. (10.20) vanish,

B + Flee2 = 0, (Vi + iV2) = 0. (1022)

(Let me note parenthetically that within the Landau—Ginzburg approach to superconduc-
tivity the same system of first-order differential equations was derived by (I Sarma in the

_________--

early 1960s; see
5tring If Eqs. (10.22) arc satisfied, the vortex mass (string tension) is
(en cion

T = , (10.23)

where the winding number n counts the quantized magnetic flux. The linear dependence of
the n-vortex mass on n implies the absence of interactions between the vortices.

To solve Eqs (10.22) one must find an appropriate ansatz. For the elementary, =
vortex it is convenient to introduce two profile functions and f(r), as follows:

0(x) = = [I J(r)], (10.24)

where r = ..,/x2 + y2 is the distance and a is the polar angle; see Fig. 3.2. Moreover, it is
convenient to introduce a dimensionless distance p, where

P = fleC (10.25)

A remarkable fact: the unsatz (10.24) is compatible with the set of equations (10.22) and,
upon substitution in (10.22), results in the following two equations for the profile functions

(10.26)pdp dp

The boundary conditions for the profile functions are rather obvious from the form of
the ansatz (10.24) and from our previous discussion. At large distances we have

w(Dc) = I, f(oo) 0. (10.27)

At the same time, at the origin the smoothness of the field configuration under consideration
(i.e. the absence of singularities) requires that

w(O) = 0, f(0) = 1. (10.28)

These boundary conditions are such that the scalar field reaches its vacuum value at infinity.
Equations (10.26) with the above boundary conditions lead to a unique solution for the
profile functions, although its analytic form is not known. A numerical solution is presented
in Fig. 3.4. At large r the asymptotic behavior of the profile functions is

— ço(r) exp(—mvr), f(r) exp(—nzvr). (10.29)

The ANO vortex breaks the translational invariance. It is characteri,ed by two collective
coordinates (or moduli) xo and yo, which indicate the position of the string center.
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Profile functions of the string as functions of the dimensionless variable my r The gauge and scalar profile functions

are given by f and q, respectively.

10.4 Noncritical vortex or string

If mH my then Bogomol'nyi completion does not work. One has to solve the second-
order equations of motion which follow from minimization of the energy functional in
Eq (10 12) with given in Eq. (10.2). The (10.24) remains to be applicable. It
goes through the second-order equations of motion and yields

d (I df\ 2—{—-—J—2nTe i' —1=0,dr\rdr,/ r

(10.30)

(r + — i) + ¶ = 0

These equations must be supplemented by the boundary conditions (10.27) and (10.28)
One can then solve them numerically.

In the limiting case of small my (i.e. mt//mv I) one can quite easily find the vortex
mass or string tension with logarithmic accuracy. This was first done in Abrikosov's original
paper, in 1957. Let us lincari,e Eqs. (10.30) at larger using the boundary conditions (10.27)
and (10.28). Then we get

d (1 2r — — my f = 0,dr \r drj

I d r d(I—w)1 2

dr ]
=0, (10.31)

implying the following asymptotic behavior:

f(r) exp(—mvr), i (1) exp(—m,1r) (10.32)

At the origin both these profile functions, f and I q, tend to unity Away from the
origin they monotically decrease: 1 — çü becomes exponentially small at distances r

I 2 3 I 7
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while if does so at much larger distances, r At distances r we have
effectively, a global vortex with logarithmically divergent mass since the vector field has

Extreme not yet developed. The logarithmic divergence is cut off from below at r in H Thus, in

the limit mH/m v I we have for the vortex mass or string tension
on—

doctor
T t'2 ln(m jj/tn v). (10.33)

The opposite limit, mv/mH 1, is also of interest. In this limit we have [5]

T
I

(10.34)
ln(,n v/'nifl

The light lliggs limit was studied only quite recently, in 1999, by A. Yung because the limit

in v/mu I is attainable only in supersymmetric theories. In nonsupersymmetric theories,

even ifone line-tunes the Higgs mass to be small at the tree level, radiative corrections shift
it to larger values. In fact, the Higgs mass is constrained from below [6]

, e ,
mi,. (10.35)

10.5 Translational moduli

The solution discussed above describes a vortex centered at the origin. To obtain a solution
when the center is at the point Ixo, Yo} in the perpendicular plane, one must
perform the substitution

— (10.36)

everywhere in the above solution. Equation (10.36) is, of course, equivalent to x —* x xo

and v —÷ r vo. The two parameters xo and yo are the translational moduli of the vortex
(or string) solution.

Exercise

10.1 Prove that the gauge potential with the asymptotics (10.16) is pure gauge.

11 Non-Abelian vortices or strings

In this section we will discuss the simplest example ofnon-Abelian vortices or strings. What

does this mean9 As we already know, the U( 1) gauge theories in the Higgs regime support

ANO strings Needless to say, non-Abelian strings emerge in non-Abelian gauge theories
with a judiciously chosen matter sector [8] Not every flux-tube solution in non-Abelian
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theories is a non-Abelian string. To fall into this class, the flux-tube solution must have the
possibility of arbitrary rotations in the "internal" non-Abelian group space 2

To explain this in more detail let us recall that the non-Abelian magnetic field has

two indices, the geometric index i characterizing its orientation in space and the color
index a (a = 1,2,3 for SU(2)). If the string axis is directed in the z direction, only the

3 component of is nonvanishing, = 0 for i = I, 2. The third component,
• is still a three-component vector in SU(2). In non-Abelian strings its orientation in

Orwntational SU(2) can be arbitrary. The solution must have two internal "orientational" moduli, which
U I

parametrize the direction of in SU(2), in addition to two translational moduli and

vo The ANO string has only the translational moduli. The orientational moduli possess a
nontrivial interaction which reflects the structure of the gauge and flavor symmetries of the
model under consideration.

As a conceptual prototype, let us consider a model (to be generalized shortly) with
Lagrangian

(pa)2 - (r)2 +
4g2 4g

_2v2]. (11.1)

It describes two gauge bosons, SU(2) and U( I). The corresponding coupling constants are
denoted by g ,respectively The matter sector consists oftwo scalar fields (A = 1, 2),

each in the doublet representation of SU(2)gaugc. Note that the coupling constants governing

the scalar-field self-interactions coincide with the gauge coupling constants. This special
choice is made to ensure the equality of the and gauge boson masses, which, as
we already know, leads to BPS saturation of the string solutions (i.e. the reduction of the
second-order equations of motion to the first-order Bogomol'nyi equations).

The covariant derivative is defined as

= (11.2)

As is obvious from this definition, the IJ( I) charges of the fields A = 1, 2, are This

choice is convenient; it simplifies many expressions to be presented below. To keep the
theory at weak coupling we consider large values of the parameter i,2 in (11.1), i.e. v >> A.

Besides the gauge symmetry SU(2) x U( I), the Lagrangian (11.1) has a global flavor
SU(2) symmetry. To see this in an explicit way it is convenient to introduce a 2 x 2 matrix
of the fields

cD= ( , (11.3)

2 Some authors. especially in the literature of !980s and l990s. called "non-Abelian" any string appearing in
non-Abelian field theories This was rather unfortunate, since the magnetic field orientation in these strings
was rigidly fixed by the choice of gauge-symmetry-breaking pattern I suggest that this dated terminology be
abandoned "Non-Abelian" should he reserved for those tiux tubes that have orientational moduli in the internal
space
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Matter where the first superscript refers to the SU(2)gauge group and the second to the fla-
in matrix vor group (i.e A = I, 2). In terms of the matter part of the Lagrangian (II .1) takes

L[°Y'________ the form

= Tr(D0 D) — U k , (II 4)

where

= + 212]

The flavor transformation has the following effect on

(11.6)

while the color transformation acts as follows:

(11.7)

where U and U are arbitrary matrices from the groups

SU(2) and (11.5) is obvious To verify the color SU(2)
symmetry of one can use, for instance, the identity

Tr Tr
=

Tr Tr + Tr

following from the Fier, transformation for the Pauli matrices

11.1 Symmetries and the vacuum structure of the model

One may ask oneself why the interaction potential of the fields given in Eq. (II .5)
is chosen in such a special way. This is done on purpose: we want to ensure a special
symmetry-breaking pattern in the vacuum of the theory.

Let us have a closer look at Eq. (11 .5). It consists oftwo non-negative terms The absolute

minimum of the potential is obviously U = 0 To achieve this minimum each of the two
terms must vanish. The vanishing of the second term requires that 0 and i'. Then,

to make the first term vanish one can choose D to be proportional to the unit matrix, since

Tr = 0 for all a
After these remarks the vacuum field configuration is obvious.

= r (
° ) ,

=0 (11.8)

Color flavor
Of course. any field configuration that is gauge equivalent to (11.8) presents the (same)

vacuum solution.
We see that the vacuum of the model is invariant under a combined color flavor global

SU(2).

(11.9)



This feature will ensure occurrence oIthe orientational moduli in the string solution, making
it non-Abelian.

The phenomenon described above is usually referred to as color—flavor This
mechanism for color—flavor locking in models with an equal number of colors and flavors
was devised in 1972 [7]

ihe masses of the (Higgsed) gauge bosons are

=
2=g2 i. (11.10)

11.2 Abrikosov—Nielsen—Olesen versus "elementary" (1,0) and (0,1) strings

Even ifwe ignore the SU(2) gauge bosons altogether, the model that we are discussing still

supports the conventional Abrikosov—Nielsen Olesen strings. The existence of the ANO
string is due to the fact that In (U(l)) = Z, ensuring its topological stability. For this solution
one can discard the SU(2)gauge part of the action, putting A7, = 0. Correspondingly, there

will be no SU(2) winding of A nontrivial topology is reali,ed through a U( I) winding

= H

= i,j = 1,2,

where is the angle in the perpendicular plane (Fig. 3 5) and r is the distance from the
string axis in the perpendicular plane. Equations (II .11) and (11.12) refer to a minimal
ANO string with a minimal winding. The factor 2 in Eq. (11.12) is due to the fact that the
IJ(1) charge of the matter fields is 1/2. Needless to say, the tension of the ANO string is

Geometry ofa string.
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and

(II II)

(II 12)



In this ansal: only one of the two flavors winds around the string axis. Correspondingly.
the tJ(l) magnetic flux is halithat in the ANO case. To see that this is so it is sufficient to
perform a I-3ogomol'nyi completion of the energy functional, obtaining

E =f + T(a)] + + —

+[(vi [(V1 +v2fI7}. (1115)

Here we have omitted a (vanishing) surface term Equation (11 15) shows that for a BPS-
saturated string its tension is determined exclusively by the flux of the U(l) field.

Fi2 = AdF =
J JIurge circle

The ± subscript corresponds to two types of elementary string in which either only or
only is topologically nontrivial; see the boundary conditions (II .14).

We will refer to the strings corresponding to the boundary conditions (II 14) as (1, 0)
and (0, 1) It is instructive to reiterate the reason for their topological stability. The SU(2)
group space is a sphere. The homotopy group mi (SU(2)) is trivial. However, ifwc map half
the large circle (encircling the string in the perpendicular plane) onto this sphere, fixing
the beginning and the end at the north and south poles and the remaining half on half the
U( I) circle, in such a way that the mapping starts and ends at the same north and south
poles, this mapping will he noncontractable to a trivial mapping. Of course, we arc relying

on the fact that — I and I are elements of both the StJ(2) sphere (the center elements) and

the U(l) circle. Note that the boundary conditions (11.14) break the Z2 invariance of the
theory under consideration:

(AUto) (Aata)T. (11.17)
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given by the standard formula

TANO=47r1'2, (11.13)

where the factor 4ir instead of the 2m in Eq (10.23) appears due to the two flavors.
This is not the string in which we are interested here, however in fact, in the problem

at hand there are "more elementary" strings with half the above tension, so that the ANO
string can be viewed as a hound state of two elementary strings. Where do they come from!
Since (SU (2)) is trivial, at first sight it might seem that in the SU(2) x tJ( I) theory there
are no new options. This conclusion is wrong, however, one can combine the Z2 center
of SU(2) with the element — I E U( I) to get a topologically stable string-like solution,
possessing both windings, i e in SU(2) and U( 1), of the following type

F= exp [ia(x)
2 ]

i,j = 1,2. (II 14)

(11.16)

PTlwse stringy 1
are also
knowti US

v/rings
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Under this Z2 symmetry the strings (I, 0) and (0, I) interchange This explains the
degeneracy of the tensions.

11.3 First-order equations for elementary strings

Now let us study elementary strings. The first-order equations for the BPS strings following
from the energy functional (11 .15) are

+ = 0, a = 1.2,3,

F1 + — 212) = 0, (11.18)

(V1 + = 0,

where

= m,n,k 1,2,3. (11.19)

To construct the (0, I) and (1. 0) strings we further restrict the gauge field to a single
color component, namely by setting = = 0, then we consider the 1 fields of
2 x 2 color flavor diagonal form.

for k=A= 1,2. (11.20)

The off-diagonal components of the matrix are set to Lero.
The (1, 0) string arises when the first flavor has unit winding number and the sec-

ond flavor does not wind at all. And, vice versa, the (0, 1) string arises when the second
flavor has unit winding number and the first flavor does not wind Consider for defi-
niteness the (I, 0) string. (The (0, I) string solution is easy to obtain through (II .17))
The solutions of the first-order equations (11.18) can he sought using the following
ans air [8]:

=
0

0

= —Ejj — (II 21)

= —sjj —

where the profile fonctions for the scalar fields and J1, J for the gauge fields depend
only on r (i, J = 1,2). Applying this ansatz one can rearrange the first-order equations (11.8)



rdr 2

Furthermore, one needs to specify the boundary conditions that would determine the profile

functions in these equations, namely,

f3(0) = I, f(0) = I

fi(c'c)=O, f(c,o)=0

for the gauge lields, while the boundary conditions for the Higgs fields are

= I, = I, = 0. (II 24)

Note that, since the held does not wind, it need not vanish at the origin and it does not.
Numerical solutions of the Bogomol'nyi equations (11.22) for the (0, 1) and (1,0) strings
were found in [8], from which Figs. 3.6 and 3 7 are taken.

Vortex profile functions (r) and of the (1,0) string. Note that (0) = 0.
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in the form

d

—(f —dr

d
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1 1)

o 8

o (1

I) 1

o 2

The profile functions f3 (r) (lower curve) and f(r) (upper curve) for the (1,0) string.

11.4 Making non-Abelian strings from elementary strings: non-Abelian moduli

Rotating the
Z2 siring in
group space

(1128)

(1 M I U

The theory under consideration preserves global SU(2) symmetry, a diagonal subgroup of

SU(2)gauge and SU(2)iiavor At the same time, a straightforward inspection ofthe asymptotics
(II .14) shows that both elementary strings break this global SU(2) symmetry down to the
lJ(l) subgroup corresponding to rotations around the third axis in SU(2) space. This means

that there should exist a general family of solutions [8] described by non-Abelian moduli.
Their role is to propagate two "elementary" solutions inside SU(2) space The (1, 0) and
(0, 1) strings discussed above are just two representatives of this continuous family.

Let us elucidate the above assertion. While the vacuum field = vi (here I is a 2 x 2
unit matrix) is invariant under the global symmetry,

(II 25)

the string configuration (11.21) is not. Therefore, if there is a single solution of the form
(II .21) then there must be in fact a whole family of solutions, obtained by combined global
gauge—flavor rotations. Say, for the fields,

(11.26)

Thus, applying an SU(2) transformation to an elementary string we "rotate" it in SU(2),
producing a different embedding. In fact, we are dealing here with the coset SU(2)/IJ( I), as

should be clear from Eq (II 21) rotations around the third axis in SU(2) space leave the
solution (II 21) intact.

Thus, introduction of the moduli matrix U allows us to obtain a generic solution for the
non-Ahelian string IIogomol'nyi equation having the fallowing asymptotics at

I
—p

7. l+Sf\
= vexp

2
(11.27)

where S is a moduli vector defined by
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The unitarity of U implies that the vector S is subject to the following constraint:

(1129)

At S = (0,0, ± I) we get the field configurations of Eq. (11.14). Every given matrix
U defines the moduli vector S unambiguously. The inverse is not true, however. If we
consider the left-hand side of Eq. (II .28) as given, then the solution for U is obviously
ambiguous since for any solution U one can construct two "gauge orbits" of solutions,
namely,

U —* U exp(i/3r3)

(II 30)
u -+ U,

with ,t3 and y arbitrary constants. We will use this freedom in what follows. At finite the

non-Abelian string centered at the origin can he written as [8]

0 \
\ 0 c02(r)/

1 /ç91(r) 0 \
=

I
+ Sr) I U (

(11.31)
L2 J \ 0

A7(x) = sjj II — f3(r)I,

x
-411 f(r)1,

where the profile functions arc the solutions to Eq (II .22) Notc that

(11.32)

It is now clear that this solution smoothly interpolates between the (1, 0) and (0, 1) strings
as we go from S = (0,0. 1) to S = (0,0, —1).

Since the SU(2)c+F symmetry is not broken by the vacuum expectation values, it is
physical and has nothing to do with the gauge rotations "eaten" by the Higgs mecha-
nism The orientational moduli S are not gauge artifacts. Rather, they paramctriie the coset
SU(2)/IJ(l) = S2. To see this, we can construct gauge-invariant operators that have an
explicit S-dependence. This procedure is instructive.

As an example, let us define a "non-Abelian" field strength (denoted by boldface type).

= (11.33)
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3

The bosonic moduli introduced in (11.28) describe the orientation of the color-magnetic flux for the rotated (0, 1)

and (1,0) strings in the 0(3)-group space, Eq. (11.34)

1

gauge. o,•
coiiihing the
hedgehog

where the subscript 3 labels the z axis, the direction of the string (Fig. 3.8). From the very
definition it is clear that this field is gauge invariant.3 Moreover, Eq. (11.31) implies that

= —S' Id]lrfr (11.34)

From this formula we readily infer the physical meaning of the moduli S: the flux of the
co/or-magnetic field4 in the flux tube is directed along S (Fig 3 8). For the strings in
Eq. (11.21), sec also Eq. (11.14), the color-magnetic flux is directed along the third axis in
the 0(3)-group space, either upward or downward (i c towards either the north or the south
pole). These are the north and south poles of the coset SIJ(2)/U( I) = S2.

To conclude this section, I present the non-Ahelian string solution (II .31) in the singular
gauge in which the c1 fields at xl —* oo tend to fixed vacuum expectation values (VEVs)
and do not wind (i.e. do not depend on the polar angle a as oc). In the singular gauge

we have

/ci) = U
I

\ 0

0 \
IU

p2(r) /

= f1(r),

x.
A1(x) = 4 f(r).r-

(11.35)

In this gauge the spatial components of fall off fast at large distances. If the color-
magnetic flux is defined as the circulation of over a circle encompassing the string axis,

in the vacuum, where the matrix is that of vacuum expectaiion vaiues. and I'' coincide
Defined in a gauge-invariant way. see Fq (ii 33)



109 11 Non-Abelian vortices or strings

the flux will be saturated by an integral coming from the small circle around the (singular)
string origin.

11.510w-energy theory on the string world sheet

The analysis to be carried out below is similar to that of Section 5.8. The non-Abelian string
solution under consideration is characterized by four moduli - two translational moduli
and parametri/ing the position of the string center in the perpendicular plane, plus two
orientational moduli described by the vector S subject to the constraint SS = I To obtain
the world-sheet theory we promote these moduli to be moduli fields

xO(t,Z) , VO(t,Z) , (11.36)

depending on t and z adiabatically. The coordinates {t, z} on the string world sheet can be
combined into a two-dimensional coordinatexP (p =0,3). The ficlds(l 1.36) are Goldstone
bosons localized on the string. The first two fields are due to the spontaneous breaking of
translational invariance in the directions x and y, while the second two are due to the
breaking of the global StJ(2) symmetry of the bulk theory down to U( I) on the string
solution

As in Section 5 8 we start from the static z-independent string solution (11.35)
parametri/ed by two translational moduli, as explained in Section 10.5, e g.

r = where = {x, y} {x'}, (11.37)

and so on. Then we substitute the "shifted" solution into the four-dimensional Lagrangian
(11.1). assuming that the moduli fields depend on It, zj (p = 0,3). Finally, we
integrate over d2xj. There is no potential in the effective two-dimensional action obtained
in this way The kinetic terms of the moduli fields (they are of the second order in the

theon; derivatives) are obtained from the kinetic terms in (II .1). Their structure is obvious on
:1 symmetry grounds:

rT 2 / \21

= f drdz +
j.

S = 1, (11.38)

where T is the string tension and fi is a constant The orientational part of the world-sheet
action is the famous 0(3) sigma model, which will be discussed in detail in Chapter 6

The coefficient 7'/2 in front of the first term in the world-sheet action (Il .38) (the
translational part of the action) is universal and can be established in just the same way as in
Section 5.8. To derive the coefficient f3 in terms of the parameters of the four-dimensional
theory (II .1) one has to carry out an actual calculation which, although straightforward, is
rather cumbersome. For curious readers this calculation is presented in appendix section
14. at the end of this chapter here Ijust quote the answer.

(11.39)
X2



110 Chapter 3 Vortices and flux tubes (strings)

Exercises

II I Calculate the masses of the elementary excitations ofthe fields in the vacuum (II 8).

II 2 The vector in (11.26) consists ofa set of three constant parameters. Whic
these parameters lead to nontrivial rotations of the Z2 string solutions in

Which act trivially?

h of
?

12 Fermion zero modes

In this section we will add fermions and explore the impact they produce on strings. For
simplicity we will limit our consideration toANO strings. The generaliiation to non-Abelian
strings is straightforward. Some fermion-induced effects in non-Ahelian strings will he
discussed in Part II, which is devoted to supersymmetry.

We will start from the bosonic model described in Section 10.2. To ease the notation we
will set ne = 1, i.e. we will assume the U( I) charge of the field to be unity. In addition to

the photon and fields we introduce a Dirac (four-component) field kP, which is composed

of two Weyl spinors, and according to Instead of the conventional fermion
mass term of the type we introduce a "Higgs" mass term through the Yukawa coupling
of the fermions with the fields. Since the U(l) charge is unity, the only allowed

Yukawa term is of the type where the superscript C stands for charge conjugation,

(12.1)

while the U( I) charge of (as well as that of must he 1/2, i.e under the U( I)
transformation we have

qi e (12.2)

Then the covariant derivative acting on qi is

= + (12.3)

With all these conventions, the fermion part of the Lagrangian takes the form

= + + (12.4)

where the Yukawa coupling h can always be chosen to be real and positive by an appro-

priate rotation of the field The gauge field is defThcd in Eq (10 24), while the string's

geometry is depicted in Fig. 3.5.

For more details see the beginning of Part II Section 45 I

Assuming that It is real and positive, hereafter the asterisk will he omitted
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7) 77

I I 1

in For further analysis it is convenient to rewrite Eq. (1 2.4) in two-component form,
spa anal
floW/ion = + 11Cr ((T')

(125)

where we use the spinoral notation explained in Section 45 at the beginning of Part II. The
U( I) charges of the ij fields are shown in Table 3.1

The gauge U( I) symmetry is broken in the vacuum = t (where, as usual, we assume
t' to be real and positive), and, as a result, the fields and 17 acquire masses

= hi'. (126)

However, in the core of the string 0; hence, the ferniions are massless inside the flux
tube and therefore one may expect the occurrence of localized zero modes.

Our task is to determine the fermion ,ero modes in the two-dimensional Dirac operator
in the string background. Why is this important? If such modes exist and they do -

the fermion dynamics on the string world sheet is that of the free fermion theory, with
no mass gap, i.e. the world-sheet fermions are massless and can travel freely along the
string. Witten suggested [10] using this property to construct (with the introduction of yet
another IJ( I) gauge field, which remains un-I Iiggsed) superconducting cosmic strings. We
will not go into details of this astrophysical topic, but the interested reader is referred to the

and ( osnuc textbook [111.
strings

_J Before calculating the fermion zero modes let us discuss a general strategy allowing one
to find out a priori, without direct calculation, whether such modes exist in a given model
with a given background. This strategy is based on the index of the l)irac operator and is
applicable for generic fermion sectors.

12.1 Index theorems

Assume that we have an abstract Dirac operator i7,D acting on some spinor ti' and that yf
matrices in this operator are such that there exists an analog of the conventional i.e. a
Hermitian matrix such that y5 yl = —y1y5 for all j and (y5)2 = I. Define the eigenmode
of this operator by

(12.7)

he Dirac operator in the transverse ri plane
8 They were found originally by Jaekiw and Rossi [91
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where E is the eigenvalue. It is real provided that is Hermitian. All modes must be
normalizable (we will follow the standard convention ofthe unit norm). Forall nonvanishing
eigenvalues the eigenmodes are paired in the following sense: assume that is a solution
of(12.7). Then iii is the solution of the equation ii = —EVi, i e is the

eigenmode of the same Dirac operator having eigcnvalue —E. For this reason, for each
nonzero mode f = 0. This fact will be exploited below.

This does not have to be the case for zero modes. If E = 0 then must coincide with
t,tr up to a phase factor,9 which must be either + I or — I because = I Let us call the
mode left-handed" if = and "right-handed" if = Then the number of
lefi-handed zero modes n L minus the number of right-handed zero modes n R is an index,

a quantity that does not depend on continuous deformations of the background fleld in the
expression for the Dirac operator

I lere is a brief outline of the proof [121 (all subtleties are omitted). We start from an axial
current

= (128)

To regularize the Green's function of the Dirac operator in (12.7) we must endow it with a
small mass in:

147'+ (12.9)

where m is set to zero at the very end. The corresponding Lagrangian takes the form

= . (12.10)

The Green's function for the operator (12.9) is

G(x,y)= (12.11)
'in

V modes

where and are the eigenmodes of the operator with cigenvaiues Now, the
divergence of the axial current following from (12.10) can be written as

= —2m = 2m Tr [y5iG(x,x)]. (12.12)

Substituting Eq. (12.11) into (12.12), integrating over k, taking account of the mode
normali,ation and taking the limit m 0 we get

f = —2 (ni nR) — + — . (12 13)

Index 1 This is the desired result: the integral f counts the number ofLero modes of the 1)irac

operator or, to be exact, the difference between the numbers of zero modes of opposite

chiralities. If, from some additional arguments we know that, say, flR = 0 then the integral

.f predicts n

Why is this number an index? The left-hand side of (12.13) is an integral over a full
derivative. Hence it depends only on the behavior at the boundaries and does not change in

lithe number of icro modes is larger than I then these modes can he diagonali,ed with respect to the action
0fyS, =
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response to local variations in the background field 1ff does not vanish and this
is the case in topologically nontrivial backgrounds - icro modes of the operator must

exist

12.2 Fermion zero modes for the ANO string

Now, it is time to return to the model (125) Here we will specify the general analysis of
Section 12.1 and discuss an index theorem establishing the number of fermion zero modes

on a string F 131. Then we will find these modes explicitly and present the string world-sheet
theory for fermions.

The sum of the Lagrangians in (10.6) and (12.5) delines a four-dimensional theory with
fermions which supports ANO strings. The string solution depends on only two coordinates
v1 (i = I .2), and the fermion 7cro modes sought for are those ofthe two-dimensional Dirac

operator. Hence, we need to calculate the index for the two-dimensional, rather than the
four-dimensional, theory. I fh 0, the four-dimensional theory (10.6). (12.5) has no global
chiral symmetry at all.

However, after reduction of the theory (12.5) to two dimensions a global chirality does
emerge)° To see that this is the case, observe the following. In two dimensions there is
no distinction between the dotted and undotted indices (see Section 45) Moreover, we can
eliminate the upper indices altogether, expressing the two-dimensional reduced Lagrangian

in terms of two decoupled spinors and (in what follows, we will write and for
short) which enter symmetrically in the Yukawa part of the Lagrangian but have opposite-

sign couplings to the photon field (see Table 3 1). The Yukawa part of the Lagrangian is
proportional to Hermitian conjugate (H.c.), where Ei and are left-
handed components (in the two-dimensional sense) while and '12 are right-handed. The

term 0 Et E2 — 'it as well as all the other terms, stay invariant under the two independent

global rotations

(12.14)

'it — '12

Now we define two-dimensional gamma matrices relevant to the problem at hand:

—ai , Y2 = = (12.15)

The invariance of the Lagrangian under (12.14) implies that the two axial currents

(12.16)

are conserved. Their conservation is broken at the quantum Jevel, owing to anomalies, which

will be discussed in detail in Chapter 8. Taking into account the fact that the couplings of
ij to the photon field are ±4, we obtain

= F11, = Ff1. (12.17)
4ir 4ir

0 Uy "chirality" I mean here the two-dimensional chirality
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Compare Eq (12.17) with the winding number (10.17). We see that in the string background

f = 1, = —1, (12.18)

which entails in turn that

+ — = 1,

flL('l) +nI.(ilt) —nR(0) = 1. (12.19)

The implication of Eq. (12.19) is that has one (real) zero mode in (i.e. while has

one (real) zero mode in OL (i.e. oi).
It is not difficult to calculate the zero modes explicitly. For instance, for the field the

equations to be solved are

—(V1 =0,
(12.20)

—(V1 +iV2)E1

Using Eq. (10.24) and the geometrical definitions from Fig. 3.5 we can rewrite the covariant

derivatives as

Vi — iV2 = — +
I J

ar r 2r
(1221)

dr r da 2r

In addition, 0(x) = ?W(r) exp(—ia). The boundary conditions are as follows: (i) at infinity
the solution must decay as at the origin it must he regular, which implies that if

0 then the solution must have no winding (winding is possible only = 0)
Con ling I

zero modes J
Comparing and examining Lqs (12.21) and (12.22) one readily concludes that only the
equation for has a solution satisfying the above boundary conditions.

= exp [— f dr + (12.22)

where is a real Grassmann constant and = 0. The large-r asymptotics of (12.22)
r

As for the field, the 7ero-mode equations have exactly the same form as (12.21) after
the substitution

(1223)
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Thus, the solution satisfying the appropriate boundary conditions exists only for +• Since

is the same as 1/1 one can write

S = f + = (12.26)

This action emerges as a result of the substitution of the zero-mode solutions found above
into Eq (125)

12.3 A brief digression: left- and right-handed fermions
in four and two dimensions

The ,natriceV
(al ) are

defined in
the

beginning of
Pail/I

In four dimensions (three spatial dimensions) there exists the spin operator The helicity
is defined as the projection of the spin onto a particle's momentum A particle with negative
helicity is referred to as left-handed and one with positive helicity as right-handed. Thus,
the four-dimensional left-handed spinor satisfies the equation

' 'i(
(12.27)

which is equivalent to

-- -. P

P0
(12.28)

Alternatively, one can define the four-dimensional left-handed Dirac spinor as the spinor
satisfying the condition = 'If, where y5 is the four-dimensional y5 matrix.

In two dimensions (one spatial dimension), and thus in the absence of spatial rotations,
spin does not exist. The above left-handed spinor E becomes the Dirac spinor in two
dimensions. It satisfies the same equation, (12 28):

fl3 = +1, (12.29)

In two
dime,, Sian V

= —(73

with n 1,2 set to zero However, (73 no longer represents the spin operator. Instead, in two
dimensions, it plays the role of—y5 (see Section 45 2) For the left-handed spinors = I,
which entails that is negative and the particle moves to the left along the z axis, in the

Fe, mien

rnod,,Ii fir/dy
on the 4N0

= exp[_f' dr
I

, (1224)

where v is a real Grassmann number.

On the string world sheet and v acquire a (slow) dependence on t and z and become two-

dimensional fermion fields. Clearly, one can combine them in a two-dimensional Majorana
field

=
(1225)

with action
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1(11—I 11< I gut —II 0'. (1

Left- and right-handed spinors in two dimensions.

literal see Fig 3 9. In the context of two-dimensional field theory, such particles arc

called left-movers. For the right-handed spinors = —1, implying that is positive and
the particle in question is a right-mover. In the coordinate space, the

=0 (12.30)

implies that the left-movers depend on t + while the right-movers depend on! — z This
I

L/'.e/ul
is sometimes expressed by the following equations

definitions

(1231)

where
d

(1232)
dt )z dz

13 String-induced gravity

In Section 7 we considered the gravitational interaction ofa probe body with a domain wall
in I + 3 dimensions and found, to our surprise, that the domain wall antigravitaics. Now
we will discuss the gravity induced by a flux tube (string). The finding that awaits us is no
less remarkable It turns out that locally, at any given spatial point away from the string, the
string exerts no gravity at all. However, an experimenter traveling around such a string in
a plane perpendicular to its axis will discover, after performing a full rotation, that the full
angle a swept is less than namely, that

a = 2m — 87rGTstr, (13.1)

where G is Newton's constant, we assume here that GTstr I. Thus, the geometry of the
1+3 dimensional space with a string at the origin is conical (Fig. 3.10)

It is convenient to divide our analysis of the problem into two steps. First we will prove.
on very general grounds, that the curvature tensor vanishes identically everywhere except
at the string itself (the axis, see Fig. 3.10). Then we will lind the angle deficit.

A brief inspection of Fig 3.10 tells us that the problem at hand is essentially I + 2
dimensional. This means that the static solution we are looking for is!, z independent The

1 This is ihe reduced version of(12 27)
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Non-Abelian flux tube (string) geometry.

metric can be chosen as follows:12

= 1, = gzx = = Xix = 0 (13.2)

while all components of the metric tensor with a , = v depend only on x and y.
Under these circumstances all components of the Riemann curvature tensor with

at least one index z vanish. This tensor is then defined by the same expressions as in 14-2
dimensions.

Now let us calculate the number of independent components of in I +2 dimensions.
calculation can be Ibund in a number oftextbooks, e.g. in the section "Properties of the

curvature tensor" of [14]. Let us start with those components which have only two different
indices, i e. (note that there is no summation over p and i- here) A pair of values for
p and v can be chosen from the triplet 0, 1, 2 in three distinct ways Owing to the fact that

= — (13.3)

each selected pair of p and v gives only one independent component Therefore, we have
three independent components of the type

In addition,

=

thus, there are three independent components with three distinct sets of indices,

R0i02 , , and R2i20

2 The i,x, . and z coordinates will also be denoted by sub- or superscripts 0, I. 2, 3

(13.4)

(13.5)
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All other components are reducible to (13.5) by virtue of the symmetry properties of the
curvature tensor We conclude that in 1+2 dimensions the curvature tensor has six inde-
pendent components. The (symmetric) Ricci tensor has exactly the same number of
components. This means that the six linear equations defining the Ricci tensor.

= (13.6)

represent a solvable set where the are to he treated as unknowns while the
are given coefficients. This system of equations can be solved algebraically. Thus, in 1+2
dimensions all components of the curvature tensor are algebraically expressible in terms of

the components of the Ricci tensor.

Moreover, the Einstein equation

— = 8mG (13 7)

tells us that in empty space (i.e. away from the string), where = 0. the Ricci tensor
vanishes. Since the system (13.6) is algebraically solvable, the fact that = 0 implies
the vanishing of all components of the curvature tensor everywhere in space except

along the: axis.
Now, let us pass to the second stage. First we need to establish the general structure of the

The string energy momentum tensor for the string solution In the Abelian model discussed in Section
eiie!TV— I 0.2 the energy—momentum tensor takes the form
,nomentu,n

TRI =

+ — U(Ø)]. (13 8)

Using the properties ofthe flux-tube solution one can readily derive that, for a straight string

oriented along the z axis,

Tsir diag (1,0,0, — I } (13 9)

cf Eq. (7.6) In fact, this is the general expression for the energy—momentum tensor of a
straight infinitely thin string; it does not depend on the underlying microscopic model

Assuming the gravitational field lobe weak (i.e. GT1r I). the metric can he lineariied
around the Minkowski metric, so that

gpv = —F— = diag{l, —I, —1,—I). (13 10)

If we impose the harmonic gauge,

=0. (13 II)

the linearized Einstein equation takes the following simple form.

= — (13 12)

where the indices have been raised and lowered here using the Minkowski metric
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Substituting Eq. (13.9) into (13.12) and using the fact that depends only on x andy.
we readily find the solution for the metric:

= h33 = 0. h11 = h22 ii = In -c-. (13.13)
ro

where all other components vanish, r = (x2 + v2)t/2 and ro is an integration constant H
Needless to say, our solution (13.13) confirms the ansalz (13.2).

To understand the physical meaning of the metric we have just derived, it is convenient
to write down an expression for the interval in cylindrical coordinates:

ds2 = di2 —d:2 —(1 — h)(dr2 +r2 dO2). (13.14)

II is not difficult to check that if we introduce new radial and angular coordinates F, 0,
where

7 r\
2I —8GTstrln— )r (l 8GTstr)F,

rpj

(13.15)

9=(l 4GT,tr)9

(in deriving the above equation we have kept only terms of first order in GT.,tr), then in the

new coordinates the interval (13.14) takes the form

ds2 = cit2 — d:2 — dF2 F2 dO2. (13.16)

This last result confirms our previous conclusion that the geometry around a straight string
is locally identical to that of flat space. There is no global equivalence, however, since the
angle 0 varies in the interval

0<O<2ir(l—4GTstr). (1317)

The angle deficit is

Acs'=8mGTstr, (1318)

as we saw in Eq. (13.1) at the start ofthis section. This result was firstobtained by A. Vilenkin
[IS]

Exercise

13.1 Use Eq. (13.13) to calculate the Riemann curvature tensor directly, in order to confirm
that it vanishes at r 0. Remember that (13 13) is obtained to the first order in GTstr.

13 formally, becomes large at exponentially large distances from the string This is an artifact of the given
coordinate choice
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14 Appendix: Calculation of the orientational part of the
world-sheet action for non-Abelian strings

I lere I present some details ofthe derivation in [16] ofthe world-sheet action for non-Ahelian
strings. The general strategy was outlined in Section 11 .5

Because of the Goldstone nature of the moduli fields their world-sheet interaction has no
potential term To obtain the kinetic term (more exactly, the part relevant to the orientational
moduli fields), we substitute the solution (11.35), with its adiabatic dependence on x"
through S(t, z). into the action (11.1) In doing so we immediately observe that we must
modify the solution (11.35).

Indeed, Eq. (11.35) is obtained as a global SU(2) rotation of the elementary (1.0) string.
Now we will make this transformation local (i.e now Swill depend on t and z). Because of
this, the t and z components of the gauge potential no longer vanish. They must be added
to (11.35).

The following ansalz for these components (to be checked a porteriori) is fairly obvious.

A1, = —i p = 0,3, (14.1)

where p(r) is a new profile function.
As was mentioned after Eq. (11.29), the parametri/ation of the matrix U is ambiguous

Consequently, if we introduce

cvi, (142)

then the functions are defined modulo the two gauge transformations following from
Eq (11.30). Equation (11.28) implies that

s'' (Shah) S" , (14.3)

and we can impose the condition = 0. Then

= —i U = (14.4)

The function p(r) in Eq. (14.1) is determined through a minimization procedure that
generates an equation of motion for p(r). Note that it must vanish at infinity:

p(oo)=O. (14.5)

The boundary condition_at r = 0 will be determined shortly.
The kinetic term for S comes from the gauge and kinetic terms in Eq. (11.1). Using

(11.35) and (14.1) to calculate the SU(2) gauge field strength we find that

(r)
= (14.6)

For Tr to give a finite contribution to the action one must require that

p(O) 1. (14.7)
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Substituting the field strength (14.6) into the action (11.1) and including, in addition, the
kinetic term of the ci) fields, we arrive at

= f di dz Sa)2, (14.8)

where the coupling constant is given by an integral, as follows.

2rdr I—p(r))\dr / r-

(14.9)

The above functional must be minimized with respect to p, with boundary conditions given
by (14.5) and (14.7). Varying (14.9) with respect top, one readily obtains a second-order
equation for p(r):

2 2d ld 1
2

g2
2 2

— — R (I —p)+ — = 0. (14.10)

After some algebra and extensive use of the first-order equations (11.22) one can show that
the solution to (14 10) satisfying the boundary conditions (14.5) and (14.7) is as follows:

(14.11)

Substituting this solution back into the expression for the sigma model coupling constant
(14.9) one can check that the integral in (14.9) reduces to a total derivative and that it is
given by fi(0) = 1. Namely,

I (1—p)2

= fdr = 1, (14.12)

where I have used the first-order equations (II .22) for the profile functions of the string.
We conclude that the two-dimensional sigma model coupling is determined by the four-
dimensional non-Abelian coupling as follows:

(14.13)

the ctring
-
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15 Magnetic monopoles

Now we will discuss magnetic monopoles very interesting particles which carry a mag-
netic charge. They emerge in non-Abelian gauge theories in which the gauge symmetry is
spontaneously broken down to an Abelian subgroup The simplest example was found by
't Hooft [I] and Polyakov [2]. The model with which they worked had been devised by
Georgi and Glashow [3] for a different purpose. As it often happens, the Georgi -Glashow
model turned out to be more valuable than the original purpose; this is long forgotten while
the model itself is alive and well and is in constant use by theorists.

15.1 The Georgi—Glashow model

I begin with a brief description of the Georgi- Glashow (GG) model The gauge group is
SIJ(2) and the matter sector consists of one real scalar field in the adjoint representation
(i.e. an SU(2) triplet). The Lagrangian of the GG model is

= — + a) — ,.2)2 (15 1)

where

= — (15.2)

and the covariant derivative in the adjoint acts as follows:

= . (15.3)

We will also use matrix notation for the field writing

(15.4)

where the r" are the Pauli matrices. Below we focus on a special limit of critical (or BPS)
monopoles. This limit corresponds to a vanishing scalar coupling, X 0. The only role of
the last term in Eq. (15 1) is to provide a boundary condition for the scalar field.

One can speak of magnetic charges only in those theories that support a long-range
(Coulomb) magnetic field Therefore, the pattern of the symmetry breaking should be such
that some gauge bosons remain massless. In the Georgi—(Ilashow model (15.1) the pattern
is as follows:

(15.5)

To see that this is indeed the case let us note that the self-interaction term (the last term
in Eq (15.1)) forces to develop a vacuum expectation value

_____________

= (15.6)
Unitary
gauge The direction of the vector in SU(2) space (hereafter to be referred to as the color
(OflditiOfl space) can be chosen arbitrarily. One can always reduce it to the form (15.6) by a global

color rotation. Thus, Eq. (15.6) can be viewed as a (unitary) gauge condition on the field
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This gauge is very convenient for discussing the particle content of the theory (for the
present we mean elementary excitations rather than solitons) A color rotation around the
third axis does not change the vacuum expectation value

7. T3\ 7 t3\
(157)

Thus the third component of the gauge field remains massless, and we will refer to it as a
"photon":

= dvA/L. (15

The first and the second components form massive vector bosons (W bosons for short)

— '\ IL)

As usual in the lliggs mechanism, the massive vector bosons eat up the first and second
components of the scalar field The third component, the physical Higgs field, can be
parametrized as

=v+ço, (15 10)

GG
where is the physical Higgs field In terms of these fields the Lagrangian (15.1) can be
readily rewritten as

r = +

(15.11)

where we have used integration by parts. The covariant derivative now includes only the
photon field:

(15.12)

The last line in (15.11) presents the magnetic moment of the charged (massive) vector
bosons and their self-interaction. In the limit A —÷ 0, which is assumed in (l5.Il), the
physical Higgs field is massless. The mass of the bosons is

mw =gv. (15.13)

15.2 Monopoles — topological argument

After this brief introduction to the Georgi—Glashow model in the perturbativc sector, in
other words a discussion of elementary excitations, I will explain why this model predicts a
topologically stable soliton. Assume that the monopole's center is at the origin and consider
a large sphere SR of radius R also with its center at the origin. Since the mass of the
monopole is finite, by definition, = on this sphere.

As we recall, is a three-component vector in isospace subject to the constraint
= which gives us a two-dimensional sphere SG Thus, we are dealing here with
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ii I i ii

Illustration of how a sphere SG can be wrapped twice around another 2-sphere (i.e. n = 2). The white sphere in the

middle is SR. The covering surface is indicated by meridians. The edges a and b should be identified.

Thpologi a!
fi,rniu/a /Or
the vecond
hornoiopi

mappings of SR into 5G• Such mappings split into distinct classes labeled by an integer
n, counting how many times the sphere SG is swept when the sphere SR is swept once
(see Fig. 4.1). The topologically trivial mapping corresponds to n = for topologically
nontrivial mappings n = ± I. ±2,. . Mathematically, the above topological considerations

are concisely expressed by the formula

7t2(SU(2)IU(l)) =Z. (15.14)

Here represents a maping of the coordinate-space (two-dimensional) sphere SR onto
the group space SU(2)/U( I) relevant to the monopole problem. The group SU(2) is divided

by U( I) because for each given vector there is a U( I) subgroup that does not rotate
it. The SU(2) group space is a three-dimensional sphere while that of SIJ(2)/U( I) is a
two-dimensional sphere As we will see shortly, the one-monopole field configuration cor-
responds to a mapping with n = I Since it is impossible to deform it continuously to the
topologically trivial mapping, the monopoles are topologically stable.

15.3 Mass and magnetic charge

Classically the monopole mass is given by the energy functional following from the
Lagrangian (15.1),

E fd3x1 I

=

The magnetic and Higgs fields are assumed to be time independent,

B'

(15.15)

(15.16)

while all electric fields vanish For static fields it is natural to assume that = 0 This
assumption will be yen lied a after we find the field configuration minimizing the
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functional (15.15). In equation (15.15) we assume the limit X —÷ 0. However, in performing

the minimi,ation we should keep in mind the boundary condition at

00.

Equation (15.15) can he rewritten as follows.

fd3x (1 — (1 + I (15.17)

(The signs above correspond to the monopole solution; one must change the signs for the
antimonopole solution.) It is easy to show that the last term on the right-hand side is a full
derivative Indeed, after integrating by parts and using the equation of motion = 0
we get

f d3x
(-i- = I

1 I (15.18)

P JSR

in the last line we have made use of Gauss' theorem and passed from volume integration
to that over the surface of a large sphere Thus, the last term in Eq. (15.17) is topological.

The combination can be viewed as a gauge-invariant definition of the magnetic
field 13. More exactly,

(15.19)

I Singular
gauge

_] Indeed, far from the monopole core one can always assume to be aligned in the same
way as in the vacuum (in the singular gauge, cf. Section 11.4), i.e. = Then 13 = B;1

The advantage of the definition (15.19) is that it is gauge independent.
Furthermore, the magnetic charge QM inside a sphere SR can be defined through the

flux of the magnetic field through the surface of the sphere,'

QM=fd2SiIBi. (15.20)

Using the boundary conditions (15.26), (15.32), and (15.30), to be derived below, we see
that

(15.21)

and, hence,

4ir
QM=— (15.22)

g

A remark the conventions for charge normalization used in different books and papers may vary In his original
paper on the magnetic monopole [4], Dirac used the convention e2 = and the electromagnetic Hamilto-
nian 7-I = Then, the electric charge is defined through the flux of the electric field as
C = "SR d2S1 E1. and an analogous definition holds for the magnetic charge We arc using the con-

vention according to which e2 = and the electromagnetic Hamiltonian = '(E2 + Ihen
e = g d2S1E1 while QM = d2S,B1
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Combining Eqs. (15.20), (15.19), and (15.18) we conclude that

E = "QM +fd3x (1 (15.23)

The minimum of the energy functional is attained at

(15.24)

The mass of the field configuration realizing this minimum the monopole mass is
Bogomo/ 'mi obviously given by

4jre'MM=— (15.25)
g

Thus, the mass of the critical monopole is in one-to-one relationship with the magnetic
charge of the monopole. Equation (15.24) is nothing other than the Bogomol'nyi equation
in the monopole problem. Ifit is satisfied, the second-order differential equations of motion
arc satisfied too.

15.4 Solution of the Bogomol'nyi equation for monopoles

To solve the l-3ogomol'nyi equation we need to guess the dependence of the relevant fields

on the gauge and Lorentz indices. The topological arguments of Section 15 2 prompt us to
an appropriate ansatz for indeed, as one sweeps SR the vector must sweep the group

space sphere. The simplest choice is to identify these two spheres point-by-point,

(1526)

where n1 x'/r. This field configuration obviously belongs to the class of topologically
nontrivial mappings with a = I The SU(2) group index a has become entangled with the
coordinate Polyakov proposed to refer to such fields as "hedgehogs."

Next, observe that finiteness of the monopole energy requires the covariant derivative
to fall off faster than at large ctl Eq. (15 15). Since

= v1 (ga, r (15.27)

one must choose in such a way as to cancel (15.27) It is not difficult to see that this
requires

(1528)

____________

Then the term I /r in is canceled.
The Equations (l5.26) and (15 28) determine the index structure of the field configuration
Ifloflopole .

profile
with which we are going to deal. The appropriate ansatz is perfectly clear now:

functions
I

= l,naH (r), = —a' F(r), (I 5.29)
r
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where I-! and F are functions of r with boundary conditions

H(r) I , F(r) I at r oc (15.30)

and

H(r) 0, F(r) 0 at r —÷ 0. (15.31)

The boundary condition (15 30) is equivalent to Eqs. (15.26) and (15.28), while the boundary

condition (15 31) guarantees that our solution is nonsingular at r 0. The absence of

singularity at r 0 is a necessary feature of admissible solutions.

After some straightforward algebra we get

= — nani) 1F' + n"n' (2 F — F2),

(15.32)

= v
—

H (I F) + n°n' H'].

where a prime denotes differentiation with respect to r
Let us return now to the Bogomol'nyi equation (15.24) This comprises a set of nine

first-order differential equations. Our ansutz has only two unknown functions. The fact that

the goes through and we get two scalar equations on two unknown functions from the

Bogomol'nyi equations is a highly nontrivial check. Comparing Eqs. (15.24) and (15 32)
we get

F'=gvH(I — F),

I I
(15.33)H'=__(2F_P2

gv r2

The functions H and F are dimensionless; it is convenient to make the radius r dimension-
less too. It is obvious that a natural unit of length in the problem at hand is From

now on we will measure r in these units, so that
brom on

landHare p=gvr. (15.34)
function oJ

p and the The functions H and F are to be considered as functions of p while below the prime will
prime denote differentiation over p. Then the system (15.33) takes the form

d/d,o F'=H(I—F),
(15.35)

H'=_(2F_F2)

These equations are obviously nonlinear. Nevertheless, they have the following known
analytical solutions (quite a rarity in the world of nonlinear differential equations!):

F=l—
sinhp

(15.36)
coshp IH=.
sinhp p
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The functions F (solid line) and H (long-broken line) in the critical monopole solution, vs. p. The short-broken line

shows the flux of the magnetic field 73 (in units 4ir/g) through the sphere of radius p. The figure was drawn by

Richard Morris.

At large p. F At large p the functions H and F tend to unity(ef. Eq. (15.30)) while at p Owe have
tends to

p 2 Hunity eXpo- P P
jien i/a//v fast

H
They are plotted in Fig. 4.2. Calculating the flux of the magnetic field through the large

te,idv to o sphere we verify that, for the solution at hand, QM = 4ir/g.

pt Thi.s is

due to the 15.5 Collective coordinates (moduli)

of the Uiggs The monopole solution presented in the previous subsection breaks a number of valid
particle in .

i/ic limit symmetries of the theory, for instance, translational invariance. As usual, the symmetries

= o arc restored after the introduction of collective coordinates (moduli), which convert a given
solution into a family of solutions.

Our first task is to count the number ofmodul i in the monopole problem. A straightforward

way to arrive at this number is to count the linearly independent iero modes. To this end, one

represents the fields AlL and 0 as a sum of the nionopole background plus small deviations,

= + (0) + (15 37)

where the superscript (0) indicates the monopole solution. At this point it is necessary to
impose a gauge-fixing condition. A convenient such condition is

This a — sah 0b(0) 0, (15.38)
genera/i:a- g

lion of the where the covariant derivative in the first term contains only the background field.
hacltground Substiwting the decomposition (15.37) into the Lagrangian one can find a quadratic form
gauge for (a, 301 and can determine the zero modes of this form (subject to the condition (15 38)).

We will not track this procedure in detail; for such an account we refer the reader to the
original literature [5] Instead, cutting corners, we will give an heuristic discussion
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Let us ask ourselves: what are the valid symmetries of the model at hand! They are (i)
three translations, (ii) three spatial rotations, and (iii) three rotations in the SU(2) group Not
all these symmetries are independent. It is not difficult to cheek that the spatial rotations
arc equivalent to the SU(2) group rotations for the monopole solution; thus, we should not
count them independently This leaves us with six symmetry transformations

One should not forget, however, that two of those six act nontrivially in the "trivial
vacuum." Indeed, the latter is characterized by the condensate (15.6). While rotations around

the third axis in the isospace leave the condensate intact (see Eq (15 7)), rotations around
the first and second axes do not. Such rotations should not be taken into account, as the
vacuum is assumed to be chosen in a particular (and unique) way. Thus the number of
moduli in the monopole problem is 6 — 2 = 4. These four collective coordinates have a
very transparent physical interpretation Three of them correspond to translations. They are

introduced into the solution through the substitution

X—4X—Xfi. (15.39)

The vector now plays the role of the monopole center. Needless to say, the unit vector

is now defined as =
The fourth collective coordinate is related to the unbroken U(1) symmetry of the model.

This is the rotation around the direction of alignment of the field In the trivial vacuum

is aligned along the third axis in color space The monopole generalization of Eq. (15.7) is

+iU(aU I),

u' = (15.40)

u =

where the fields and arc understood here to be in matrix form,
modulus

= r =

Unlike the trivial vacuum, which is not changed under (15.7), the monopole solution for
the vector field does change its form. The change looks like a gauge transformation. Note,

however, that the gauge matrix U does not tend to unity at r —* co. Thus, this transformation

is in fact a global U(I) rotation. The physical meaning of the collective coordinate a will
become clear shortly. Now let us note that (i) for small a, Eq. (15.40) reduces to

(15.41)

and this is compatible with the gauge condition (15.38); (ii) the variable a is compact, since

the points a and a + can be identified (the transformed is identically the same2 for
a and a + 2jr). In other words, a is an angle variable.

2 More accurately, this statement refers to the spatial infinity, where has magnitude v At finite distances
is gauge-transformed But for gauge-invariant physical states the action of a gauge transformation depends

only on the behavior of the transformation at the spatial infinity If it equals I at infinity, it leaves the states
invariant
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Having identified all four moduli relevant to the problem we can proceed to the quasi-
classical quantization. The task is to obtain quantum mechanics of the moduli. Let us start
from the monopole center coordinate To this end, as usual, we assume that weakly
depends on time r, so that the only time dependence of the solution enters through
The time dependence is important only in time derivatives, so that the quantum-mechanical
Lagrangian of these moduli can he obtained from the following expression

£QM = —MM +f d3v +

= -MM
+f +

I I

= —MM + _(io)k(io)Jj —
2 [X

[I 1 1 1xl— 1+1 II I ,(15.42)
[g [8(xo)L] [a(x0)j]

where the subscript QM stands for quantum mechanics. The question mark above the
third equals indicates that the subsequent transition, although formally correct, is not quite
accurate. The square brackets in Eq. (15.42) represent (unnormalized) zero modes of the
corresponding fields. If it were not for the gauge invariance, the (unnormalized) zero modes
would indeed be obtained by differentiating the solution with respect to the collective

c1(O)
1

(1.1111 i . a(O)=——dkA.
g a(xo)L g

(15.43)
a

11(0)
= • =

d (x0 )j,

where the superscript zm indicates a zero mode while the subscript (k) indicates the kth zero
mode. We have used the fact that the solution depends on only through the combination
x —xe.

We note that Eq. (15.43) is incomplete. Because of the gauge freedom, differentiation
over the collective coordinates can be supplemented by a gauge transformation As a matter
of fact we must do a gauge transformation, since the zero modes (15.43) do not satisfy
the gauge condition (15.38). It is not difficult to guess the gauge transformation that must
be

u.Lm u(0) a(0) I a(0)
=——(dAA1 —VjAA

g
(15.44)

=

For the kth zero mode, the phase of the gauge matrix U is proportional to With these
expressions for the zero modes the gauge condition (15.38) is satisfied since it reduces to
the original (second-order) equations of motion
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Now, the expressions on the right-hand side of Eq. (15.44) replace those in the square
brackets in Eq. (15.42), and we arrive at

£QvI = —MM +
f d3x f

[I [-!-

+
}

. (15.45)

Averaging over the angular orientations of yields

LQM = —MM + f d3x + V
MM

=—MM+——(X0)2. (1546)
2

mechanics This last result readily follows when one combines Eqs. (15.15) and (15 24). Of course,
it could have been guessed from the very beginning since it is nothing other than the
Lagrangian describing the free nonrelativistic motion of a particle of mass MM endowed
with the coordinate

Having tested the method in a case where the answer was obvious, let us apply it to the
fourth collective coordinate, a. In this case we get

1 MM
(I5.47)

2

The starting point is the second line in Eq. (15.42). We then use the fact that does not

depend on a dependence is that of as indicated in Eq. (15.40).
Since a is a modulus of the angular type it is a priori clear that £H must be invariant
under shifts a a+const, implying that can contain only a, not a itself.3 11 this is
the case then we can calculate a using Eq. (15.41). Combining Eqs. (15 15)
and (15.24) we arrive at (15.47)

The canonical momentum conjugate to the angular variable a is

MM . . d
(15.48)

8a da

or, equivalently,

nl_wa =
MM

resulting in the following contribution to the full Hamiltonian:

(15.49)

where N10 is the part of the Hamiltonian relevant to the angular variable a. The full
quantum-mechanical Ilamiltonian describing the moduli dynamics is thus

(15.50)

This fact can he readily checked by an explicit calculation
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where the momentum operator )5 is given by

p —l
dx0

This liamiltonian describes the free motion ofa spinless particle endowed with an internal
(compact) variable a

I A nioiiopole While the spatial part of does not raise any questions, the a dynamics deserves an
is a sjii/ess additional discussion. The a motion is free, but one should not forget that a is an angle.paitidin

Because of the periodicity. the corresponding wave functions must have the form

'lJ(a) (15.51)

where k = 0, ± I ,±2,. Strictly speaking, only the ground state, h 0, describes the
monopole a particle with magnetic charge 4ir/g aiid vanishing electric charge. Exci-
tations with k 0 correspond to a particle with magnetic charge 4ir/g and electric charge

Meet the
e = kg the so-called dvon.

dvons
To see that this is indeed the case, let us note that fork 0 the expectation value oflriai

is k. I lence, the expectation value of

is (1552)
MM MM

Now, let us define a gauge-invariant electric field Ej (analogous to in Eq (15.19)). as
follows:

I =
= (15.53)

The last equality follows from Eq. (15.41). Since for the critical monopole
we see that

(1554)

and the flux of the gauge-invariant electric field through the large sphere is

1 1 m2k I I I QM= =mwk—, (15.55)
X JSR MM 111W g MM

where we have replaced d' by its expectation value. Thus, the flux of the electric field
reduces to

—kg, (1556)
g SR

Ididnotplan
which proves the above assertion that the electric charge of the dyon under consideration

to disc uss
dion,s They is kg In deriving (15 56) we used Eqs (15.22) and (15.25)

popped Out •.It is interesting to note that the mass of the dyon can be written as
alter
quanti:ation

I in2
of modulus M/) MM + + (15.57)

In supersymmetric theories, for critical dyons (Section 75) the last formula will be exact.
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Magnetic monopoles were introduced into the theory by Dirac in 193 1 [4]. He considered
macroscopic electrodynamics and derived a self-consistency condition for the product of
the magnetic charge of the monopole QM and the elementary electric charge e,4

QMe =2m, (15.58)

This is known as the Dirac quanti7ation condition. For the 't Hooft—Polyakov nionopole
we have just derived that QMg = twice as large as in the Dirac quantization condition
(cf Eq. (15 22)) Note, however. thatg is the electric charge of the W bosons. It is not the
minimal possible electric charge that can be present in the theory at hand. If quarks in the
fundamental (doublet) representation of SU(2) were introduced into the Georgi—Glashow
model, their U(l) charge would be e = g/2. and the Dirac quantization condition would be
satisfied for these elementary charges

15.6 Noncritical monopole

The topological argument tells us that stable monopoles do exist even if X 0. However,

in this case they cannot be obtained from the first-order differential equations One has to
solve the second-order equations of motion. The ansalz (15.29) remains valid Although
the profile functions F and H are not known analytically, they can he found numerically.
The formula for the monopole mass becomes

MM = f (15.59)

where / is a dimensionless function normaliied to unity. f(0) = I . To see that this is indeed

the case, one takes the ansutz (15 29). (15.32) and substitutes it into the energy functional,

passing to the dimensionless spatial variables

p=1i31. (1560)

Then

11(p')2 (2F—F2)2

g p-

H2( I — I. )2 (/J')2
+

2
+

2

+ 2
(i12 1)1, (15 61)

where F and H are functions of the dimensionless variable p. the prime denotes differ-
entiation over p. and the three lines in Eq. (15.61) correspond to three distinct terms in
the Hamiltonian B2, and — 12)2. The overall factor ,/g sets the scale of the
monopole mass, while it becomes obvious that the enters only through the
ratio Physically this is nothing other than the ratio where is the mass

in originai convention the charge quanti/ation condition is in fact. QM9 =
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7
I (In/i/ThU

I

I

The monopole mass (in units i/g) as a function of the ratio A/g2 (from [6J). As ma/mw —÷ 0 the

mass tends to unity while in the opposite limit, ma/mw —+ oo, the monopole mass 1.79.

of the Higgs particle The function fin Eq. (15.59) varies smoothly [6] from Ito 1.79

as changes from 0 to oo (see Fig 4.3).

15.7 Singular gauge, or how to comb a hedgehog

The ansatz (15.29) for the monopole solution that we have used so far is very convenient for

revealing the nontrivial topology lying behind this solution, i.e that SU(2)/tJ( I) = S2 in the
group space is mapped onto the spatial S2. However, it is otlen useful to gauge-transform the

monopole solution in such a way that the scalar field becomes oriented along the third axis in

color space, in all space (i.e. at all x), repeating the pattern of the "plane" vacuum
(15 6). Polyakov suggested that one should refer to this gauge transformation as "combing

the hedgehog." Comparison of Figs. 4.4a and 4.4b shows that this gauge transformation
cannot be nonsingular. Indeed, the matrix U which combs the hedgehog

U+(nara)U = r3, (15 62)

has the form
21 I'

T n
(1563)

/
where is the unit vector in the direction of The matrix U is obviously singular at
n3 = — I (see Fig 4.4). This is a gauge artifact since all physically measurable quantities
are nonsingular and well defined. In the Dirac, description of the monopole [7] (see
also [s]) the singularity of U at n3 = — I would correspond to the Dirac string.

In the singular gauge the monopole magnetic field at large takes a "color-combed"
form.

ii'
(1564)

2 r2 2 4irr2

The latter equation demonstrates the same magnetic charge, QM = 4ir/g, as was derived
in Section 15.3.
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Transition from the radial to singular gauge: "combing the hedgehog." (a) Radial gauge; (b) singular gauge. Note that

a Dirac string is created by this transition.

15.8 Monopoles in SU(N)

of
Lie algebra

Let us return to critical monopoles and extend the construction presented above from StJ(2)
to SU(N). The starling Lagrangian is the same as in Eq. (15.1), but with the replacement of
the structure constants of SU(2) by the SU(N) structure constants . The potential
of the scalar-ficid self-interaction can be ofa more general form than that of Eq. (15.1). The
details of this potential are unimportant for our purposes since in the critical limit it tends
to zero, its only role is to fix the vacuum value of the held at infinity.

Below we will need to use the elements of group theory (Lie algebras) Some of these
will be reviewed en route, while other useful formulas are collected in appendix section 17
at the end of this chapter. The reader is also referred to the books on group theory written
by Howard (ieorgi and Pierre Ramond [9].

Recall that all generators of the Lie algebra can be divided into two groups: the Cartan
generators which commute with each other, and a set of raising (lowering) operators
Ea (labeled by the root vectors; see below),

= (15.65)

For SU(N) on which we are focusing here there are N — I Cartan generators, which
can be chosen as follows:

Hi _ 0},

0),

1

diag{l, 1,1 —in,. ,0),
(m + I)

HN i
I

diag{l, 1,1,.. , l,—(N — I)).
I)

(15.66)
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There are also N(N I)/2 raising generators La and N(N l)/2 lowering generators
E a The Cartan generators are analogs of r3/2 of SU(2) while the E±a arc analogs of
r±/2 Moreover, the N(N — I) vectors a, —a are called root vectors. They have (N 1)

components

!. (15.67)

By making an appropriate choice of basis, any element of SU(N) algebra can be brought
into a Cartan subalgebra. Correspondingly, the vacuum value ofthe (matrix) field T'1

can always he chosen to be of the form

(15.68)

where h is an (N 1)-component vector

h={h1,h2,..., hNI}. (15.69)

For simplicity we will assume that, for all simple roots y (see appendix section 17) hy > 0

(otherwise, we would just change the condition defining positive roots in order to meet this
constraint).

Depending on the form of the self-interaction potential, distinct patterns of gauge sym-
metry breaking can take place We will discuss only the case when the gauge symmetry is
maximally broken,

SU(N) (15.70)

The unbroken subgroup is Abelian. This situation is general. In special cases, when h is
orthogonal to some m (or a set ofm) the unbroken subgroup will contain non-Abelian
factors, as will be explained below. These cases will not he considered here.

The topological argument proving the existence of a variety of topologically stable
tort,,u/a Jar monopoles in the above set-up parallels that of Section 15.2, except that Eq. (15 14) is
the second replaced by
honwtopt
group =Thl (U(I)N I) =ZN_I (15.71)

There are N I independent windings in the SU(N) case.
In the matrix form, AR T", where the P' are the matrices of the SU(N) generators

in the fundamental representation, normalized as

= ab (15 72)' / 2

the gauge field can be represented as

(15.73)

In (15.73) the (in = 1,. ,N — 1) can be viewed as photons and the as W bosons
The mass terms are obtained from the term
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in the Lagrangian. Substituting here Eqs (15.68), (15.73), and (17.1) it is easy to see that
the W-boson masses are

=gha. (15 74)

For each the set of N 1 "electric charges" of the W bosons is given by N — I components

of
A special role belongs to the N — I massive bosons corresponding to the simple roots

y (see appendix section 17). they can be thought of asJirndamenlal, in the sense that the
quantum numbers and masses of all other W bosons can be obtained as linear combinations

(with non-negative integer coefficients) of those of the fundamental W bosons. With regard

to the masses this is immediately seen from Eq (15.74) in conjunction with

(15.75)

The construction ofSU(N) monopoics reduces, in essence, to that ofan SIJ(2) monopole
followed by various cmhcddings of SU(2) in SU(N). Note that each simple root y delines
an StJ(2) subgroup5 of StJ(N) with the following three generators.

It

= E_y), (15.76)

=yH,

with the standard algebra [r', I / I = 1k •6 If the basic SU(2) monopole solution corre-

sponding to the Higgs vacuum expectation value i is denoted as U), t')j, see
Eq. (15.29), the construction of a specific SU(N) monopole proceeds in three steps: (i) a
simple root y is chosen; (ii) the vector h is decomposed into two components. parallel and
perpendicular with respect to y, so that

h =h1 +h1,

hi1 =iy, =0, (15.77)

yh >0;

(iii) e;) is replaced by and a covariantly constant term is added to the field
(r; 1) to ensure that at r 00 it has the correct asymptotic behavior, namely, 2 ir = h2.
Algebraically the SIJ(N) monopole solution takes the form

i)i°+h_H, 1)ro. (15.78)

Note that the mass of the corresponding W boson is (mw)y = fully in parallel with the
SU(2) monopole.

Generally speaking, each root a defines an SIJ(2) subalgebra according to Eq (15 76). but s'.e will deal only
with the simple roots for reasons which will become clear shortly

Simple roots for StJ(N) are normalized as =
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It is instructive to verify that (15.78) satisfies the BPS equation (15.24) To this end it is
sufficient to note that lh±H, I = 0, which in turn implies that

What remains to be done? We must analyLe the magnetic charges ofthe SU( N) monopoles
and their masses. In the singular gauge (Section 15.7) the H iggs held is aligned in the Cartan

subalgebra, hH. The magnetic field at large distances from the monopole core, being
commutative with also lies in the Cartan subalgebra. In fact, from Eq (15.76) we infer
that the combing of the SU(N) monopole implies that

(15.79)
4m ,-

which in turn implies that the set of N — I magnetic charges of the SU(N) rnonopole is
given by the components of the (N — 1)-vector

(15.80)

Of course, the very same result is obtained in a gauge-invariant manner from the defining
formula:

—* (15.81)

Equation (15.17) implies that the mass of this monopole is

= QMh = (15 82)

which may be compared with the mass of the corresponding W bosons,

(mw)y=gyh=g1, (1583)

in perfect parallel with the SU(2) monopole results of Section 15.3. The Dirac quantization

condition is replaced by the general magnetic charge quanti7ation condition

cxp(iXQMH) = I, (15.84)

Composite
I

valid for all SU(N) groups.
monopoles

I

________—

—J Let us ask ourselves what happens if one builds a monopole on a nonsimple root. Such a

solution is in fact composite: it is a combination of basic "simple-root" monopoles whose
mass and quantum number (magnetic charge) are obtained by summing up the masses and

quantum numbers of the basic monopoles according to Eq. (15.75).

15.9 The SU(3) example

There are two simple roots in SU(3) and, consequently. two basic monopoles '[he third
root is nonsimple. The corresponding monopole is composite. The roots are two-component

vectors, therefore, they can he drawn in a plane (Fig. 4.5).
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.,ectol .'l

/3

(I)

The SU(3) root vectors.

To begin with, let us assume that the vector Ii belongs to sector A (see Fig. 4.Sa) Then

the simple roots can be chosen in the standard form, namely,

(1,0),
y= (15.85)

(see the root vectors y and }'2 in Fig. 4 5a), while the Cartan generators arc given by

(15.86)

As a result, for the two basic monopoles we have

Idiag(1,—1,0),
.

Masce,s of and the quantization condition (15.84) is satisfied. The masses of the basic monopoles are
IWO SU(3) (4m/g)h i and h1), respectively. Here h 1.2 stand for the two components
inonopoles of h.

Let us now consider the composite monopole corresponding to the positive nonsimple
root a = +Y2. Its mass is given by the formula

4ir 4ir/hi \
(MM)a = —(ah) = — I + I (15.88)

g g\2 2 /
which is the sum of the masses of two basic monopoles.

Finally, let us ask ourselves what happens if the vector h does not belong to sector For

instance, in Fig. 4.5b this vector lies in sector B. In this case we must adjust the definition of

a positive root appropriately. Remember, that the way in which the six root vectors ofSU(3)
are divided into two classes, positive and negative, is merely a convention. If h belongs to
sector B, the positive roots must be chosen as shown in Fig. the horizontally oriented

root vector is nonsimple but the other two are simple. The masses of the basic monopoles
in this case are

(1589)

(U)
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15.10 The 9 term induces a fractional electric charge
on the monopole (Witten's effect)

Witten noted [101 that in C/'-nonconserving theories the dyon electric charge need not he
integral. In non-Ahelian gauge theories a crucial source of CP-nonconservation is due to
the topologically nontrivial vacuum structure. It is known as the vacuum angle or 0 term.
(See also Chapter 8 below or Section 5 in [11]) This phenomenon, the occurrence of the
vacuum angle, is not seen in perturbation theory and was discovered in the l970s [121.

The 0 term, which can be added to the Yang Mills Lagrangian (15.1) without spoiling
its renormalizability is

Lo = G"°', = (15 90)
2

This interaction violates I' and CP but not C
As is well known, the 0 term can he represented as a full derivative. The corresponding

action reduces to a surface term (and hence does not affect the classical equations of motion
or the perturbation theory) A 0-dependence emerges. however, in instanton-induced effects
(Chapter 5). This was observed shortly after the advent of instantons in Yang—Mills theories.
Later, Witten realized that in the presence of magnetic monopoles the vacuum angle 0
produces nontrivial effects too. Namely. 0 0 shifts the allowed values of the electric
charge in the monopole sector of the theory

In terms of the electric and magnetic fields the 0 term takes the form

= (15.91)
8yr-

(remembering that we arc in the A0 0 gauge). Combining this expression with
Eqs. (15.41), (15.24), (15.15), and (15.25) to calculate the 0-term contribution in the
action, we get an extra term in the quantum-mechanical Lagrangian describing the moduli
dynamics. Namely, Eq. (15.47) gets modified as follows:

(15.92)
2m

The last term the additional contribution — is a full derivative with respect to time This was
certainly expected. Integrals of full derivatives in the action have no impact on the equations
of motion. Since the extra term is linear in d', the quantum-mechanical Hamiltonian of the
system, being expressed in terms ofa, is the same as in Section 15.5. What does chaige,
however, is the expression for the canonical momentum. Equation (15.92) implies that

MM 0
(1593)

2ir

The quantum-mechanical I lamiltonian is

0\2
=

( — J
(15.94)

2MM\ 2irj
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Evolution of the monopole or dyon electric charges vs. 8.

charge is no
longer
reslri ted 10

integer
i'alues It c an

even he

irrational'

The wave functions remain the same as in Eq. (15.51) while Eq (15.52) becomes

/ ()
—÷

MM\ 2m

where k = 0,±l,±2,... Repeating the derivation following Eq (15.52) we find that the
dyon electric charge in the presence of the & term is [10]

The degeneracy has been lifted A restructuring of levels takes place at I) = ±ir,±3jr,...
(Fig 4.7).

Note that the dyon mass formula, written in the form

MD = +

remains valid at 0 0 for fractional electric charges. This is a remarkable fact'

(15

Q, /q

=
MM\

(15.95)

= g (k — k = 0. ± 1, ±2,... (15.96)
\ 2irj

In fact, we could have dropped the condition k = 0,±l,+2,... provided that, simulta-
neously, we allowed 8 to vary from —oo to oc rather than restricting it to the interval
0 < 9 < 2jr; see Fig. 4.6. Note that at, say, 8 = 2ir the = —l dyon becomes the
monopole while the monopole becomes the = I dyon, and so on. Varying 8 intertwines
the monopole and dyon states.

In the absence of&, the dyon states with positive and negative values ofk (i.e. positive and

negative values of QE) were doubly degenerate for all > 0, in full accord with the mass
formula (15 57). Now, at generic values of8. the mass formula (15 57) gets modified to

1 1

/ 0 'C
MD=MM+—————Ik——) (1597)

2MM\
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The dlfferenceMD MM in units vs. 9/(2m).

15.11 Monopoles and fermions

Fascinating monopole-induced effects ensue as soon as we introduce fermions. The most
spectacular example is the fact that protons in the standard model7 decay into baryon-
charge-0 states with unsuppressed probability in the vicinity ofa magnetic monopole. This
phenomenon is known as the monopole catalvsi,s of proton decay [13]. In this text we will
not go into details of monopole catalysis phcnomcnology,8 a couple of brief remarks can
be found in Section 24. Instead, we will focus on the purely theoretical side, or, to be
more exact, on just one aspect. the analysis of the fermion ,ero modes in the monopole
background, which can be viewed as a preparation for the topic of monopole catalysis We
will consider one Dirac fermion either in the adjoint or in the fundamental representation
of the SU(2) gauge group.

15.11.1 Zero modes for adjoint fermions

One Dirac spinor is equivalent to two Weyl spinors, lobe denoted by ?L and respectively.

The fermion part of the Lagrangian to he considered below is

0' a a 0' a . — (0.0iV0'&A +tLr

Equations for the fermion zero modes can be readily derived from the Lagrangian (15 99)

— = 0,

Also referred to as the SM l3eyond any doubts. SM is the theory of our world
At this stage I always suggest to my students a problem (formulated below) with the assurance that shoeser
comes up with the correct solution will immediately get the highest grade and will he allowed to skip the
remainder of the course So far no solution has been offered The problem how many kilograms of magnetic
monopoles one must find in the depths of the universe and bring back to in order to meet all energy needs
of humankind for the next three ccnturies'

I I)

Spinorial
notation is
discussed at
length in i/ic
beginning ot
Part II

+ (15.99)

+ = 0,
15. 100)
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plus the Hermitian conjugates. After a brief consideration we conclude that this corresponds
to two complex, or equivalently four real, zero modes.9 Two of the modes arc obtained if
we substitute into (15.100)

= = (15.101)

The other two solutions correspond to the following substitution:

(15.102)

With four real fermion collective coordinates, the monopole supcrniultiplct is four dimen-
sional: it includes two bosonic states and two fermionic. (This counting refers just to the
monopolc. without its antimonopole partner. The antimonopole supermultiplet also includes
two bosonic and two fermionic states.)

15.11.2 Dirac fermion in the fundamental representation

The spectacular effects mentioned at the beginning of Section 15.11 are caused by color-
doublet Dirac fermions in the monopole field. Let us introduce a Dirac fermion composed of
two Weyl fcrmions and each of which transforms in the fundamental representation
of the SLJ(2)gauge group. The fermion mass is generated through the coupling to the Iliggs
held The ferm ions become massive once develops a vacuum expectation value

Then two things happen. First, the half-integer color spin of the fermion (sometimes
referred to as the iso.spin) converts itself into the regular spatial spin, so that the overall
angular momentum of the monopole+ fermion system is integer rather than semi-integer.
This is rather counterintuitive.

Second, the system under consideration exhibits the interesting phenomenon of charge
fractionalization, very similar to that occurring when kinks are coupled to fermions. as in
Section 9.2. In the case at hand, we will have one complex fermion zero mode [141 (two real
fermion moduli), implying that the degenerate monopole multiplet includes one state with
fermion charge and another with fermion charge Correspondingly, the monopoles
acquire fractional electric charges, of that of the elementary fermion [14.15]. Thus, in
the presence of the fundamental fermions the monopoles become dyons even at & = 0. This
aspect is also similar to what we discussed in Section 9.2.

The fermion part of the Lagrangian is

rfundJ (15.103)

where the Yukawa coupling can always be chosen to be real and positive. The fermion
equations of motion following from (15.103) are

=0,
(15 104)

This means that a monopole is described by two complex or four real fermion collective coordinates
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Examining Eqs. (15 104) in the "empty" vacuum (i.e. without monopoles) we readily obtain

that the fermion mass terms are ±hc/2, implying that the fermion mass is

in1 (15.105)

The fermion charge of the elementary fermion excitation is ±1, while the electromagnetic
U(l) charge is

Now we will move on to address the monopole background problem. The monopole
solution is given in Eq. (15.29) For clarity we will denote the spatial matrices acting on

spinorial indices of E and as a' and the SU(2) color matrices by r', althoughboth are

in fact the Pauli matrices. The distinction is that the act on the color indices of and

Our considerations will simplify if we adopt the following convention: the action of the
color generators on and (say, will be written in the form and ,where
the superscript 7' stands for transposition. We are assuming that and are regarded as

two-by-two matrices then their spatial index comes first and their gauge SU(2) index comes

second.

The monopole background held is time-independent, and SO are the fermion ,ero modes

They can depend on/v on the three coordinates Thus Eq. (15.104) can be rewritten

in the form of two decoupled equations

=0,
(15 106)

In three dimensions we cannot use index theorems of the type discussed in Section 12.1

because no three-dimensional y5 matrix exists. Instead, one should turn to the Callias
theorem [16, 171, which relates the difference between the numbers of the ,ero modes
for the operators L_ = V1a' and V1a' + to the topological charge of the

background field.10

The derivation of Callias' theorem involves a number of cumbersome details which we
will not discuss here. The mathematically oriented reader is directed to [16, 171 A conse-
quence from Callias' theorem is that the above-mentioned difference is I in the monopole

field (15 29). We will see below that the first equation in (15.106) has a single solution
while the second has none.

The spinors and 17 can be considered as 2 x 2 matrices: the flrst index is spinorial. the

second refers to color. A simple inspection of Eqs. (15.29) and (15.106) prompts us to the

form of ansatz that will satisfy Eqs. (15.106),

(l5.07)

where X and X arc some functions ofr to be determined from (IS 106). We should remember

that, say,

+ in 1n° H(r)r2X(r)(r")1

= —(iifr2)fl11HX. (IS 108)

10 Note that the operators Lj are not complex conjugates
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Music, With the ansalz (15.107), the structure emerges in all the terms in Eq. (15.106).
equation br Therefore it cancels out, leaving us with equations with no indices,

modes

X'+1XF+mj
(15 109)

r

Given the asymptotics of the functions H and F indicated in Eq. (15.30) we may conclude
that the first equation has a normalizable solution,

(15.110)

while the solution for X (regular at the origin) grows at infinity. The large-r behavior of
Xis

C

r
r—÷c'o. (15 III)

Exercises

15 1 Verify that Eq (15.44) is consistent with the gauge condition (15.38).
15 2 For N1 Dirac fermions in the doublet representation ofSU(2), one finds N1 complex

,ero modes in the monopole background. The corresponding fermion moduli can be
i+written in terms of creation and annihilation operators and a0 (i = 1,2,.

obeying the anticommutation relations

j jl- jl-= ,a0 )=0,

(F15.1)

(a) Construct operators obeying the Lie algebra of SU(Nf) in terms of the operators

and

(b) Show that the monopole ground state has multiplicity 2". To which representa-
tions of StJ(N1) does it belong?

15.3 Present an explicit proof of the fact that the monopole solution stays intact under the
combined action L + T, where L and T denote the generators of the spatial and
SU(2) color rotations, respectively
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16 Skyrmions

This section is devoted to the studies of the Skyrmion model for baryons which treats
baryons as quasiclassical solitons in the ehiral theory. This is parametrically justi fied in the
't Hooft limit, i.e. in the limit

N co, g2N fixed, (161)

where g is the gauge coupling constant; see Section 38. As will become clear shortly, the
Skyrmion model does no! represent the exact solution 0FQCD in the baryon sector. However.

it has its virtues. Arguably it captures all regularities of the baryon world (see Section 38 7
and the three following subsections) In some well-delined instances the Skyrmion model
predictions are expected to he quite precise while in other instances they are expected to he
valid only semi-quantitatively.

16.1 symmetries of Q(D

To begin with, let us recall some basic facts regarding quantum chromodynamics (QCD)
At low energies QCD can be described as Yang—Mills theory with two or three light

QC/) Dirac fermions q in the fundamental representation of StJ(N), where the number of colors
N = 3 in the actual world To a good approximation we can consider the light quarks to he

in 1/ic ehirul massless. Then the QCD Lagrangian takes the form
litnit. ii

n
flavors

(16.2)

where is the gluon field strength tensor, and n is the number of the massless Ilavors
(two or three in the actual world) The global symmetry of the above Lagrangian is well
known

SU(n)j x SU(n)R X

U(l) (16 3), is responsible for baryon number

conservation. The harvon current is

(164)

The chiral part of(16 3) describes the invariance ofthe QCL) Lagrangian under independent

SIJ(n) rotations of the left- and right-handed quarks. = (1

q/ '- (165)

where I. and R are the matrices. To emphasize their independence we use barred

and unbarred flavor right- and left-handed indices, respectively.

to refresh one's memory one could look through Sections t2 and 14 in liii
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Let us make a brief excursion into a fancy world in which the chiral symmetry of the
Lagrangian would be linearly implemented in the physical spectrum. We hasten to add that
this is not our world; see Section 35.2. Nevertheless, this sci-fi digression may teach us
something useful.

The SU(n)1 x SU(n)R chiral symmetry is conveniently represented in terms ofthc Weyl
spinors

(166)

where a, a = 1,2 are spinorial indices of the Lorcnt7 group, i = I, . ,N is the color index
and j, / = I ii are "subflavor" indices oftwo independent, left and right. SU(n) groups.
The reader should note that in this section we use square brackets to emphasize the matrix
nature of a quantity.

The interpolating fields for colorless hadrons can be constructed from the quark fields.
For instance, the spin-zero mesons are described by the meson matrix M.

M clearly vanishes. The matrix M reali7es the {n,n} representation
x SU(n)R and contains 2n2 real fields The mirror reflection of the space coor-

, . .
. if ifdinates, the I -parity operation, which transforms to and vice versa, acts on the

matrix as follows:

(168)

It means that the Ilermitian part of M describes n2 scalars while the anti-Hermitian part
describes,,2 pseudoscalars lntermsofthediagonalSU(n)v symmetry (when L = R)these
,,2 fields form an adjoint representation plus a singlet.

Starting from spin I. there exist interpolating operators ofa different chiral structure.
In the case of spin-I mesons one can introduce

[VL]' I

qt, (16.9)

Subtracting the trace we get the (n2 — I, I) representation, while the trace part is the (1, 1)

representation of SU(n)L x SU(n)R. The matrix is Hermitian; therefore it represents
fields of spin I These fields are singlets of SU(n)R and adjoints orsinglets ofSU(n)L

(as well as of SU(n)v) Under the parity transformation goes to

[ Ri' —

Lvii =ap
2

q (16 10)

The vector and axial-vector particles arc described respectively by the suni and the diff-
erence of and

Let us note in passing that spin-l mesons can also be described by an antisymmetric
tensor field transforming in the (I, I) representation of the LorentL group, instead of the
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representation displayed above:

+(a
I

(1611)

where = {l.—&j. The chiral features of this tensor current are different from

but the same as those of the spin-0 fields Mi-, Eq. (16.7) Moreover, by applying the total

derivative we see that the tensor current I is equivalent to
I

Indeed,

I_±Y5q1
(16 12)

The QCD Lagrangian (16 2) has another (classical) symmetry, U( I )A, corresponding to
the following rotations of the left- and right-handed fields in opposite directions,

qi. e (16 13)

This axial U(I)A is anomalous at the quantum level (Chapter 8).
The anomaly is suppressed by I/N in the 't Hooft limit N co with g2N fixed [18],

Section 38. Thus, in the 't Hooft limit, the U( I )A charge becomes a good quantum number.
Note that the U( 1 )A charge of the meson matrices M and I/in Eqs. (16.7) and (16.11)
respectively is 2, while that of V in Eqs. (16.9) and (16.10) is zero.

Thus, were the chiral symmetry realized linearly, for any given spin we would have two
types of chiral multiplets, charged and neutral with respect to IJ( l)A Each multiplet would
contain n2 states of each parity.12

Nanthu— Ihe above introduction to the theory of representations of ehiral symmetry is needed in

Goldsione I order to say that we see nothing of the kind in nature. We do not observe 2 x n2 degenerate
reali:aiio,t o/ multiplets in the meson spectrum. The reason is that chiral symmetry is reali,ed nonlinearly,
the hiral in the Nambu Goidsione mode [19].

- 16.2 Massless pions and the chiral Lagrangian

As is well known, the chiral SU(n), x SU(fl)R symmetry is spontaneously broken down to
the diagonal SU(n)v symmetry Only the vectorial SU(n)v symmetry is realited linearly
in QCI) and is seen in the spectrum. The above spontaneous breaking implies the existence

2 the case n = 2 is special Owing to the quasireality of the fundamental representation of SL'(2). the eight-

dimensional representation ofSU(2)L x SU(2)R given by the 2x2 matrix becomes reducible and can be

split into two four-dimensional representations I his can he done by imposing the group-invariant conditions

r2MIr2 =

then
M =i)+T(7.

where all fields are real I he quadruplet M+ Contains the isosinglet scalaro and the isotripletofpseudoscalars
while in M the pseudoscalar q is isosinglet and scalars form the isotriplet a Switching on the large-N

axial U(l)A we observe that the t'(l)A transformations mix M+ and M . thus restoring an eight-dimensional

representation
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ofn2 1 Goldstone bosons, massless pions. Below we will mostly focus on the case of two
massless flavors, n = 2.

In this case there are three pion fields (a = I, 2, 3). The pion dynamics is concisely
described by an SU(2) matrix field 11(x),

U E SU(2). (16.14)

where the r° arc the Pauli matrices and

93 McV

is a so-called pion constant.13 Under an SU(2) transformation by unitary matrices I. and R,
U transforms as

(16.15)

The Lagrangian (usually referred to as the chiral Lagrangian) must be invariant under both
transformations, while the vacuum state must respect only the diagonal combination L = R.

The Lagrangian must be expandable in powers of derivatives. The lowest-order term has
Chiral

two derivatives and can be written asLagrungian

(2) (16.16)

Ii dates back to the work of Gell-Mann and Levy [20]. The invariance of this term under
the global transformation (16.15) is obvious. In what follows it will be important that
is proportional to the number of colors N

In the fourth order in derivatives one can write in the chiral Lagrangian many terms that are

________

- — invariant under(16.l5); they are classified in [21] We will not dwell on this classification.
The Skvrme For our purposes it suffices to limit ourselves to one of these terms,
term

= (16.17)

This operator, which goes under the name of the Skvrme term, is of special importance:
it is singled out because it is second order in the time derivative. As we will see shortly,
this allows us to apply a Hamiltonian description. The constant e2 in Eq. (16.16) is a
dimensionless parameter, e 4.8. Note that I /e2 is also proportional to N.

The chiral Lagrangian we will deal with is the sum of the two terms (16.16) and (16.17),

r = (16.18)

Any constant (x-independent) matrix U represents the lowest-energy state, the vacuum of
the theory. Each matrix U represents a point in the space of vacua, which is usually referred

The vacuum . . .

to as the vacuum maniteld. Performing a generic chiral transformation, we move from one
mnanijold . .

point of the vacuum manifold to another. However, some ehiral transformations, applied to
a given vacuum, leave it intact. It is not difficult to understand that all vacua of the theory are

Ft The constant is related to the constani that determines ihe —÷ pu decay rate, =
Section 35 3 I his aspect need not concern us for the time being
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invariant under the diagonal SU(n)v symmetry operation of the chiral SU(n)1 x SU(n)R
group. The easiest way to see this is to consider the vacuum U = I. It is obviously invariant

under(l6.l5) provided that R = L. Thus, the vacuum manifold is the coset

{SU(n)1 x SU(n)R}/SU(n)V. (16.19)

The chiral Lagrangian (16.18) describes a {SU(n)L x SU(n )R } /SU(n) v sigma ,nodel The

coset (16.19) is referred to as the target space of the sigma model.
The chiral transformations (16.15) generate flavor-nonsinglet currents As we know from

the microscopic theory, there is another conserved current, the baryon current (16.4) What

happens with the baryon current in the chiral theory
Needless to say, the baryon charge vanishes identically in the meson sector. Thus, if there

is a of the baryon current (16.4) in the chiral theory, its expression in terms
of U must obey the following property: it must vanish identically for all fields presenting
small oscillations of U around its vacuum value.

Barvon
Such a conserved current does exist,

curre,!!

p
(16.20)

and the baryon charge B takes the form

B = fd3x Tr(UtdjU) (utd1u) (utakU) (16.21)

We leave it as an exercise to prove that the current (16.20) is conserved "topologically"
(i.e. one does not need to use equations of motion in the proof) and that B 0 order by

order in the expansion of(16.l4) in the fields m, assuming that I and 0 as

We will see shortly that for topologically nontrivial configurations of the field U —
i.e. solitons the baryon charge B can take any integer value, positive or negative. The
coefficient 24m2 in the denominator is chosen to make the baryon charge of the lightest
soliton unity. In fact, (16.21) presents the topological charge of the field configuration U(x)

lfthc number ofmassless flavors is three or larger, the so-cal led Wess—Zumino--Novikov

Witten (WZNW) term [22] must be added to the chiral Lagrangian (16.18). Although we
will not discuss it in detail, a few remarks about it will he made below. For two flavors the

Novikov—Witten term vanishes identically

16.3 Baryons as topologically stable solitons

The idea that baryons, such as nucleons or delta particles, might be solitons in the model
(16 18) has a long history. The first suggestion had been made by Skyrme [23] long before
QCD was born. Then Finkelstein and Rubinstein showed that such solitons, being made
ofpions, could nevertheless obey Fermi statistics [24]. With the advent of QCD, Skyrme's

idea was essentially forgotten. In the I 980s it was revived, however, by Witten whose two
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papers [25] and subsequent research [26] gave impetus to a new direction, which can be
called the Skyrme phenomcnology)4

What guided Wittcn in his arguments in favor of the baryon interpretation of Skyrmions?
In the 't Hooft limit, QCD reduces to the theory of an infinite number of stable mesons
whose interactions are governed by 1/N, where N is the number of colors (Section 38)
This parameter plays the role of a coupling constant in an effective meson theory We
can see this regularity clearly in the Lagrangian (16.18) provided that we use Eq (16.14)
and expand the Lagrangian in powers of yr. remembering that N. Then we can
readily convince ourselves that the kinetic term is 0(N°), the term quartic in yr is O(N I)

and so on.

Baryons, being composite states of N quarks, must have masses proportional to N. or, in

other words, to the inverse coupling constant. As we know from previous chapters of this
book, this behavior is typical of solitons in the quasiclassical approximation.

Why do topologically stable static solitons exist in the sigma model (16.18)! Assume
that we are considering a r-independent field configuration For its energy to be
finite, must approach a constant at the spatial infinity This means that in mapping
our three-dimensional space onto the space of unitary matrices U we arc compactifying
the three-dimensional space, making it topologically equivalent to a three-dimensional
sphere. If so, any mapping can he viewed as an element in the third homotopy group

Since

,i3(SU(2)) =Z, (16.22)

br
the third all continuous mappings fall into distinct classes characteri,ed by integers that count how
homotopv many times the group space of SU(2), is swept when the coordinate three-dimensional
group I sphere is swept just once. Since these mappings are orientable, the above integers can be

positive or negative. The corresponding topological charge is given in Eq. (16.21). For
topologieally trivial mappings, B 0. It is natural to expect that topologically nontrivial
solitons with B I correspond to baryons. Note that the topological classification based
on (16.22) will be essential in Chapter 5, devoted to instantons.

The topological argument above is general and does not specify a particular choice
of the sigma model with target space (16.19) which dynamically supports topologically
stable solitons. Why is the kinetic term (16.16) not sufficient for our purposes and why is
it necessary to add the Skyrme term? The so-called Derrick theorem [28] answers these
questions. It tells us that the energy functional derived from £(2) has no minimum, or, more
exactly, its minimum is reached only asymptotically in the (singular) limit of zero-radius

DerricA
h

functions.
I eorem

Indeed, assume U0 to be a solution to the classical (static) equation of motion following
from £(2). The corresponding energy functional is

= (16 23)

4 to a certain extent, these papers were motivated by earlier studies olBalachandran CIa! [27]
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where is the part of the Hamiltonian density that is quadratic in the spatial derivatives,
the superscript 2 will remind us of this fact.

Consider now a trial function where X is a numerical factor, substitute this
function in (16.23), change the integration variable i —÷ and perform the integration.
We immediately arrive at

= 1 (16.24)

which is lower than E(2)[Uo()] providedthat X > I, in contradiction with the assumption
The energy functional gets lower as the support of the function UoC7) shrinks to Lero.

Now, let us switch on the Skyrme term. Following the same line of reasoning we get

+
=

+ (16.25)

where the superscript 4 labels those contributions that come from the four-derivative term
Now we can satisfy the initial assumption, that E[U0(.7)] is the minimum of the

energy functional, provided that

= [U0c7)]

Before passing to a detailed analysis of the Skyrmion solution let us ask (and answer) the

following question: how can one show that the topologically stable solitons in the model at

formula /br hand are fermions!
the/burt/i The fact from topology that Jr4(SU(2))= Z2 is crucial. If we consider space—time
homotopv dependent mappings with boundary condition
group —

U(t,7) —* const as t —÷ ±00, 00,

all such mappings fall into two topological classes trivial (i.e. continuously contractible
to I) and nontrivial. An explicit field configuration which tends to unity at the
space—time infinity and represents the nontrivial class in m4(SU(2)) can be described as
follows. At t = —oc we start from U = I . As we move forward in time, we gradually create

a soliton-antisoliton pair and separate them by a spatial interval; then we rotate, say, the
soliton by without touching the antisoliton, then we bring them together and annihilate
them (see Fig. 4.8) Clearly, this 2ir-rotated field configuration is topologically nontrivial -
i.e. noncontractible to unity. If we assign to it a weight factor — I (and to the topologically
trivial configuration with no soliton rotation a weight factor + I) then we are quantizing the
soliton as a fermion. That this is possible was first noted in [24] Witten took a step further
and showed, by analyiing the WZNW term for three flavors, that in fact it is necessary the

soliton must be a fermion if and only if N is odd, in full agreement with the quark picture
ofbaryons as composite states of N quarks. We will return to this issue in Section 16.7.

15 In deriving it is essential that the Skyrme term does not contain more than two time derivatives
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A soliton—antisoliton pair is created from the vacuum, the soliton is rotated by a angle, the pair is then

annihilated. This represents the nontrivial homotopy class in jr4(SU(2)).

16.4 The Skyrmion solution

To begin with, we note that the energy functional following from (16.18) admits the
Bogomol 'nyi representation. Indeed,

=
(F2

+

=

f d3x I;' + 6ah
2

(16.26)

where

I = (81U) Ut = (16.27)

and we have used the definition of the baryon charge B in Eq. (16 21) and assumed that it
is positive (otherwise, we would have changed the relative sign in the parentheses)

If the Skyrmion were critical, i e. if it were the baryon charge-i solution to the equation

= (16.28)
2e

then its mass would be related to as follows:

Example o/a
-,

problem in Msk =6m—. (16.29)

which the
Bogomol'nyi In fact, the Skyrmion does not satisfy the BPS equation (16.28). This equation has no
bound exists solutions with appropriate boundary conditions. The Skyrmion satisfies the second-order
hut is not equation ofmotion, and its mass is 23% higher than the lowerbound (16.29). Nevertheless,
saturated this bound sets a natural scale for the Skyrmion mass.

The classical (static) equations of motion following from the Lagrangian (16.18) contain
the second and fourth orders in spatial derivatives and are highly nonlinear, It is not difficult
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to derive them. We will take a simpler route, however, and derive the Skyrme equation
directly for an appropriate ansalz,

, r = (16 30)

where the dimensionless function F(r) parametrizes the Skyrmion profile. This is a hedge-
hog ancatz of the Polyakov type. For the function (16 30) to be regular at the origin and
tend to a constant at the spatial infinity (which guarantees finite energy) we must impose
the conditions

F(r) = ir x integer at r = 0 and F(r) r 00 (16 31)

Substituting (16 30) into the definition of the baryon (and topological) charge (16.21 ), after
some straightforward algebra we reduce the integrand to a full derivative and find

I

B = —— I F(r) sin2F(r) . (16.32)
JTL 2 Jo

Given Eq. (16.31). the second term can be omitted. Thus, ifwe are interested in the baryon
charge-I solution we can set the following boundary conditions

Boundary F(0) = jr, 0. (16.33)
conditions
fOP the

.

profile Now we can substitute the ansatz (16.30) into the energy functional. In this way we
fi.'n lion arrive at

, r/dFY sin2 F
Msk=4JrJ rdr +2

2dr r

I sin2 F rsin2 F /aFY
+

2 22e2 r
L

r \c)r

= f dP[P2F'2 +2sin2 F+sin2 F(2F/2 +
sin F)]

(16 34)

where p is a dimensionless variable,

(16.35)

and the prime indicates differentiation over p.
profile

d
The Skyrme profile function F minimizes the above energy functional, with constraints

/i,nc lion an
following from the boundary conditions (16.33). The variational equation in F following
from (16.34) is

(p2FI+2FIsin2 F) —sin2F (I + F'2+ F) =0 (16 36)
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The Skyrme profile function vs p.

It was solved numerically in [261. The plot of F(p) is depicted in Fig. 4.9 The corresponding
value of the Skyrmion mass is

Msk x (16.37)
e e

16.5 Skyrmion quantization

The complete and consistent calculation of quantum corrections to the classical results
described above is impossible because the chiral theory is nonrenormalizabie it is effec-
tively a low-energy theory. In the ultraviolet, quantum corrections are governed by the
microscopic theory. QCD.

l)espite this we can (and must) quantize Skyrmion moduli (collective coordinates). The
classical Skyrmion solution presented in Section I 6.4 has no definite spin orflavorquantum
numbers. One can determine them only upon moduli quanti7ation

The Skyrmion moduli arc in one-to-one correspondence with the zero modes in the
Skyrmion background That such zero modes do exist follows from the symmetries of the
theory spontaneously broken by the ansa!z (16.30). The Skyrmion solution in this particular
unsatz implies that in fact there is a largc family of solutions with shifted origins, or rotated
spatial or flavor coordinates.

To perform a spatial translation one makes the replacement — where plays
the role of the soliton center. In the quasiclassical quantization we let depend (slowly)
on t. Then we substitute into the expression for the Hamiltonian of our chiral
model, assuming that the only time dependencc is that coming from In the adiabatic
approximation we assume to be small and keep only terms quadratic in In this way we
arrive at a quantum-mechanical Hamiltonian describing the Skyrmion's motion in space,

Msk 2

7-1 = + . (16.38)

This corresponds to the free motion of a particle in three-dimensional space, and quantization

is trivial.

2
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Now let us turn to rotations of the ansalz (16.30). First, one can obtain another solution
of the Skyrme equation (16.36) by rotating the spatial coordinates in so that

OEO(3), (1639)

where is an arbitrary 3 x 3 orthogonal matrix Second. OflC can rotate this field con-

figuration in flavor space (remember, we have ii = 2 in the case at hand), by applying an

arbitrary unitary matrix, so that

U0 —÷ A eSU(2) (16.40)

Each of the matrices 0 and A involves three parameters These parameters are not inde-

pendent, however. Indeed, the hedgehog ansatr (16.30) entangles the spatial variables with

the flavor variables (through the product ). Therefore, each flavor rotation is equivalent
to a spatial rotation. Indeed, each orthogonal (real) matrix can he represented as

= (16.41)

where B is some unitary 2 x 2 matrix. If we combine the rotations (16.39) and (16 40)
we get

A = = U0r), (16.42)

provided that B =A*. Thus, the hedgehog is invariant under rotations generated

by J — T, where J is the spatial rotation generator, while 1 generates rotations in flavor
space. In the present case one has three rotational moduli; they can be introduced as three

parameters in the matrix A
Following the standard quasiclassical quantization procedure, we introduce time-

dependent collective coordinates A(i) into the solution, i e. we set

= (1643)

and substitute (16.43) into the I lamiltonian of the chiral model (16.18) l'he algebra that fol-

_____________

lows is rather tedious but straightforward. Omitting the intermediate stages we present here
QM the quantum-mechanical Hamiltonian, which includes the rotational degrees of freedom
hamilton Fan

and replaces Eq. (16.38).

Skvrmions . 2 'sk+7-w , (16.44)

where is the angular velocity of the Skyrmion,

= —i Tr AtA = iw1 (16.45)

and ',k is the moment of inertia,

m I

3

A = 8f dp(sin F)2 1p2 + [4p2 F'2 + (sin F)2] 51. (16 46)
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I /e2 u/es

N while
=

3 / a2\
=

i=O

ai =cos62sinOj, 02 =cOs93sint9l S1fl92,
(16.53)

a3=sins9isin92sinO3, 0<0i2<Jr, 0<03<2jr.

The rotational part of the 1-lamiltonian (16 44) is that of a spherical quantum top. The
quantization of quantum tops is considered in detail in books on quantum see

e.g. [29]. Owing to the fact that the flavor rotations of the Skyrmion are identical to those
in space, upon quanti/ation we get only states whose spin I is equal to the isospin T. The
rotational energy is

(1647)
21sk

Note that the moment of inertia scales as N, implying that the rotational energies are
proportional to I/N. The ratio of the rotational energy of the Skyrmion to its mass is
0(1/N2). It is parametrically small at large N, where the (quasiclassical) description of
baryons as Skyrmions is valid

I will outline one possible way of deriving Eq (16.47) [26] Any unitary 2 x 2 matrix
can be parametrized as

(16.48)

In terms of the the rotational part of the Hamiltonian (16.44) becomes

= 21sk . (16.49)

lo carry out the quantization we express the I lamiltonian in terms of the conjugate momenta

Pt = make the replacement Pi -4 (which guarantees the appropriate
commutation relation and obtain

(16 50)

The question mark over the equality sign warns us that, because of the constraint

(16.51)

the expression in (16.50) is a symbolic shorthand In fact, the operator
must be understood as the Laplacian on the 3-sphere ofa unit radius, or, in other words,

the angular part of the four-dimensional Laplacian, which can be written as

1

d9i sin2 ao2

+ . (16.52)
sin2 sin2

The angle variables (i = 1,2,3) are defined by
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The eigenfunctions of the operator in (16.52) are components of homogeneous traceless
polynomials of the type — traces. If the order of the polynomial is then the
cigcnvalue is + 2), which can be checked by a straightforward inspection.

The rotational collective coordinates are introduced in the Skyrme ansalz via U0 U =
A (or, equivalently, set a, —ui) we get the same U

Naively, one might expect that only symmetric cigcnfunctions, = should be

kept. Actually, Finkeistein and Rubinstein demonstrated [24] that there are two consistent
ways to quantize the given soliton either symmetric eigenfunctions = are

required for all solitons or antisymmetric cigenfunctions = are required
for all solitons. In the former case is even, and the soliton is quanti7ed as a boson. In the
latter case 8 is odd, and the soliton is quantiied as a fermion

Combining Eqs. (16.50) and (16.52) we conclude that

2/Sk2(2 )
. (1654)

This coincides with Eq. (16.47) provided that we setRemember
that 'sk N
at/urge N If = 1 7 (16.55)

2

The mass splitting between the states I = T = 1/2 (nucleons) and I = T = 3/2 (As) is
2' 2'

are 3
degenerate. AM (16 56)

2/sk

Section 38 10

16.6 Some numerical results

Some numerical results will bc presented here. The reader should be warned that we do
(I Section not expect too precise an agreement with the data. The reason is obvious. The parameter

justifying our quasiclassical treatment is I/N. For N = 3 one can expect that dimensionless
expressions of the order of I/N are 0.3 and those of the order of I/N2 are —j 0 1 As

we will see soon, the ratio AM/Msk, which is theoretically ofthe orderof I/N2, is in fact

Experimentally the A-proton mass difference is 290 MeV. Substituting this number
into Eq. (16.56) and using Eq. (16 46) and 92 McV we get

(1657)

Equation (16.37) now implies that 1 .46 GeV, to be compared with 0 94 GeV.

We see that the numbers come out reasonably, although the agreement is not precise.
Some other quantities, such as the charge radii and magnetic moments, were calculated
and analy7ed in [26] following the same lines of reasoning. Qualitatively the description of
baryons as Skyrmions comes out correctly, although some theoretical numbers deviate from
their experimental counterparts by 30% or 40% Discrepancies of this order of magnitude
are to be expected.
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16.7 The WZNW term

Now let us pass to the more general case of three or more massless flavors. To explain the

problem occurring at a 3 it is sufficient to consider n = 3. It turns out that in this case
the effective chiral Lagrangian (16 18), including the two terms (16 16) and (16.17), cannot
be complete since it misses an important part of the interaction intrinsic to the Goldstone
bosons in the problem at hand.

Expanding the above chiral Lagrangian in powers ofthe Goldstone fields, it is not difficult
to see that the set of amplitudes that this Lagrangian generates conserves the number of
bosons modulo 2, i.e. two bosons in the initial state can produce only two, four, six, and
so on hosons in the final state. This is certainly true if we apply the low-energy chiral
description to the pion triplet llowever, with three massless flavors, when the (Ioldstone
bosons form an octet rather than a triplet, this is no longer true. The simplest
example violating the above rule is the allowed process ir0. What must
be done in order to amend the Lagrangian (16 18) appropriately?

Here I will only outline the answer to this question without delving into a number of very
interesting aspects, which we do not have the space to discuss here.

It turns out that the terms we need to add, when written as four-dimensional local opera-
tors, form an infinite series. To sum them and express the result in a compact form as a single

operator, one needs to leave four dimensions and pass to a five-dimensional space [22]. Let

Topological 1 us imagine our space—time as a very large four-dimensional sphere M. A given field con-

formula for figuration U represents a mapping ofM into the group manifold of SU(3) (remember that
the /ourih in the case under discussion U is a 3 x 3 unitary matrix belonging to SU(3)) (Fig. 4.lOa)
homotopv Since .7r4(SU (3)) = 0, the 4-sphere in SU(3) defined by the mapping U (x) is the boundary
group of a five-dimensional disc Q (Fig. 4 lOb).

On the StJ(3) manifold there is a unique fifth-rank antisymmetrie tensor which
is invariant under SU(3)1 x SU(3)R [22),

(16.58)
/ 2407r2 \ 8yJ ay'

a 4-sphere, is mapped into the SU(3) manifold. In part (a), space—time is symbolically

denoted as a 2-sphere. In parts (b) and (c), space—time is reduced to a circle that bounds the discs Q and Q'. The

SU(3) manifold is symbolized by the interior of the region represented by the large oval.



162 Chapter 4 Monopoles and Skyrmions

where the y' (i -= 1,2 5) arc coordinates on the disc Q. The normali,ation factor
—i/(2407r2) is derived as follows.

Define the functional

= f
d is an element of the disc area, with the intention of including iF in the action

of the chiral model, i.e. using exp(iF) as an additional weight factor in the Feynman path
integrals defining the amplitudes of the chiral model.

It is clear that the disc Q is not unique. The mapping of the four-sphere M is also the

boundary of another five-dimensional disc Q' (Fig 4.lOc). lfwe introduce

1" =
—

f Wjjt/,n (16 60)

then we must require that

(16.61)

implying that

(')ijklni = x integer. (16 62)

Equation (16.62) must be valid for an integral taken over any five-dimensional sphere in
the eight-dimensional SIJ(3) manifold, since Q + Q' is in fact a closed five-dimensional
sphere (Fig. 4.10).

The topological classification of mappings of the five-dimensional sphere into SU(3) is
based on the fact that

7r5(SU(3)) = Z. (16.63)
formulafor
the fifTh There is a trivial mapping and also a mapping in which, if a five-sphere is swept once, its
homotopy image in SU(3) is also swept once (a basic topological ly nontrivial mapping) The coefficient
gmup in Eq (16.58) was chosen in such a way that, for the basic mapping,

=2ir. (16.64)

The action of the chiral model takes the form

sfd4x +vF. (16.65)

The last term is referred to as the WZNW term; the coefficient v at this level is an arbitrary
integer number In Section 16.8 we will see, after establishing contact with QCD, that v = N,

where N is the number of colors.
In SU(3) the matrix field U is parametrized as

UESU(3), (16.66)

6 The minus sign in Fq (16 60) is due to the fact that now the orientation olthe boundary is opposite to that in
(1659)
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where the are the (iell-Mann matrices. Then = + 0(m2) and

we1
=

dE1 /rnTr[am djm a,m + 0(m6)]

=
Tr (m 81m dkm a,m + 0(m6)].

(16.67)

The WZNW term is an integral over a full derivative. Equation (16 67) demonstrates this
only to order 0(m5), but in fact it is valid at higher orders also. Then by Stokes' theorem
the WZNW term can be expressed as an integral over the boundary of Q This boundary is
our four-dimensional space—time, by construction,

F =
240

fd4xe afim + 0(m6)]. (16 68)

We see that the WZNW term reduces to an infinite series of local four-dimensional operators,
as mentioned above.

Now, assuming that v N let us determine whether the soliton is a boson or a fermion.
To this end, following Witten [25] we will compare the amplitudes for two processes First
we consider a soliton sitting at rest, at a certain point in space from time 0 until time
where T is a very large parameter (at the very end we can let 1' —÷ oo). Second, we consider
a process in which the soliton is adiabatically rotated by during the same time interval.
The first amplitude is obviously CXP(—iMskT). To determine the second amplitude it is
worth noting that in the limit T —* neither nor contribute to this amplitude,
because these terms in the chiral Lagrangian are second order in the time derivative, while
integration of the action produces only the first power ofT. However, the WZNW term is
of first order in the time derivative. Therefore it distinguishes between a soliton sitting at
rest and a soliton adiabatically rotated by 2n-. Obviously, for the soliton at rest F = 0 while
for the adiabatically rotated soliton I' = it [25]. Thus, the corresponding amplitude is

(16.69)

implying that the Skyrmion is of necessity a fermion for all odd N (in particular, N = 3).

16.8 Determining v

Our task in this section is to prove that the integer v in the WZNW term in (16 65) coincides
with the number of colors in the underlying microscopic theory, QCD. To this end we will
step aside, to generalize the WZNW term to include electromagnetic interactions. Thus,

Switching we will derive a low-energy effective Lagrangian that describes not only Goldstone boson
eleci'romag- interactions but also those involving photons.

action We start by introducing a 3 x 3 charge matrix Q of quarks:

0 0\
Q=I° 0 (16.70)

0
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It is not difficult to check that the action (16 65) is invariant under the global charge rotation

U exp(ie Q) U cxp(—iE Q), which for small rotations takes the form

u —f u+ie[Q.u]. (1671)

where E is a constant rotation parameter. We need to promote the above global symmetry to

a gauge U( I) symmetry also described by (16 71) but where the parameter c is an arbitrary

function of x,

E

To this end we introduce into the theory the photon held A,1. which is coupled to the matrix

U through the covariant derivative

(1672)

and transforms in a conventional way under gauge transformation.

(16.73)

Upon the replacement —÷ D/L, the £(2) + part of the action (16.65) becomes gauge
invariant. however, this does not work for the WZNW term F Under the local gauge
rotation (16.71) we have

F_fd4x(aPE)J".

= Tr [Q (81U Ut) Ut)

+ (16.74)

Using this transformation law one can cheek that the functional

+

(16.75)

is gauge invariant.

Thus, replacing (16.65) by

S=fd4x

(16.76)
C/i/mi
theory + we get an effective low-energy action that includes electromagnetism.
photons J How does this help to establish the value of v? It does so in a rather simple way. Indeed

the term vI, among others, contains the r0 —÷ yy amplitude, which can he obtained by
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expanding U to first order in ir(x) and integrating by parts; the result is

oA(7r -÷ = 2
. (16.77)

fo/),'otte?I

0hIS! e However, the famous calculation of this decay from the quark triangle anomaly [30] yields
(ioldstone

the same amplitude but with v = N. This calculation is discussed in detail in Chapter 8; cf

dosL Eqs. (35.3) and (35.6). One must take into account the fact that =
11 ith Returning to the decay ir0 (Section 16.7), which was the primary

motivation for the introduction of the WZNW term, it is rather curious to note that its
amplitude must be (in units given in Eq. (16.68)) an integer number equal to the number of
colors in QCD.

16.9 Beyond the conventional

The quasiclassical treatment of Skyrmions is parametrically justified in the limit N I

Nevertheless, in our actual world N = 3; in our world QCD is the theory of quarks in the
fundamental representation of SU(3) interacting through the octet of non-Abelian gauge
bosons. One may ask whether analytic continuation from N = 3 to large N is unique. The

answer to this question is negative

The standard procedure [31], well known under the name of the 't Hoofi /arge-N limit
(Section 38), is as Ibllows. The gauge group SU(3) is replaced by SU(N), the quarks are
assigned to the fundamental representations of SU(N), and N is sent to infinity while the
't Ilooft coupling A g2N is kept lixed

Instead, however, one can consider an alternative limit in which the quarks are

assumed to be in the two-index antisymmetric representation of SU(N)gauge At N = 3
the two-index antisymmetric quark is identical to the quark in the (anti)fundamental
representation.

At N > 3 the above relation between the two-index antisymmetric and fundamental repre-
sentations no longer holds, and we arrive at a different large-N limit [32]. Unlike the 't
Hooft limit, it does not discard fermion loops.

Assume we have two or three (in general. n) quarks in the two-index antisymmetric
representation of color. Since the fermion fields are Dirac and in the complex representation

of the gauge group, the theory has the same chiral symmetry as QCD for a flavors of
fundamental quarks, namely, SU(fl)L x SU(n)R, and it is spontaneously broken in the
same way,'8

SU(n), x SU(n)R SU(n)v. (16.78)

7 In 1321 it was suggested that one should refer to this limit as the oiientifi,ld large-N limit, for reasons which
need not concern us here

8 Arguments in lhvor of this pattem of chiral symmetry breaking can be found in [33]
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Therefore the low-energy chiral Lagrangian must have the same structure as that discussed

earlier in this section, including the WZNW term at n = 3. In particular, it supports topo-
logically stable solitons, i.e. Skyrmions, which are already very familiar to us There is an
important parametric distinction, however.

In the 't Hooft large-N limit the constants and l/e in the chiral Lagrangian scale
as hut now, for the two-index antisymmetric quarks, they scale as N Moreover, the

coefficient in front of the WZNW term also changes Previously v = N, but now one can
readily convince oneself

N(N- I)

= 2
(16.79)

Under these circumstances the Skyrmions will have a mass sealing as Msk N2, and their

statistics will be determined by the factor 1)/2 [341. If we identify them with
baryons in this model, the relation between Skyrmions and the quark picture of haryons
becomes counterintuitive, at least at first sight

Indeed, the simplest color-singlet composite hadron of the baryon type can be built of
N/2 quarks as follows:

(1680)

Here we limit ourselves to one of four possible cases, namely, that with N even and N/2
odd. The other cases can be considered in a similar manner. If N is even and N/2 is odd

then N(N 1)/2 is odd too. The smallest value of N falling into this class is N 6.

Upon inspecting (16.80) one might conclude that the baryon mass must be proportional to

N/2, since it consists of N/2 quarks, but this would be incompatible with baryon Skyrmion

identification, which requires M N2 Let us not hurry to conclusions, however
For quarks in the the fundamental representation of SU(N) the color wave function

is antisymmetric, which allows all these to be in the S wave in coordinate space. For
antisymmetric two-index spinor fields the color wave function (16.80) is symmetric, which
requires the spinors to occupy "orbits" with angular momentum up to The ground

state ofsuch a hadron is a degenerate Fermi gas; it is obtained by filling all the lowest energy

states up to the Fermi surface [35] The mass of such a "baryon" grows with N as N H (((N),

with K (N) > 0. The ratio of its mass and the quark number is nonminimal A genuine baryon

with a minimal mass to quark number ratio is built from N(N l)/2 quarks, and it has
the same structure as a baryon in the theory for fundamental quarks, namely, the quark
wave function in color space is completely antisymmetric (i.e. antisymmetrie with respect
to the interchange of any pair of quarks) so that all quarks are in the S wave
demonstrated [35] that there is one and only one such wave function, it requires the product

of N(N I )/2 quark fields and is, in fact, the antisymmetric subspace of the tensor product

of N(N — l)/2 factors This theorem is purely algebraic.
For such baryons it is natural to have M N2, which is welcome from the point of view

of baryon Skyrmion identification. The mass to quark number ratio is 0(N°). Therefore,

19 One can obtain this equality using the same derivation as that of Section 168 Only the last step is different
in the triangle anomaly responsible lbr jr0 yy one must replace N by N(N — l)/2
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the decay of such a baryon into N I "exotic" haryons (16.80), allowed by baryon charge

conservation, is energetically forbidden at large N. On the contrary, "exotic" baryons,
if produced in abundance, will fuse to form a nonexotic compound baryonic state with
M N2. See Chapter 9 for more details

Exercises

16.1 Prove that the current (16 20) is conserved topologically (i.e. one does not need to use
equations of motion in the proof) and that B 0 order by order in the expansion of
(16.14) in the lields ir, assuming that I and m(v) 0 as

__

162 Prove Eq. (1641).
16.3 Prove the gauge invariance of the functional (16 75).

16.4 Derive Eq (16 32).

17 Appendix: Elements of group theory for SU(N)

The topic to be discussed below is covered in the physicist-oriented texts on group theory
cited in [9]

The (N — 1)-component root vectors a = aN I } and —a are delined by

[Hj,Ea]=ajEa, (17.1)

where the Hermitian conjugate of La is defined by

= Ea.
it is customary to normaliLe the generators in the following way.

Tr(Hj H1) = = (17.2)

Then all the root vectors, the total number of which is N(N — I). are normali,ed to unity

a2 I. (17.3)

Moreover, one can show that for each a

[Ea,Ea]ajHj. (174)

lfa + /3 0 but a + /3 is a root then

(175)

otherwise [La. E/3] = 0.
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_________

It is convenient to divide all the roots into two halves, positive and negative. For instance,
one can define the positive roots as the set of root vectors such that the first non7ero

negam'e component of every vector is positive. Alternatively, one can choose to call a root positive
roots Sunpie . .if its last nonzero component is positive This gives an arbitrary division of the space into

two halves It is important that every root is either positive or negative. In our notation the
as arc positive roots and the —a are negative

In addition, the notion that we need here is that of simple mots. A simple root is a positive
root which cannot be written as the sum of two positive roots. There are N — I simple roots
in SU(N) let us call them y — and they are linearly independent. Any positive root a can
be written as a sum of simple roots y with non-negative integer coefficients

(176)

Needless to say, not all possible combinations y with non-negative integer coeffi-
cients are roots (we have N(N — I)/2 positive roots in SU(N)) A possible set of simple
roots in SU(N) is

y'={ 1.0,0,0 01.

={ 01.

= 0
2m 2,n

/N—2 I N
= 0,0

I)

(17 7)

The angle between all neighboring simple-root vectors is 120°, while non-neighboiing
simple-root vectors are perpendicular. This is indicated in the Dynkin diagram in Fig. 4.11.

The Dynkin diagram for SU(N).
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In previous chapters we advanced along the road of increasing codimensions: from codi-
mension 1, for domain walls, to codimension 3 for monopoles and Skyrmions. These objects
were considered in the static limit. Now we will pass to objects with codimension

[I]. It is clear that in four-dimensional space—time static objects cannot have
codimension 4. Thus instanton solutions depend on time (albeit Euclidean time). Physical

lunneling th phenomena whose understanding requires instantons are drastically different from those
quasi discussed previously. Instantons appear in problems in which there is lunneling between
(UI (energy-degenerate) field-theoretic states separated by a harrier [2—4]. Such problems are
upprocima- common in quantum mechanics (e.g the famous double-well potential), where they can be
lion

solved in a number of different ways. In four-dimensional held theories, instanton calculus
becomes essentially the only feasible method applicable. What arc the physical implications
of instantons?

First and foremost, instantons reveal a nontrivial vacuum structure in non-Abelian gauge
theories, i.e. the existence of a vacuum angle 0 and of the so-called 0 vacuum In Yang—
Mills theories with massless fermions (quarks), instantons explain the nonconservation of
the flavor-singlet axial current. This nonconservation was a great mystery in QCE) before
the discovery of instantons [51. And, finally, in theories with chiral fermions such as the
standard model, tunneling in the 0 vacuum described by instantons gives rise to haryon
number violation [6]. The baryon-number-violating processes due to instantons possess a
remarkable property: their sections grow exponentially with energy [7]. How high can
the exponential enhancement factor grow? In a bid to answer this question an interesting
phenomenon was discovered [8—10] referred to as unitari/ation." All these
topics will be discussed in this chapter We will not consider instanton-hased models of the
QCD vacuum (such as the instanton liquid model, which is thoroughly presented in [11]).
Crucial instanton-induced effects in some supersymmetric theories will be covered in Part
II. Two very detailed introductory articles on instantons [12, 131 can be recommended to

those readers who want to familiarize themselves further with the related ideas, techniques.
and developments

18 Tunneling in non-Abelian Yang—Mills theory

Instantons are locali,ed objects in four-dimensional (Euclidean) space—time Originally
Polyakov suggested the name "pseudoparticles," which did not take root, however, and
now is used rather rarely. The term "instantons" was suggested by 't Ilooft The physkal
role of instantons is as follows In the quasiclassical approximation they describe the least-
action trajectory (in Euclidean time) that connects two distinct energy-degenerate states in
the space of fields. The initial point of the instanton trajectory at t = —oc is one such state,
while the final point at r = oo is another such state. Naturally. instantons are present only in
those theories in which energy-degenerate states in the space of Itelds exist They minimize

In fact, a significant part ofthis chaptcris an adaptation ofscveral sections ti'om Forsuperinstanton calculus
see Section 62
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the (Euclidean) action, under the given boundary conditions Therefore, instantons present
classical solutions of the Euclidean equations of motion. In fact, as we will see shortly,
they are Bogomol'nyi—Prasad—Sommerfield (BPS) objects satisfying the so-called duality
equations [5]. In non-Abclian gauge theories they were discovered by Belavin, Polyakov,
Schwar,, and Tyupkin [5] and are usually referred to as BPST instantons.

First we will consider pure Yang—Mills theory for the gauge group SU(N). For pedagog-
ical reasons we will mostly focus on SU(2) In QCD the gauge group is SU(3). The fermion
fields (quarks) will be incorporated later At that stage we will pass from SU(2) to SIJ(3)

18.1 Nontrivial topology in the space of fields
in Yang—Mills theories

The Yang—Mills Lagrangian has the form2

(18.1)

where GR, is the gluon field strength tensor,

= — , (18.2)

g is the gauge coupling constant, and is a structure constant of the gauge group. For
SU(2),

a, b, c = I , 2, 3.

The issue to be discussed in this section is independent of the particular choice of gauge
group.

The first question to be asked is, from where to where does the system of the Yang Mills
fields

At first glance it is not obvious at all that the Lagrangian (18 1) has a discrete set of
degenerate classical minima.3 But it does!

The space of fields in field theories is infinite dimensional. Most of these field-theoretical

degrees of freedom are oscillator-like and thus, havingjust a single ground state, present no
interest for our current purposes. However, we will demonstrate that in Yang—Mills theories

there exists one composite degree of freedom, a direction in the infinite-dimensional space
of fields along which the Yang—Mills system can tunnel. If we forget lbr a while about the

otherdegrees of freedom and focus on this chosen degree of freedom, we will see degenerate

states connected by trajectories.
A close analogy that one can keep in mind while analyzing Yang—Mills theories in the

context of tunneling is the quantum mechanics of a particle living on a vertically oriented
circle and subject to a constant gravitational force (Fig. 5.1) Classically the particle with
the lowest possible energy (i.e. in the ground state of the system) just stays at rest at the
bottom of the circle. Quantum-mechanically, zero-point oscillations come into play. Within
a perturbative treatment we will deal exclusively with small oscillations near the equilibrium

2 that the normaliiation of the Yang Mills fields in this chapter is different from that in the previous chapters
We will call them pie-vacua tbr reasons that will become clear later
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A particle on a one-dimensional topologically nontrivial manifold, the circle.

Nontrivial topology in the space of gauge fields in the/C direction. The circumference of the circle is 1. The vertical

lines indicate the strength of the potential acting on the effective degree of freedom living on the circle.

point at the bottom of the circle. For such small oscillations, the existence of the upper part

()fthe circle plays no role. It could be eliminated altogether with no impact on the zero-point

oscillations.

From studies in quantum mechanics we know, however, that the genuine ground-state
wave function is different. The particle oscillating near the origin "feels" that it could
wind around the circle on which it belongs, by tunneling through the potential barrier it
experiences at the top of the circle (the barrier is similar to that shown in Fig. 5.2)

To single out the relevant degree of freedom in the infinite-dimensional space of the gluon

lields, it is necessary to proceed to the Hamiltonian formulation ofYang Mills theory This
implies, of course, that the time component of the four-potential has to he gauged away,

= 0. Then,

fd3x + (18.3)

where 7-1 is the Hamiltonian and the = are to be treated as canonical momenta.

Two subtle points should be mentioned in connection with this Hamiltonian. First, the
equation div EU = pU, intrinsic to the original Yang Mills theory, does not stem from
this Ilamiltonian per se. This equation must he imposed by hand, as a constraint on the

A:
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states from the Hubert space Second. the gauge freedom is not fully eliminated. Gauge
transformations which depend on x but not i are still allowed This freedom is rellectcd in
the fact that, instead of two transverse degrees of freedom Hamiltonian above has

three (the three components of A°). Imposing, say. the Coulomb gauge condition.

(18.4)

we could get rid ofthe "superfluous" degree of freedom, a procedure quite standard in pertur-
bation theory (in the Coulomb gauge). Alas' lfwe want to keep and reveal the topologically
nontrivial structure of the space of Yang—Mills Fields, the Coulomb gauge condition cannot

be imposed. We have to work, with certain care, with an "undergauged" Hamiltonian.
Quasiclassically, the state of the system described by the Hamiltonian (18.3) at any given

moment of time is characterized by the field configuration A7(x);x indicates a set of three
spatial coordinates Since we are interested in the zero-energy states classically, they are

obviously the states with minimal possible energy the corresponding gauge field must

be pure gauge,

=iU(x)a1Ut(x), (18.5)
sac

where U is a matrix belonging to SU(2) that depends on the spatial components x of the
Mull/k 4-coordinates. We have also introduced the matrix notation
nolatlofl.________________J

(186)

Moreover, we are interested only in those 7ero-cnergy states that may be connected with

each other by tunneling transitions, i c. the corresponding classical action must be Finite.
The latter requirement results in the following boundary condition:4

U(x)—* 1, —÷ cc, (18.7)

or U(x) tends to any other constant matrix U)) that is independent of the direction in the
three-dimensional space along which x tends to infinity. This boundary condition coin-
/)actif es our three-dimensional space, which thus becomes topologically equivalent to the
three-dimensional sphere The group space of SU(2) is also a three-dimensional sphere,

however. Indeed, any matrix belonging to SU(2) can he parametrized as

McSU(2). (18.8)

Here A and B comprise four real parameters; r are the Pauli matrices. The conditions
M+M = I and dct M = I arc both met provided that

42 +B2 = 1 (18.9)

Since U(x) is a matrix from SU(2) and the space of all coordinatesx is topologically
equivalent toathree-dimensional sphere (afierthe compactification U(x) I cc),
the function U(x) realizes a mapping of the sphere in coordinate space onto a sphere in the

If( I 7) is not satisfied then G01 will scale at large fixed I as I /IxI and the integral J v will he
divergent, implying an infinite action See a remark in Section 20 I and/or the discussion in 1141
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group space. Intuitively it is obvious that all continuous mappings S3 S3 are classi lied

according to the number of coverings, which is the number of times the group-space sphere

________

S3 is swept when the coordinate x sweeps the sphere in coordinate space once. The number

ofcoverings can be zero (a topologically trivial mapping), one, two, and soon (see Fig. 4.1).
formula for The number of coverings can be negative, too, since the mappings S3 S3 are orientable
the third

[15]. Mathematically this is expressed by the formula
horn otopv

(/622) =Z. (18 10)

In other words, the matrices U(x) can be sorted into distinct classes U,,(x), labeled by

an integer n = 0,±I,±2 referred to as the winding number. All matrices belonging

to a given class U0(x) are reducible to each other by a continuous x-dependent gauge
transformation At the same time, no continuous gauge transformation can transform U,, (x)
into U0'(x) if,, n'. The unit matrix represents the class For n = I one can take,

for instance,5

1. xr 1

2 I' (18.11)
L (x +p-) '-j

where p is an arbitrary parameter. An example ofa matrix from U,, is
1-

Any field configuration = being pure gauge, corresponds to

the lowest possible energy zero energy. As a matter of fact, the set of points U,, } in the

space of fields consists simply of the gauge images of the same physical point (which is
analogous to the bottom ofihe circle in Fig. 5.1). The fact that the matrices U,, from different

classes are not continuously transformable to each other indicates the existence of a "hole"

in the space of fields, with noncontractible loops winding around this "hole"

C7,ern—1 We are finally ready to identify the degree of freedom corresponding to motion around
this circle Let us consider the vector

current
K" 1 (18 12)

The vector K" is called the chern Si,non.s current, it plays an important role in instanton

calculus. We will encounter it more than once in what follows Now, define the charge K
corresponding to the Chern—Simons current,

(18.13)

It is not difficult to show that for any pure gauge field A7(x) the Chern—Simons charge JC
measures the winding number, for any field of the type (18.5) we have

(18.14)

Summarizing, moving in the "direction of IC" in the space of Yang—Mills fields we ob-
serve that this particular direction has the topology of a circle. The points IC, IC ± I, IC + 2,

Let us note in passing that exactly the same topological classiticaiion is the basis of the theory of Skyrinions.
see Section 16
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If we unwind the circle of Fig. 5.2 onto a line we get a periodic potential.

and so on. are physically one and the same point. The integer values of frC correspond to the

Compare bottom ofthe circle in Fig. 5.1.

with It is convenient to visualize the dynamics of the Yang—Mills system in the "direction
Section 33 of/C" as in Fig. 5.2. The vertical lines indicate the potential energy — the higher the line

the larger the potential energy. It is well known (see e.g. the textbooks 1161) that the only

consistent way of treating quantum-mechanical systems living on a circle (i.e., those with
angle-type degrees of freedom) is to cut the circle and map it many times onto a straight
line In other words, we pretend that the variable IC lives on the line (Fig. 5.3). Any integer

value of/C in Fig. 5.3 corresponds to a pure gauge conliguration with Lero energy. If/C is
not an integer, however, the held strength tensor is nonvanishing and the energy of the field
configuration is positive. Viewed as a function on the line, the potential energy V(/C) is, of
course, periodic - with unit period

To take into account the fact that the original problem is formulated on the circle, we
impose a (quasi)periodic Bloch boundary condition on the wave functions

'4'(/C+ 1) =e'°'P(IC). (18.15)

The phase 0, 0 <0 < 2m, appearing in the l3loch quasiperiodic boundary condition is a
the vacuum hidden parameter, the vacuum angle. The boundary condition (1 8.1 5) must be the same for

the wave functions of all states. We will return to the issue of the vacuum angle later on
The classical minima of the potential in Fig. 5.3 can be called pre-vacua. The correct wave
function of the quantum-mechanical vacuum state of Bloch form is a linear combination of

these pre-vacua.

We would like to emphasize here a subtle point that in many presentations remains
unclear. It might seem that the systems depicted in Figs. 5.2 and 5 3 (a particle on a circle

and that in a periodic potential) are physically identical. This is not quite the case. In periodic

potentials, say in crystals, one can always introduce impurities that would slightly violate
periodicity. For a system on the circle this cannot be done. Thus the correct analog system
for Yang—Mills theories, where the gauge invariance is a sacred principle, is that of Fig. 5.2.

Assume that at t = —oc and at r = +oo our system is at one of the classical minima
(zero-energy states) depicted in Fig. 5.3, but that the minimum in the past is different from
that in the future Assume that at t = —oo the winding number IC = n while at t = +oc the
winding number IC = ii ± I. In Fig. 5.2 this means that our system tunnels from the point
marked by the small solid circle under the hump of the potential and back to the same point.
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Consider now a field configuration continuously interpolating (with minimal
action) betwecn these two states in Euclidean time, i.e the least-action tunneling trajectory.
This is the BPST instanton.6

The analysis outlined above (based on the Hamiltonian formulation) is convenient for
establishing the existence of a nontrivial topology and nonequivalent (pre-)vacuum states
and, hence, the existence of nontrivial interpolating field configurations corresponding to
tunneling. In practice, however, the Hamiltonian gauge A0 0 is rarely used in constructing
the instanton solutions. It is inconvenient for this purpose

Below we will describe a standard procedure based on a specific ansalz for A11(x) in
which all four Lorentz components of A11 are nonvanishing. This ansat: entangles the color
and Lorenti indices; the field configurations emerging in this way are, following Polyakov,
generically referred to as "hedgehogs," as mentioned earlier.

18.2 Theta vacuum and 0 term

Compare The existence of a noneontractible loop in the space of fields A0 leads to drastic conse-
t'. it/i quences for the vacuum structure in non-Abelian gauge theories Let us take a closer look at
Sectio,i the potential of Fig. 5.3 The argument presented below is formulated in quasiclassical lan-

guage. One should keep in mind, however, that the general conclusion is valid, even though
the quasiclassical approximation is inappropriate, in quantum chromodynamics. where the
coupling constant becomes large at large distances.

Classically, the lowest-energy state of the system depicted in Fig 5.3, occurs when the
system is in a minimum of the potential Quantum-mechanically, zero-point oscillations
arise. The wave function corresponding to oscillations near the nth iero-energy state,

is localized near the corresponding potential minimum. The genuine wave function is
delocalized, however, and takes the form

= (18 16)
ii=0.±I 2,

r— where 8 is a parameter,
lIeje 9 is the

0 <9 <2m, (18 17)

mentioned
analogous to the quasimomentum in the physics of crystals 116]. If the nth term in the sum
is the nth "pre-vacuum," the total sum represents the 9 vacuum The vacuum angle 9 is a

/5) global fundamental constant characterizing the boundary condition on the wave function. It
does not make sense to say that in one part of the space 9 takes some value while in another
part it takes a different value or depends on time. Once this parameter is set we stay in the
world corresponding to the given 0 vacuum forever. Worlds with different values of9 have
orthogonal wave functions: for any operator 0 acting on the Ililbert space of physical states

___________

(4'o

I .This property is referred to as the superselection rule

An illuminating discussion of the tunneling interpretation in the space is presented in 171

In application to Yang—Mills theories and Q('D we should rather use the term wave functional, neserthcless,
will continue referring to the wave function
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The energy of tlJo can (and does) depend on 0, generally speaking, and so do other
physically measurable quantities. From the definition of the vacuum angle it is clear that
the 9-dependence ofal I physical observables, including the vacuum energy, must be periodic

with period 27r

Since all pre-vacua states are degenerate in energy, the question is often raised of
why one should form a linear combination, the 8 vacuum Is it possible to take, say. as

the vacuum wave function?
The answer is negative and can be explained at different levels. Purely theoretically, if

we want to implement the full gauge invariance of the theory, including invariance under
gauge transformations, we must pass from ti), to

At a more pragmatic level one can say that the introduction of ti)0 is necessary to maintain

the property of cluster decomposition, which must take place in any sensible field theory.
What is cluster decomposition? This property means that the vacuum expectation value of

the T product ofany two operators, (xl) and 02(X2), at large separations xl — cc

must tend to (0i) (02). lithe vacuum wave function were chosen to be 4',,, this property
would not be valid (see, for example, the text below Eq (33.39))

Finally, by proceeding to 4',, we ensure that the vacuum state is stable under small
perturbations. This would not be the case i ithe vacuum wave function were 4',, For instance,

a small mass term of the quark fields could then cause a drastic restructuring of the vacuum

wave function.
Although the physical meaning of the parameter 0 is absolutely transparent within the

Hamiltonian formulation, when we speak of instantons in field theory, usually, we have in
mind a Lagrangian formulation based on path integrals In the Lagrangian formalism the

The 0 te/ in J vacuum angle is introduced as a 8 term in the Lagrangian.

2

I: I 1) (1,/fl (1

= 4 p v + = U

where

= = 1. (18 20)

Note that if 8 0 or the 9 term violates P and 7' invariance.

Before the discovery of instantons it was believed that QCD naturally conserves P and

C P Indeed, the only gauge-invariant Lorentz scalar operator that can be constructed from

the A,, fields of dimension 4 violating P and T is GG. This operator, however, presents

a full derivative: GG = 8,,K,,, where K,, is the Chern Simons current (18.12). It was
believed that such a full derivative can have no impact on the action.

In the instanton field, however, the integral over GG does not vanish The reasons for this

will he explained below What is important for us now is the fact that by adding the 8 term
to the QCD Lagrangian we break P and CP for strong interactions if 8 0 or Since it

is known experimentally that P and CP symmetries are conserved for strong interactions
to a very high degree of accuracy, this means that in nature the vacuum angle is fine-tuned
and is very close to ,ero.8 Estimates show that 0 [18, 19].

I he second solution, with 0 = 7T, is incompatible with the experimental data, for subtle reasons
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Thus, with the advent of instantons the naturalness of QCD is gone Can this fine-tuning
be naturally explained' There exist several suggestions of how one could solve the problem

of P and CP conservation in QCD in a natural way. One of the most popular is the axion
conjecture [201. This topic, however, lies outside our scope. Interested readers are referred

to [19J for a pedagogical review. We will simply assume that 9 = 0 although theoretically,
in a hypothetical world, it could take any value from the interval [0,2jrJ.

In Minkowski space the 9 term (18.19) is real. It becomes purely imaginary on passing
to Euclidean space. Certainly, this does not mean any loss of unitarity. So why do we need

to pass to Euclidean space'
The reason is not hard to find: the classical solutions describing the tunneling trajectories

are those of the Euclidean equations of motion. In order to pass to Euclidean time one can
choose two alternative routes. In pure Yang Mills theory with no fermions, it is advanta-
geous to formulate a Fuclidean version of the theory from the very beginning and to work
only with this version. The Euclidean formulation can also be developed in the presence
of fermions, provided that all fermions in the theory arc described by Dirac fields, i.e are
nonchiral. This is what we will do in this chapter

This approach does not work, however, for chiral fermions, or for many supcrsymmetric

field theories. For such problems one must choose the second route, which will be discussed

in Part II.

Exercise

18.1 Using Eq (18.5) for the pure gauge field together with
Eq. (18.11) corresponding to a unit winding, show that /C
for the winding-n matrices

the

=
matrix

I Show

U1(x) from
that /C = n

19 Euclidean formulation of QCD

First we will discuss the passage from Minkowski to Euclidean time. Then we will describe

the gauge-boson fields in Euclidean space. Finally, anticipating the uses of instantons in
QCD, we will consider the Euclidean version of Dirac fermions.9

Note In this section a caret is used to denote a quantity in Euclidean space. The Greek

letters ,i, v,.. denote indices running from 0 to 3 for M inkowskian

quantities (with a caret) they run from Ito 4. The Latin letters i,j take the values 1,2,3
In Minkowski space one distinguishes between contravariant and covariant vectors, writ-

ten as and respectively. The spatial vector v coincides with the spatial components

I would like toemphasiie that a full Fuclidean formulation ofthe theory is not necessary forthe instanton studies
see Part II The only necessary element is the transition from to Euclidean time Nevertheless, below
we will construct a complete Euclidean version of Yang—Mills theories because this formulation [6.131 will he
convenient fir practical purposes
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of the contravariant four-vector

v = {

Euclidean space the distinction between the lower and upper vectorial indices is
immaterial, we considerjust one vector = 1,2,3.4)

In passing to Euclidean space, the spatial coordinates are not changed, = .r' For the

time coordinate xo we make the substitution

xQ=—ix4. (191)

Clearly. when x0 is continued to imaginary values the zeroth component of the vector
potential A,1 also becomes imaginary.

We deFine the Euclidean vector potential A,1 as follows:

N = A0 = (19.2)

With this definition, the quantities A,1 (IL = 1,2,3,4) form a Euclidean vector. The difference
between (19.2) and the corresponding relations for the vector see (19 1) is introduced
for convenience in the subsequent expressions.t°

Thus, for the operator of covariant differentiation,

V,1 =8,1 (19.3)

where the T" are matrices of the generators in the representation being considered, we
obtain

= —i5,, v0 =

a (19.4)
V,1 = — T".

For the field strength tensor we get

c'O 1.0 c'' I"ii 1U41,

where the Euclidean field strength tensor is defined as follows:

= (19.6)

It is expressed in terms of A,1 and in just the same way as the Minkowskian is

expressed in terms of and 8/0x,1

This concludes the bosonic part of the transition. To complete the transition to Euclidean

space, what remains to be done is to derive similar expressions for the Dirac spinor fields.
We begin with the definition of the four Hermitian y-matrices )2,1:

3'4=3'0.

(197)
Izuclidean

gamma where yo and y' are the conventional Dirac matrices.
matrices

JO we use the definition A1 = A' (i = 1.2,3) then in all the following connection formulas ills necessary to
make the substitution
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In Euclidean space the Fields and over which we integrate in the path integral must
be regarded as independent anticommuting variables it is convenient to define the variables

and as follows:

(198)

tinder rotations of the pseudo-Euclidean (Minkowski) space, transforms as yo. In

Euclidean space transforms as indeed, under infinitesimal rotations in Minkowski
space eharacteriLed by the parameters the spinor i/i varies as follows:

= (19.9)

One can readily deduce from Eq. (19.9) the variation in i/i =

/ t \

__

I + + +

i'I' Yo) — )'o Yo — Y/L 3'. ) You)

(19.10)

as a result, is a scalar and a vector.

During the transition to Euclidean space the parameters (2)jj do not change, while 0)01 =

For the variations in ifr and under rotations, we then obtain

— = .
(19.11)

so that and are a scalar and a vector, respectively.

Finally, we can write down the Euclidean action of QCI).

iS=—S.

S = + (19 12)

where it is assumed that is a column vector in the space of flavors (with a triplet color
index, suppressed in (19.12)) and in is a mass matrix in this space. Note that in Euclidean
space the Levi—Civita tensor is defined in such a way that = I. The mass matrix
can always he chosen to be diagonal.

The Minkowskian weight factor exp(i.S') in the path integral becomes exp(—S) in
Euclidean space

Below, in this chapter, we will use the Euclidean formulation while omitting the carets.
The expressions given above make it possible to relate relevant quantities in the pseudo-
Euclidean and Euclidean spaces.

To conclude this section we note that ifwe are considering quantities such as the vacuum

expectation values oftime-ordered products of currents for space-like external momenta, in

the case when the sources do not produce real hadrons from the vacuum, the Euclidean-space
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formulation is not only merely possible but in fact is more adequate than the pseudo-
Euclidean. The region of time-like momenta, where there are singularities, can be reached
by means of analytic continuation.

Exercise

19.1 Find the transformation law for the following fermion bilinear combination:
- .. -

20 BPST instantons: general properties

20.1 Finiteness of the action and the topological charge

In Section 18 we learned that the initial and final states between which the instanton
interpolates are characteri7ed by the winding number (18 13). Now we will consider an
interpolating trajectory A,L(x), not necessarily an instanton but any trajectory with a/Inite

action. Here x is a Euclidean coordinate, a four-dimensional space time vector. Our task
is to demonstrate that all such trajectories fall into distinct classes characteri7ed by
the topological charge Q, which can take any integer value. Here

(201)

The BPST instanton has Q = ± I.
Equations (I 8.12) and (18.13) imply that a gauge-invariant local representation exists for

the topological density of the charge Q (making unnecessary the transition to the A0 = 0
gauge), namely, the topological density is and

Q = (20.2)

lopological
where

charge

= Si734 = 1. (20.3)

'rhe statement that (20 1) and (20.2) coincide can be verified by representing in

the form of a total derivative,

= K0, (20.4)

where the Chem—Simons current can be found from (18.12). Next, invoking the Gauss

formula

f surface S2

we transform the volume integral (20.2) into an integral of K0 over the three-dimensional
space presenting the boundary of the Euclidean space—time at t —* ±oo, cf. (18.13).
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Let us pose the question: what must be the behavior ofthe vector fields as oc ifthe
Yang—Mills (Euclidean) action proportional to fd4x is to be finite9 From Eq. (19 12)
it is clear that the field strength tensor must decrease at infinity faster than This

requires to be pure gauge in the limit x —÷

—+ x —* (20.5)

where S is a unitary unimodular matrix. As long as the expression (20.5) holds, the field
strength tensor vanishes and the total action is finite.

Thus, the behavior of at large x is determined by the matrix Sat large distances from
the instanton center, i.e. on the three-dimensional "boundary" 53 of four-dimensional space.
As a result, the problem of classifying the fields that give a finite action reduces to the
topological classification of the SU(2) matrices S in terms of their dependence on points
on S3. the hypersphere in Euclidean space. For classifying continuous mappings from 53
onto the group space SU(2) the following topological formula is relevant:tt

7r3(SU(2)) = Z, (20.6)

which is exactly the same as in our previous analysis of distinct pre-vacua in QCD, see
(18.10). By the way, this is an independent confirmation of the boundary condition (18.5)
Equation (20.6) proves the existence ofdistinct classes, labeled by integers, of interpolating
trajectories connecting distinct pre-vacua.

The simplest example of a nontrivial (not reducible to 1) matrix S is

X4 + !XT
Sl= . (207)

It corresponds to the unit topological charge. For a topological charge n we can take, for
instance, a matrix of the form

n=0,±l,±2,.. (208)

Of course, one could choose a different form of the matrix corresponding to charge a.
but the difference between any alternative choice and S,, in Eq. (20 8) must reduce to a
topologically trivial gauge transformation

Warning. Equation (20 7) does not correspond to the A4 = 0 gauge
For the careful reader it should be clear already that there exist two related, but not iden-

tical, topological arguments. The first argument, discussed in detail in Section 18, reveals
the existence of distinct topologically nonequivalent zero-energy states characterized by
winding numbers. Outlined here is a four-dimensional topological view; it refers to the
topology of the trajectories connecting (in Euclidean space—time) the distinct 7ero-energy
states discussed in Section 18.

The field configuration A14 satisfying Eq. (20.5) with S = interpolates between
the state with winding number IC and that with winding number IC + I. To see that this is
indeed the case we must, of course, transform the instanton into the A4 = 0 gauge, which
we will do in Section 21.4.

Below. in Section 21 7, we will also USC the fact that the homotopy group = Z lbr all N
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For S = S2 we are dealing with the trajectory A15(x4,x) connecting IC and IC + 2, etc.
For arbitrary n the topological charge Q of any field configuration A15(x4,x) satisfying
Eq (20.5) is given by Eq. (20.1).

20.2 Entanglement of the color and Lorentz indices

Yang Mills theories are invariant under both global color notations and LorentL rotations.
The instanton solution, to he discussed below, spontaneously breaks both these symmetries.
However, a diagonal combination remains unbroken. This is therefore a typical Polyakov
hedgehog. I will comment briefly on the entanglement of the instanton color and Lorenti
indices, with the intention of returning to this issue later on when we discuss the instanton's
collective coordinates (moduli).

On the other hand, under a global rotation in color space the matrix S in Eqs. (20.5) and
(20.7) transforms as follows

S —f

U is a constant matrix from SU(2).
On the other hand, the group of rotations in four-dimensional Euclidean space is well

known to be SO(4) = SIJ(2) x SU(2). The generators of the two SU(2) subgroups have the
forms

— 1 2 3

a - 1,2,3,4)'
(20.10)

12

where = + ix, O/8x15 + spin part are the operators generating infinitesimal
rotations in the plane and the are numerical symbols given by

p,v=l,2,3,

Hoof! = 4,

= — (20 11)
alL, 1)—

0,

The symbols in (20.10) differ from by a change in the sign in front of li. The sets
of parameters and are called the 't Ilooft symbols. The coordinate vector x12 transforms
in the representation of SU(2) x SU(2). This is conveniently seen by considering
transformations of the matrix 12

(20.12)

2 These matrices arc huclidcan analogs of the Minkowski matnces (au) and Section 45 I

r' r
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which determines the numerator in Eq. (20.7). Here we introduce the notation

The a#v = (r,fi). (20.13)
Euc lidean

of For we have
vki

r, = + r,r,T = + (20.14)

It is not difficult to find the transformation law for the matrix (20 12):

(20.15)

where and are the parameters of four-dimensional rotations. In other words, a four-
dimensional rotation of is equivalent to multiplication by unitary unimodular matrices
from the left and also from the right, corresponding to two SU(2) subgroups of SO(4) Thus.
if we rotate the coordinates according to (20.15) with = 0 and then perform a compen-
sating global color rotation with U = exp I then the asymptotics (20.7) of the
instanton solution remains intact. Shortly we will see that the same statement applies to the
instanton solution per se, notjust to its asymptotics. In other words if. instead of the genera-
tors of the SU(2) subgroup of the four-dimensional SO(4) rotations Ii', we introduce + 1"

r— (where T" generates the global color rotations) as the "angular momentum operators" then
I

= . . .

the instanton has spin zero with regard to this combined angular momentum.
I

hedgehog
The SU(2) gauge group is distinguished (as compared with other non-Abelian gauge

groups) by the dimension of the coordinate space and the fact that SO(4) = SU(2) x

StJ(2) Further clarifying remarks about why the SU(2) group is singled out are presented
in Section 21.5.

20.3 Bogomol'nyi completion and the instanton action

Although we do not yet have the explicit form ofthe instanton solution, we can nevertheless
calculate the value of its action. Indeed, for positive values of the topological charge Q, the

Euclidean action can be rewritten in the form

- = +
(20.16)

=

This is the Bogomol'nyi completion It is clear from the relation (20.16) that in the class of
functions with a given positive Q the minimum of the action is attained for

(20.17)

which is known as the self-duality equation The Q-instanton action SQ is equal to
8m2 Q/g2. Functions with different Q values cannot he related by a continuous defor-
mation if the action is to remain finite Therefore, minimization of the action can be carried
out separately in each class of functions having a given Q. The BPST instanton has Q =
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1 The instanton action is

J
S1 = (20.18)

g

Since the instanton trajectory minimizes the action, it represents an extremum in the
functional integral over the gauge fields.

The case of negative Q is obtained from (20.16) by the reflection xI.2,3 —÷ —xl,2.3, under

which —÷ and accordingly Q —* —Q. Thus, the minimum of the action

for negative Q is It is attained when

= (20.19)

The latter equation is referred to as the anti-self-duality equation. Its minimal topologically
nontrivial solution is anti-instanton, with Q = — I The anti-instanton action is the same as

that for the instanton.

As can be seen from this discussion, the self-duality and anti-self-duality conditions
= automatically lead to the fulfillment of the equations of motion = 0.

This can also be seen directly; indeed for, say, a self-dual held we have

= =

= 0, (20.20)

Blanc/il .

where we have used the 13ianchj identity
identity

(20.21)

Not every solution of the classical Yang Mills equations ofmotion is (anti-)self-dual. How-
ever, it was proved that for = 1 every solution of the classical equations of motion is
(anti-)self-dual

21 Explicit form of the BPST instanton

21.1 Solution with Q = 1

As discussed in the previous section, the asymptotic behavior of for the solution with
Q = I is

_ca +

(211)It
sI=

where the matrices were defined in (20.13). We will also use the 't Hooft symbols
and defined in Eqs. (20.11). Some useful relations for are given below in

Section 21.3.
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The expression for the asymptotic behavior of can be rewritten in terms of the 't
Ilooft symbols as follows:

2
x —÷

x

For an instanton with its center at the point x = 0, it is natural to assume the same angular
dependence of the field for all x, i.e. to seek a solution in the form

2
—÷ (21.3)

g

where

f(x2) I, 00,

IC2) --÷ cOflSt —÷0 (214)

The last condition corresponds to the absence of a singularity at the origin (in fact, the
power of x is determined from the general solution (21 .8)). The a posleriori justification
for the ansutz (21.3) will be the construction ofa self-dual expression for From (21.3)
we obtain

= j
f(l

+ [f(l — f) — x2f'] (21 5)
g X x

in lerrnv Here the prime denotes differentiation with respect to x2. In deriving (21.5), we have used
of the pmJiIe h . .

function the relation fore° X tlbpy 'h from the list ol formulas in Section 21.3 below. Using the
formula for from the same list, we obtain fir the expression

= — X12 Xpi]a,tyXy [f(l — p — X2f']
}.

(21 6)

The condition for self-duality, = implies the equation

f(l —f)—x2f'=O, (21.7)

which determines the function f:

f(x2) = (21.8)

where p2 is a constant of integration and p is called the instanton ,size or the ins/union
radius. Given the solution (21.8), translational invariance guarantees the existence of a
whole family of instanton solutions whose centers are at an arbitrary point xo. To obtainTranclaiional . . .

a;zd this family it is necessary to replace x by x — We will discuss p. and other collective

moduli of the coordinates (moduli) in more detail later. Note that if f — is denoted as X and ifx2 = eZ

BI'ST then the equation for f becomes identical to the first-order differential equation obtained
in the kink problem

= — x2
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(see Chapter 2). Summarizing, the final expression for an instanton with its center at the
point xp and with SI/C p has the form

2 (XXO)i,
A,L = 2 2' (21.9)

g (x—xo) +p

a =
[(x — x0)2 + p2]2

It can now be verified that the instanton action is as was shown in the general
form. The anti-instanton (anti-self-dual) solution is obtained from (21.9) by the substitution

—÷ Note that falls off at infinity slowly, as 1/x.

21.2 Singular gauge. The 't Hooft multi-instanton ansatz

It is ofien convenient to use the expression for in the so-called singular gauge, when
the "had" behavior of is transferred from infinity to the instanton center. Such a transfer

can be realized by a gauge transformation 13 by a matrix U(x) which becomes identical

with the matrix S(x) from (20.5)atx —* oo. The gauge transformation has the conventional
form

(21.10)

where the overbars label the fields in the singular gauge. For an instanton centered at x0 we

take the following gauge matrix:

iT+ (x —xo)p (21 11)

Then for the potential and the field strength tensor r in the singular gauge we obtain

-u 2_
A p = (x — Xp)

g (x —xo)j(x —xo)2 +p2]

(21.12)
— 8 [(x 1-
— g L (x — xp)2 4 [(x — xo)2 + p2]2

v),

where the bar indicates (only in this section) that the fields we are dealing with are in
the singular gauge. It is obvious that the quantities are invariants of the gauge

More precisely, this transformation should be called a quasigauge transformation, since at the point where
U(r) has a singularity (and there must be such a singularity) this transformation changes the gauge-invariant
quantities, for example, To use such transformations it is necessary to consider a space—time with
punctured singular points I his we will do. remembering that physical quantities remain nonsingular at the
singular points
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transformation (see, however, footnote 13 at the beginning of this subsection). Note also
that (21 12) contains the symbols but not the . This difference is due to the fact
that in the singular gauge the topological charge (20.2) is saturated in the neighborhood of

x =xo and not at infinity)4 The expression (21.12) for can be rewritten in the form

l [ P2 1Ap = In I •—f— (21 13)
Hoofi g L —

multi- As was noted by 't Ilooft [21], this expression can be generalized to topological charges Q

solution greater than unity. Indeed, if

= In W(x) (21 14)

then for we obtain

I

= (21.15)

(see again the properties of the symbols in Section 21 3) The self-duality of requires

fulfillment of the harmonic equation

(21 16)

The solution with topological charge Q has the form

W = I 2' (21.17)
i=l (x — -

i.e. it describes instantons with their centers at points The effective scale ofan instanton

whose center is at the point is obviously

r 2
11/2

=pj 1 . (21.18)

L ]
It should be noted that the choice of in the form (21.14) does not give the most

general solution for topological charge Q, since all Q-instantons described by (21.14)
have the same orientation in color space. The general Q-instanton solution (the so-called
Atiyah—Drinfel 'd- H itehin -Manin construction [22], API JM for short) attributes eight mod-

uli parameters per instanton (in the SU(2) ease; in the general case there are 4N moduli
per instanton and so moduli altogether). We will not describe the general construc-
tion here. However, we will establish the number of moduli per instanton in a generic
multi-instanton configuration in Section 21 .5.

4 Something to memori,e in the regular gauge the instanton field is proportional to i, while the anti-instanton
field it is proportional to In the singular gauge. however, the instanton field is proportional to and

that oithe anhj-instanton to
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21.3 Relations for the symbols

Here we give a list of relations for the symbols and defined by Eqs (20.11)

=

tiap v = — Oa tiip I
=

OIl/LI 1)apX 12,

= +
(21 19)

E = — (1)3/I +

= + 171

Oh/I I) 171 = 3/170 x b/LA 1701 3/
by3/ '70/IA + I7up

p i7/,,j p 0, 110 y A 1lhyp

To pass from the relations for Oa/Iv to those for it is necessary to make the following
substitutions:

—p1, (21 .20)

21.4 Instanton in theAo = 0 gauge

In Section 20.1 1 mentioned that the relation between the instanton topological charge Q
and the winding numbers of the zero-energy states in the distant past and distant future,
between which it interpolates,

(21.21)

is most transparently seen in the A0 = 0 gauge Now we can explicitly demonstrate this
relation

Equations (21.3) and (21.8) imply that the instanton field is given by

x2
., (2122)

x-

where A/I = (r0/2) and the matrix Si is defined in Eq. (21.1) Let us now impose the
condition that the time component of the gauge-transformed field A,1 vanishes identically,

(21.23)

Substituting the expression for the instanton field we get the following equation for the
gauge matrix U transforming the BPST instanton to the A0 = 0 gauge,

(21.24)
x2 +p2

5 This is generally accepted physicists' jargon Since we are in Fuclidean space—time now, it would be more
exact to speak of the A4 = 0 gauge
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where

(2125)

and the dot denotes differentiation with respect to the time coordinate X4 = r. The reader
should be careful not to confuse the Pauli matrices r with the time coordinate r! The solution
of (21.25) is

U(r,x) = [expft U(r = (21.26)

The instanton held in the A0 = 0 gauge takes the form

= i [ U (si U(r,x) + (21 27)
J

In the distant past and distant future

A, i (uts)a1 (21 28)

Moreover, S1 —÷ I at r For IJ(r = +oo), we have

r
U(r=+oo,x)=[exPJ

(—
.,x-+p

= exp [(— U(r = (21.29)
L\

The hedgehog matrix appears on the right-hand side. This concludes the proof that the
winding numbers of the field configurations between which the instanton interpolates differ
by unity

21.5 Instanton collective coordinates (moduli)

The instanton solution presented in Eq. (21 9) has the following collective coordinates.
the instanton Si7e p (associated with dilatations) and four parameters represented by the
instanton center (associated with translations). The issue of collective coordinates is
important, since each gives rise to a zero mode and the latter play a special role in calculating
the instanton determinant, and, eventually, the instanton measure. Thus it is imperative to
establish a complete set of collective coordinates. In this section we will analyze the set of
collective coordinates for the SU(2) instantons.

The action in pure Yang theory, Eq. (20.16), has no dimensional parameters and is
conformally invariant at the classical level. Since the instanton is the solution ofthe classical
equations of motion (which are naturally conformally invariant too), the set of collective
coordinates appearing in the generic instanton solution is determined by the conformal
group. Each given instanton solution breaks (spontaneously) some invariances. Conformal
symmetry is restored only upon consideration ofthe family ofthe solutions as a whole. Those
symmetry transformations that act on the instanton solution nontrivially generate another
solution belonging to the same family, with "shifted" values of the collective coordinates
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Thus each symmetry transformation from the conformal group which does not leave the
instanton solution intact requires a separate collective coordinate.

The conformal group in four dimensions includes 15 transformations (it is briefly
reviewed in appendix section 4; see also e g. [23]), comprising four translations, six Lorentz

rotations (in Euclidean space it is more appropriate to speak of six SO(4) rotations), fiur
proper conformal transformations, and one dilatation. Moreover, the Yang Mills action is
gauge invariant We do not need to consider (small) gauge transformations of the instanton,

since they produce just the same solution in a different gauge Global rotations in color
space have to be considered, however. In SU(2) theory there are three global rotations.
Thus, a priori one could expect the generic instanton solution to depend on 18 collective
coordinates. So far, we have only seen five Where are the remaining collective coordinates?

The proper eon formal translbrmations can be represented as a combination oftranslations
and inversion. Under inversion

= (21.30)

Translations are already represented by the corresponding collective coordinate, Now,

if we start from the original BPST instanton with unit radius and make an inversion, we
will obviously get an anti-instanlon in the singular gauge,

2 x, inversion 2
hlUpI) I 2 2

(21.31)
g x (x +1)

(see Eqs. (21 9) and (21 12)). Thus, no new collective coordinates are associated with the
proper conformal transformations.

What remains to be discussed? We must consider the six rotations in Euclidean space and

the three global color rotations. An heuristic argument was given in Section 20.2 Here we

will show, in a more comprehensive manner, that only three linear combinations of these
nine generators act on the instanton solution nontrivially, the result is three extra collective
coordinates, which will be defined explicitly.

To this end it is convenient to pass to a spinorial formalism (described in detail in
Section 45 in the context of Minkowski space) This formalism becomes practically indis-
pensable in dealing with chiral fermions. To facilitate a comparison with Section 62 we will
focus here on the anti-instanlon solution.

Let us start from the anti-instanton solution that follows from (21.9)

r° = 2 r° + —
, (21.32)

where the gauge field is treated as a matrix in the color space. Nothing interesting happens

with the denominator, so we will forget about it for a short while and concentrate on the
numerator,

(21.33)

To pass from the vectorial to the spinorial formalism we multiply by (ç).. The
matrix was defined in Eq. (20.13) To distinguish the two SU(2) subgroups of 0(4) we
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will use the dotted index for SU(2)R and undotted for SU(2)L. Then

) = 2 (r")U (ç).. (21 .34)

Using the definition of from Eq. (20.11) and various completeness conditions for the
Pauli matrices, we obtain, after some algebra.

= 2i (xr (21.35)

where r ) isa shorthand for ç). Thus, the anti-instanton field takes the form given by

N(/)1gfla(ra)(r_)
=

(21.36)

inslanton in . .The dotted index of the SU(2)R subgroup goes from the left- to the right-hand side intact,
the . . .

nolation while the index p OUSU(2)L becomes entangled with the color indices A remark in passing:

in what follows it is instructive to rewrite (21.35) in terms of N11,

= 2i (21.37)

This expression is slightly neater than (21.35). The reason why will become clear in
Section 62.1.

In the instanton solution the entanglement pattern is different, namely, the undotted index

ofSU(2)j. goes through, while the dotted index ofSU(2)R becomes entangled with the color
indices (see Exercise 21.1). In both cases, in spinorial notation the 't Flooft symbols are
traded for the Pauli matrices.

Now we arc ready to discuss what happens with the (anti-)instanton under Lorentz and/or

color rotations. Transformations from SU(2)R (which act on the dotted indices) rotate x
and A in the same way. In other words, the form of the anti-instanton solution (21.35) does

not change at all: no collective coordinates corresponding to the SU(2)R rotations emerge
in the anti-instanton solution.

We arc left with the color rotations and Lorentz transformations from SU(2)j.. It is easy to

see that they are not independent. Color transformations are equivalent to transformations

from SU(2)1. Indeed, the global color rotation acts on the 4-potential A as A —* MAMt
while the Lorentz rotation acts as A LA, where M and L are SU(2) matrices. We obtain

for the transformed 4-potential

2 ® (Mxr) + (Mt2L) ® (Mtr2xT_)] (21.38)

where the tildcs indicate transposed matrices and, to case the notation, all indices arc omitted.

Their convolution in (21 38) is evident from (2i.35). Now we use

M*r2==12M

and impose the condition

M=L. (2139)

Under this condition the transformed 4-potential expressed in terms of the transformed x
looks exactly like the original 4-potential expressed in terms of the original x.
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means that out of six transformations (three global color rotations and three StJ(2)L
rotations) only three are independent, giving rise to three moduli. We can choose them to
be associated either with the global color rotations (as is usually assumed) or with those
from StJ(2),. If we follow the first route then, the three orientational moduli emerge from
the matrix M,

A —*

In the conventional formalism the orientational moduli are usually parametrized by an
orthogonal matrix

Tiojse OahTlbpi. (21.40)

The relation between and M is as follows

Oah= (21.41)

The advantage of the spinorial formalism is obvious there is no need to introduce the
't Hooft symbols and the hedgehog nature of the instanton is transparent.

Summarizing, eight collective coordinates characterize the SU(2) instanton. Correspond-

ingly, we will observe eight ,ero modes. For higher gauge groups the number of collective
coordinates corresponding to global color rotations increases. Altogether, in the group
SU(N) the BPST instanton has 4N collective coordinates. This counting was first carried
out in [24]. We will return to the discussion of the SU(N) instanton in Section 21.7.

21.6 SU(2) instanton measure

The inrtanton measure is defined as a weight factor in the functional integral associated with

a given saddle point, the instanton saddle point in the ease at hand. The exponential part of

the weight factor, exp(—So), where So is given by Eq. (20.18), is obvious. Therefore, when

one speaks of the calculation of instanton measure one is implying, in fact, calculation
of the pre-exponential factor. A full calculation, which was first carried out in [6] i6 is

tedious albeit straightforward. We will not dwell on this here. Instead, I will make a few
observations that will allow us to establish the instanton measure up to an overall
numerical constant

The calculation of quantum corrections in (in one loop) amounts to integrating
over small fluctuations of the gauge fields near the instanton solution in the quadratic
approximation. Thus, we represent the field in the form

+ (21.42)

and expand the Yang—Mills action functional S(A] with respect to the deviation field
In the quadratic approximation we obtain

=
— (21.43)

16 The reprinted version of this paper takes account of the corrections summariied in the erratum in [6] It also
incorporates some other corrections, see appendix Section 26
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where

= (D2 (21.44)
Quadratic

ot and the fields G and A in (21 44) are those of the instanton. Path integration over (v)
the ael,on gives (detL)112 in the instanton measure.

The latter statement is symbolic, for many reasons First, we must fix the gauge and
a necessary consequence introduce corresponding ghost fields, which result in a ghost
operator determinant in addition to (del I.) —1/2, Second, the operator L has ,ero modes. For-
mal substitution of the tero eigenvalues into (del would lead to infinities. This was
expected, and how to deal with them is well known, the zero modes must be excluded from
(det 1.) 1/2 They reappear, however, in the form ol' integrals overall collective coordinates
in Finally, the product of nonzero eigenvalues in det L diverges in the ultraviolet and
so requires an ultraviolet regularization. Most often used for this purpose is the Pauli—Villars
(PV) regulari7ation, which prescribes that det 1. should be replaced as follows:

detL
= detL

, (21.45)
dct(L

where is the PV regulator mass (the ultraviolet cutoff)
The most labor- and time-consuming aspect is the treatment of the noniero modes. As we

will soon see, the impact of the nonLero modes on can be guessed without difficulty,
taking into account the renormalizability of Yang Mills theory.

Let us focus first on the 7ero modes, which are excluded from (detL) Each 7ero

mode gives rise to an integral over the corresponding modulus times a Jacobian due to the
transition to integration over the moduli (which produces per collective coordinate).
The factor per zero mode comes from the ultraviolet regularization of(det see

Eq. (21.45). As we already know (see Section 21.5), the SU(2) instanton has eight collective
coordinates: X() (the position of its center), p (its size), and three Euler angles, 0, and

which specify the orientation of the instanton in one of two SU(2) groups: either that
of the color space or the (dotted) SU(2)R of the Lorentz group SO(4) SU(2) x SU(2).
Assembling all these zero-mode contributions, we arrive at

=const x e_S0(MUVStV2) sin9 (21 46)

The measure on the right-hand side is obviously invariant under translations and global
SU(2) rotations. The factor pt in the integrand arises from the Jacobian associated with the
transition to integration over 6, and it is readily established on dimensional grourds.

Performing integration over the Euler angles 0, and and parametrizing the nonzero
mode contribution in by a function in the exponent, we can rewrite Eq. (21.46)
as follows

/87r2\4 I [ 87r2 1
= const x ( J exp I + 8 + 'i I. (21.47)\g!J P L g J

Needless to say, because the theory in question is renormalizable, only the renormalized
coupling constant can appear in the instanton measure. To distinguish between these two
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couplings let us endow (temporarily) the bare coupling constant with a subscript 0. Then
the expression in the exponent becomes

= (21 48)
g(p)

where for the moment I will ignore I denote by g2(p) the running coupling constant
renormalized at the scale The question mark over the equality sign warns us that it

—________ is not quite correct To make it fully correct the factor 8 in front of the logarithm on the
first left-hand side of(2 1 48) must he replaced by bo. the first coefficient in the Gcll-Mann -Low

coefficient in function (also known as the fi function), which governs the running law of the effective

function for
(renormalized) coupling constant. In the Yang- Mills theory fir the gauge group SU(2),

SU(2) 22 2

Yang—Milk bo
=

8 (21.49)

Now it is quite evident that if we performed an honest calculation of collecting all
nonzero mode contributions, we would obtain

C1i (21.50)

The constant term renormali,es the overall constant in Eq. (21 47), which we will not
be calculating anyway, while the logarithmic term corrects the coefficient in front of the
logarithm in (21 47), (21.48), reducing the factor 8 to 22/3. The result is

—
=

. (21 51)
3 g(p)

The factor x 8 in the pre-exponent in (21 .47) remains unrenormalizcd in this approximation.

To see its renormali,ation explicitly one should perform a two-loop calculation in the
instanton background, a task which goes beyond the scope of the present text.

In summary, switching on one-loop quantum corrections we get the instariton measure

in the form
density

f d(p), (21.52)

cxp(_
).

(21.53)
g g(p)

where the function d(p) is referred to as the instunton density.
Here we will digress and return to the decomposition for the first coefficient in the

Yang- Mills function h0 given in Eq. (21.49). In our instanton calculation the first term
in (21 .49), +8, comes from the zero modes while the second term, —2/3, which has the
opposite sign and is much smaller in absolute value, comes from the nonzero modes in

The fact that these two contributions have distinct physical origins can be
detected in conventional perturbative calculations (in ghost-free gauges) of gauge coupling
renormalization. The negative term, —2/3, represents a screening of the "bare
charge" at large distances. This is the only contribution whose analog survives in Abelian
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gauge theories. The positive term, +8, represents the antiscreening that is characteristic only

ofnon-Abelian gauge theories We discuss this issue in more detail in appendix section 25.1

21.7 Instantons in SU(N)

So far, we have discussed instantons in SU(2) Yang Mills theories. Since the gauge group

Thpologial 0fQCD is SU(3) we should address the question of instantons in higher gauge groups. Now

/br,nulathr we will consider instantons in SIJ(N) with N 3. The very fact of the existence of BPST
the third instantons in SU(N) is due to the nontriviality of the relevant homotopy group,
honiotopv
groU/) jr3(SEJ(N))Z (21.54)

for all N.
To construct an SU(N) instanton we simply embed the SU(2) instanton solution (21.9)

or (21.12) in SU(N) This embedding is not unambiguous, as we will see shortly The so-
called minimal embedding (the most conventional) is carried out as follows. We select an
SU(2) subgroup of SU(N) and choose generators in the fundamental representation As a
particular example, we choose the first three generators as the following N x N matrices

01
0 0 —l

.)
(21 55)

where the dots in the above definition represent zero matrices of appropriate dimensions
For instance, for SU(3) the three generators are

= -Xa, a = 1,2,3, (21.56)

where the are the Gell-Mann matrices.
Next, we define the SU(N) instanton field using this matrix notation, as follows'

(21.57)
(1=1.23

where is given in Eqs (21.9) and (2l.l2) for nonsingular and singular gauges,
respectively. Equation (21 .57) thus implies that

= Ta. (21.58)
a=l,2.3

Using the general definitions it is not difficult to see that the above SU (N) instanton solution

is (i) self-dual, (ii) has unit topological charge, and (iii) has minimal (nontrivial) action
This embedding procedure is standard, and the instanton thus obtained is referred

to as the SU(N) BPST instanton. Of course, in order to generate a full family of solutions
we must include additional collective coordinates corresponding to global rotations of the
given SU(2) subgroup within SU(N) This aspect will be discussed in Section 21 8.

A brief discussion is in order here regarding alternative embeddings. Long ago WilcLek
noted [25] that satisfy the SU(2) algebra and form any representation ofSU(2) then
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the 4-potential (21 .57) will give a self-dual field strength tensor, which thereby satisfies the
1(1/lion classical equations of motion. For instance, in the physically interesting case of SU(3) we
topologual might choose three 3 x 3 Hermitian traceless matrices

4

/0 O\ (0 0

0 0

0) 0

(I 0

= 10 0 0 (21.59)

0 1)

satisfying the SU(2) algebra

IT' T'I (21.60)

Now we can place this instanton in SU(3).
The general expression for the topological charge replacing (20 2) is

Q = Tr (21.61)
l6ir j

For the generators (21.55) this reduces to (20.2), yielding Q = I, while for those in
Fq. (21.59) the topological charge is four times larger because TrT' T' = to be com-
pared with TrT' T' = in the fundamental representation. Correspondingly, the action
of the Wilczek instanton is four times larger than that of the minimal instanton. From the
standpoint of the latter the Wilczck solution presents a particular limiting case of a generic
four-instanton solution, which can be obtained by bringing together four separated BPST
instantons, each with unit topological charge.

21.8 The SU(N) instanton measure

Here I will briefly outline a calculation of the SIJ(N) instanton measure and its density

d(p) The relation between and c/(p) for SU(N) instantons is the same as for SIJ(2);

sec (21.52).

The first question is how does the number of the instanton 7ero modes change in SIJ(N)?

We already know that the instanton field uses only the SU(2) subgroup of the complete
group. Suppose for definiteness that this subgroup occupies the top left-hand corner in
thc N x N matrix of generators (Fig. 54). It is clear that the five iero modes associated
with translations and dilatations remain the same as in SU(2). Only the modes associated
with the group rotations arc changed. In SU(2) there were three rotational zero modes and,

correspondingly, three rotational moduli residing in the matrix Oi,h in Eq. (21 40). In SIJ(N)
these three modes correspond to the three generators (21 55) at the top left in Fig. 5.4.

Those of the remaining SU(N) generators that lie in the (N —2) x (N —2) matrix at the
bottom right of Fig. 5 4 obviously do not rotate this particular instanton field. Thus, to the
three SU(2) rotations only 4(N —2) additional unitary rotations are added. They lie in two
strips that overlap the SIJ(2) corner in Fig 5.4.
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11±lf

Counting the generators of the group rotations in SU(N).

The total number of iero modes of the BPST instanton is

5+3+4(N—2)=4N

The fir,i Of course, knowing what we already know, we can immediately say that this number, 4N,

(oe/ficientof is in one-to-one correspondence with the coefficient of the "antiscreening" logarithm in
the formula for running g2(p) in SU(N). Indeed, in this case the first coefficient of the

/iniction for function can be written as
SU(N) IIN N
Yang Milk (21.62)

the terms 4N and —N/3 come from the antiscrcening and screening contributions
(Figs. 5.23 and 5 22 in appendix section 25).

Since SU(N) is a compact group and the SU(N) group space is Finite, we can integrate
explicitly over the collective coordinates associated with the instanton orientation in the
SLJ(N) group space. The algebraic manipulations are rather tedious, here we limit ourselves

to a few remarks regarding the final answer for the SU(N) instanton density cl(p),

2N

d(p) (21 63)(N—l)!(N—2)!\g2 J
SU(N)
ins/anton where g2(p) is expressed in terms of the bare charge as follows.
densiii

L 28ir JIN 8ir
—f- = 2

(21.64)
3 g(p)

The constants C1 and C2 can be found by a certain modification [26] of 't Hooft's calcula-
tions [6]. Compared with the SU(2) case it is necessary to take into account the additional
4(N 2) vector fields with color indices belonging to the two strips in Fig. 5 4. These

fields contribute both through the zero and the nonzero modes.
This is not the end of the story, however. ifwe want to establish the values of both numer-

ical constants, Ci and C2, in Eq. (21.63) To this end we need to find the embedding volume
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ofSU(2) in SU(N), a rather complicated problem (see 126]). A factor [(N — I )!(N —2)!]

is associated with this the embedding volume I will just quote the final results for Ci
and C2

__

Cl —-—-3-— (21.65)
7T

C2 — 1.296.

The constant C2 depends on the method of regulariiation, which actually defines the bare

constant. Equation (21.65) refers to the Pauli—Villars (PV) regularization
dimensional Instead of the PV scheme the so-called dimensional regularization (L)R) scheme is fre-
,egulwiza- quently used The quantum corrections are calculated in 4—c dimensions rather than in four

eiix dimensions. In this method, instead of logarithms of the ultraviolet cutoff parameter, poles
in I/f appear. To proceed from PV to DR we make the replacement In M —+ (I Ic) + eonst
according to a certain rule. For instance, using the minimal subtraction (MS) scheme [27]

one gets

C2MS = C2 — — y) = C2 — 3.888. (21.66)

Needless to say, simultaneously one must use in the exponent.

Ofcoursc the relations between the amplitudes do not depend on the particular

choice of regulariLation scheme The instanton density per se is not observable. It is an
clement of a theoretical construction

For further details about the passage from the PV scheme to those used in perturbation

theory the reader is referred to appendix section 25.2.
It is worth noting that, for a given N, the main p-dependence of the instanton density

is determined by the running coupling g2 (p) in the exponent Substituting Eq. (21 .64) into

(21.63) we observe that d(p) isa very steep function of p,

(21.67)

I e. it grows as a rather high power of p at large p. Thus, any ensemble of instantons
will be dominated by the large-p instantons unless the instanton density is somehow cut
off (e.g. through 1-liggsing the theory). At large p the gauge coupling constant becomes
strong, and we completely lose theoretical control; quasiclassical methods are no longer
applicable. This is the reason why instantons turn out to be rather powerless in solving
the confinement problem in QCD despite the high expectations they originally raised [I].
Nevertheless, BPST instantons constitute an important element of the theoretical toolkit in

other applications.

21.9 Instanton-induced interaction of gluons

In this section we will discuss gluon scattering amplitudes induced by an instanton of fixed
sue p. In the leading approximation the set of these amplitudes is summari7ed by the
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effective Lagrangian

(xo) = d(p) p 5dp [exp (xo))] + ii), (21.68)

where is a global color rotation matrix containing three moduli (parametrizing three
rotation angles). To find a multigluon scattering amplitude one must expand (21 .68) up to
an appropriate order in the field G Note that the instanton-induced effective Lagrangian
contains the symbols in the exponent while that for the anti-instanton is obtained by
the substitution —÷ The effective Lagrangian (21 68) has a number of parallels and a
number of uses. For instance, it allows one readily to obtain the instanton—anti-instanton
(IA) interaction, a crucial component of instanton-based models of the QCI) vacuum [lii
While we will not discuss these models, some other applications will he considered, for
instance, a three-dimensional analog of(21 68), in Section 42 and the exponential growth
of instanton-induced cross sections, in Section 23

Now let us derive the Lagrangian (21 68). The problem is formulated as follows [29]
Assume that one has a number of gluons with momenta A These gluons

scatter in the "vacuum," where, by construction, we place an instanton of a sue p that
is much smaller than the wavelengths of the gluons involved. From the gluon point of
view such an instanton presents a point-like vertex, which we want to find in the leading
approximation.

To this end we will calculate in the given approximation, the transition amplitude between

the vacuum and a gluons in two distinct ways and then compare the answers. First, we
will obtain this amplitude directly from instanton calculus and then from the effective
Lagrangian. This will fix the form of the effective Lagrangian.

The reduction formula (e.g [30]) for the amplitude of interest can be written as

gluons 0) = f d (xt ) o). (21 69)

formulas (Wi

he fiii,id in (15

Old k'vt.
where and E05 are the 4-momentum and the polarization vector ol the kth gluon and

e g B!o;Aen (xt) is the operator for the gluon field. To find the one-instanton contribution to

L0/ld Drell (21 .69) we follow a standard procedure consisting of a few steps. First we proceed to
Euclidean space. Then, in the leading approximation, we replace the gluon field operator

(15 . .(xx) by the classical instanton expression (xt — xo) given in Eq. (21.12) The sin-
gular gauge is used because the reduction formula (21.69) is valid only for those fields
which fall off fast enough as Ixk oc In the nonsingular gauge we would have
to replace the inverse propagator for each gluon in (2 I .69) by a more complicated
expression.

Finally, we multiply the result by cl(p)p5dp and arrive at

(n gluons 0) = d(p) p5dp eiro ft [f e (—pt) (xx)]. (21 70)
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where all quantities on the right-hand side arc Euclidcan. It is not difficult to find the Fourier
transform of the instanton solution, which we need only in the limit pp 0

f - 4ijr2_ 2dx (—p) (x) = p , [1/) << I (21 .71)
./ g

Substituting (21.71) into (21 70) we get

0) = d(p) p5dp ft [4im2 p2]. (21.72)

Exactly the same formula is obtained, in the leading approximation,'7 from the effective
Lagrangian (21.68) with gauge field

= (21 73)

which completes the proof. The factorials that occur in the expansion of the exponential
cancel against the combinatorial coefficients

ihe Hoofi To transform the instanton-induced effective Lagrangian to Minkowski space it is
s s',nholv in . — . — M

Mj,ikt,ii k
sufficient to replace tn Eq (21 .68) by where

C — .

L - bL=1, v=j; i,j= 1,2,3,
= (21.74)

i'=j: j=l,2,3

By the same token, Oa

The master formula (21 68) allows us easily to find the leading term in the IA interaction

at large distances, the so-called dipole—dipole interaction. Indeed, Eq. (21 68), which was
originally derived to describe the gluon scattering amplitudes is valid for any "background"
field. In particular, this field can be caused by a distant anti-instanton of sue PA If we
substitute into Eq. (21 .68) the value of the gluon field strength tensor induced by the anti-
instanton centered at yo (assuming that Ixo — volpj.n >> l)then we will get a thrmula [14]

dipole/A describing the instanton—anti-instanton interaction at large separation:'
lion

I 67r2 327r2
2 - (xp — yo)0 (xo 1A/A 0

I
(21.75)

L g (xo—yoF j
The anti-instanton centered at vu should be taken in the singular gauge; see Eq (21 .12),
where must be substituted by The interaction term obviously depends on the relative
orientation of the IA pseudoparticles in color space. Setting

xo R,

By the leading approximation we mean that corresponding to the highest possible power of I /g and the lowest
power in Beyond the leading approximation, the exponent in (21 68) will contain other operators with.
say. derivatives or two or more Gs. along with a series in g

5 \ote that two instantons or two anti-instantons do not interact, since both configurations are exact solutions
of the (anti-)self-duality equations and saturate the bound S Q(8m2/g2) The action for two instantons is
exactly equal to 167r2/g2 and is independent of their separation
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one can rewrite the relative orientation factor as

R0 = — 1,2 R2] (21.76)

where the unit vector is defined by i ç M: seethe end of Section 21.5. Ifyou have

difficulty in deriving Eq. (21 76), look at the solution of Exercise 21.2.
Let us rewrite Eq. (21.75) as follows:

[ /l6jr2
A/A exp I — ( + II. (21 77)

L \

This defines the interaction "energy" of the IA system. Thus

32ir2 -,

Sint = P7 0"' . (21.78)

Note that if the instanton and anti-instanton are aligned in color space, i.e. 1 and R are

parallel, then is negative is positive) and maximal in its absolute value, reaching

96ir2/(g2 R4). The IA system is attractive in this case. This should be intuitively clear. For

other relative orientations the IA interaction can be repulsive

In this way one determines the IA interaction as a systematic double expansion, in the
ratio p/lxo — vol and also in the coupling constant

For pedagogical reasons we will consider here a somewhat different (and less known)
derivation of the IA interaction, which does not use the language ofclassical fields. It allows

one to connect the classical problem of the IA interaction energy with the quantum problem

of instanton-induced cross sections. on which we will focus in Section 23 1. In the present
section we will apply this method to reproduce the dipole dipole/A interaction (21 75).

The graphs relevant to this calculations are depicted in Fig 5 5. An instanton with sue
p1 is placed at x and an anti-instanton with sue PA at the origin, ti pi,', is required

Figure 5 5b is an iteration ofFig. 5.5a; we will start from the one-gluon exchange between

the instanton and anti-instanton presented in Fig 5.5a.

"I

(a) Oia—gliion (x( (b) \Iult iglilull ( x li.u1g

The/A interaction from the instanton-induced effective Lagrangian (21 68). The instanton is at the pointx while the

anti-instanton is at the origin. The vertices in diagrams (a) and (b) are generated by expanding the exponent in

Eq. (21.68) and keeping only the linear part of each G,, operator appearing in the expansion.



205 21 Explicit form of the BPST instanton

First we cxpand the exponential in Eq. (21 .68) and a similar one for the anti-instanton;
we keep the terms linear in in these expansions and contract G(x) and G(0) to get

(21.79)

where is the free Green's function for the gauge field. Moreover, in the

Green's function (A11 only the part is retained, since the part x11 drops out
l'hen

=
—s- +

+ . (21.80)

where the ellipses indicate terms that do not contribute since

'la,n'ilhRv 0.

Next, it is not difficult to see that Fig. 5.5b just exponentiates the expression (21.79).
Indeed, the factor 1/(n!)2 from the expansion of the effective 1.agrangians is supplemented

by the factor n' coming from the combinatorics. In this way we immediately reproduce
in the form given in Eq. (21.78) (with the replacement Xo yo x).

21.10 Switching on the light (massless) quarks

So far we have considered instantons in pure Yang—Mills theory. In our longjourney through

instanlon calculus it is now time to turn to fermions; light or massless ferniions play a
very important role and drastically change some aspects of instanton-related physics. As
an example I will mention the fact that in Yang—Mills theories with ,nassless quarks and
nonvanishing vacuum angle the 9-dependence of physical observables disappears

The most suitable formalism for the treatment of light (massiess) fermions is that of
chiral spinors. However, chiral spinors per ce cannot be continued in Euclidean space in
a straightforward way This will be discussed in Part 11 of this book (which is devoted to
supersymmetry). For the time being we will limit ourselves to Dirac spinors. The corre-
sponding theory can be formulated directly in Euclidean space—time (see Section 19). We
will focus on fermions in the fundamental representation of the gauge group (i e quarks),
which, for simplicity, will be assumed to be SU(2). There are no conceptual difficulties in
generalizing the results to other groups, e.g. SIJ(N) with arbitrary N. At first we will keep
a nonvanishing quark mass in in our analysis, but assuming that nip I; then we will let
in tend to 0 and will observe, with surprise, the emergence of a new and very interesting
physical phenomenon

Thus our task is to calculate the path integral over the Fermi fields in the presence of
a fixed-sue instanton In the Euclidean action, a fermion with mass in adds a term of the
form (see (19.12))

(F) 1 - .S,. =j d (21.81)
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Keeping in mind that and are anticommuting fields, integrating them out yields

= f c_S = det (iy,/V/J + itii) (2! 82)

As usual the determinant can be understood as a product of the cigenvalues of the
corresponding operator,

+im) = [] +im), (21 83)

where the real are the eigenvalues of the Hermitian operator having

eigenfunctions u,,:

Yp (x) = (x), (21.84)

with appropriate boundary conditions. These are imposed at a large but finite distance R
from the instanton center to make the eigenfunctions normali,able.

For any 0 there exists a companion cigenvalue —X,,. Indeed, let us define an
cigenfunction ü,,(x) = y5u,i(x). Then it is easy to see that satisfies the equation

= The only exception is in the case of the zero modes for which
= ±u,, and = 0. They do not have to be doubled
Leaving aside the possible zero modes for a short while, we can say that

+im) fl (21 85)
n_P

up to an irrelevant overall factor (which is canceled by the same factor, coming from a
regulator determinant). Thus, in Euclidean space the determinant arising from integrating
out the Dirac fermions is positive definite This is an important property, which makes
lattice gauge theories with Dirac fermions relatively simple in comparison with theories
with chiral lèrmions

The occurrence ofa iero mode in (21.84) will force the determinant to vanish in the limit

m = 0. As we will see shortly, this will have far-reaching consequences. But first we will
establish the existence of two ,ero modes per Dirac fermion, one in and another in

We recall that and are to be treated as independent fields in Euclidean space—time

Let us show that, in the instanton field background, Eq. (2 I .84) has one and only one
normalizable solution with X = 0; (21.84) then becomes

!y/JVpUO=0 (21 86)

To find the above solution we pass to two-component spinors XI..R using the Weyl
representation for the y matrices,

— I I '21 27Yp
. + ' i — /fl'
I

UP

=
Vp = 0, XR = 0, (21.88)
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where 19

(2! 89)

(Compare with (20 13).) Roth a and r denote the Pauli we use T in connection

with the color indices and a in connection with the Lorcntz indices. Of course, when these
indices get entangled, the distinction becomes blurred.)

Using the relations (20. 14), the commutator

[vu,

and the explicit form of the gluon field strength tensor from Eq. (21 9). we obtain the

following equations for XI.R in the nonsingular gauge

=0. +4ar , XR =0. (21 90)
[(x + p2j

The operator is a sum ol'the squares of Hermitian operators —V2 = i.e. it is

positive definite Therefore it has no vanishing cigenvalues and thus, Xi. = 0
In the equation for we use a basis in the space of spinor and color indices that

diagonalizes the matrix ar We recall that a acts on the spinor indices while r acts on the

color indices. This basis corresponds to the addition of the ordinary spin and color spin to

a total "angular momentum" equal to ,ero (when ar —3) or unity (when ar = +1). It
again follows from the positive definiteness that the only suitable case for us. the

only hope for obtaining a Lero mode, occurs when the total "angular momentum" is equal
color are to zero, which implies that or = —3 and completely determines the dependence of XR On

angled the indices.

(a+r)XR=O. (21 91)

where x = 1,2 and k = 1,2 are the spin and color indices, respectively Their entanglement
is obvious.

The dependence of XR on the coordinates can be readily found from the explicit form of
After a simple, albeit somewhat lengthy calculation we arrive at the final result for the

zero mode:

p=
2 '3/' )cp, (21.92)

Jr +p-)

I lere the normalizing condition

f = 1

has already been taken into account

> At this point it is in order to make a comparison with the \linkowski formalism presented in Section 45
First, we note that the Euclidean "left- and right-handed" spinors are identifled as xi and Xi?
which is natural Furthermore, = must be identified with and with (oO cf Fq
(45 40) Wc already know about the last identification, a,7 1a&' from Section 2! 5
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In concluding this section it is worth presenting the expression for the zero mode ( v)

in the singular gauge, which we will need later

sing I f) fl\
u0

(x2+p2)312
(21.93)

To perform the transition to the singular gauge we multiply (21.92) by the gauge
transformation matrix (21.11) At large x both expressions fall off as l/x3.

21.11 Tunneling interpretation in the presence of massless fermions.
The index theorem

Since the instanton contribution is proportional to det(iy12V0 +irn), and since the operator

IY/LD/i has a zero mode in the instanton field, it is tempting to conclude that in the mass-
less limit the instanton contribution vanishes. How can one reconcile this result with the
tunneling interpretation?

The introduction offermions certainly does not affect the nontrivial topology in the space

of the gauge fields. The existence of a noncontractible loop remains intact, and with this
loop comes the necessity ofeonsidering a wave function of the Bloch type (Section 18) The
instanton trajectory connects and under the barrier and is related to the probability

of tunneling. If this probability were to vanish, what could have gone wrong with this
picture?

To answer this question we must expand the picture of "tunneling in the 1C direction"
by coupling the variable IC to (an infinite number of) the fermion degrees of' freedom. In
order to make the situation more transparent we will slightly distort some details. We will
assume that the motion of the system in the 1C direction is slow while the fermion degrees
of freedom are fast, so that an approximation of the Born—Oppenheimer type is applicable.

In this approximation the motion in the 1C direction is treated adiabatically. We first freeze
1C, then consider the dynamics of the fermion degrees of freedom, integrate them out, and,

at the last stage, return to the evolution of IC 20 Certainly, in QCD all degrees of freedom

arc equally fast and no Born—Oppenheimer approximation can be developed The general
feature of the underlying dynamics in which we are interested does not depend, however,
on this approximation.

____________

Thus for each given value of IC we must determine the fermion component of the wave
7he Dirac function. This is done by building the Dirac sea in the fermion sector with K frozen The

in the structure of the Dirac sea depends on the value of IC.

transition When IC varies adiabatically, the energy of the fermion levels evolves continuously. The

points IC = a and IC = n + I, being gauge copies of each other, arc physically identical.
This means that the set of energy levels of the Dirac sea at IC = a is identical to the set at

IC = a + I.
This does not mean, however, that the individual levels do not move. When IC changes

by one unit, some fermion levels with positive energy can dive into the negative-energy sea

20 This picture becomes exact in the tsso-dimensional Schwinger model considered in Section 1 he essence

of the phenomenon is the same in both theories
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The fermion energy levels vs. 1C.

Impac I of
chiral
anomaly,
Sec lion 34

while those from this sea, with negative energies, can appear as levels with positive energies
As a whole the set will be intact but some levels interchange their positions (Fig. 5.6).

For each value of K we build the Dirac sea by filling all negative energy states and
leaving all positive states unfilled. Let us say that at K = n we have built it in this way. If
in the process of motion in the /C direction, at IC = a + 1/2, say, one level dives into the sea
and one jumps out, this must be interpreted as fermion production, since the state we end
up with at IC = n + I is an excited state with respect to the filled Dirac sea at IC = a + I
Indeed, it has one tilled positive-energy level and one hole. Thus, the tunneling trajectory
connects the states and where the fermion components and

differ by the quantum numbers of the fermion sector. In Section 21.10 we calculated
the probability of the tunneling transition when there is no change in the fermion state, and
we got zero in the limit m —÷ 0 We can now understand that we should not be discouraged:
this zero value could have been expected since the tunnelings occur in such a way that the
fermion quantum numbers are forced to change in the tunneling process.

The argument presented above is exact for the two-dimensional Schwinger model (or
two-dimensional spinor electrodynamics); here, instead of IC, one considers the fermion
level evolution as a function of A1; see Chapter 8. In QCD the situation is complicated
by the presence of infinitely many degrees of freedom but if we focus on IC, disregarding
the other degrees of freedom the overall picture is the same. An argument demonstrating
the validity of this picture in QCD is based on the chiral (triangle) anomaly. Assume that
we have one massless quark, q At the classical level both the vector and axial currents

jA_—
, —qy1jy5q (21.94)
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1 /

/ I.

I.

ltr/ L

;;7

I /(
(iii (IF



210 Chapter 5 Instantons

arc conserved.

= 0, = (21 95)

The second equation implies m = 0. At the quantum level the axial current is anomalous,

= (21 96)

Let us now integrate overx and evaluate this equation in the instanton field. On the left-hand

side we first integrate over the spatial variables. Then the left-hand side reduces to

f_:dt aof JoAc/3x= Q5(t=oc)— Qs(' (21 97)

The right-hand side of(21 96) becomes

g2 f = 2Q = = 00) — = —oc) I. (21 98)

We see that in the theory with one massless quark, in the instanton transition the chiral
charge (i.e Qs) is forced to change by two units: say, a left-handed quark is converted into
a right-handed quark with unit probability. If we want to obtain a nonvanishing tunneling
probability we have to incorporate this feature

l'he change in the chiral charge, AQ5 0, in the tunneling transition is in one-to-one
correspondence with the occurrence of the Lero modes in the Dirac equation for the self-

Aiit'ah dual lields. The number of fermion iero modes is related to the topological charge of
Singer index the gauge field by the famous Atiyah—Singer (or index) theorem [3 1]. which was derived
theorem in the instanton context in [32] (see also [12,33,34]). Specifically, if the number of the

normalizable icro modes of positive (negative) chirality is (n_) then

nt —n_=Q (21.99)

for each Dirac fermion field 'P in the fundamental representation ('li is counted as an
independent field). A brief but illuminating discussion of the derivation of Eq. (21.99) can
be found in an article by Coleman [12] As a matter of fact this theorem is equivalent to the
triangle anomaly in the axial vector current presented above

Summarizing the contents of this subsection and those of Section 2 1.10 we can say that

each instanton (or anti-instanton) emits or absorbs two Weyl fermions of the same chirality
per massless quark flavor.- In the theory with N1 massless flavors (Dirac spinor fields in
the fundamental representation) every instanton or anti-instanton generates a vertex with
2N1 fermion lines, known as the 't Ilooft vertex [6].

Let us note in passing that the presence of massless fermions, combined with the triangle
anomaly in results in another drastic consequence. the 9 term becomes unobservable

even if 9 0. Indeed, one can rewrite from (18 19) as

(21.100)

21 The reader is invited to consider this is compatible with the statement after (21 95) that a left-handed
quark is converted into a right-handed quark
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i the gauge-invariant quantity. Such full derivatives drop out of the
action. This is in sharp distinction with the full derivative of the Chern-Simons current
from (18.12), which, as we know, gives a nonvanishing contribution in the action once we
switch on the instanton field. The Chern- Simons current is not gauge invariant.

This argument implies that in a theory with light quarks all 0-dependent effects must be
proportional to the quark mass.

21.12 Instantons in the Higgs regime

Quantum chromodynamics was the original testing ground for instanton calculus Soon
it became clear that small-sue instantons are suppressed in QCD while large-size instan-
tons dominate, because of the instanton measure Analyses of the large-sue instantons lie
well beyond the scope of this book, because the theory becomes strongly coupled and our

quasiclassical approximation fails. Quantum chromodynamics is not the only gauge the-
ory of practical importance. Are there any other theories in which large-si7e instantons are
suppressed?

The standard model for electroweak interactions is a gauge theory too. A drastic difference

between the dynamics of QCD and that of the standard model arises because the non-
Abelian gauge group is spontaneously broken in the standard model owing to the Higgs
mechanism, and the coupling constant is froLen at values of momenta of the order of the
W boson mass; it never becomes strong. Correspondingly, the color conlinement and other

peculiar phenomena of QCD do not take place. Since the nontrivial topology in the space
of the gauge fields is not affected by the Higgs phenomenon, instantons (as tunneling
trajectories) exist in the standard model too, leading to certain nonperturbative effects
The one that has been under the most intense scrutiny is baryon number violation at high

energies 17] (for reviews see [35]). We will focus on this in Section 22. here we concentrate

on the theoretical issues As a matter of fact, as we will see below, the consideration of
instantons in the Higgs regime even has certain advantages over the QCD instantons Since
the coupling constant never becomes large, quasiclassical approximation is alwaysjustified

in a description ofthe tunneling phenomena based on instantons. This is in contradistinction

with QCD, where the instanton contribution is dominated by large-size instantons; these
arc obviously outside the scope of applicability of quasiclassical methods.

In what follows we will limit ourselves to a truncated standard model, the SU(2) gauge
group, with minimal lliggs sector consisting of one complex lliggs doublet x' (i = 1,2).
The U( I) subgroup, as well as the fermions, present in the standard model are discarded.

It is convenient for our purposes to write the Lagrangian in the Higgs sector in a slightly

unconventional form. The model at hand has a global SU(2) symmetry. because the doublet
can be rotated into the conjugated doublet E"

)*
This global symmetry is responsible

for the fact that all three W, Z bosons are degenerate if the tJ(l) interaction is switched off
in the standard model The SU(2) symmetry ofthe x sector becomes explicit ifwe introduce
a matrix field

/x1 -(x2Y\X=I I, (21.101)
\x2 (xI)* /

l.ook
through
Section 2 3
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and rewrite the standard Higgs Lagrangian in terms of this matrix:

(21 102)

where X = igA,L ) X The complex doublet field x' develops a vacuum expectation
value i'. This parameter can be arbitrary. If v>. A we are at weak coupling

Because the Iliggs field is in the fundamental representation of the color group, there is no
clear-cut distinction between the confinement phase and the Higgs phase. As the vacuum
expectation value (VEV) of the Higgs field x changes continuously from large values
to smaller values, we flow continuously from the weak coupling regime to the strong
coupling regime. The spectra of all physical states, and all other measurable quantities,
change smoothly [36].

One can argue that this is the ease in many different ways. Perhaps the most straightfor-
ward line of reasoning is as follows Using the Higgs held in the fundamental representation
one can build gauge-invariant interpolating operators for all possible physical states The
Källen Lehmann spectral functions corresponding to these operators, which carry complete

—n information on the spectrum, depend smoothly on i. When the latter parameter is large the
As v changes . ... . . . .

Higgs description is more convenient when it is small it is more convenient to think in terms
am large to

of bound states There is no sharp boundary; we are dealing with a single Higgs—contining

no phase [36]. For a more detailed discussion see Section 3 5
traflcilion is All physical states form representations ofthe global SU(2) group. Consider, for instance,
expected to the SU(2) triplets produced from the vacuum by the operators
Vi C UI•

= a = 1,2,3 (21 103)

The lowest-lying states produced by these operators in the weak coupling regime (i.e. when
A) coincide with the conventional W hosons of the Higgs picture, up to a normalization

constant. The mass of the W bosons is ge If t A, however, it is more appropriate to
consider the bound states of the x "quarks" as forming a vector meson triplet with respect
to the global SU(2) symmetry ("p mesons"). Their mass is A. The continuous evolution
of i' results in the continuous evolution of the mass of the corresponding states. It is easy
to check that the complete set of gauge-invariant operators that one can build in this model
spans the whole Hilbert space of physical states.

Now we will focus two problems: calculation of the instanton action in the Higgs
regime and of the height of the barrier in Fig. 5.3

21.12.1 Instanton action

Strictly speaking, ifthe scalar held develops a vacuum expectation value then the only exact
solution of the classical equation of motion is the ,ero-size instanton. For each given value
ofp one can make the action of the tunneling trajectory smaller by choosing a smaller value
of p, so that is achieved asymptotically (see below). Since the nontrivial topology
remains intact (one direction in the space of hields forms a circle), for proper understanding
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ofthe tunneling phenomena one cannot disregard the trajectories connecting the 7ero-energy

gauge copies (pre-vacua) in Euelidean time, even though they are not exact solutions any
more. Following 't Hooft [6], we will consider constrained ins/anlon.s trajectories that

minimi,e the action under the condition that the value of p is fixed Our analysis will
be somewhat heuristic The construction is described more rigorously in, for example.
Ref. [37]

rechnically the procedure can be summarized as follows. First we find the solution of
the classical (Euclidean) equations of motion for the gauge field, ignoring the scalar held
altogether The solution is of course the familiar instanton. Then we look for a solution of
the equations of motion for the x field in the given instanton background. This solution
minimiics the Higgs part ofthe action. A nonvanishing scalar field, in turn, induces a source
term in the equation for the gauge field, which can be neglected. This source term will push
the instanton towards smaller sizes, in particular, by cutting off the tails of the A/1 field at
large distances (where they should become exponentially small). The distance at which this

occurs is of order l/(gi). lfwe are interested in distances of order I/i' and the instanton

contributions are indeed saturated at such distances then we can neglect this effect and
continue to disregard the back reaction of the scalar field in considering instantons whose
sues are fixed by hand

To keep our analysis as simple as possible we will assume further that the scalar self-
coupling A —÷ 0. The only role of the scalar self-interaction then is to provide the boundary

condition at large distances,

(21.104)

The equation of motion of the scalar field is completely determined by the kinetic term in
the Lagrangian,

(21.105)

Ifthe instanton field is written as in Eq. (21.22). i e

= (21.106)

Sc a/ar (for the anti-instanton, S1 ÷÷ the matrix Si is defined in Eq. (21 1)), it is not difficult to
(Higgs) field

check that the solution of the equation V2 X = 0 takes the form
in in'tank)ii P

background , 1/2

X=e'( (21.107)
+p2j

Asymptotically the modulus of the Higgs field approaches its value in the "empty" vac-
uum, while the "phase" part of the scalar field has a hedgehog winding. At small x the
vacuum expectation value is suppressed.

Using the fact that the Higgs field satisfies the equation of motion, we can readily rewrite
the contribution of the Higgs kinetic term in the action as

f
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Moreover,

X =
(x2 ±p2 )2

+ if)
(r2 )2

s). (21.109)

The contents of the last parentheses, being an element of the algebra, are proportional to r°

and hence vanish when the color trace is taken. Therefore, the trace is determined entirely

by the first term. Now exploiting the Gauss theorem and rewriting the volume integral as
that over the surface of a large sphere with area element we arrive at

f Tr(X x) = 1P
+p2)2

= (21.110)

Summariiing, the extra term in the action induced by a nonvanishing vacuum expectation

value of the Higgs field has the form22

(21.111)

Hoofi This term is called the 't Flooft interaction, since 't Hooft was the first to calculate it [6]
interaction, explicitly exhibits the feature we anticipated earlier the smaller the instanton sue p the

62 9 smaller is the instanton action, It is clear that the instanton contribution to physical quantities

is determined by an integral over p. Following the derivation leading to Eqs. (21 52) and
(21.53) we can readily obtain the instanton measure in the problem at hand,

(21.112)

7ncluuling the' The eftective coupling g2(p) is given by a formula similar to Eq. (21.51) hut with a slightly
sc a/ar

different coefficient'
lie/cl in the fi
function 22 22

3 36
'Ihe exponential suppression. exp(—2m2i 2p2), ol'the instanton density at large p due to

the 't Ilooft term guarantees that p i This, in turn,justilies the approximations made:
the back reaction of the scalar Field on the gauge field becomes important at much larger

distances, v (g i')

In the SU(2) theory the 't Hooft interaction depends on only one collective coordinate, p.
In more complicated examples it may acquire dependences on other collective coordinites

For instance, if we consider an SU(3) model with one Iliggs triplet (breaking SU(3) down
to SU(2)) then the 't lloof't interaction will depend, roughly speaking, on the orientation
of the instanton in the color space relative to the direction of the Higgs VEV. The 't Hooft
term becomes i'2p2 cos2(a/2), where a is an angle. ll'the instanton under consideration

resides in the corner of SU(3) corresponding to the unbroken SU(2) then a = and the

't I looft term vanishes Further details can be found in 138].

22 It k in Section 62 9
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I

I

An additional contribution to the IA interaction due to the Higgs field. The crosses denote the vacuum expectation

value of the Higgs field. (a) Mass term of the gauge boson; (b) Higgs exchange.

21.12.2 IA interaction due to the Higgs field

In Section 21 9 we analyied the IA interaction in pure Yang—Mills theory, in the leading
(dipole) approximation. We found that at large separations this interaction falls offas I / I R
where R = — Are there changes in the Higgs regime!

The answer is positive. First, the I /1R14 law is no longer valid at separations larger than
l/(ge'). Because of the Higgsing of the theory, at such large distances all interactions fall
off exponentially

Second, even at distances p < RI < (g1;)_l, before the onset of the exponential falloff
there is an extra contribution to the IA interaction that is directly connected with the Higgs
field, see Fig. 5 7 The graph in Fig. 5 7a presents the mass insertion in the gluon propagator
(corresponding to the expansion (p2 The W-boson mass is
due to the Higgs held expectation value. This insertion is proportional to i,2 and can be
obtained from Eq. (21 .80). To this end the leading term in the gluon propagator, proportional
to R4, must be supplemented by the next-to-leading term, proportional to R2. The
angular dependence of this part of is obviously the same as in Eq. (21.78)

Another contribution, with the same R —2 dependence on theM separation, comes from the
diagram in Fig. 5.7b, which describes the Higgs field exchange between the pseudoparticles
Conceptually, the corresponding calculation parallels that of Section 21.9.

The fastest way to proceed is as follows. Start from Eq (21 .112). Although this expression
for in the exponent on the right-hand side was obtained under the assumption that i'
is constant, it remains valid for all slowly varying background fields. Therefore, it follows
that

—* Tr(X (21.113)

cf. Eq. (21 104). Now, one can substitute by the expression for the operator X
in the background, see (21 107), namely,

R2±P2) (21.114)

The unit term on the right-hand side must be discarded, as it has nothing to do with the IA
interaction. Then the part of the IA interaction due to l-liggs exchange takes the form (at
R >> p)

= —2ir2v2 (21.115)
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21.13 Instanton gas

In many instances, physical quantities arc saturated by an ensemble of instantons rather
than by a single instanton. The number of instantons and anti-instantons in the ensemble
can be arbitrary. In addition to integrating over the instanton measure one must sum over
the number of instantons and anti-instantons. lfthe in this ensemble are
well separated and unaffected by each other's presence, one can speak of an instanton gas
l'he instanton gas approximation was introduced by Callan, Dashen, and Gross [14] in a bid
to solve the problem of confinement in QCD This attempt was unsuccessful, the instanton
gas is not a good approximation in QCD even at the qualitative level. This is due to the fact
that the p integrations diverge at large p: each instanton tends to become large and overlap
with the others.

This is not the case in the Higgs regime. The 't Hooft term renders all p integrations
convergent. The instantons are well isolated and so their interactions are negligible. Indeed,
while the typical instanton site p the average density of pseudoparticles (i.e. their
number per unit four-dimensional volume),

1 1 r87r1
exp

I I
. (21 116)

V4 Jv4 Lg(P)J
is exponentially suppressed. The average distance between two pseudoparticles,

- 12ir2
R cxp I

Lg2c°)

is exponentially large, implying the exponential suppression of interactions. We are dealing
with an extremely rarefied instanton gas here.

As is well known, the properties of the given ensemble in the gas approximation are
determined by the characteristics of a single "molecule." an instanton or anti-instanton in
the case at hand. Assume that we want to calculate the instanton contribution in the partition
function

. (21.117)
V4 —

Since the pseudoparticles do not interact, we can write

/ = nf f0 + .fl —

I

I

v4) exp

x—__(n4v4) expl_[ 2
(21.118)

n_! g (t)
where n+ (n_) is the number of instantons (anti-instantons); the overall measure is obtained
as a product of the measures ofall the pseudoparticles. We have neglected a pre-exponential

21 We will use the collective term for instantons and anti-instantons. as suggested by
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constant in the instanton measure (cf. Eq. (21 63)) and set the vacuum angle 0 equal toO
Performing the summation we arrive at

z = (21.119)

which implies, in turn, that

8jnsi = (21.120)

The vacuum energy in the gas approximation is given by that of one instanton and one anti-

instanton. The multi-instanton sum (21.118) exponentiates the one-instanton contribution.
Note that the instanton contribution in Evac is negative, in full accordance with the general
statement that in switching on tunneling one lowers the ground-state energy (see e.g. the
famous quantum-mechanical double-well-potential problem [12, 13,39]).

21.14 The height of the barrier. Sphalerons

Let us return to the tunneling interpretation of instantons discussed in Section 18 and ask

the question: what is the height of the barrier in Figs. 5.2 or 5.3, through which the tunneling
described by the instanton trajectory takes place? This issue is not as simple as it might
seem at first sight.

Indeed, the QCD Lagrangian at the classical level contains no dimensional parameters.
Since the instantons are solutions of the classical equations of motion (in Euclidean space),

they do not carry dimensional constants other than the instanton siLe, which is a variable
parameter. The height of the barrier must have the dimension of mass. Therefore the smaller

the instanton size p. the higher the barrier seen by an instanton of size p, so that the
classical action stays constant at This is possible, of course, since the space of
fields is actually infinite dimensional. The one-dimensional plot depicted in Fig 5.3 is
purely symbolic. Since the infrared limit of QCD is not tractable quasiclassically, it is
impossible to determine the lowest possible height of the barrier under which the system
tunnels All we can say is that it is of order AQ(D

The situation changes drastically in the Higgs regime considered in Section 21.12. The
vacuum expectation value of the Higgs field provides masses for all gauge bosons. If the
vacuum expectation value is much larger than AQCD then the coupling constant stays small

and the quasiclassical picture is fully applicable. Under these circumstances the question
of what is the minimal height of the barrier in Fig. 5.3 becomes amenable to quantitative
analysis. From this figure it is clear that when the system is at a position of maximum
potential energy of the barrier, this is a solution of the static equations of motion since the
position at the top of the barrier is an equilibrium. Itis also clear that the equilibrium is
unstable since it corresponds to a maximum of energy rather than a minimum

Thus, we will look for the solution of the static equations of motion following from the
Yang—Mills---Higgs Lagrangian in the Ao = 0 gauge. By inspecting the structure of these
equations it is easy to guess an ansatz that untangles the color and Lorentz indices,

= X = (21.121)
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whcrc r = and f, h are profile functions to be determined from the equations The
boundary conditions are obvious: at r —* 0 both functions must tend to zero to avoid
singularities; at r —* oc the function h tends to while f(r) —2/r. The latter condition
is necessary to ensure that becomes pure gauge at infinity; then the energy density
of the gauge field will vanish at large r. Simultaneously the energy density of the scalar
field also vanishes, in spite of the winding of the field X. The overall energy of the field
configuration under consideration can be expected to be finite if both conditions are met.

Technically, instead of solving the equations of motion it is more convenient to write out
the energy functional and minimize it with respect to f and h under the given boundary
conditions. Substituting our ansalz into the Lagrangian (in Minkowski space) presented in
Eq. (2 1.102), we readily obtain in the A 0 limit24

= r2dr (ff2 + 4j2 + + + + 2h2 (I +

(2 1.122)

The contents of the first pair of parentheses are from the gauge part (integration by parts
has been carried out for one term). The second and the third terms in the square brackets
represent the Higgs part. Since all terms in are positive definite it is clear that a minimum
of this functional exists, it can be found numerically.

Before minimization it is convenient to rescale the fields and the variable r to make them
dimensionless. We set

Minimizing f gyP, h = nil, r (2 1.123)
this
functional In terms of the resealed fields the energy functional takes the firm

I we find

= f R2dR[(F/2 + ? F2 + F3 + F4)

+ (21.124)

where the prime denotes differentiation over R. The expression in square brackets contains
no parameters and neither do the boundary conditions for the dimensionless fields F,

H approaches unity and the function F tends to —2/R. Numerical
minimization of the integral in (21.124) is straightforward and is achieved on the profile
functions P and H depicted in Fig. 5.8. The only parameter of the problem, i'/g, is an
overall factor This means that the energy of the solution obtained by minimi/ing the energy
functional H is

(21.125)
g

where the constant is of order unity. Its exact numerical value is not important for our
illustrative purposes. It can be found in the original papers; see e g. [40].

24 Compare the expressions (21 122) and (21 124) with the corresponding expression in Lq (15 6!) given in the
context of monopole calculus Caution the notation is different'
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11(1?)

The solutions for the sphaleron profile functions.

The static solution outlined above, corresponding to the top of the barrier, is called a
sphuleron, from the Greek adjective sphaleros meaning unstable, ready to fall. It was found

in [41] in StJ(2) theory and rediscovered later in the context of the standard model by
Klinkhamer and Manton [40], who were the first to interpret the sphaleron energy

The = C X (2 1.126)

sphaleron

In as the height of the barrier separating distinct pre-vacua of the Yang Mills theory in the
SU(2) theort Eliggs regime (see also [42]). It is instructive to examine the position of the sphaleron on
C = 2xhjr2 the plot of Fig. 5.3 directly, by calculating the winding number of the corresponding gauge

field. Note that at large distances

TXU=—. (21.127)
r

The matrix U takes different values as we approach infinity from different directions.
Thus the condition of compactification, which we impose on the vacuum gauge field, does
not hold for the sphaleron. Correspondingly, the winding number IC [(A1 )sph] need not be

integer. A direct calculation (which (leave as an exercise for the reader) readily yields

= (21.128)

demonstrating that the sphaleron sits right in the middle between two classical minima,25
with)C=OandIC= 1.

To give a well-defined quantitative meaning to the height of the barrier in the absence
of the Higgs field we must regularize the Yang—Mills theory in the infrared domain. A
possible regularization was suggested in [44], where the Yang—Mills fields were put on a
three-dimensional sphere of finite radius instead of the flat space of conventional QCD.

25 The sphaieron field configuration is unstable with regard to decay into either of the two adjacent minima Ihe
decay (explosion) process is discussed in e g 1431
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The radius of the sphere plays essentially the same role as (grY' in the Higgs picture

Sphaleron If this radius is small, the quasiclassical consideration becomes closed and one discovers
Yang—MiTh analogs of the sphaleron solution in a natural way. The advantage of this regulari7ation over
on the Higgs field regularization is the existence of analytic expressions Both the sphaleron

field configuration and its energy can be found analytically [44] In particular, the sphaleron
energy turns out to be times the inverse radius of the sphere.

21.15 Global anomaly

In Section 21 .10 we discussed the massless quark effects in the presence of instantons.
In particular, a formula for counting the number of fermion zero modes was derived. An
inspection of this formula leads one to a perplexing question. Indeed let us assume that,
instead of QCD, we are dealing with an SIJ(2) theory with one massless left-handed Weyl
fermion transforming as a doublet with respect to StJ(2). So far only I)irac fermions have
been considered, one Dirac fermion is equivalent to two Weyl fermions Now we want
to consider a chiral theory. Before the advent of instantons this theory was believed to be
perfectly well defined, It has no internal anomalies; see Chapter 8. Moreover, in perturbation
theory, taken order by order, one encounters no reasons to make the theory suspect. And
yet this theory is pathological. Analysis of the instanton-induced effects helps to reveal the
pathology.

Indeed, following the line of reasoning in Section 2110, in the SU(2) theory for a single
massless left-handed Weyl fermion we would immediately discover that an instanton-
induced fermion vertex of the 't 1-looft type must be linea,' in the fermion field. Indeed.
for an instanton transition with one I)irac fermion we have = 2,26 but since the Weyl
fermion is only half the Dirac fermion, AQ5 = I!

This contradiction made it obvious to many that something was unusual in this theory. The
intuitive feeling of pathology was formalized by Witten, who showed [45] that the theory
is ill defined because of the global anomaly. Such a theory is mathematically inconsistent
It simply cannot exist

One proof of the global anomaly is based on fermion level restructuring in the instanton
transition. The key elements are the following: (i) the vacuum-to-vacuum amplitude in
the theory with one Weyl fermion is proportional to (ii) only one fermion level
changes its position with regard to the Dirac sea zero when AlT = n passes to /C = ii + I.

as opposed to one pair in the case of the Dirac fermion, Fig. 5.6. This forces the partition
function to vanish, making all correlation functions ill defined. For further details see [45].

Exercises

21.1 Generalize our derivation of the anti-instanton field in the spinorial notation, see Eq.
(21 .36), to instantons. Hint: Treat the indices of the color matrix as dotted

26 I he Weyl fermion's contribution to the chiral anomaly half of that of the Dirac tèrmion
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21 2 Prove Eq. (21 .76) through a direct calculation using definitions and results presented
in Sections 20.2, 21 3, and 21.5.

Solution. As a warm-up exercise let us determine the 4-vector Since any rotation
matrix M can be written as

(U

2

(here (0 = and is the unit vector in the direction we determine that

implying that = I. Let us choose the reference frame in which I? = 0 and only
R4 0. One can always do that. Then

=

One should also use the facts that

0ah =

and

0,
= + =

—41, foru=4.

Now assembling all these expressions one arrives at

= I2R2 —4(I'R)

21 .3 Calculate the integral in (21.26) explicitly. Find the instanton field in the A0= 0 gauge
for arbitrary values oft.

21.4 Verify that the expression (21.107) is indeed a solution of Eq (21.105)
21.5 Verify Eq. (21128).

22 Applications: Baryon number nonconservation at high energy

22.1 Where baryon number violation comes from

In the previous sections of this chapter we have become acquainted with instanton calculus.
Now it is time to discuss practical applications. The question of baryon number violation
at high energies, i.e. those approaching the sphaleron mass, is one of the most interesting
applications. The essence of this remarkable phenomenon, to be considered in some detail
below, is as follows. As is well-known, the baryon number is not conserved in the stan-
dard model (SM). This nonconservation is caused by instantons and is suppressed (in the
transition rate) by the square of the instanton factor, making proton decay
unobservable. It turns out [35] that in scattering processes at high energies baryon num-
ber violation is exponentially enhanced. At energies below the sphaleron mass the cross
sections of such processes grow exponentially, they level off only at E The reason
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for the exponential growth is the multiple production of W bosons and lliggs particles At
E the number of particles produced approaches I and a finite fraction of the sup-
pressing exponent has gone The result is a gigantic enhancement. However, in spite

ofthis gigantic enhancement, a residual suppression ofthe type exp(—cm/a) apparently still

persists, c being a numerical factor strictly less than 4. As a result, baryon number violating

processes remain unobservable even at high energies, albeit many orders of magnitude "less

unobservable" than at low energies.

To understand how all this works we should remember the basic lessons we learned from

the previous instanton studies.

(i) The vacuum in Yang—Mills theories has a complex structure. The vacuum wave func-
tion is a linear superposition of an infinite set of pre-vacua labeled by the winding (or
Chern Simons) number K = 0, ± l,±2. etc

(ii) The instanton is the tunneling trajectory connecting these pre-vacua. The instanton
contributions are well defined and exponentially suppressed in the Higgs regime

(iii) The introduction of massless Dirac fermions leads to a new phenomenon. noncon-
servation of the axial charge: AQ5 = 2 per flavor in an instanton transition with

Now we will expand our explorations and study instanton-induced effects in the fermion
sector of chiral theories.

22.1.1 Chiral theory: what is it?

Important Assume that we have a non-Abelian gauge theory. (For definiteness one can think ofSU( N)
defining

as its gauge group, but this is not necessary.) Fermions in various representations of the

theoriec gauge group comprise the fermion sector If the set of fermions is such that no Lorenti-
invariant and gauge-invariant mass term, bilinear in the fermion fields, is possible then the
theory is said to be chiral.

Yang—Mills theories with any number of Dirac fermions are obviously nonchiral Thus,
the class of chiral theories is limited to those in which the fermion sector consists of Weyl

fermions in complex (i.e. nonreal) representations of the gauge group. Not any set of the
Weyl fermions makes a given gauge theory chiral, for the following reasons. First, some sets

are reducible to a number of Dirac fermions. For instance, one Weyl (left-handed) fermion in

the fundamental representation plus one Weyl (left-handed) fermion in the antifundamental

Internal representation comprise one Dirac spinor. Second, the choice of fermion sector is subject to

(hiral a very rigid constraint, the set ofWeyl fermions in question should not induce the internal
anomaly, chiral anomaly (in four dimensions it is also known as the triangle anomaly). The dangerous
Fig 5 9 triangle diagrams appear as a one-loop correction to the three-gauge-boson vertex They
ci Section 34 are depicted in Fig. 5.9. The anomalous part of these graphs violates gauge symmetry, and

the theory becomes inconsistent at the quantum level. Such a theory simply does not exist.

The anomalous part ofthc triangle graph in Fig. 5 9. with gauge bosons and is

proportional to

('ra Tb T —
(i.(i 7.hT( (22.1)

R L left right ]
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Triangle graph which can lead to internal anomalies in chiral theories.

where denote the generators of the gauge group in the representation R to which

a given fermion belongs, the sums run over all left-handed and right-handed fermions,
respectively, and over all representations, and TrR denotes the trace in the representation

R. Finally, the braces { . } stand for an anticommutator. The anticommutator emerges from

the sum of two triangle diagrams in which the fermions circle in opposite directions. Note
that if T" is a generator in the representation R, the generator in the representation R is

where the tilde means transposition.

Equation (22 1) is very restrictive. Only very special sets of chiral fermions satisfy this
constraint. Let us give some examples

The simplest example would be the SU(2) gauge theory with one Weyl, say, left-handed,

fermion in the fundamental (doublet) representation. Equation (22.1) is trivially satisfied
since the anticommutator of two SU(2) generators, {r"/2, /2j, equals /2 This implies
in turn that the trace in (22.1) vanishes trivially.

Furthermore, in this theory it is impossible to write down the mass term lndeed, if the
fermion field is denoted by where a, is the Lorent? index while i is the color SU(2)

index, the only appropriate mass term would be However, this expression

vanishes identically since is an anticommuting variable.

Thus, at first sight one-doublet SU(2) theory seems to be a good model to represent the
class ofchiral theories. Unfortunately, this theory has a global anomaly (see Section 21 .15)

and, because of this, cannot exist.

Next, if il' is in the two-index symmetric representation of SU(2), it is equivalent to
in the adjoint representation, which is real. Thus, this theory is nonchiral.

The simplest chiral theory is obtained when is in the three-index symmetric represen-
tation, SU(2)-spin 3/2 This theory has no internal anomalies (nor global anomaly) and no
Lorent,- and gauge-invariant mass term is possible, for the same reason as in the ease of
one fundamental fermion.

Another well-known example of a chiral theory is the SU(5) theory with k decuplets
Vil'J1 (as usual the square brackets around the indices denote antisymmetrization) and k
antiquintets Xi of left-handed fermions. Finally, one could mention the so-called quiver
theories in which the gauge group is a product

SU(N)i x SU(N)2 x x SU(N)k (22.2)

'I

(I

()
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and the set of left-handed fermions consists ofk hijiindamenla/s

The k = 2
(/01% L'r is Each fermion transforms in the fundamental representation with regard to one SU(N) and

in the antifundamcntal representation with regard to its nearest neighbor SU(N) (the one
to the right) At k = 2 the quiver theory is nonchiral since a gauge-invariant mass term can
be built If k 3 then the quiver theory is chiral

An easy way to build a chiral theory that will be internally anomaly-free is to start
from a larger anomaly-free theory and pretend that the gauge symmetry of the original
model is somehow spontaneously broken down to a smaller group. The gauge bosons cor-
responding to the broken generators are frozen out. The matter fields that are singlets with

respect to the unbroken subgroup can be discarded. The remaining matter sector may well

be chiral, but there will he no internal anomalies. For instance, to obtain the SU(5) the-
ory we may start from SO(lO), where all representations are (quasi)real, so this theory
is automatically anomaly-free. Assume that we introduce matter in the representation 16
of SO(lO) Now, we break SO(lO) down to SU(5) The representation 16 can be decom-
posed with respect to SU(5) as a singlet. a quintet, and an (anti)decuplet Drop the singlet.
We are left with the SV(5) model with OflC quintet and one (anti)decuplet Further, we
can break SU(5) down to SIJ(3) x SI.J(2) x U(l), a cascade leading to the Glashow—
Wcinherg—Salam model. The fermion sector of the Glashow—Weinberg Salam model (also

known as the standard model, SM for short) is also chiral. For obvious reasons it is of
special importance Below, we will discuss baryon number nonconservation in the con-
text of this model. We will consider mostly the conceptual aspects, leaving technicalities
aside For those who are interested in the technicalities we can recommend the review

papers [351.

22.1.2 Simplifying the standard model

We do not have to consider the standard model in full. inessential details would just over-
shadow the essence of the phenomenon that we would like to study. Therefore, at the
start we will simplify the model, somewhat distorting it in comparison with the gen-
uine SM. We will keep, however, those features which are relevant to baryon number
nonconservation.

First, it is sufficient to consider just one generation. Second, we will set the Weinberg
angle equal to 0. This decouples the photon held, which, becoming sterile, can be
safely discarded at 9w = 0; then the gauge group becomes X and the

masses mw of all three "weak" gauge bosons W" become equal. Finally, we will disregard
the Higgs couplings to fermions. In this approximation the fermion fields remain massless.
The coupling of the lliggs doublet to the gauge fields is fixed by the gauge coupling We
will use the convention

= H — A (i e2) (22.3)
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where and A are coupling constants (the subscript 2 emphasi7es that X2 is the gauge
coupling of SU(2)weak), H is the Higgs doublet, and t' is its vacuum expectation value 27

In this convention the W-boson mass is given by

g2
,n =

Finally, we will assume that A This allows us to ignore the lliggs particle self-
interaction.

The fermion sector of the simplified model is as follows. We have three doublets of
left-handed (colored) quarks,

i=l\
= I 1 (22.4)i=2/

where a 1,2,3 is the color index, and one doublet of left-handed leptons,

I?' = ( )
(22.5)

The right-handed components and eR are singlets with respect to StJ(2)weak Thus

these fields do not participate in weak interactions.
The above simplifications do not distort the essence of the phenomenon. The results will

remain valid in SM: the Higgs coupling to fermions does not change the anomalies (22.8).
to be considered below, nor is the inclusion of the U(l)y gauge field (i.e. the switching on

ofsin29w 0) crucial. The U(l)y gauge field is not involved in SU(2) instantons. The
effects due to this field on the SU(2) instanton measure are negligible. The sphalcron mass

Msph i/g is slightly different in our simplified model compared to its value 25 in the full

SM where sin2 9w 023 and A This change is numerically small [40].

22.1.3 Anomalous and nonanomalous global symmetries

The above theory is free of internal anomalies. Let us now discuss global symmetries. The

baryon and lepton charges are defined as

Qil =fd3x Q, (22.6)

where

= + +

i7 = +eRyaeR. (22.7)

27 In many textbooks the normalization of the vacuum expectation value differs by so that then =

2S The sphaleron mass in SIJ(2) theory was evaluated in Section 21 14 There I omitted the numerical factors
Reinstating these numerical factors we have [401

Msph = =
a2 R2

Numerically the expression above is close to 7 TeV
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In perturbation theory any Feynman graph conserves QB and Qt separately.

, /L
B.I,

Triangle anomaly in the divergence and
J[L.

In contradistinction to Fig. 5.9, in the given triangle only two

vertices are due to gauge bosons; the third vertex is due to the external current (22 7).

where is the W-boson field strength tensor,

a,h, = 1,2,3,

and the factor in Eq. (22.8) is due to the fact that it is the left-handed Weyl fermion rather
than the Dirac fermion that propagates in the triangle ioop. Recall that in Minkowski space

= _2EiBb

(J

w

Some advice
onsult

Sec 110,1 34

In any Feynman graph QB and QL are conserved separately the number ofincoming quark
lines is equal to the number of outgoing lines and the same is true for the lepton lines. This
is illustrated in Fig. 5 10, where we have two incoming q lines and one t line, and exactly
the same numbers of outgoing lines. However, both currents (22.7) have anomalies with
respect to the gauge bosons of StJ(2)weak. Now we will calculate them. Note that all terms
in Eq. (22.7) with the right-handed fermions are irrelevant since the right-handed fields,
being SU(2)wcak singlets, do not interact with the W bosons.

The anomalies are determined by the triangle diagram of Fig. 5.11. Taking into account
the normalization of the baryon current and the fact that the left-handed quark doublet q is
repealed three times because of the three colors, we conclude that

a JP_a (228)II B — — 167r2 2

(22.9)
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Equation (22.8) obviously implies that (i) the baryon and lepton charges arc not separately

conserved because the right-hand side can be nonvanishing, generally speaking; (ii) QB
QL is a conserved quantum number. Integrating Eq. (22.8) over d4x, we can express the

nonconservation of Qj3j as follows:

= = (22 10)

where the Chern—Simons current and the Chern—Simons charge were discussed in

Section 21 II. The integral in the second line vanishes in perturbation theory, which explains
the baryon number conservation and lepton number conservation in perturbation theory.
However, if the gauge field fluctuations are strong (nonperturbative), so that
the right-hand side of Eq. (22.10) is not necessarily 7ero. In particular, for the instanton
field AJC= I.

22.1.4 Instanton-induced effects

The one-instanton contribution in the theory with massless quarks is described by an effec-

tive multifermion vertex, also known as the 't Hooft vertex, see Section 21 .11 The number
The of fermion lines at this vertex is equal to the number of fermion zero modes, There is one
subscript tH

I

I
iero mode per Weyl fermion in the instanton field; therefore, in the model at hand,

stands for
1 hoof! 4fdxodp I 2'

SiN = I (qqqf) x exp I —

_____

— 2ir , (22.11)
J P L a2(p)

where I have omitted the SEJ(2) and the SIJ(3) indices of the quark fields q and the SU(2)
indices of I have also omitted the orientational moduli in the measure associated with
rotations of the instanton within SU(2), as well as the pre-factors in Eq. (22 11).

First let us discuss the fermion structure in Eq. (22.11). It describes the annihilation of
three q quanta into one £ quantum. Three quarks comprise a proton or neutron. Therefore,
one can say that this vertex is responsible for proton decay into e (accompanied by, say, a

photon or 7r0-meson emission necessary to maintain energy -momentum conservation) The

baryon and lepton charges of the initial and final states are (1,0) and (0,—I), respectively, so

that the conservation law = QL is explicit. Moreover, QB —tin this transition.
The amplitude of this transition is determined by the integral over p in Eq (22.11).

This integral is obviously saturated at p 1 /v; hence,

Aqqqt (22.12)

The fact that the values ofp are typically of order I/v justifies our use of the undistorted
instanton solution, because distortions of the solution due to the W-boson mass occur
at much larger distances -S-- I/mw Since is small, the probability of
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The notation baryon-number-violating instanton-induccd decays is exponentially suppressed:
means

thai hwyon
F exp (22.13)

[
no'
conwrt'ed where we have used the experimental value ofa2(v) obtained in the framework of SM,

g2(v) a I

(22.14)
4m 31

Needless to say. the decay rate (22.13) is unobservable.

The question is can one enhance this rate by changing the experimental conditions to
make it observable?

22.1.5 High temperature

It is clear that to overcome (22.13) we must get rid (at least, in part) of the exponential
suppression typical of all tunneling processes. The incredibly large suppression (22.13) is
due to the fact that, for baryon number nonconservation to show up, the system at hand
must tunnel under a very high barrier (depicted in Fig. 5.3)

At the same time, if we heat the system up to high temperatures, of the order of the
barrier height (21 .125), transitions between adjacent pre-vacua, with A/C 0, can proceed

via thermal jumps over the harrier [46-48]. Once the system jumps up to the saddle point
(i.e. the sphaleron is thermally created) it will fall back into a different pre-vacuum, with,
roughly speaking, unit probability. These transitions are described by classical statistical
mechanics, and so their rate is governed by the Boltimann factor

(22 15)

rather than by the instanton exponent (22.13) At T the QB-violating processes are
unsuppressed The sphaleron mass is

mw ,— v=ir =2v2ir 7TeV. (22.16)
a2 g2

Tempera/tire
dependence However, this is the zero-temperature value. In fact, the loss of the exponential suppression

a/the does occur at lower temperatures since the vacuum expectation value of the I liggs field and,
sphaleron hence, mw and the sphaleron mass are temperature dependent The vacuum expecu.tion
ma'c value vanishes at and above the SIJ(2)gaugcrestoring phase transition, which takes place

at 7 100 (ieV. At this point the barrier disappears and A/C 0 transitions occur all the
time.

In hot Big Bang cosmology there was a time in the past when the temperature was T ?. 100
GeV or higher. At that time QB and QL were strongly violated. There are models [49] of
baryon asymmetry generation in which the only source of baryon number violation is the
mechanism discussed above. Unfortunately, temperatures T 100 GeV are not attainable

in controllable terrestrial conditions.
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23 Instantons at high energies

In our search for haryon number violations that could he tested in laboratories it is natural
to pose the following question. Can high energies play the same role as a heat haih in
fiicililating AK 0 jumps2 In other words, can baryon-numhcr-violating transitions occur

in collisions of energetic particles at energies E Msph with an unsuppressed (or, at least,

a less suppressed) rate?

Th answer this question we need to find out how to calculate, orat least estimate, instanton-

induced cross sections at high energies. This will be the subject of this section. We will see

that although the rate of baryon-number-violating transitions grows exponentially with
energy (below the sphaleron mass), only a finite fraction of the exponential suppression in

(22 13) can be eliminated.

23.1 Cross section of instanton-induced processes

This subsection is intended to give a general idea of the phenomenon of exponential
growth with energy. thus allowing us to understand the origins of the exponential growth
of the instanton-induced cross section. We will systematically omit numerical factors that
might overshadow the general picture. A more concise and technically efficient method of
calculation will he presented in Section 23.3

Consider the process

WW. W, (23.1)

n

describing proton electron annihilation into an arbitrary number n of W bosons. Now, our
task is to show that the total cross section a —÷ W bosons) grows exponentially with
energy [35]. The instanton-induced vertex contains the prc-exponential operator qqqf
and the exponential factors given in Eqs. (21.53) and (21.68). Since for the time being we
are interested in the behavior of the exponent we will omit the pre-exponential factors The

amplitude —+ W bosons) is depicted in Fig. 5 12 and can be obtained by expanding

ii, I

Instanton-incluced p—e annihilation into an arbitrary number n of W bosons. In the initial state qqqe, QB = 1 and

= 1 whileinthefinalstateQB = 0.
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the exponent in Eq. (21.68).

/ \ /p2E\" / 2ir\
Al WW... W I I expl I, (232)\ngij

n

where the factor I/n! from the expansion is canceled in passing from the operator G" to
the n-boson amplitude because of the combinatorics. We will assume the W hosons to be

relativistic (this assumption will be justi lied aposleriori) and will not differentiate between
their the average momentum of each W boson is taken to be li/n, where E is the

______

total energy (in the center-of-mass frame). This rather rough approximation is sufficient to
Phase space establish the energy dependence of the exponent.

Squaring the amplitude and integrating over the n-particle phase space [50].

/ElV!iL/L'S ] I (const x E2
2Vfl

E4 (ii — I )'(n —2)!
3 3)

we get

a (qqq -÷ W bosons) exp (— f exp[_27r2 ,,2 +

r I /p2p2E4\"l
xl I

I 2
I I, (23.4)[nI(n_l)!(n_2)! \ / j

where the extra flictor I/n! on the right-hand side comes from the Bose nature of the final
particles. Next, we integrate over and using the stationary-point approximation, this
yields

I /const x
W bosons) exp (——) 4

. (23.5)

The stationary-point value of the instanton site is

(236)

(here and below an asterisk subscript denotes the stationary-point value of the parameter
in question.) The summation over n can also be carried out using the stationary-point
approximation, which finally leads us to

( 1/3

= const x (23.7)
I'

and

[ I \ 1
W bosons)-expl ——(I —const x (238)

V /

All the constants in these expressions are positive numbers that are calculable; see below.
Substituting the stationary-point value of n from Eq. (23.7) into Eq (23.6), we obtain the
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characteristic value of the instanton size,

2 I

COflSt X (23 9)
1'

l3cfore continuing, it is instructive to express all the parameters found above in terms of
the natural energy scale for the problem at hand, see Eq. (22.16). To this end we will

_______

introduce a "dimensionless energy"
ThQ8 I

(FOSS 11011 5 = E/Mspii. (23 10)

In terms ofthis dimensionless energy the values ofn and p that saturate the summed integral

(23 4) scale as follows:

prodill liOfl

= const x = const x (23 II)
mtv

while the total QB cross section itself takes the form

W bosons) exp (I const x (23.12)

We can see that as the energy grows the baryon-number-violating cross section grows
exponentially, which "eats up" part of the suppressing exponent 42r/a2
in (22.13). Our calculation is trustworthy as long as I/mw. This condition translates
into

I, (23 13)

i.e we must stay well below the sphaleron mass. The very same condition justifies our
neglect of the W-boson masses and the use ofthe relativistic approximation in phase space.

Indeed, the average energy of each W boson produced scales as If we could
extrapolate to S I, formally we would get an unsuppressed cross section. Of course, near

the sphaleron mass all our approximations break down. We will discuss later what stops the
exponential growth in (23.12).

23.2 The holy grail function

The particular dependence on S of the Qn cross section, presented in (23.12), is just the
lowest-order term in the expansion of the general formula [51]

W (23 14)

Michael Mattis suggested the name ho/vgrail function for F(S). name took root, and
we will use it consistently in what follows. The boundary condition for F(S) is F(0) = 0
Equation (23.14) exactly describes the one-instanton contribution in the limit 29

a2—s0, —÷ fixed value, (23 15)
M..ph

29 In practice. it is sullicient to consider 02 as a small parameter imposing the constraint 02
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Intuitive as it is, this general firmula can he derived on essentially dimensional grounds
[5 I]. Its emergence will become clear after we familiarize ourselves with a more advanced
method of calculation in Section 23.3.

23.3 Total cross section via dispersion relation

The exponential growth of the cross section was discovered [35] through squaring the

instanton-induced amplitude and integrating over the multiparticle phase space, as outlined

in Section 23.1. In this subsection we will discuss a fastcrand morc efficient way ofobtaining

Eq (23.8): through unitarity [52] Using this trick we will be able to dcrivc Eq. (23.8) and
similar expressions for other contributions with ease, by relating them to the instanton—anti-

This is instanton interaction. The total cross section that we have just calculated can be pictorially
optical

represented as in l:ig. 5.13. As is well known. unitarity relates this cross section to the
theorem.

see /39/ imaginary part of the lorward scattering amplitude depicted in Fig. 5.14 The latter (in the
center-of-mass frame where the total momentum = IE,O,O,O}) is proportional to

A(qqqf qqqf) exp f e" f dO exp[—S,A(xO)]. (23.16)

where the instanton center is atxo, the anti-instanton center is at the origin, fd() stands for
the integral over the relative orientation of the pseudopartieles, and S,A is the instanton
anti-instanton interaction; see e.g. Eq. (21.75). Finally, to is the time component of to
Irrelevant pre-exponential factors are omitted.

Of course, since all the above quantities belong to Euclidean space. the amplitude (23.16)

has no imaginary part. Upon the analytic continuation of E to Minkowski space, namely,

a(p - It II'

2

The cross section of pe annihilation into an arbitrary number of W bosons.

— it II' —. /)( ) -'— un

)

The cross section shown is proportional to the imaginary part of the forward scattering amplitude —÷ qqq&

depicted here.
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The stationary point of SIA (R, p) is a saddle point

EF —÷ —i EM, it acquires an imaginary pan

W bosons) exp im f eL/u fdo (23.17)

The integral over xo in Eq. (23.17) is ill defined since it diverges at both small and
large Ixol. however, its imaginary part is well defined and can be found using the steepest-
descent method The extremum of the exponent is a saddle point rather than a maximum
or minimum (Fig 5.15) To make the integral convergent we must rotate the contour in the
complex plane (at R = see Eq. (23.24) below), aligning it along the imaginary axis.
This yields the desired imaginary unit in front of the integral [52]

23.3.1 W bosons

due!() W

The instanton—anti-instanton interaction due to gauge field exchanges that was derived in
Section 21 9 can be rewritten as follows:

32jr2
1

—SF4
R2 — 1j (23.18)

where R is the IA separation, (xo)0, and the unit vector parametrizes the relative

orientation of the pseudoparticles,

= I. (23.19)

The dipole dipole interaction is attractive if is parallel to R and repulsive if it is

perpendicular to R. Thus, the integral to be calculated by steepest descent is

f dysin2 Yexp[ER — SIA(R,y) — 2m2v2 (23.20)

where y is given by

(2321)
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Note that the integral over d4 in (23.17) is replaced by an integral over dR in (23.20),
this can be justified a posleriori. It is convenient to integrate over the angle y first. In the
saddle-point approximation the integral is saturated at

cos2 y = 1;

therefore the dominant interaction is attractive, as expected, and reduces to

—S/A
=

(23.22)
R

The saddle-point value of the other integration parameters is determined by

(2323)
R4 48' — Rs'

leading to

(pi42 =const x =const x (23 24)
mw low

which, in turn, implies that at the stationary point

= [ER + + = const x 1 (23 25)

where denotes the gauge-boson part of the holy grail function. Equation (23 25) should
be compared with Eq. (23 12)

23.3.2 Higgs particles

The instanton-induced vertex for Iliggs particle emission and the corresponding instanton—

inlC,(utu)n anti-instanton interaction was derived in Section 21 . 12.2, for convenience we reproduce it
w lion due to here
Higgc 2 2

= —2m2 1,2 9/PA (23 26)

The dependence on the/A separation differs from that in Eq (23.18), hence, one can expect
a different S dependence of the Higgs part of the holy grail function. As was explained in
Section 21 12.2, is not the only source of R 2 in the instanton—anti-instanton interaction

1here is another contribution 1531 in the/A interaction that is proportional to R 2 namely,

that associated with the diagram in Fig 5.7a. This graph gives the correction to the
dipole dipole interaction discussed above At large R it scales as

P / 2 2\ 4,2
—i yflwR ) i i —i-. (23.27)

l'he functional dependence is the same as in (23.26) while the overall coefficient and the
color structure (omitted here) are different, of course Unlike (23.26), the correction
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to the dipole dipole interaction (23 27) depends on the relative IA orientation. Including
(23 26) and (23.27) in S/A and using the saddle-point values of the parameters, we arrive at

r 4, 1i2Pi '2=const x —e (23.28)
L

For completeness I reproduce here the and 0(52) terms in the holy grail function
Hair grail .

with their numerical coefficients 152]
j 2/3

F(S) = — (23.29)
32

The next term,

o In

was found in [54]. It enters in F(S) with a positive coefficient. Thus F(S) presents a series

in possibly with logarithms at high orders.

23.3.3 Deriving the general formula

Now we have acquired enough experience to substantiate the general formula (23 14).
Indeed, the general form of the instanton anti-instanton interaction is

S14 fi + /2 (p). (23.30)

where 11.2 are functions of the dimensional variable p2/R2. Moreover, the saddle-point
values of p and R are

F1(S) F2(S)
, (23.31)

111w mw

where F12 are some other functions; Fi.2(S) I at S I. Equation (23.31) fillows, in
essence, from dimensional analysis. Combining (23.30) and (23 31) we arrive at (23.14).
Moreover, if we invoke, in addition, Eq (23.25), we will see that the expansion of F(S)
runs in powers of g213

23.4 Premature unitarization

Thus, we have established that the behavior ol'the instanton-induced Qa cross section is
as follows:

a(pe W+Iligg exp!_ [I

(23.32)

where the ellipses represent higher-order terms in the expansion of the holy grail function.

The expansion is valid at S I. If we take Eq. (23.32) at its face value and formally
extrapolate it up to S I, we will see that at S 2 the holy grail function reaches unity and

the exponent in (23.32) vanishes ihe vanishing of the exponent would mean that at E
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+

( 1)

(a) Point-like two-body scattering and (b) its iterations.

the exponential suppression of the haryon-number-violating cross section is totally
eliminated and this cross section reaches its maximal possible value,30 I Of
course, formal extrapolation is by no means justified, and one could say that the higher-
order terms in the expansion of F(S) omitted in (23.32) are such that at S I the holy grail
function levels off at a positive value strictly less than unity, say F = 1/3. Then a finite part
of the suppressing exponent will be eliminated but the exponential suppression will persist.

However, some estimates of higher-order terms suggest that F(S) does indeed cross
unity.3' Does this mean that at energies S > I the baryon number violation becomes
unsuppressed?

The answer to this question is negative. The mechanism that cuts off exponential growth
is known as premature unilarizalion It was suggested in [9]; see also [8. 10] What is
unitarization? If, say, an S-wave scattering amplitude grows with energy and reaches its
unitary limit (full saturation ofthe corresponding scattering phase), the very same interaction

automatically screens off further growth, preventing the cross section from exceeding its
unitary limit, which scales as I/s where is the total energy. The screening occurs through

rescattering This is illustrated in Fig 5 16, which presents a two-body scattering process
Assume that the point-like vertex is As, where A is a constant (Fig 5.l6a). At large v this
amplitude violates unitarity However, the sum of all iterations (Fig. 5.16b) is. roughly,

const (23 33)
I +eonst x As

at large s. This mechanism has been well known since the early days of scattering theory
in quantum mechanics

A peculiarity ofinstanton-induced cross sections is that the growth in the point-like vertex

is exponentially fast while the vertex itself is exponentially small. In this ease, as we will
explain shortly, unitari7ation occurs prematurely, i.e. the amplitude does not "wait" until
it reaches its unitary limit for the iterations to become important; they produce screening
long before that.

Let us redraw the graph in Fig. 5.14 symbolically, as shown in Fig. 5 17 Each of
the two blobs (vertices) carries a factor while the link between them is

I he cross sect ion I is the maximum any scattering process at L = occurring if

we have a single wave or ifjust a few waves arc involved, say, S- and P- waves It is not difficult to see that
our saddle-point calculation predicts that all particles produced in the collision under consideration arc fiiund
in the S- wave
It is unclear whether one can actually define (1) beyond a perturhative expansion, whether or not it is

convergent (as opposed to asymptotic). and so on
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A helix-like curve represents instanton—anti-instanton interactions due to multiple W-boson and Higgs particle

exchanges.

I,)

The multi-instanton contribution due to iterations of the one-instanton mechanism Each term has successively more

and more IA pairs arranged in a chain.

cxpl4ir Using chemical terminology we can refer to the links as bonds, this is
quite appropriate since they represent the instanton—anti-instanton interaction Then the
amplitude depicted in Fig. 5.17 is

exp{—42r11 —I(E)l/a2}, (23.34)

while that in Fig 5.1 8a is

(23.35)

The simple observation is that in (23.35) the factor in braces vanishes while that in (23.34)
is still In fact, iterating the same bond function (i e. including in the chain
of Fig. 5 18 an arbitrary number of IA pairs), it is easy to see that the chain reaches
unity when the one-instanton result for the amplitude is cxp(—27r/a2) the geometric
mean of the results with the original suppression and with no suppression This argument
is independent of one's choice of bond function as long as the latter grows with £. In
fact, this argument implies that the onc-instanton approximation breaks down for the
cross sections at energies below the sphaleron mass. Multi-instantons are instrumental in
premature unitariiation.

One can argue [8—10] that the sum of all IA pairs assembles into a geometric series,

—÷ = const x

oc
A If 27r 4irF

x (—1) explt——+——--— k
A=i.3, L\

=const x {cosh[(27r

______

< const x (23.36)
Summation

over multiple The alternating signs in (23 36) come from counting a negative mode Gaussian factor i in
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the multi-instanton configuration of Fig. 5.1 8.
Summarizing, the exponential growth of the instanton-indueed @8 cross section at high

energies, up to the sphaleron mass, is firmly established. Maximum baryon nonconservation
occurs at E Instead of the suppressing factor (22 13) that appears at low energies,
we find that the rate is suppressed asexp(— wherc <4; mostly likely ( 2 This

is still too strong a suppression to be able to observe baryon number nonconservation due to
this mechanism experimentally. On the technical side we have discovered that even at weak
coupling (in the lliggs regime) the instanton-gas approximation can be inappropriate if we
want to explore energies ofthe order of the sphaleron mass At such energies multi-instanton
configurations with i e strongly interacting IA pairs, are important.

24 Other ideas concerning baryon number violation

If it should turn out to be the case that the standard model is a part of a grand unified
theory (GUT), then, in addition to the anomaly and associated relation (22.10). there is
another mechanism of baryon number nonconservation, namely, through the superheavy
(leptoquark) gauge hosons X and see Fig. 5.19. which presents the amplitude

e +d'° X (24.1)

The proton decay rate associated with this mechanism (for a review see e g is easy

to estimate.
4

2 / \
a mprotoI1

(
, (24.2)

\ /

where a is the common value of the three gauge couplings at the unification scale Since
1016 GeV, the suppression in (24.2), compared with the typical hadronic width, is

"only" 66 orders of the magnitude (cf Eq. (22 13)).
This section could have been entitled "Are there ways to enhance Qa processes other

than heating the system up to temperatures exceeding the sphaleron mass?" A remarkable
alternative was suggested by Rubakov [61] (see also [62]), who noted that the suppression
disappears in the presence of a magnetic monopole. magnetic monopoles catalyze proton
decays.

Again, if the standard model is part of a grand unified theory, then magnetic monopoles
should exist in nature since GUTs support them as topologically stable solitons. Their core
sue is determined by (liven the fact that the scale of grand unification is very large.
Mx l016 GeV, in processes at "our" energies one can view (IUT monopoics as point-like
sources of a strong magnetic field Essentially. one can treat them as the Dirac monopoles
of the era before 't Ilooft and Polyakov The masses of the GUT monopoles are even higher
than namely, MM Mx/a.

32 I or a pedagogical introduction to UL Is see e g
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In the previous sections we saw that exponential suppression is intrinsic to Qn transitions

as long as they proceed through under-the-barrier tunneling. The corresponding action is
very large. The suppression in (24.2) is due to the fact that the range of the QB interaction
is very short Both circumstances would he negated if someone having a monopole in their
possession brought it to "our" world and placed it in the vicinity of protons [61,621.

Let us first discuss the changes in the mechanism (22.10) in the presence of a magnetic

monopole. Now one can generate a virtual electric field (in addition to the already existing
magnetic field of the monopole) such that (i) the overall action slays the sunw av that of

the magnetic monopole and, simultaneously, (ii) the integral over BE on the right-hand

side of(22 10) (remember that in Minkowski space = is saturated,

A/C = 1. implying that A Qn = I. It is important that the monopole size per ye

is absolutely irrelevant, since it plays no role in the analysis, and can he set to tero.
To see that this is indeed the case, let us consider the following trial field configuration.

l,et us draw a sphere of radius R with the nionopole at the center. At time we
(adiabatically) switch on an electric field

(243)
RT

inside this sphere (in (24.3) C is a constant, R and T are arbitrary parameters, and is

the unit vector At time 772 we switch it off. To avoid singularities the trial electric
field must vanish in the near vicinity of the origin. The additional contribution to the
action due to E 0 R/T and is arbitrarily small in the limit R/T 0.

However, BE, the contribution to the right-hand side of(22 10) is independent
of Rand T, namely BE = 0(1). This argument illustrates that the cross section
a(p + M M + + pions) is expected to he of a typical hadronic scale.

We would come to the same conclusion if we discussed the mechanism of Fig. 5.19.
The existence of fermion zero modes in the monopole background, in the limit —÷ 0, is

crucial The spectator monopole captures one of the proton composites. say. the d'° quark
(with color index i11) onto the S-wave orbit with a probability that is independent of
Because of (24 1) the monopole per se has no definite baryon (or, equivalently, lepton)
number. As a result the captured C1'° quark is converted into an anti-u diquark,
plus a positron, with probability 0(1) [62]

In a bid to understand better the hadronic aspect ofthe monopole catalysis ofproton decay.

Callan and Witten suggested [63] that one should treat the proton at hand as a Skyrmion.
They demonstrated that the Dirac monopole "unwinds" the Skyrmion. Neither the GUI

One of the diagrams responsible for proton decay in GUTs.
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scale nor the weak scale arc relevant to this unwinding, in full agreement with the above
arguments.

Exercise

24.1 Prove that the expression for the winding number K in this chapter and for the baryon
number in Section 16 are in one-to-one correspondence.

25 Appendices—
25.1 Gauge coupling renormalization in gauge theories.

Screening versus antiscreening

It is instructive to consider gauge coupling (charge) renormalization in the ghost-free
Coulomb gauge Our task is to compare Abelian and non-Abelian gauge theories.33

Let us start from quantum electrodynamics (QED). Assume that we have two heavy
charged bodies (probes), with charges ±eo where +eØ is a bare electric charge appearing
in the Lagrangian. One can measure the charge through the Coulomb interaction of the
probe bodies. The corresponding Feynman diagram is shown in Fig. 5 20, where the wavy
line depicts photon exchange. The heavy probe bodies are (almost) at rest; the photon
4-momentum q is assumed to tend to zero. We will choose a reference frame in which

= lqo, 0,0, q3}. If and are the vertices for the first and second probe bodies,
the amplitude A corresponding to Fig. 5.20 can be written as

Ao = (25 I)

where we have taken into account the transversality of the vertices,

qR FW =qR =0, (252)

and the subscript 0 (in Ao) means that we arc dealing with a tree diagram (no loops)

Scattering of two heavy probe charges (denoted by thick lines) in QED, in the tree approximation The photon

exchange is denoted by a wavy line. The momentum transfer is q.

In this appendix I follow [64]
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—+ C C

One-loop correction to the Coulomb interaction in QED. The Coulomb part of the photon propagator D00 is denoted by

the dotted lines.

The very same transversality implies that = Using these conditions in

Eq. (25.1), we arrive at

Ao =

—

= [(2) + (25.3)
\q3 q /

The first term in the second line describes the instantaneous Coulomb interaction (this is
obvious upon performing a Fourier transformation and passing to coordinate space) The
second term has a pole at q2 = 0. It describes a (retarded) propagation ofan electromagnetic
wave with two possible transverse polariLations. We can determine the charge through
measurement of the Coulomb interaction. Thus, for our purposes the second term can be
omitted.

The one-loop correction to the Coulomb interaction (25.3) in QED is given by the diagram
in Fig. 5 21 with the electron in a ioop. A straightforward calculation gives

(Ao+A1)QED = — F (I
M2)

+.. (25.4)

where we have omitted irrelevant terms and assumed that >> Thus, the effective
(renormalized) coupling constant in QED, which measures the strength of interaction at the
scale q2 (note, that in the process at hand —q2 < 0) is

(25.5)

Landau where the first relation presents the one-loop expression while the second relation is the
formula .

result of summing up all leading logarithms (the summation can be performed using, e.g.,
the renormali7ation group) At the scale q2 the effective charge is smaller than the bare
charge This is natural. The reason is obvious: the bare charge is screened Indeed, the bare
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charge is defined at the shortest distances Assume for definiteness that the probe
charge is positive. Electron positron pairs created in the vacuum as a result offield-theoretic
fluctuations polariie the vacuum. The probe charge attracts negatively charged electrons
while positively charged positrons are repelled. Thus a cloud of virtual electrons screens
the original positive probe charge An effective charge seen at some distance from the probe
charge is smaller than the bare charge and the further we go, the smaller is the screened
charge

Bare charge screening is a rather general phenomenon. It takes place in all four-

dimensional renormali,able field theories except non-Abelian Yang -Mills theories. For-
mally, bare charge screening is in one-to-one correspondence with the fact that the imaginary
part of the diagram in Fig. 5.21 (the discontinuity in q2 at positive q2) is always positive,
owing to unitarity.

One can ask then: what miracle happens in passing from QEI) to non-Abelian Yang
Mills theories? In QED the photons are coupled to the electrons and do not interact with
each other directly. In non-Abelian Yang Mills theories gluons themselves are the sources
for gluons (gauge bosons) There are three- and four-gluon vertices. Moreover, as we know
from Eq. (25 3), the gluon can be Coulomb (their propagation is described by
the component D00 of the Green's function) or physical transversal (their propagation is
described by the component Du- of the Green's function with f, £' = 1,2). The diagram
depicted in Fig 5 22 is qualitatively similar to the one-loop correction in QED in Fig 5 21 b.
It produces screening ofthe bare charge The only difference from Eq. (25 3) is insignificant.
the coefficient is replaced by in the SU(2) Yang—Mills theory.

A qualitative difference arises due to the diagram in Fig. 5.23. This graph depicts the
transition of the Coulomb quantum (described by into a pair that is "transverse plus
Coulomb." We should remember that the Coulomb interaction is instantaneous. /)oo depends
on rather than on q2, see (25.3) This means that the contribution ofthis diagram does not
have an imaginary part (there is no discontinuity in q2 at positive q2). Unitarity no longer
determines the sign of this correction. An explicit calculation shows that it has the opposite

the graph in Fig. 5.23 produces antiscreening,

(Ao + Al)stJ(7) YM A0 (I
—

In + 8 In
3 —q q1-

Ao[l
—

(8_ (25.6)

, —
(J I

-'.'
i 11

One-loop correction to the Coulomb interaction in Yang—Mills theory. The transverse (physical) gluons are denoted by

the broken lines. This diagram is similar to that in Fig. 5.21.
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• . '
. I

• ,

One-loop correction to the Coulomb interaction, specific to non-Abelian Yang-Mills theories.

(a) (1>)

Comparison of the loops in Figs 522 and 5.23. The interaction proceeds via the exchange of (a) Coulomb and

(b) transverse quanta.

where the first and second corrections in the parentheses in the first line are due to Figs. 5.22

and 5.23. respectively Now the hare charge is smaller than that seen at a distance!

One can give an heuristic argument why these two diagrams produce effects of opposite

sign. To this end let us compare the loops in these graphs, as in Fig. 5.24. where I have cut one

transverse gluon line in order to make clearer the analogy with QEE) to be presented shortly.

Figure 5 24a contains an exchange of a Coulomb quantum and Fig. 5 24h an exchange of

a transverse gluon quantum The effect of the Coulomb quanta is repulsion of charges of
the same sign, while the exchange of transverse quanta leads to an attraction of parallel
currents (the Biot—Savart law).

The only circumstance that remains unexplained by the above arguments is that the
antiscreening effect, represented by the coefficient 8 in Eq. (25.6), is numerically much
stronger in Yang—Mills than the screening effect, represented by —2/3. For us, this is a
lucky circumstance since the numerical dominance of antiscreening over screening makes

non-Abelian Yang—Mills theories asymptotically free.
It is remarkable that the same binary fission of the one-loop quantum correction, eight

as against —2/3, is clearly seen in the instanton calculation, cf (21 47) and (21 50), where
the distinction is associated with zero as against nonzero modes.

I he resuli presented in the first line, in precisely this form, was obtained by I Khriplovich 1551 before the
discovery of asymptotic freedom and the advent otQCD A curious story of the of asymptotic
freedom is recounted in [56]
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25.2 Relation between Apy and the As used in perturbative calculations

The standard regularization in performing loop calculations in perturbation theory in non-
Abelian gauge theories is dimensional regulariiation (DR), supplemented by. say, minimal
subtraction (MS) renormalization. Determinations of the scale parameter A in QCD that
can be found in the literature refer to this scheme. At the same time, in calculating nonper-
turbative effects (e.g. instantons) one routinely uses the Pauli—Villars (PV) regularization
scheme. The reason is that the instanton field is (anti-)sel f-dual, and this notion cannot he
continued to 4 e dimensions. The PV regularization and renormalization scheme in this
context was suggested by 't Flooft [6]; it was further advanced in supersymmetric instanton
calculus in [57]; see also the review paper [58].

In his classic work [6] 't Hooft himself demonstrated how one can proceed from the
PV scheme to DR combined with MS However, even now the situation in question is
somewhat confusing. The one-loop calculation of apv in terms was carried out in
Section XIII of [6] Unfortunately, the key expression (13.7) in that article contained an
error.35 The error was noted and corrected by Hasenfratz and I lasenfrat7 [65], see also [66].
What was confusing was that a later reprint of 't Hooft's paper (see the second reference in
[6]) presented the corrected derivation, and the updated result (13 9), without mentioning
that the required corrections had been

In this textbook we are using appropriately corrected expressions.
In an associated regulariLation scheme [28], known as the modified minimal subtraction

(MS) scheme, one obtains

5
= C2 — 1.54,

8jr2 8jr2 11
(257)

6
MS
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26 0(3) sigma model

26.1 The S field and 0(3) model

The 0(3) sigma model is a representative of a huge class of models which are generically
referred to as sigma models. This model is a showcase example because it exhibits a plethora
of interesting phenomena, some of them ofa very general nature. Besides, it is of practical
importance in both solid state and high-energy physics

The 0(3) sigma model can be traced back to Heisenberg's model of antiferromagnets
formulated in the I 930s, which was designed for the description of interacting spins. The
0(3) sigma model is a double limit of Heisenberg's model when the spin is large (i.e. the
classical limit) and the distance between the spin sites is small (i.e. the continuous limit).

In this case the model can be formulated in terms of a triplet of fields S(x), where
S = a = 1,2,3, is a 3-vector in an internal space (referred to as the large! space),

constrained by the condition

[5(x)]2 S"(x)S"(x) 1. (26.1)

Thus the absolute value of S is fixed, only the angular variables are dynamical. In other
words, one can say that the fields {SU } live on a two-dimensional sphere 52 of unit radius,
see Fig. 6.1. Thus, in the case at hand the target space is S2. In generic sigma models, the
target spaces can be much more complicated than a sphere.

The dynamics is described by the Lagrangian

= (26.2)

where g2 is the coupling constant and the factor 2 in the denominator is introduced for con-
venience. The invariance under global (x-independcnt) rotations of the vector S (Fig. 6.1)
is explicit in Eq. (26.2). This is the only term of second order in derivatives compatible with
this invariance. Usually in sigma model studies people limit themselves to such terms. In

S

The target space of the 0(3) sigma model is S2.

S



250 Chapter 6 Isotropic (anti)ferromagnet: 0(3) sigma model and extensions, including CP(N — 1)

principlc, one could add terms with higher derivatives on the right-hand side of Eq. (26.2)
that arc compatible with the symmetries of the model under consideration. For instance, in
Section 16 it turned out necessary to include quartic in addition to quadratic terms. In this
section we will limit ourselves to quadratic terms.

Thus, let us focus on the Lagrangian (26.2) per se. The corresponding action is

s= I (263)
j

Classically the model is well defined for any I) However, only at D = 2 is the model
renormalizablc. The fact that for I) = 2 the coupling constant is dimensionless hints at the
renormalizahilityofthcmodcl At D = 4,say,thecouplingconstant l/(2g2)hasdimension
(mass)2, and quantum corrections proliferate in much the same way as in quantum gravity
At D = 2 the 0(3) sigma model considered in Euclidean space has a nontrivial topology
and, hence, instantons (see Section 29) this is another reason why we should concentrate
on this case.

To say that (0S)2 is the only term of second order in derivatives compatible with 0(3)
symmetry is not quite accurate. In two dimensions, and only in two dimensions, one can

Topological add another term,
term

= ± )SR'eah(, (26.4)
8m

where is a dimensionless parameter, the vacuum angle (in solid state physics it is called
the quasimomentum). Furthermore, and e(lh( are Levi—Civita tensors acting in the
configurational and target spaces, respectively (jt, v = 1,2 and a, b, = 1,2,3) The
additional term, presented in Eq (26.4), is called the 0 term or topological term It has no
impact whatsoever in perturbation theory. To see that this is the case, it is enough to show
that does not change the equations of motion. Indeed, let us find the variation in

S the linear approximation,

(f ± f d2x +

—f- f d2x

(26.5)

The term in the second line is a full derivative. Since we are assuming, as usual, that
—÷ 0 —÷ oo, this term drops out. Let us examine the term in the third line. The

constraint S2 = I implies that = 0. The same is valid with respect to namely,

= 0. Thus, all three vectors involved,

The and 82S,
topological
term is a fill

lie in the plane perpendicular to 5, i.e. they are coplanar The convolution of three 3-planar
derivatn'e,

i

see Evercise
vectors with yields zero.

272



Thus, h(fd2.r = 0 and, hence, the topological term (26.4) does not affect the
equations of motion. Consequently, it does not show up in perturbation theory. It is impor-
tant in the nonperturhative solution of the model, however. In particular, at m the 0(3)
sigma model becomes conformal and describes a ferromagnet rather than antiferromagnet.
Unfortunately, I cannot dwell on this aspect in this text.

26.2 Representation in complex fields: CP(1) model

As already mentioned, the target space in the 0(3) sigma model is S2 The two-dimensional
sphere is a very special manifold, it is a representative of a class of spaces called Kähler
spaces. The Kähler manifolds admit the introduction of complex coordinates, much in the
same way as one can parametrize a two-dimensional plane by a complex number z. Now
we will show how a complex field can be introduced on S2 If the original field S(x)
was constrained, see Eq. (26.1), the field has two components,

which are unconstrained. This is convenient for the construction of perturbation theory
The complex coordinates on S2 can be introduced by virtue projcction;

see Fig. 6.2. This figure displays the target space sphere (with unit radius) on which S lives,
and a 4 plane which touches the sphere at the north pole. This plane admits the introduction
of the complex coordinate 0 in a standard manner: if Ot and 02 are Cartesian coordinates,

phie 0 = Oi + A ray of light is emitted from the south pole; it pierces the sphere and the
projection of plane at the points denoted by small crosses. We then map these points onto each other.
a sphere

onto a plane

____________ ____________ ____________

Introduction of complex coordinates on 52 through stereographic projection. The 0 plane touches the sphere at its

north pole.
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Oi(x) ReO(x), 02(x) lmO(x), (26.6)

si=
I + +

s2= 202 = I

(26.7)

I iI(

II



252 Chapter 6 Isotropic (anti)ferromagnet: 0(3) sigma model and extensions, including CP(N — 1)

The inverse transformation has the form

Sl +iS2
l+s3 (26.8)

It is clear that this is a one-to-one correspondence. Thc only point which deserves a comment
is thc south pole (S' = S2 = 0, S3 = — I it is mapped onto infinity Since physically this
is a single point on the target space, the only functions ofØ that arc allowed for consideration
arc those that have a well-defined limit at irrespective of the direction in the

plane. After a few simple but rather tedious algebraic transformations, one obtains the

____________

action of the 0(3) sigma model in terms of 0.
Geo,neiric
representa- = I d2 + (26.9)
tion. the J (I \g2
metric of the -
sphere is in Let me note in passing that the expression (I + 00)_2 in front of the parentheses is nothing
Fuhini other than the metric of the target space sphere in the given parametrization.
Study form. In this representation the sigma model (26.9) is usually referred to as the CP(1) model,

272 where CP stands for complex projective. This model opens a class of CP(N — I) models,
about which we will say a few words shortly. The target spaces of CP(N — 1) models arc
complex projective spaces of higher dimension (see Section 27.2).

Where have the symmetries of the original Lagrangian (26.2) gone'? Only one global
U( I) symmetry is apparent in Eq. (26.9):

f —* (26.10)

Two other symmetries are realized nonlinearly:

(26.11)

where E is a small complex parameter. To verify invariance under (26.11) we observe that

8(1 + -2 = —2(1 + 00) 2 (EØ + E0),

- - - (2612)
6 = 2 (eO +

27 Extensions: CP(N — 1) models

There are two large classes olsigma models ofwhieh the sigma model we havejust discussed
is the lowest representative. If, instead of the three-component vector S we consider the
N-component vector S = 5N1 subject to the constraint = I, with arbitrary N,
we get the 0(N) sigma model with target space SN_I. This model appears in a number
of applications. It is exactly solvable at large N (see appendix section 43 at the end of
Chapter 9). For a larger range ofapplications one has to deal with a different generalization,
which goes under the name of CP(N — 1) models. As we already know, S2 is the same
as CP( I); see Section 26.2. CP( I) is a Kàhler manifold of (complex) dimension I, which
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admits generaliiation to any N. We will consider this generalization in Sections 27 1 and
27.2. The large-N solution of the CP(N I) model is presented in Section 40. Finally.
supersymmetric sigma models are discussed in Part II.

27.1 CP(N — 1) models

The two-dimensional sphere, the target space of the CP(l) sigma model, is arguably the
simplest symmetric Kähler space with a nontrivial metric. It is not difficult to generalize
this model to cover the case of multiple fields and where the holomorphic and
antiholomorphic indices i and j run over the values 1,2 N 1.1 The class of(N — I)-
dimensional symmetric Kähler spaces to which CP( I) belongs as a particular (and the most

simple) case is called CP(N — l).2

Kähler We will need a few facts regarding Kähler spaces. The Kählcr space metric G11 carries

metric and one holomorphic index and one antiholomorphic index, i and j, respectively. This metric
potential must be locally expressible as the second derivative ofa single function

G11 = (27.1)

The function K(Ø4) is called the Kähler potential. The Christoffel symbols that do not
vanish carry either all holomorphic indices or all antiholomorphic indices The

curvature tensor, with four lower indices, has two holomorphic and two antiholomorphic
indices while the Ricci tensor has one holomorphic index and one antiholomorphic

index

The Kähler potential of the CP(N — 1) model can be chosen as follows:

KCp(N_1) = ln (i + (27.2)

The metric

G11
= -i—-

In
(1+1

(27.3)

is called the Fubini—Study metric. The Lagrangian of the CP(N — I ) model can be written as

= + (274)

For N = 2, when we have a single field (and its complex conjugate), we return to the
CP( I) model For those who want to know more about the various mathematical aspects of
the Kählerian sigma models, I can recommend the review papers of Pcrelomov [I].

The antiholomorphic index j is the index of the complex-conjugate field çbi is the same as
2 here we are counting complex dimensions For instance, the complex dimension of CP(l) is I, while its real

dimension is 2
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27.2 An alternative formulation of CP(N — 1) models

The formulation of the CP(N — I) model discussed in Section 27.1 is based on an explicit
geometric description of the target space. In fact, many people refer to it as the geomelri
/rniulation. Now we will meet an alternative formulation known as the gauged /hrmulation

In constructing the Lagrangian we start from an N-plet ofcomplex "elementary" fields n',
where i = 1,2 N. The fields are scalar (i.e. spin-O) and transform in the fundamental

representation of SU(N). These fields are subject to the single constraint

n' = I , (27.5)

where the bar stands for complex conjugation Thus, we have 2N real fields with one
constraint, which leaves us with 2N — I real degrees of freedom. From Section 27 1 we
know that the CP(N — I) model has 2N —2 real degrees of freedom. Thus, we most eliminate

one more degree of freedom. This is achieved through a U(l) gauging. We introduce an
auxiliary U(I) gauge field A,1, with no kinetic term, to make the Lagrangian locally (J(l)

formulation invariant. The possibility of imposing a gauge condition reduces the number of degrees of

in the
I

freedom to 2N — 2
literature Concretely, we specify the Lagrangian in the tbllowing way [2]
g 2is often

2denoted = I , (27 6)

where the eovariant derivative is defined as

+ iA,1)n'

In terms of these fields the 0 term takes the form

— ± (27 7)

The fact that the 0 term is a full derivative is explicit in this expression, as is the local U(l)
invariance of the model at hand

Since the field AR enters r without derivatives, one can eliminate it by virtue of the
equations of motion,

(278)

where the constraint (27.5) has been used If we insert the above expression into the
Lagrangian we then obtain

= + (ñidiinh)2],

f d2x = f (27.9)

In this form the fact that only 2N — 2 real degrees of freedom are independent is not so
obvious.
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The of the geometric formulation are related to n' as follows we single out one
component ofn', say, 11N, and define

= , i = 1,2 N — I. (27.10)
lion tO pass a

/10/fl CP(l) For N = 2, when we deal with the CP(l) model, equivalent to 0(3), it is helpful to have
handy expressions relating the S fields to the a fields. Given the fact that in this case the n1

are spinors of SU(2) while S is the 0(3) vector, it is not difficult to guess these expressions,

namely.3

=ñr°n, a = 1,2,3, (27.11)

where the are the Pauli matrices In the subsequent derivation we will need the Fier,
transformation for the Pauli matrices (see e.g.

= . (27.12)

Making use of this transformation we conclude that

S2 = (no)2 = I, (27 13)

provided that ñn I and

(
_)2

= + a//fl'
)2]

(27.14)

This establishes the equivalence of (26.3) and in (27.9). The equivalence of the 9 term
representations in (26.4) and (27.9) must and can be verified too. The easiest way is to
choose a reference frame in the target space in such a way that (at a given point x) one has

= I, n2 = 0, and öan' = 0, while 0. This is consistent with (27.5) and can

always he achieved.

The large-N solution of the model (27.9) is discussed in Chapter 9

Exercises

27.1 Given the Kähier metric
2G=—
g2

find the Christoffel symbols, the curvature tensor, the Ricci tensor, and the scalar
curvature.

27.2 Prove that the topological term in Eq. (26.9) can be represented as a full derivative,

E12"
=

(1

/

Is a target space What is the maximal symmetry of the expression in
parentheses on the right-hand side of the second formula?

The relation = _ñran. with the opposite sign, is possible too lfwe choose thisrelation, the sign of the 0
term in Eq (27 9) must he reversed
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28 Asymptotic freedom in the 0(3) sigma model

The content ofthis section is rather technical. Unlike many other sections where the physical
meaning is emphasized, here I stress the computational aspects. This is reasonable since

A
theoretical physicists sometimes have to do rather cumbersome calculations. My task is

°
two-fold (i) I want to demonstrate the power and elegance of the background field methodfreedom in

the 0(3) (ii) I want to find the coupling constant renormalization and show that the model at hand is
model asymptotically free (AF), i.e. the interaction becomes weak in the ultraviolet domain and
c/iscoi'erecl strong in the infrared.
by Polyakov

i
Since tasks ofa technical nature are unavoidable, one should learn how to do them in a fun

. . . . .

way, making the technical work as enjoyable as possible. To illustrate this, we will derive
the law for the running of the coupling constant in the 0(3) model following two distinct
routes: first using a standard roadmap and then, later, via a shortcut for more experienced
drivers.

28.1 Goldstone fields in perturbation theory

First I will demonstrate an important aspect of the model the perturbative spontaneous
breaking ofglobal symmetries (which, as we will see later on, is absent in a nonperturbative
treatment). One begins by observing the most salient feature of the model at hand: the
global 0(3), symmetry which is spontaneously broken by the choice of the vacuum state.
The vacuum manifold is depicted in Fig. 6.1. One can quantize the theory near any value of
S All physical results will be equivalent for any choice (S). A convenient choice
is the north pole, i.e. Si = S2 = 0, = 1 Near this vacuum, the fluctuations in and

are small, and one can expand the Lagrangian (26 2) in these fields, treating them as
quantum fluctuations,

= + (a/LS2)2]

+ (Sid0Si)2 + (S280S2)2 +
. ..} (28.1)

where we have replaced as follows:

s3 = — (S' )2 — (S2)2 = I —
[(51)2 + (S2)2] (28 2)

The ellipses in Eqs. (28.1) and (28.2) denote higher powers of the S fields As was men-
tioned earlier, the topological term plays no role in perturbation theory.

The terms in the square brackets in Eq. (28.1) determine the propagator of the quantum
fields 51(x) and (x); the other terms present interactions Note the absence of mass terms
for the fields S'(x) and S2(x). In our vacuum the original 0(3) symmetry is broken down
to 0(2) rotations around the axis connecting the north and south poles leave the vacuum
intact. Since two symmetry generators arc broken in the vacuum, one should expect the
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occurrence of two masslcss bosons, in accordance with the Goldstone theorem. They do
occur the fields S' (x) and S2(x) are massless.4

28.2 Perturbation theory and background field method

While Eq (28.2) demonstrates, in a very nice manner, the Goldstone phenomenon (at a
perturhative level), it would be unwise to use this representation of the model to calculate
the coupling constant renormali,ation at one loop. It is certainly possible but would be
rather awkward.

Instead, we will turn to the complex field (geometrical) representation; see Eq. (26.9)
which gives the Lagrangian of the CP(l) model. We will exploit the background field
method, which can be summarized as follows The field is decomposed into two
components,

= + (28.3)

where is a background c-number field while q(x) is the quantum field propagating

Expansion th in loops From now on we will denote the bare coupling in the original Lagrangian by go

the rather than g, to distinguish it from the renormalized coupling. Upon substituting Eq. (28.3)
fields into the Lagrangian (26.9) one obtains
quadratic

2
terms = - 2

+ q x (equation of motion)
g0

(I (I

- 1
- — - I - . , (28.4)

L

where the ellipses denote cubic and higher-order terms in q, which are relevant for two or
more loops.

A few comments are in order concerning the first line in the above equation. The first
term, the background Lagrangian, is the original Lagrangian from which we started. Our
task is to calculate the one-loop correction to this Lagrangian. Then, this one-loop cor-
rection combined with + will yield an effective one-loop
Lagrangian, from which we will determine the coupling constant renormalization at one
loop.

The second term in the first line of Eq. (28.4) is linear in q(x). Besides the equation
of motion it contains full derivatives that drop out in the action. Within the background
field method one must set this term equal to zero. If the background field satisfies
the equation of motion (as is the case in many instances) then the term linear in q(x)

4 I hasten to add that a consideration going beyond perturbation theory will restore the hill 0(3) symmetry of the
vacuum and eliminate the Goldstone bosons I his is a very special feature of!) = I + 1 dimensional models,
which has no analog at D > 3
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vanishcs automatically. One advantage of the background field method is the possibility of
choosing the background field arbitrarily, in such a way as to maximally facilitate the
calculation we have to perform. The choice depends, generally speaking, on the particular
problem under consideration If Øo(x) is chosen in such a way that the original equation of
motion is not satisfied, we must add sourcc terms to our theory to make the chosen Øo(x)
satisfy the equation of motion, now including the source terms. This is always possible to
achieve. Then the expansion of the Lagrangian in the quantum field will contain no
terms linear in q, thus ensuring that the quanti/ation procedure for q(x) oscillating near
zero is stable. The presence of a linear term would force the theory to slide away from
q 0.

After the field has been split into the background and quantum parts, the non-
linear invariance transformation (26.11) is lineari,ed for q(x). Namely, the quadratic
part of the Lagrangian (28.4) is invariant under the following transformations performed

I
Target spae simultaneously:

—

- (285)
q —p q + +

Here I will point Out another advantage of the background field method. In the original
formulation of the theory. which was in terms of the fields S or it was impossible to
introduce a mass term for those fields without destroying the full symmetry of the model.
This would make the infrared and ultraviolet regulari7ation of the one-loop correction a
tricky task. In the background field method the symmetry transformation forq(x) is linear,
see Eq. (28.5) This fhct enables one to introduce a mass term for the q field of the type

without violating the symmetry of the model. Hence, our regularization, both in the
infrared and ultraviolet, will be compatible with all symmetries.

With this information in hand let us rewrite the quadratic part of the quantum Lagrangian
for q(x):

(2) d/Lq -
2

l +
—4 8 + d øo)

(1 +

— 2@,
1 - + .., (28.6)

L (I 1 (I
added/briR where we have added (in the numerator of the first term) a mass term for the purpose of
regu/ariza-

regularization.
lion

So far, the background field has not been specified. In principle we could proceed
further, making no assumptions regarding However, one can immensely simplify
the calculation by making a wise choice of background field.

In the case at hand a good choice is, for instance, a plane wave background,

=

f is a dimensionless constant. The value off is arbitrary and the wave vector k is
assumed to be small. This means that one cannot expand in f; however, one can expand in
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p

N
NN

The propagator of the quantum field q (thick solid line) in the background field This propagator sums up all

insertions of denoted by wavy lines.

k As we will see shortly we will need to keep terms quadratic in k; cubic and higher-order
terms are irrelevant.

The background field should be chosen in such a way that the operator whose renormal-

ization is under investigation does not vanish. The plane wave background satisfies this
(necessary) condition since

(I (1 +
0. (28.8)

Why is the choice (28.7) good? Simplifications occur due to the fact that reduces

to a constant. One cannot choose itself to be constant (the simplest choice) since this
would violate the necessary condition above. So, we settle for the second best choice

The first term on the right-hand side of Fq. (28.6) is of zeroth order in k, the second

is linear in k, while the third is quadratic This establishes a hierarchy the first term is
"large" while the other two are "small" and can be treated as a perturbation Thus, we will
determine the propagator of the field q from the first term; the second and third terms will
determine the interaction "vertices." I hasten to add that the propagator and vertices with
which we are dealing with here have nothing to do with the propagator and interaction
vertices in the vacuum. The background field propagator (Fig. 6.3) could include, say, any
number of interactions ofthe quantum field q with the background field Moreover, the

interaction "vertices" are quadratic in q, so the word "vertices" applies here in a Piekwick
sense (a way that is not immediately obvious).

Since, with our choice of the background field, is just a constant,

= if,
it is very easy to obtain the propagator of the q field,

D(p)
= (I +

2 2' (28.9)
2

p is the momentum flowing through the q line, see Fig. 6.3.
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I))

Interaction "vertices" proportional to (a) k2 and (b) k.

One-loop correction to the effective Lagrangian due to (28 10) and (28 14). The interaction "vertex" (28.14), shown in

(b), should be inserted twice, while that of (28.10), shown in (a), need not be iterated.

Now let us turn our attention to the "vertices." We will start from a simple "vertex," that
in the second line of Eq (28.6) It is explicitly proportional to cx k2. Since we

do not need to keep terms higher than k2, we can neglect the k-dependence of the Øo field
in the square brackets, making the replacements —f f, f. In this way we arrive
at (Fig. 6.4a)

—

2 2
I qq, (28.10)(l+ff)2 [(l+ff)2 l+ff]

where in the second line we retain only the term with one incoming q line and one
only this term is relevant for our calculation. Since the "vertex" (28.10) is proportional to
k2, there is no need to iterate it. The corresponding contribution to the effective one-loop
Lagrangian is depicted in Fig. 6.5a.
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The calculation of this graph is straightforward. The tadpole loop is proportional to

f d2 p f d2 p (1 + ff)2 ID(p)= i
J (2m)2 J (2jr)2 2

Euclid (I + ff)2 f dp2 1

I (28.11)
2 J 4m

where a Euclidean rotation —÷ ipo and angular integration arc performed in passing to
the second line. Collecting all pre-factors from Eq. (28 10) and cutting off the integral over
p2 in the ultraviolet at we obtain

= k2 I
6ff 2

- 1 In (28.12)
L(1+ ft)2 l+ffj 4m

It is time now to deal with the 0(k) interaction "vertex," see the first line in Eq. (28

-

(I +fJ)3

+ —

}.
(28.13)

Since this "vertex" is proportional to k, and we are looking for terms 0(k2) in the one-loop
Lagrangian, it must be inserted twice. The corresponding graph is depicted in Fig. 6.5b.
(The overall factor 1/2 indicated in this figure reflects the fact that this is a second-order per-
turbation.) The second line in Eq. (28 13) contains two operators which are full derivatives.
Correlation functions of the type

f 0(y)),

where 0(y) is a local operator, are proportional to the first power or higher powers of
k Therefore, the expression in the second line of Eq. (28.13) can be safely omitted — its

insertion in the graph of Fig. 6 5b would lead to terms in the one-loop action that are cubic
in k or higher. Thus, for our purposes we can make the replacements

(28.14)

and

[ 12 [(1 +

L('+ff)3J L 2 J

x I d2p
(28.15)

J (2m)2 p2 — g2 p2 —

where we have taken into account the fact that there are four terms in the correlation function

and they are equal to each other.
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Performing the integral in Eq. (28.15) is trivial. Owing to the Lorentz symmetry the
product can be replaced by (I p2. Performing the Euclidean rotation and cutting
off the p2 integration at in the ultraviolet, as we have done previously, we arrive at

= —4k2 —f-- In (28.16)
(1 + ft)2

Combining this result with Eq. (28.12) we obtain

= —2k2 In (28 17)(l+jf)2 4m
The last step is to interpret the result of our calculation Recall that the background

field method operates in a way such that at no stage is the symmetry (28.5) violated. This
means, that after integration over the quantum field q(x), the expression for the effective
Lagrangian as a function must be invariant under

+ +
—

+ + (28 18)

The only structure satisfying this requirement and containing not more than two derivatives

One-loop IS (I + This is perfectly consistent with Eq (28 17). Moreover, upon
effi'uit'e inspecting Eq. (28.1 7) we immediately conclude that
Lagrangian

I I M2

= (I + (—f)
In (28 19)

Assembling from (28 4) and we arrive at

= +
= 2 I

(28.20)

g2 (fL) is expressed in terms ofthe bare constant and the logarithm
of the ultraviolet cutoff,

I I M2

g2(/L) =
In (28.21)

con slant
renornializa- The minus sign in front of the logarithm gives the celebrated asymptotic freedom. Indeed,
lion the function obtained by differentiating Eq. (28.21) over In is negative,

= (28.22)
dlnj.c

Deep in the ultraviolet domain, as grows, g2(/L) decreases. however, in the infrared
domain, with decreasing, grows and eventually blows off at

No matter how small is, one can always find a such that the running constant is of
order I This is the (infrared) domain of strong coupling, where perturbation theory in the
coupling constant fails, and other methods for solution of the theory should be sought (for
instance, expansion in I/N in CP(N I); see Section 40).
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Equation (28.21) can be rewritten as

or

= (i — ' (28.23)

g2(IL) = , A2 = (28.24)
/A-)

sale We see that neither the bare coupling constant nor the ultraviolet cutoff appear separately

parunu'ter A in the running coupling constant: rather, they enter through a very particular combination,

through A, which is usually referred to as the scale parameler of the theory This feature the
cli,neiioonul emergence of a particular combination of and in the running coupling is due to
traninula- the renormalizahility of the model under consideration Unlike which is dimension-

less, A has the dimension of mass. Trading the dimensionless bare coupling for the scale
parameter is called dimensional Iransmulalion. All physically nontrivial phenomena occur
in the domain R A. At A the theory is at weak coupling, and its dynamics is quite
transparent and amenable to perturhative treatment.

ftc asymptotic freedom of the 0(3) sigma model was discovered in the 1970s by
Polyakov and Belavin 4]

28.3 Shortcut (or what you can do with experience)

Now we will see how to do the same calculation in a trice. Being confident that the back-
ground field method preserves the full symmetry of the model, see Eq (28.18), we will not
waste our time checking that the sum of all one-loop graphs does indeed yield the required
structure + We will take this for granted Then it is sufficient to find
the coefficient in front of = to get the coupling constant renormalization.
In other words, assuming that both background parameters, k and fl. are small we will
expand not only in k but also in / and keep only the terms O(1f12, k2.

Then the Lagrangian for the quantum field q(x) given in Eq. (28.6) simplilies and takes
the form

— .
) ,—- Iq(x)l = q — 4kHJ Lqq, (28.25)

which at one loop produces the renormalization

(28 26)

The only surviving diagram is the tadpole graph of Fig 6.5a with the standard 2 propa-

gat()r for the q field. A straightforward (and very simple) calculation of this tadpole leads
to the replacement of the bare coupling as follows

I I fdp2
f (28.27)

g0 4irj p

which is equivalent to Eq. (28.21).



264 Chapter 6 Isotropic (anti)ferromagnet: 0(3) sigma model and extensions, including CP(N — 1)

28.4 The /3 functions of CP(N — 1)

Equation (28.21) determines the one-loop fl function (28.22) ofthe CP( I ) model The lesson
we learned from Section 28.3 allows us to immediately extend this result to the general case
of arbitrary N. Starting from (27.3) and assuming that

=

= I,

i=2,.. ,N—l,
(28 28)

we get the Lagrangian that must replace (28.25), in the form

and
inn—loop fi

fun( lions in

[cP(N —I)

= 2k21j 12 + (28.29)

Correspondingly, we get N tadpoles in the CP(N — I) mode!, each of which is half the
CP( I) tadpole. As a result,

0g2 g4N
= . = (28.30)

4ir

This N-dependence is in agreement with the general analysis [5].
The two-loop function can he calculated as well. Although straightforward, the pro-

cedure is quite tedious and time-consuming owing to the large number of two-loop graphs
involved. It is an instructive exercise for mastering the background field technique, but I
would recommend it only to the most courageous and advanced readers. The result is

4
2 g

)two-ioop = (I + . (28 31)

In the large-N 't Hooft limit (Chapter 9) the coupling constant g2 scales as I/N. This scaling
implies that /3(g2 survives in the limit N —* oc while the two-loop term in (28.31)
is subleading in I/N and drops out at large N. This is consistent with the large-N solution
of the CP( N I) model presented in Chapter 9, which is exhausted by one loop.

For the advanced reader one can suggest an alternative route of derivation of the second
term in (28 In Part II (Section 55.3.4) we will study a supersymmetric extension of
the CP(N I) model. We will learn that, on general grounds (i) the /3 function in this
model is exhausted by one 1oop [5], and (ii) fermions contribute to the function orly
at the second and higher loops (they do not show up at one loop) This implies that in
the nonsupersymmetric CP(N — I) model under discussion here, the two-loop coefficient
in is equal to minus one times the fermion contribution The advantage of
this indirect calculation is that there exists a single fermion diagram that contributes to

see [6].

In this problem is recommended to readers who intend to master Part II. dcxoted to supersymmetry. after
studying supersymmctry. such readers should retum to this Section and do this exercise
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Exercises

28 1 Given the Lagrangian in (26.9) find the equation of motion for the field. Do the
same in the S representation, starting from the action (26.3) and the constraint (26.1).

28.2 identify the two-loop diagram presenting the fermion contribution mentioned in the
last paragraph of Section 28.4.

28 3 Calculate the running coupling constant in the 0(N) sigma model at one loop using the
background field technique. If problems arise, see appendix section 43 in Chapter 9.

29 Instantons in CP(1)

lnstantons in the CP(N — I) model (first found in the pioneering work are remarkably
simple. This is the reason why they serve as an excellent theoretical laboratory and present
a basis for a large number of various investigations. A seminal paper in this range of ideas
is[7].

As we know from Chapter 5, the first thing to do in instanton studies is to pass to Euclidean
space-time. The Euclidean action formally looks as in (26 9), although the space—time
metric is now diag( I, I

}
rather than diag{ 1, — l}

Sp = I d2x . (29.1)
J

For simplicity we have omitted the 9 term, it can be easily reintroduced if necessary. The
Bogomol'nyi completion takes the form6

SF
= f d2x ± ±

+ 2i 1 + (29.2)

uchd&in
The second line presents an integral over a full derivative (see Exercise 27 2) and thus
reduces

to the topological term. The minimal action is achieved if

± jS1 = 0. (29.3)

This is the (anti-)self-duality equation. For definiteness, let us take the upper sign in
Eqs. (29.2) and (29 3). Moreover, instead of two real coordinates xI,2 let us introduce

6 We normalize the Levi—Civita tensor by setting P12 =
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complex coordinates

7 = xI + ix2, = VI

(294)
8 1/8 8\ 0 I/O 8

-==-L-—-+i--—
dz 2 \OVI 8x2J Oz 2 \dxi 8X2

In terms of these complex coordinates the self-duality equation (29.3) takes the form [8]

= 0. (29.5)

Remembering that is the coordinate on the target space sphere S2 (with south pole con-c-

sponding to oo) we can assert that the solution of (29.5) is given by any meromorphic
function of z Why meromorphic'! As usual, we require the action to be finite. This means
that ifata certain pointz = the function is singular then the —* 7*) should

be such as to guarantee the convergence of(29. I ). This leaves us with only poles A similar
situation occurs at :1 —÷ The limit —÷ oc) must be independent of the angular
direction, for the same reason. Thus, the two-dimensional space time is compactified and is

topologically equivalent to the sphere S2. The target space is S2 The topological stability
of the instanton solution is due to the fact that

=m1(U(l)) =Z. (296)

Thus, the CP( I) instanton solutions can have topological charges ± 1, ±2, ±3, . in much

the same way as in Yang Mills theories (Chapter 5). In terms of the complex variables
the Euclidean expression for the topological charge is

= lfd2 (I 2 (29.7)

= (i + (29.8)

A single instanton is represented by a single pole in

(299)
— I,

and has unit topological charge. Choosing the upper sign in (29.2) we rewrite the
Bogomol'nyi representation as follows:

Sr =f d2x — + + (29 10)

implying that the instanton action is

4m
(2911)

tIOF? and The complex numbers a and b in (29.9) are instanton moduli. It is obvious that b represents

1 hi', is to the coset SIJ(2)/L( I)
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two (real) translational moduli In other words, b is the instanton center. As far as a is
concerned, its interpretation requires some work, which I leave as an exercise to the reader.

Let me just formulate the answer. Assume that a is represented as

a = pe'°, p aL (29.12)

Then p plays the role of the instanton size, in much the same way as in Yang Mills the-
ories. To understand the meaning of a we should remember that at weak coupling the
SU(2) symmetry of the model at hand is spontaneously broken down to U(l) by a particular
choice of the vacuum state. We have made this choice implicitly, choosing the vacuum at
the north pole of the target space sphere. At large separations from the center the instan-
ton solution must tend to the vacuum value. In (29.9), tends to zero as z
which is exactly the north pole on the target space sphere. While the vacuum is invariant
under rotations around the vertical axis in the target space. this U( 1) symmetry is explic-
itly broken on every given instanton solution This explains the occurrence of the angular
modulus a.

The general solution with k instantons is quite simple too and has the form

(29.13)

The overall number of moduli is 4k in this case.

To obtain anti-instantons rather than instantons we must return to Eqs. (29.2) and (29.3)
and choose the lower signs. For anti-instantons, is a meromorphic function of rather

than and the topological charges are negative.

To conclude this section, 1 will make a few remarks regarding the instanton measure in

('P(l). In fact, with information already at our disposal, we can reconstruct it, up to an
overall constant, without direct calculation.8 We will follow the same line of reasoning as
in Section 21 .6.

In the case at hand we have four iero modes, hence the part of the measure due to these
zero modes is

= const x d2bpdpda (29.14)
L \ g g0j

The right-hand side unambiguously emerges from consideration of (29.11) plus symmetry

and dimensional arguments. Now, as in the case ofthc Yang—Mills instantons (Section 21 6),

Ins/anton the non7ero modes additionally contribute the logarithmic term —2 in the expo-
measure in nent. This follows from Eq. (28.24). Thus, using Eq. (28.24) we can write the one-instanton
CP(l) measure in terms ofg2 g2(p) or in terms of A.

A multipage direct calculation can he found in e g 9] II you want, you can compare it ssith the subsequent
paragraph It is true, however, that the overall constant, whieh remains undetermined in Eqs (29 14) and (29 IS),
is unambiguously found in a straightforward direct calculation 191
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2
dp

= const x A-d h —. (29.15)
p

The fact that the measure is divergent at large p is not surprising we witnessed the
same phenomenon for the Yang Mills instantons it means only that the one-instanton
approximation (as well as the instanton gas) becomes invalid at large sizes.9 What was,
perhaps, unexpected, is that there is a logarithmic ultra violet divergence of the instanton

measure at p —÷ 0. We will not dwell on this issue, referring the interested reader to [10],
where nonperturbative UV infinities in various models are discussed in some detail. What
is important is that nonperturbative UV divergences do not require extra (i e. new) renor-
malization constants in observable physical quantities. The instanton measure by itself is
unobservable.

Exercise

29.1 Calculate the topological charge for the k-instanton solution.

30 The Goldstone theorem in two dimensions

30.1 The Goldstone theorem

This is a very simple but very powerful and general theorem, which states [II]:

Assume that there is a global continuous symmetry in the field theory under consideration

If this symmetry is spontaneously broken [then] the particle spectrum must contain a

massless boson (the Goldstone boson) coupled to the broken generator. A Goldstone
boson corresponds to each broken generator, so that the number of the Goldstone bosons
is equal to the number of the broken generators.

The proof is quite straightforward. Given a global continuous symmetry of the Lagrangian,
one can always construct a Noether current J0 (x) that is conserved:

3J = 0. (30.1)

For the time being we will assume that the current J is Hermitian, = J. This assumption
can easily be lifted.

The corresponding charge Q is obtained from J° by integrating over space:

Q
= f J0(x), = 0. (30.2)

A remark for curious readers an instanton melting at large densities was demonstrated in [7] in a clear-cut
manner This derivation became possible owing to the fact that it is much easier to treat two-dimensional
models than four-dimensional models
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Assume that there is a local field (it may be composite) such that

x(x) = LQ, (303)

where x (x) is another field (which may also be composite) Then x is an order parameter
for the given symmetry. If x develops a nonvanishing vacuum expectation value then the
vacuum state is asymmetric; the symmetry generated by Q is spontaneously broken. Indeed,

(vaclx(x)Ivac) v 0 (30.4)

implies that

— Ivac> = i' 0, (30 5)

which implies, in turn, that

Qivac> 0. (30.6)

The vacuum state is not annihilated by Q Hence, it is asymmetric. The symmetry of the
Lagrangian is spontaneously broken by the vacuum state.

If the symmetry were not broken,

Ivac) or Qivac) = 0, (307)

resulting in a vanishing expectation value of the order parameter x.
Now, where arc the Goldstone bosons? In order to see them consider the correlation

function

= —i f (vaclT (30.8)

Multiply by and let —÷ 0. We obtain

= —f

= f dDx

= (vaclxlvac), (309)

where we have used Eqs. (30 1) (30.3). Since the right-hand side does not vanish, neither
I
Goldstone does the left-hand side and this implies that
theorem

q11
11 (q) = asq 0. (30.10)

q

The pole in [1/L at q = 0 demonstrates the inevitability of a massless boson coupled both
to and
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30.2 Why does this argument not work in two dimensions?

This subsection could have been entitled "Coleman versus Goldstone." Coleman noted [121

that it is virtually impossible to have spontaneously broken continuous global symmetries
in two-dimensional field theory. Even if at the classical level an order parameter is set to
be nonvanishing, quantum fluctuations are always strong enough to screen it completely.
No matter how small the original coupling constants are, interactions grow in the infrared
domain and eventually become strong enough to restore the full symmetry of the Lagrangian

All continuous global symmetries of the Lagrangian are thus linearly reali,ed in the particle
spectrum in two-dimensional field theory.

The above statement does not apply to models in which interactions switch off in the
infrared domain, so that all particles become sterile. For instance. in the 't Hooft model [131
(two-dimensional multicolor QCD) the quark condensate vanishes at any finite number
of colors N, however, a nonvanishing quark condensate does develop [14] in the limit
N oc. in which all mesons in the spectrum become sterile. The axial symmetry of the
model is spontaneously broken at N = oc. and a pion emerges

The Coleman theorem does not apply to the spontaneous breaking of gauge symmetries

(the II iggs mechanism). I fa global symmetry is gauged, then the would-be Goldstorie boson
is eaten up by the gauge field, which becomes massive. The lliggs regime is attainable in two

dimensions, although it must be added that the Higgs phase in k-I dimensions is somewhat

peculiar and does not exactly coincide with that in 1+2 or I I 3 dimensions, see Section 39

The original proof of the Coleman theorem [12] is rather formal, it is based on the fact
that infrared divergences associated with massless particles in two dimensions invalidate a

certain postulate of the axiomatic field theory with regard to the expectation value

(30.11)

where is the same field as in Eq (30.3). (Note the absence of a T product.) In fact, the
essence of the phenomenon is clear from the physical standpoint. Assuming that mass-
less (Goldstone) bosons exist, the behavior of the corresponding Green's functions is
pathological at large distances. Indeed, if in the momentum space

[(/2 = (30 12)
J

then the massless particle Green's function in the coordinate space has the form

= [ il
(30.13)

J

The integral on the right-hand side is divergent at small p. in the infrared domain. If we
regulariie it somehow (e g. by giving the particle a small mass which will he put to ,ero at
the end) then we discover that the Green's function

= — lnx2 + C (30.14)

grows at large distances! Moreover, the constant C on the right-hand side is ill defined, it can

take arbitrary values depending on the regulari7ation. One can derive the same expression
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/lqua/ion for for the Green's function, bypassing the momentum space representation, by directly solving
Green the delining equation
function 1d G(x) = (30.15)

The logarithmic growth in the massless particle propagator at large distances is a specific
feature of two dimensions. In higher dimensions, G(t) falls off at large If logarithmic
growth did indeed take place then the signal produced by a quantum emitter at the origin
would be detected, amplified, in a distant quantum absorber (placed at a point x). In a

well-defined theory this cannot happen.

There are two ways out. If the would-be Goldstone particles interact, their interaction
becomes strong in the infrared domain and a mass gap is dynamically generated Then all
particles in the spectrum become massive. In the absence ofmassless (Ioldstone bosons, all

generators of the global symmetries must annihilate the vacuum The full global symmetry

ofthe Lagrangian is then realized linearly (i.e. there is no spontaneous symmetry breaking)
We will consider in detail an example of such a solution in appendix section 43.

Another way out, which keeps massless noninleracting particles in the spectrum, is to
make sure that all physically attainable emitters and absorbers are ofa special form such that

their correlation functions fall off at large distances in spite of Eq (30 14) Typically, this
happens when the theory under consideration has global U( I ) symmetries. The spontaneous

breaking of a IJ(l) symmetry would produce a single Goldstone boson, call it a, with
Lagrangian

= aRa, (30 16)

where is a dimensionless constant and a, being a phase variable, is defined mod 27r: a,
a + 2ir, a + 4jr, and so on are identified.

In this case all physically measurable operators must he periodic in a, with period
Only such operators belong to the physical Hilbert space, the others are unphysical For
instance, the correlation function

e (30.17)

is physically measurable while (T{a(x), a(0)}) is not.
Let us calculate the correlation function (30.1 7). To this end we will expand both expo-

nents and observe that, upon averaging over the vacuum state, only terms with equal powers

of a will produce a nonvanishing contribution, namely,

(k')2
(vaclT{tia(x)lt.

= (vaciT a(0)} vae)k

= a(0)} vac)]. (30.18)
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Using Eq. (30.14) for the Green's function we arrive at

= exp In + c)

1/(47rF2)

. (30 19)

Thus this correlation function decays at large distances, as it should
If the U( I) symmetry were spontaneously broken then one would expect the order

parameter to be nonvanishing, say,

= (30 20)

However, the right-hand side of Eq. (30.19) vanishes at xI oo, albeit in a power-like
manner, implying (through cluster decomposition) that

= 0. (30.21)

The order parameter in Eq. (30.20) is averaged over all and the original U( 1) symmetry

is not broken. The massless boson is still present in the spectrum. Its coupling to the operator

e'°' vanishes simultaneously with the vanishing of the order parameter.
it is worth making one last remark, in conclusion. Supersymmetry is definitely a con-

tinuous symmetry, yet its spontaneous breaking in two dimensions is not forbidden by the
See Section Coleman theorem This is due to the fact that the Goldstonc particle occurring in this ease a

Goldstino is a spin- 1/2 Ièrmion. The massless fermion (Ireen's function in two dimensions

falls off with distance as

Exercise

30.1 Prove the Goldstone theorem, assuming that the conserved current J0 is non-

I lermitian. Then J0 has a partner, which is also conserved.

a°J0 =0.
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Fa/se—t'acuum decay what does it Under—the-harrier tunneling Bounces and
their generalizations Metastahie string breaking and domain wall los/on can he treated
as là/ce-vacuum decay too

k
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31 False-vacuum decay

This section could have been entitled "How water starts to boil," or "How the universe
could have been destroyed," or in a dozen similar ways We will consider the problem of
false-vacuum decay, which finds a large number of applications in cosmology, high-energy
physics, and solid state physics. Later we will discuss some interesting applications, for
instance. the decay rate of metastablc strings through monopole pair creation.

Metastable states emerge when the potential energy of a system has more than one
minimum, say, one global minimum and one local minimum, separated by a barrier. The
simplest model allowing one to study the phenomenon is a model of a real scalar held
having the potential presented in Fig. 7 1.

This is a deformation of the Z2-symmetric model considered in Chapter 2. We break the
Z2 symmetry by a small linear perturbation, so that

L = — V(qS),
2

(31 1)

(cc

(On lenient
to impose the
condition
V(Ø1.) = 0

2 E

where E is assumed to be a small parameter and the constant on the right-hand side is
adjusted in such a way that in the right-hand minimum = 0. This is certainly not
necessary (the overall constant is unobservable), but it is very convenient If E = 0, we

return to the /2-symmetric model with two degenerate vacua at 0 = ±v. As E > 0, only the
vacuum at - —i' is genuine; the vacuum at i' becomes metastable. The difference
between the energy densities in the mctastable and true vacua is E. If our system originally
resides in the false vacuum and E is small, it will live there for a long time before, eventually,
the false vacuum will decay into the true vacuum. The decay is similar to the nucleation
processes of statistical physics, such as the crystallization of a supersaturated solution or

A two-minimum potential, with a genuine vacuum at and a false vacuum at 0



276 Chapter 7 False-vacuum decay and related topics

the boiling of a superheated liquid. In the latter, the system goes through bubble creation.
The false vacuum corresponds to the superheated phase and the true vacuum to the vapor

phase. The bubbles cannot be too small since then the gain in volume energy would not be

enough to compensate for the loss due to bubble surface energy. Thus physical bubbles can

be only of a critical size or larger. Subcritical bubbles "exist" under the barrier.
Our task here is to analyze the problem in D = I + I, I + 2, and I + 3 dimensions. We

will do this from two different perspectives. (i) that of the Euclidean tunneling picture, and
(ii) that of the dynamics of "true vacuum bubbles" in Minkowski time.

The theory of false-vacuum decay was worked out in the 1970s by Kobzarcv, Okun,
and Voloshin [I] and by Coleman [2]. In this section we will follow closely two excellent
reviews [3,4].

31.1 Euclidean tunneling

Thus, we will start from a system placed in the false vacuum. It is obvious that to any
finite order in perturbation theory the instability will never reveal since perturbation

theory describes small oscillations near the equilibrium position. However, occasionally a

large fluctuation of the field may occur, so that it spills from the false vacuum to the true
one. It is natural to expect that the action corresponding to large field fluctuations will be
large, so that the problem will he tractable quasiclassically I will confirm this expectation
a posterioti.

The process with which we are dealing is a tunneling process. Small bubbles arc classi-
cally forbidden. As is well known, an appropriate description of tunneling is provided by
passing to a Euclidean formulation (see Section 5). 1 will outline this approach now and
then we will discuss its relation to the bubble dynamics in real time.

Euclidean After Euclidean rotation the action takes the form
action

S = + V (31.2)

The standard strategy for solving tunneling problems in the leading quasiclassical approx-

imation is straightforward. We look for a field configuration that (i) approaches the false
vacuum in the distant (Euclidean) past and in the distant future and approaches the true

vacuum at intermediate times: (ii) extrcmiies the action. Extremizing the action means that

we must find a solution of the classical Euclidean equation of motion,

The hourne
— 0 (31.3)

solution
gives decay This corresponds to the motion of the system in the potential — V, starting from 0+. moving
proha hi hiv towards and then bouncing back to Such a solution is called a bounce (Fig 7 2).
rather than

It should be intuitively clear that the bounce solution is 0(4) symmetric (for D = I + 3)

Maximal (Fig. 7.3). In fact, this assumption can be proved rigorously [5].

action Let us place the origin at the center of the bounce solution. Then the 0(4) symmetry
reduces Eq. (31.3) to

d2 3d /
= V r = /x3 (314)

dr rdr V



The trajectory Øb (T, x = 0) (broken line). Here stands for the bounce solution and r is Euclidean time

II(

Geometry of the bounce solution. The perpendicular coordinates x3,4 are not shown.

The boundary conditions corresponding to Fig. 7.2 are

The last condition guarantees that the bounce solution is nonsingular at the origin From
the mathematical standpoint, only Eqs. (31.5) and (31.7) are valid boundary conditions
while Eq. (31.6) is superfluous. It is admittedly vague (because of the approximate rather
than exact equality). Physically it expresses the fact that the final point of the tunneling
trajectory is the true vacuum. The approximate equality becomes exact in the limit S 0

(see below).

Let us show, at the qualitative level, that a bounce solution with the above properties
exists To this end it is convenient to reinterpret Eq. (31.4) as describing the mechanical
motion of a particle with mass in = I and coordinate which depends on the "time" r, in

277 31 False-vacuum decay

liii I I .111 ()

(31.5)

(316)

=0
dr r=O

(31.7)
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the potential (see Fig 7.2) and subject to a viscous damping force (friction) with
coefficient inversely proportional to the time. The particle is released at time iero (with
vanishing velocity) somewhere close to it must reach at infinite time.

It is clear that on the one hand ifthe particle is released sufficiently far to the right ofØ_
then it will never climb all the way up to It will undershoot. This situation is depicted
in Fig 7.2. On the other hand, if it is released too close to then it will reach with a

nonvanishing velocity and will overshoot. Indeed, by choosing arbitrarily close to Ø

we can always ensure that the nonlinear terms in Eq. (3 1 .4) are negligibly small for at least

some time. Then this equation can be linearized; we obtain

/ I /
I ., u 1=0, V >0. (318)

r dr /
The solution of the linearized equation is

= 210(0) ] Ii(iir)(,u) ' , (319)

where ij (,ur) is a modified Bessel function. By choosing 0(0) — positive and small, one

guarantees that 0(r) — is small for arbitrarily large r. However, for sufficiently large r
the friction term becomes arbitrarily small. Neglecting the friction term leaves us with the
equation

1

— (31.10)
dr —

for which "energy" is conserved. If at the moment of time when Eq. (3 I .10) becomes a
good approximation,

>

then the particle will overshoot. Thus, there should exist a starting point in the vicinity of
that yields the trajectory we need, when released at this point at time zero with vanishing

velocity, the particle reaches at inlinite time with vanishing velocity
Having established the existence ofa (Euclidean) field configuration, relevant to tunnel-

ing from the false to the true vacuum, that extremizes the action we can now verify the fact
that this solution yields a maximum of the action rather than a minimum This implies, in
turn, the existence of a negative mode in the bounce background. (Below we will see that

the negative mode corresponds to a change in the radius of the bubble in Fig 7.3 ) The
existence ol'thc negative mode is vitally important. Indeed, l'alse-vacuum decay manifests
itself in the occurrence of an imaginary part ol' the vacuum energy of the false vacuum.
Thus, the bounce contribution to the vacuum energy density nluct he purely imaginary The
i I'actor emerges from Det /2 accounting f'or small fluctuations near the classical bounce

solution provided that there is one and only one negative mode.
Let Ob(x) denote the bounce solution of the classical equations (31 4). Consider a family

BaunLe of functions 0(x, Oh(x/v). where v is a positive parameter. The action for this
Q( lU/fl

family is

SI0(x; v)I = + v4 V(Oh). (31 II)
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Since Ob(x) extremi/es the action we have

=0
v=1

implying that

= _4fd4xV(Oh). (31.12)

In deriving Eq. (31.11) we have relied on the convergence (finiteness) of the action integral

Using Eq. (3 I .12) one can represent the second derivative over i.' at v = I as follows.

d2SIO(x;v)I 1 . 2

______________

= —2 d x < 0 (31.13)
i/ic negative 01)— v=i J

mode .This shows that inflating or deflating the bounce decreases the action

boun(e cize The analytical solution of Eq. (31.4) is not known. However, we have a pretty thorough
idea of its properties, and this will allow us to find the decay rate at small E (to leading order
in Indeed, the thickness of the transitional domain where the field 0 changes its value
from 0+ to is determined by the mass of the elementary excitation, V"(04 ) or V"(O ).

At the same time the radius R of the bubble depends on the smaller is E, the larger is the
radius. At sufficiently small E the radius R becomes parametrically larger than the bubble
wall thickness. This is called the thin wall approximation (TWA). If R tn then we
can (i) neglect the curvature of the bubble, treating the bubble wall as a flat domain wall;
(ii) approximate the field outside the bubble by 0 = 0+ and inside the bubble by 0 = 0—.

Then the action integral (31 .2) can be decomposed into three parts: an integral outside
the bubble, an integral inside it, and an integral over the transitional domain (the wall).
The first integral obviously vanishes (see the marginal remark Eq. (31.1)), the second

yields the bubble volume times while the third reduces to the bubble wall surface times
T, where T is the tension of the flat wall:

2jr2R3 D=4,
S = T x 4jrR2 —E x , I) = 3, (31.14)

2mR .7rR2 i)2.
Recall that T = m3/(3X). So far I? is a free parameter. To find the bounce action we have
to extremi,e (31.14) with respect to R The critical value of R is

(31.15)

It is seen that the extremum of the action is indeed a maximum, and becomes arbitrarily
Critical . . . .large at small E. This justifies the TWA. The value of the action at the extremum is
action

D=r4,
= 1) = 3, (31.16)

irT2/E, D=2.
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This concludes our calculation. The false-vacuum decay rate (per unit time and unit
volume) is

e_S* (31.17)

31.2 False-vacuum decay in Minkowski space—time

So far we have carried out a rather formal calculation of false-vacuum decay by considering

Euclidean bubbles and calculating the action of an extremal Euclidean bubble. To get a
better idea of the underlying physics it is instructive to consider the same process directly
in Minkowski space—time.

As already mcntioned, this decay occurs through bubble nucleation. This time we speak
of real bubbles in Minkowski space—time If, say, the original problem was four-dimensional

then the bubbles of which we are speaking are three dimensional while their surface presents

S2. a two-dimensional sphere. The Euclidean bubble in this case was four-dimensional while

its surface s3
The surface S2 is made of a domain wall separating two phases with = and 0 =

Like any surface it is characteriied by its tension T, which can be readily calculated in the
microscopic theory.

It is clear that, as discussed above, classically the existence of such a bubble is possible

only provided its radius is larger than a certain minimal radius. Indeed, the volume energy
of the interior of the bubble is negative with respect to the outer false vacuum (this is our
gain)

= —EV, (31.18)

where

D=l+3,
V = mr2, I) = 1+2, (31 19)

2r, D= 1+1.

is the radius of the (Minkowskian) bubble (At D = I + I we are dealing not with a
bubble but, rather, with an interval of size 2r.) Besides, there is a positive energy associated

with the surface tension and its motion (if the bubble is expanding). This is our loss. The
surface of the minimal-size bubble is at rest Therefore, the positive energy associated with
the surface is

= TA, (31 20)

where 1 is the tension and A is the surface area,

1+2, (31.21)

2, D=l+l

4jrr2, D = 1+3,
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Since the total energy of the spontaneously nucleated bubble with respect to the initial phase
must vanish, one concludes that the minimal radius of the classical bubble is

T
(31.22)

the same as the extremal size of the Euclidean bubble; see Eq. (31 .15). This is certainly
no accident. We will return to this point later. Bubbles of smaller sues occur "under the
barrier."

In developing the macroscopic theory of the bubble we have assumed, as previously, that
the bubble radius is much larger than the wall thickness In this case the separation of the

volume and surface energies has a clear-cut meaning, and, moreover, one can neglect the
bubble's curvature and treat the tension effect as that for a flat wall.

Before attempting the calculation of the probability of quantum nucleation, let us discuss
the classical dynamics of (spherical) bubbles. If the TWA is valid — which is the case at
small E - the bubble can be described by a single dynamical variable r, the bubble radius.
The relativistic Lagrangian for an expanding bubble consists of two terms: (i) the kinetic
term1 describing the motion of the surface, whose mass is 4jrr2 T; and (ii) the potential

Relativistic . .

Lagrangian part describing the negative volume energy inside the bubble, —4irr3 S. (We assume here

describing that the number of spatial dimensions is three. For two spatial dimensions and for one,
(Minkowc- the formulas for the bubble surface and volume must be changed accordingly.) The total
klan) Lagrangian has the form
dvnan,lc,s

_______

air L = —4irr2 T + (31 23)

where
drr =
di

is the speed of the (expanding) wall. The canonical momentum following from this
Lagrangian is

p = = 4jrr2 T

____,

(31.24)

which implies in turn that the Ilamiltonian H is given by

H = —1. = T
1

r35. (31 25)
'./l—r 3

Combining Eqs (31.25) and (31.24) we find

(H + p2 = (31.26)

As already mentioned, the energy of a spontaneously nucleated bubble vanishes.
Replacing H in Eq. (31 .26) by zero we arrive at the following relation:

(3127)

The kinetic term for a relativistic particle is —m (I v2) /2, sec e g
I
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where = 3T/E is the minimal radius ofa classical bubble, see Eq. (31.22) with D = 4.

Comparing (31 24) and (31.27) it is easy to see that

r= Ii- (31 28)

Clearly, the classical description applies only provided r > so that the expression under
the square root is positive. The solution of this equation is

r = + t2
1 2or / = r2 (31.29)

The last expression is explicitly Lorent7 invariant, the bubble wall trajectory lies on an
invariant hyperholoid in space—time. This means that the center of the expanding bubble is
at rest in any inertial frame, a rather surprising result

The domain r < is classically forbidden. The bubble dynamics in this domain cor-
responds to under-the-barrier tunneling. We have already discussed this process from the
Euclidean standpoint. Remember that the critical radius of the Euclidcan bubble, (31.15),
matches the minimal radius of the classical bubble, (31.22). Under the barrier, the bubble
evolves in imaginary time (which corresponds to consecutive slices of Euclidean four-
dimensional bubble at various values of the Euclidean time). When the bubble radius reaches

which is also the minimal classically allowed value, it goes classical, expanding further
in real time (Fig 7.4).

The tunneling probability can be calculated in a more conventional way, using the well-
known WKB formula [7],

I' exp
(_2f* dr

()

Time slices of the Euclidean (four-dimensional) bubble represent evolution of the subcritical Minkowskian

(three-dimensional) bubble under the barrier.

(31 30)

*

I?, ,.

F
I Ii II II
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where p(r) is obtained from the classical expression (31 27) by analytic continuation in the
classically forbidden domain r < In this way we get

TIl
—

/ 3\ / 27 ,T4\
. (31.31)

This coincides identically with the result of the Euclidean treatment; see Eq (3 I .16) for
D = 4. The derivation changes in a minimal way for D = 3 and D 2 one has to use

appropriate expressions for the bubble volume and surface in Eq. (31 .25). The two other
results in Eq (31 .16) are then recovered.

Exercise

31 1 Give an argument to explain why spontaneously nucleated bubbles (in Minkowski
space time) have a spherical form.

32 False-vacuum decay: applications

In this section we will consider some important applications. It turns out that the ideas
presented above are applicable in a number of problems which — at first sight - look
different and seemingly have little to do with the false-vacua problem. In fact, the examples
to be analyzed below are akin to each other and can indeed be interpreted in terms of false-

vacuum decays. We will start from metastable string decays; for this particular problem we
will also discuss the underlying microscopic physics (see Section 32.3)

32.1 Decay of metastable strings

Metastable string-like configurations (or flux tubes) appear in various contexts in high-
energy physics. For instance, one can embed a U( I) gauge theory supporting an Abrikosov—

Nielsen—Olesen (ANO) string into a non-Abelian theory with the matter sector constructed
in a special way Then, such a string can break by the creation of a monopole—antimonopole

pair at the endpoints of the two broken pieces [8]. In QCD-like theories one can consider so-

called symmetric 2-strings, which can decay into antisymmetric 2-strings having a smaller
tension through the creation of a pair of gluelumps [9] This is shown in Fig. 7.5

The strings have one spatial dimension; their world sheet is two dimensional. The proba-

bility of the processes depicted in this figure (per unit length per unit time) is exponentially



. .
V/I

(a) (b)

A metastable string can break (a) through monopole—antimonopole pair creation; (b) a metastable string with

tension T1 can decay into a string with a smaller tension T2 through gluelump pair creation. The symbol • denotes

(anti)monopoles in (a) and gluelumps in (b). The double lines in (b) denote the string with the larger tension.

The bounce configuration describing a semiclassical tunneling trajectory in Euclidean time.

small provided that S where

S = Ti , is the monopole mass in Fig. 7.5(a),

is the gluelump mass in Fig. 7.5(b)

Then one can calculate the exponent in the decay rate in exactly the same way as for the
false-vacuum decay in two dimensions, using the TWA Calculation of the pre-exponent is
more subtle since quantum fluctuations around the extremal field configuration playing the
role of the bounce "know" that they are occurring in four rather than two dimensions. But
this task is achievable too [10].

The strings at the top of Figs. 7.5a, b are excited states (false vacua). Those at the
bottom arc ground states (true vacua) In Euclidean time the processes proceed through
the formation of bubbles of the genuine ground states (either no string for the process in
Fig. 7.5a or a smaller-tension stable string in the process in Fig 7 Sb), as shown in Fig. 7.6
Given the definitions (32.1), one can write the Euclidean bubble action responsible for the
tunneling processes under consideration as follows.

Shubbie = 2irrii — jrr2S, (32.2)

ir
dFbreaking = C exp (— —i-—)

284 Chapter 7 False-vacuum decay and related topics

7/

IV,

S = Ti — T2, (32.1)

Bubble
action

where S is defined in (32.1) At this stage we need to invoke results from Section 31. Compare
(32.2) with the last line in Eq. (31.14). The critical action is given in the last line of(3 1.16).
Equation (32.2) immediately leads us to a decay rate (per unit length) [8]

(32 3)
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where C is a pre-exponential factor. As already mentioned, this pre-exponential factor was
calculated in one loop in [10], the result was

c = (32.4)
2ir

where

for Fig. 7.5a,

F=
forFig 7.5b.

(325)

32.2 Domain-waIl fusion

Now we will consider another problem related to false-vacuum decay. Assume that we have
two parallel domain walls: the Iirst wall separates vacua I and II while the second separates

vacua Ii and Ill. We will refer to these walls as elementary All vacua are degenerate;
therefore, at large distances from each other the elementary walls are stable. Assume that
they are nailed in space at a distance d from each other, d being much larger than the
wall thickness (then the walls can be considered infinitely thin). Each elementary wall has
tension T1. This configuration (see Fig. 7 7a) is our "false vacuum."

One can find models which, in addition to the above two "elementary" walls, support a
composite wall separating vacua I and Ill. If the tension of the composite wall is the

fact that two elementary walls are bound into one composite implies that

T2<2T1. (326)

For simplicity we will assume weak binding, i.e.

T2 — 2T1
I . (32.7)

it is clear that fusing two elementary walls into one composite is energetically expedient.
However, the walls cannot fuse in their entirety just in one quantum leap, since this "global"

fusion would require infinite action. As in Section 3 I, fusion will occur through a bubble
(a patch) of the composite wall. Figure 7.7b shows the geometry of the fused configuration

This is our "true vacuum." If you looked in the perpendicular direction you would see a
domain of fused walls that has a circular shape, with radius r, which cannot be smaller
than a critical value. Indeed, the gain in energy due to fusion is accompanied by a loss in
energy in the boundary region near the wall junction. In this boundary region the elementary

walls are warped, which increases their area and, hence, the energy.2 At the critical radius
r5 the gain in energy due to wall fusion in the central domain (the fused patch) is exactly
compensated by the loss in energy due to the necessary warping of the elementary wall. At

r < r5 the system tunnels under the barrier. At r > r5 the fused patch expands classically.

2 We will neglect the mass of the wall junction per se The wall junction is represented by small solid circles in
Fig 7 7b
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To find the fusion rate (with exponential accuracy) we will pass to Euclidean time and find
the solution of the classical equations for the bounce field configuration.

The plane parallel to the elementary walls is parametriied by coordinates x and , while

the perpendicular coordinate is :. The Euclidean time is r. The first elementary wall is at

z = d/2 and the second is at = —d/2. The x and v coordinates are chosen in such a way
that the center of the fused patch lies at x = v = 0.

As in Section 3 I, the bounce configuration is spherically symmetric in Euclidean time
This means that the solution depends on the coordinate

r = (x2 + v2 + (32.8)

rather than on x, v, and r separately. The boundary conditions are

:(r) as r oc. (32 9)

In weak binding, see (32 7), the curvature of the fused-wall configuration at r > is small

(see Eq. (32.16) below), and the walls (we will parametri7e them as z(r)) can he described

by the linearized equation

Az = 0, (32.10)

everywhere except at the junction line
The solutions of the above equation for the top and bottom warped elementary walls are

Ad Ad
v, r) = + — , 2(X, v. r) = , r >

r 2 r 2

where A is a constant to be determined below. Figure 7.7b shows that the two elementary
walls meet af z = 0 and r = Then Eq. (32.11) implies that

= (32.12)

It is obvious that is the radius of the world volume of the composite wall at the moment

it leaves Euclidean space and enters Minkowski space (r = 0).

I II \(

Geometry of the domain wall fusion.
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Luclidean The total Euclidean action is the sum of two contributions.
I

wall S = (T2 — 2T1) + 2T1 f

= (2T1 — + (32.13)

where the Iirst term comes from the composite wall in the middle while the second term
comes from the two warped regions of the elementary walls. The action (32.13) is regu-
larized. the contribution of the two parallel undistorted walls (Fig 7.7a) is subtracted. In
deriving this action we have used Eq (32 12). The first term in Eq (32.13) is negative and

is dominant at large The second term is positive and is dominant at small Somewhere

in between, there lies a maximum of the action The bounce solution is at the tip of this hill:
it can be obtained by extremizing Eq. (32.13) with respect to

d I r1
r,. = I

2 V 2T1 T2

(32 14)

I
= — fld3 I

V2TI—T2
Critieal
radiuc and The probability of wall fusion per unit time and unit area is proportional to [Ill
action

_________

e exp i1d3 i) (32.15)

Finally, we must check that the linearization approximation is valid. The necessary con-
dition is :'I 1, which is equivalent to I. Equations (32.12) and (32.14) imply

_____________

that
Before

A d 12T1—T2starling In/s —
1 (32 16

2 I

suhvec lion y T,

the reader is
invited and the condition I is met at weak binding; see Eq. (32.7). Note that the interwall
review the distance d must be large enough to ensure that 1.

sec/ions on
0/201

32.3 Breaking flux tubes through monopole pair production:

false-vacuum the microscopic physics
decay

Above we carried out a macroscopic investigation of string breaking and calculated the
corresponding decay rate in the quasiclassical approximation. This section is devoted to the

conceptual aspects. We will discuss why and how ANO-like strings can break. We will turn
to the microscopic physics underlying string decays [12] and explain why monopolc pair
creation is crucial.

The 't llooft—Polyakov monopoles appear as solitons in the Georgi—Glashow model (see
Section 15). The Georgi—Glashow model per se does not support stable ANO flux tubes,
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The first homotopy group of SU(2)/U(1) is trivial. (This illustration is from Wikipedia.)

as is obvious on topological grounds Indeed, in this model the gauge group G is SU(2)
It has a trivial first homotopy group, 2ri (SU(2)) = 0. This is illustrated in Fig. 7 8. As
we saw in Chapter 3, the necessary condition for the existence of topologically stable flux

tubes is the nontriviality of iri(G). However, we can generali7e the GG model to make
possible quasistable strings Assume that we add an extra matter field in the fundamental

representation of SU(2), a doublet, to be referred to as the "quark field." We will arrange
the (self-)interaction of the scalar fields, adjoint and fundamental, in a special way Namely,

we will choose relevant parameters to make the adjoint scalar develop a very large vacuum

expectation value (VEV),

(32.17)

iwo-si ale- where A is the dynamical scale of the SIJ(2) theory. This VEV of the adjoint field breaks

gauge the SU(2) gauge group down to U( I ) and ensures that the theory at hand is weakly coupled

Below the scale V one is left with the quantum electrodynamics of two charge fields,
hrealting descendants of the quark doublet The charged quark fields are then forced (through an

appropriate choice of potential) to develop a small VEV

v << V. (32.18)

In low-energy U( 1) theory we can forget about the heavy adjoint field as well as the super-

heavy monopoles. (The monopole mass is very large indeed, MM V/g.) The low-energy

U( I) theory is scalar QED, with a charged field developing a vacuum expectation value.
This is a classical set-up for ANO flux tubes. In the low-energy theory per ye these flux

tubes are topologically stable, since in (U(l)) = Z
Flowever, in the full SEJ(2) theory there are no stable strings. Therefore, the strings of the

low-energy theory will become unstable in the full theory. There is a way of"unwinding" the

ANO string winding on the SU(2) group manifold (Fig. 7 8). Dynamically, this unwinding is
an under-the-barrier process, the corresponding action being very large in the limit V. As

we will see shortly, the physical interpretation ofthis tunneling process is that ofmonop )le

antimonopole pair creation accompanied by the annihilation ofa segment of the string Our
task in this section is illustrative, to present an analytic ansatz which explicitly "unwinds"
the U(l) string in the full SU(2) theory. The metastable string decay rate (the probability

TProbabilkv per unit time per unit length that the string will decay) was calculated in Section 32 1. For
o/rnetastahle convenience, I reproduce it here in a more explicit notation,
vtring decay

-) / irM2\
''breaking exp M

, (32.19)
\ /
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where MM is the monopole mass and TANO is the string tension. Recall that V2/g2

while TAN() so that the decay rate is exponentially suppressed.

V2
In I breaking I

This is in full accord with the physics of the string-breaking process. Indeed, the energy
needed to produce the pair is huge; a very long string segment
must annihilate to release this energy This is a tunneling process with highly suppressed
probability.

32.3.1 Formulation of the extended model

Consider an SIJ(2) gauge theory with (Euclidean) action [12]

S = fd4x + + + , (32 20)

Extension where a = 1,2,3, is a real scalar field in the adjoint representation of SU(2) while
model

k = 1, 2, is a complex scalar field in the fundamental representation. The quantity V(q.
is a scalar self-interaction potential We will use both matrix and vector notation for the
adjoint fields, writing, say,

I_a

The covariant derivative acts in the adjoint and fundamental representations according
to standard rules. The simplest form of the potential that will serve our purpose is

= A (IqI2 — + — + y
—

H2 , (32.21)

where i' and V are parameters having the dimension of mass and A, A, and y are
dimensionless coupling constants

As usual, we will limit ourselves to the case of weak coupling, when all four coupling
constants g2, A, A, and y, are small (this requires, in particular, that V A). Then a
quasiclassical treatment applies. To arrange the desired double-scale (hierarchical) pattern
of symmetry breaking, we must ensure a hierarchy of the vacuum expectation values.
Namely, the breaking SU(2) —+ U(l) occurs at a high scale while U(l) nothing occurs

at a much lower scale,

veZ< V. (3222)

At the first stage the adjoint field 4 develops a VEV that can always be aligned along the
third axis in isospace,

epa) = V. (32.23)

This breaks the gauge SU(2) group down to U( I) and gives mass to the bosons and to

one real adjoint scalar

= gV, madj = V, (32.24)
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Mas while the two other adjoint scalars, and are "eaten up" by the Higgs mechanism. Note
vpectrum of that simultaneously the second component of the quark field, acquires a large mass,
the theory
elenientarv Mq2 = V , (32.25)

due to the last term in the potential (32.21).
What is left below the scales (32.24) and (32.25), in the low-energy U( I) theory? We

are left with the U(l) gauge field interacting with one complex scalar quark qi. The
Euclidean action is

Covariant SQED
= f + 2

+ x (pqi 2
— v.2)2]

. (32.26)

derivative in
the Note that the covariant derivative in the low-energy action acts on as follows.

-energy
UCliOfl qi = —

The U(l)charge ofqi is 1/2.

At this second stage the charged field q i develops a VEV and the low-energy U( I) theory

finds itself in the Higgs regime,

(qi) = (while = 0). (32 27)

At this stage the gauge symmetry is completely broken. The breaking ofU(I) gives a mass

to the photon field namely,

my = gr, (32.28)

while the mass of the light component of the quark field, qi, is

Fnq1 = i'. (32 29)

In the low-energy U( 1) theory one can forget about the heavy quark field The only place

where surfaces again is in the "unwinding" ansatz, Eq (32 35) below, at 0 For the
time being, to ease the notation, we will drop the subscript I in mentioning the quark field,

setting mq = mq1 =
The theory (32.26) is an Abelian Higgs model which supports the standard ANO strings

(Section 10) For generic values ofA in Eq. (32.26) the quark mass m(/1 (the inverse correla-

tion length) and the photon mass my (the inverse penetration depth) are distinct. Their ratio

is an important parameter in the theory of superconductivity, characterizing superconductor

type. Namely, for < my one is dealing with a type I superconductor, in which two
strings at large separations attract each other. For mq1 > however, the superconduc-

tor is of type II, in which two strings at large separations repel each other. This behavior

Supercon- is related to the fact that the scalar field generates attraction between two vortices while
ductorc of the electromagnetic field generates repulsion. The boundary separating superconductors of
ivpec land!! types I and II corresponds to mq1 = my, i.e. to a special value of the quartic coupling A,

namely, A = g2/8. Then the vortices do not interact (BPS saturation). I hasten to add that
the above relation will not be maintained; the ratio A/g2 will be treated as an arbitrary
parameter.
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32.3.2 A brief review of ANO strings

______-

The classical field equations for an ANO string with unit winding number are solved by the
Mo,e details stanoaru ansat

(ion 10

=

0, (32.30)

A?(x) = 4 [1 J(r)].

Here

r=
V i=l.2

is the distance from the vortex center while is the polar angle in the 12 plane transverse
to the vortex axis (the subscripts i,j = 1,2 denote coordinates x and y in this plane).
Moreover, q(r) and 1(r) are profile functions. Note that = —nj x1/r2.

The profile functions q and J in Eq. (32.30) are real and satisfy the second-order
differential equations

2 .2
I , 2 2

q(q
q +—q , =0,

r r- 2u-
(32.31)

I in
— —

—f q2f = 0,
r

for generic values of (a prime stands here for a derivative with respect to r), plus the
boundary conditions

q(0)=0, f(0)=I,
(32 32)

q(oo)=v, I(oo)=0,
which ensure that the scalar field reaches its VEV v) at infinity and that the vortex
at hand carries one unit of magnetic flux.

The expression for the tension T (the energy per unit length) for an ANO string in terms
of the profile functions (32.30) has the form

TANO = f rdr
i'2 + q'2 + Lq2 + X(q2 — v2)2]

. (32.33)

The magnetic field flux for the string (32.30) is

=2g. (32.34)

32.3.3 Decaying strings: an unwinding configuration

To visualize how decay could be possible, note that the winding in (32.30) runs along the
"equator" of the SU(2) group space (which is S3) and, therefore, can be shrunk to zero by
contracting the ioop towards the south or north pole (Fig. 7.9).
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Unwinding the ANO ansatz The SU(2) group space is a three-dimensional sphere. The contour spun by the trajectory

U = exp( —Ia r3) (a e FO, 2yr j) is the equator of the sphere. Our task is to contract the contour continuously up

to the north pole.

It is not difficult to engineer an ansalz demonstrating the possibility of unwinding the
field configuration (32.30) through the loop shrinkage in SU(2) group space [12] The ansair
that does this is parametriied by an angle 0

)
qo(r),

A1(x) = W81 — j = 1,2,

= VU +

Unwinding'
11

where the "unwinding" matrix is given by

U = cos9 + in sin 0. (32.36)

(Eventually, upon quantization, 9 becomes a slowly varying function of z and t, i.e. a field

O(t,z) )

The gauge and quark fields in (32 35) are parametrized by profile functions and

depending on the parameter 9, which varies in the interval 0, ir/2J. They satisfy the
same boundary conditions,

q9(0) = 0, J'o(O) 1,

qo(oc) = v, 0,
(32 37)

(32 35)
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as the ANO an.satz in the low-energy U( I) theory; see Eq. (32 32). The boundary condi-
Lions at zero are chosen to ensure the absence of singularities of the "unwinding" field
configuration at r = 0.

The term in the last line of Eq. (32.35) is needed to make sure that there is no
singularity in at r 0. For an axially symmetric string the function can he chosen

in the form

= sing cosa) , (32.38)

where we have assumed that the component of along is iero, while is an extra

profi'e function that depends on 0 as a parameter. The a = \ ,2 components cannot
be set equal to iero. To see this, substitute Eqs (32.36) and (32.38) into the last line in
Eq (32 35). Then we obtain

= V cos29
—

sina — [Vsin2O . (32.39)

From this expression it is clear that has no singularity at r = 0 provided that

= V sin 29 (32 40)

The boundary condition for at infinity should be chosen as follows:

=0. (32.41)

Both boundary conditions are consistent with the initial and final conditions

= = 0, (32 42)

which are obvious and are certainly implied.
Note that at large r, when i' and —* 0 and —* 0, our field configuration

presents a gauge-transformed "plane vacuum." This ensures that, at every given 0, the
energy functional converges at large r. The convergence of the energy functional at small
r is guaranteed by the boundary conditions = 0, = 1, and (32.40).

NOW let us have a closer look at our unwinding ansatz. At 0 = 0 it is identical to the
ANO string ansatz The heavy field is strictly aligned along the third axis in the SU(2)
space. The heavy "W bosons" A);2 are not excited; only the photon field is involved in
addition to the light quark field q . Now we continuously deform 0 from 0 to ir/2. At 0 > 0

we climb up (and then down) a huge potential energy hill. Indeed, at 0 0 the heavy W
bosons" A);2 are excited, as well as the heavy quark components, as is readily seen from
Eqs (32 35) and (32.36) For each given 9 one can calculate the tension of the
string T(O), provided that all relevant profile functions are found through minimization.
Although this calculation is possible, in fact it is not advisable: we will need only the gross
features of T(9), which can be inferred without any calculations.

As 9 approaches ir/2, the unwinding ofthe ANO string is complete Indeed, at 9 = we

find ourselves in the empty vacuum: the gauge matrix U becomes U = i ri, all components
of the gauge field vanish, and becomes aligned along the third axis again, so that the
4 quanta are not excited either. Note the change of sign of at 8 = ir/2 compared to
the value of sign implies that it is the q2 field that is light in
this vacuum, rather than q The q degrees of freedom are not excited, in full accord with



294 Chapter 7 False-vacuum decay and related topics

(I

The potential energy T(O) Note that T(O) S = TANO.

Eq (32.35), while q2 reduces to its vacuum value The energy density of the empty vacuum
vanishes. The potential energy of the unwinding field configuration is depicted in Fig 7.10

Finally, one last remark regarding our ansatz (32.35). The string magnetic flux calculated

for a given i9 in the interval 0, ir/21, takes the form

cos2 0. (32.43)

It changes from 2m at 0 = 0 to iero at 0 = m/2 in complete agreement with the unwinding
interpretation.

Above, I mentioned that calculating T(9) by starting from Eq. (32 35) and minimizing the
profile functions was not advisable. Why9 The point is that though our unwinding
being relatively simple, is perfect for illustrative purposes, it is too restrictive to be fully
realistic. While the unsatz (32.35) does describe the production of a magnetic charge at
the end of a broken string, this magnetic change is in fact a highly excited monopole-like
state rather than a 't Hooft—Polyakov monopole. To see this, let us inspect the picture of
the magnetic flux corresponding to Eq. (32.35). This picture is presented in Fig. 7.11. The

magnetic flux emerges in a bulge near the left end point. The longitudinal dimension of
the bulge is a size typical of the monopole core. At the same time its transverse
dimension (in a plane perpendicular to the string axis) is This is considerably

larger than the monopole core si7e. The stretching of the core in the perpendicular direction

is the reason why this lump is in fact (logarithmically) heavier than the 't I loofi Polyakov
monopole; it is an inevitable consequence of the fact that the ansatz (32.35) contains a
single profile function governing the behavior of both the photon and the W boson

fields.

32.3.4 A microscopic view of string breaking through tunneling

We have just finished a thorough discussion of the unwinding ansatz. It represents a family

of field configurations depending on one parameter, 0 which can change continuously from

0 to The underlying theory describing tunneling in the parameter 9 is a two-dimensional
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ii ii
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The right-hand half of the broken string as obtained from Eq. (32.35). One unit of the magnetic charge is produced in

the shaded area. The arrows indicate the magnetic field flux.

theory of the field (9(1.:), where : is the coordinate along the What would we do
next if our unsaiz were perfect?

At (1 = 0 we have the ANO flux tube, at 0 = m/2 an empty vacuum. We start from (9 = 0

(more exactly, we let 0 perform small oscillations near 0). This is our metastable state, a
"false vacuum "The breaking of the tube occurs through tunneling to (9 = The state

at () = 7r/2 is a vacuum" When tunneling occurs the string is broken into two parts
- each part ending with a monopole or antimonopole.

For tunneling to happen, a large segment of the tube must be annihilated, Indeed, the
mass of the monopole antimonopole pair created is V/g. and this mass has to come

from the energy of the annihilated segment of the flux tube. If the length of this segment is
L, the energy is LTAN() Lt2, where TANO is the tension of the ANO flux tube. Thus,
the energy balance takes the form

Compare this with the monopole sue

V
or (32 44)

We see that indeed L/eM V2/e2 I.

In a perfect ansalz, the endpoint domain of the broken string would be roughly a sphere
with radius presenting the core of a practically unperturbed 't Hooft—Polyakov
monopole, since at distances of order the effect of (magnetic charge) confinement is
negligible; it comes into play only at distances Thus, the mass of the endpoint bulge

We ignore au possihie nonbreaking deformations of the string and i'ocus on a singie variahie 0(1,:) re',ponsibie
for the string annihiiaiion

ii

/)isciis

tints mt/fog

Lf!nsa_

(3245)
gV
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in the perfect ansatz must be MM + O(c/g). The Oft/g) correction reflects the distortion

of the 't Hooft Polyakov monopole at distances
The distorted endpoint domain of the broken string has a much smaller site than the

length of the annihilated segment (the true vacuum). This justifies the use of the theory
of false-vacuum decay in the thin wall approximation In this approximation only two
parameters are relevant the difference between the energy densities in the false vacuum

and in the true vacuum (this difference is TANO, the string tension) and the surface energy of

the bubble whose creation describes the tunneling This surface energy is fully determined

by the monopole mass MM The ratio of the bubble wall thickness and the bubble size is

?'/V I.

Returning to the field &(t,z) we observe that, indeed, it has two classical equilibrium
positions, at = 0 and 0 = To find the tension of the bubble wall we have (in the
thin wall approximation) to ignore a small nondegeneracy of the true- and false-vacuum
energies Assuming that these two classical equilibrium positions are degenerate, we have
to lind a kink corresponding to interpolation between 0 = 7r/2 at z = —cc and 0 = 0 at

= cc. The kink's mass is that of a (distorted) monopole.

Exercise

32.1 Modify the microscopic model considered in this section as follows discard the quark
field in the fundamental representation of SU(2) and introduce, instead, a "second"
(light) adjoint matter field x<'. a = 1,2,3 The pattern of the symmetry breaking
remains hierarchical: first the heavy field develops a vacuum expectation value V

that breaks SU(2) down to U( I). Then the light field x develops a (small) vacuum
expectation value i' that breaks U( 1).

Repeat the string breaking analysis, introducing appropriate changes where necessary.

and calculate the decay rate.
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33 Chiral anomaly in the Schwinger model

Our first encounter with the chiral anomalies in gauge theories occurred in Chapter 5. We

have invoked them, in a pragmatic way, more than once. The current chapter is designed

to explain the conceptual issues behind the anomalics. The questions to be asked are "Why

do they appear?" and "What do they imply?". here we will address these questions on a
more systematic basis

This topic is important, since anomalies play a role in a number of subtle aspects of gauge

dynamics. Our first task will he to understand the physical meaning of the phenomenon.
This is best done in a simple example [I], that of a two-dimensional model which can he
treated at weak coupling — the Schwinger model on a spatial circle This example clearly
demonstrates that (i) anomalies appear when two contradictory requirements clash and so

we have to choose one of them as "sacred" (usually gauge invariance); (ii) anomalies have
two faces, infrared and ultraviolet, and (iii) the infinite number of degrees of freedom in
field theory is crucial. The chiral anomaly involves fcrmions. There is another anomaly
in gauge theories, the scale anomaly. it occurs even in pure Yang- Mills theory, with no
quarks We will familiari,e ourselves with a number of methods allowing us to derive both
these anomalies and then pass to the implications. We will discuss the 't llooft matching
condition, one of the few tools that are applicable to non-Abelian theories at strong coupling,

and we will prove that the chiral symmetry ofQCl) must be spontaneously broken, at least
at large N. As an illustrative example of the usefulness of a proper understanding of the
anomalies we will calculate the ir0 —+ yy decay rate. Many more applications arc known;

they would be found in a good textbook on particle theory. With regret, I have to leave them
aside in this general field theory text

33.1 Schwinger model on a circle

iwo-dimensional QLD for a massless Dirac fermion seems to be the simplest gauge model.
The Lagrangian is

= (33.1)
4e0

where is the photon field strength tensor,

______

- = , (33.2)
/)efining the
Lovariant and is the gauge coupling constant, having the dimension of mass for D = 2. Moreover,

alive in . . .

the
is the covariant derivative, given by

Sehn'inger = + A/L, (33.3)
model

and is the two-component spinor field The gamma matrices in Minkowski space can he
C oit ti/i
Sections /2 3

chosen in the following way

and 452 = y = —i = (33.4)
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= ) will becalledleft-handed(y5Vi,. =

will be called right-handed (y5i/JR = V'R). Note also that itt =

In spite of considerable simplifications compared with four-dimensional QED. the
dynamics of the model (33.1) is still too complicated for our purposes. Indeed, the set
of asymptotic states in this model drastically differs from the fields in the Lagrangian In
the two-dimensional theory the photon, as is well known, has no transverse degrees of
freedom and essentially reduces to the Coulomb interaction.1 The latter, however, grows
linearly with distance This linear growth of the Coulomb potential results in confinement
of the charged fermions in the Schwinger model irrespective of the value of the coupling
constant eo. The model (33 1) was used as a prototype for describing color confinement in
QCD (see e g. [2] and Section 41).

In order to simplify the situation further let us do the following. Consider the system
described by the Lagrangian (33.1) on a finite spatial domain of length I.. If!. is small,
eol. I, the Coulomb interaction never becomes strong and one can actually treat it
as a small perturbation; in particular, in a first approximation its effect can be neglected
altogether. We will impose periodic boundary conditions on the field and antiperiodic
ones on i4'. Thus, the problem to be considered below is the Schwinger model on the
circle. Notice that the antiperiodic boundary condition is imposed on the fermion field for
convenience only. As will be seen, any other boundary condition (periodic, for instance)

Boundarj' would do as well; nothing would change except minor technical details. Thus,

x = —L/2) = A,1(t,
(33 5)

i/i (1, x = —L/2) = (1, x=L/2)

l-.quations (33.5) imply that the fields and can be expanded in Fourier modes,
. Iexp(ikx-j—) for bosons and exp [i(k + for fermions (k = 0, ±l,±2,...).

Now, let us recall that the Lagrangian (33.1) is invariant under the local gauge
transformations

it, x) (33 6)

It is evident that all modes for the field A1 except the zero mode (i c k 0) can be gauged

away. Indeed, the term of the type in is gauged away by virtue of the
gauge function

/ 2m
c(t, i) = L (2jrk) a(t) cos kx—

The latter is periodic on the circle and does not violate the conditions (33.5), as required.
Thus, in the most general case we can treat A1 as an x-independent constant.

This is not the end of the story, however, since the possibilities provided by gauge invari-
ance are not yet exhausted. There exists another class ofadmissible gauge transformations

Laige gauge sometimes, they are referred to as "large" gauge transformations with a gauge function
trans/orma- that is not periodic in x,
(ions

It is instructive to compare this assertion with those in Section 41
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2,r= nx ii = ± I , ±2 ... , (33.7)
L

where n is an integer. In spite of its nonperiodicity, such a choice of gauge function is also
compatible with the conditions (33.5). This is readily verifiable: since aa/i)x const and

=0 the periodicity for A,1 is not violated. An analogous assertion is also valid for the

phase factor the difference in the phases at the endpoints ofthe interval x E 1— L/2, I./2 I
is equal to 2irn.

As a result, we arrive at the conclusion that the variable A (remember that it has no
it depends only on time) should not be considered on the whole interval

(—oc, the points

4m
A1 A1=±— A1=±—

L L

are gauge equivalent and must be identified. In other words, the variable A1 is an independent

variable only on the interval 10. I. Going beyond these limits we find ourselves in a gauge

is an image of the original interval. Following the commonly accepted terminology, we say that

angle-s vpe A1 lives on a circle of circumference
t'wiahle It is well known that the gauge invariance of electrodynamics is closely interrelated with

the conservation of electric charge. Indeed, the Lagrangian (33.1) (for finite as well as
infinite L) admits multiplication of the fermion field by a constant phase,

—÷

Using a standard line of reasoning one easily derives from this phase invariance the
conservation of the electric current

Q(t)=0,

The vanishing of the divergence follows from the equations of motion
The classical Lagrangian (33 1) exhibits the second conservation law. Observe that (33 1)

is invariant under another phase rotation, the global axial transformation

e Vjt

which multiplies the left- and right-handed fermions by opposite phases (remembering that
= —a3) At the classical level the axial current

Conservation is conserved in just the same way as the electromagnetic current. One can readily check,
Joe using the equations of motion, that = 0. If the axial charge of the left-handed

ehiral
Jermions (at

fermions is Qs = + I then for the right-handed fermions Q

the classical and is equivalent to the conservation of the numbers ofthe left-handed and right-handed

level) fermions separately This fact is obvious for any Born (tree) graph. Indeed, in all such graphs

the fermion lines are continuous, photon emission does not change their chirality, and the
number of ingoing fermion legs is equal to that of the outgoing legs. In the exact answer
including all quantum effects, however, only the sum of the chiral charges is conserved, i e

only one of the two classical symmetries survives quantization of the theory.
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As will be seen below, the characteristic excitation frequencies for A1 are of order eo
while those associated with the fermionic degrees of freedom are of order L± Since
e0L I the variable A1 is adiabatic with respect to the fermionic degrees of freedom.
Consequently, the Born—Oppenheimer approximation is justified in our case. in the next
subsection we will analyLe in more detail the fermion sector, assuming temporarily that A1
is a fixed (time-independent) quantity From Eqs. (33.10) and (33.11) below it is evident
that the fermionic frequencies are indeed of order Calculation of the A1 frequencies
will be carried out later, see (33 31).

For our pedagogical purposes we can confine ourselves to the study of the limit e0L I

Those readers who would like to know about the solution of the Schwinger model on a
circle with arbitrary L should turn to the original publications (e g. 131).

33.2 Dirac sea: the vacuum wave function

Following the standard prescription of the adiabatic approximation we will free,e the time
dependence of the photon field and consider it as "external." Regarding the ,u = 0
component ofthe photon field, it is responsible for the Coulomb interaction between charges.

the corresponding effect is of the order e0L I and does not show up in the leading
approximation to which we will limit ourselves in the present section. Thus, we can put
A0 = 0 The difference between these two components lies in the fact that the fluctuations
in A0 are small, while this is not the case for A1. The wave function is not localized in
A1 in the vicinity of A1 = 0 It is just this phenomenon delocali,ation of the A1 wave
function and the possibility of penetration to large values ofA i — that will lead to observable

manifestations of the chiral anomaly.
In two-dimensional electrodynamics the Dirac equation determining the fermion energy

levels has the form
F d 7

(338)
L \ dX ,ij

For the kth stationary state, -'-'exp(—i ELI) and its energy is given by

= at I' + A1 j (33.9)\ dx /
Furthermore, the cigenfunctions ai-e proportional to

[.1
exp i + 7—x , 0. +1, +2. . (33 10)

The extra term in the exponent ensures the antiperiodic boundary conditions; see
Eqs (33.5). As a result, we conclude that the energy of the level for lefi-handed
fermions is

7
(33.lla)

while for the right-handed fermions

(33llh)
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Fermion energy levels as a function ofA1.

el flow
Rearra to
niefll 0/
levels in

gauge
equivalent
points

The energy-level dependence on A1 is displayed in Fig. 8 I. The broken lines show the
behavior of' EL(L) and the solid lines show At A1 = 0 the energy levels for the
left-handed and right-handed fermions are degenerate. As A i increases, the degeneracy is

lifted and the levels split At the point A1 = the overall structure of the energy levels

is precisely the same as for A1 = 0; degeneracy occurs again. The identity of the points
A1 0 and A1 = is a remnant of the gauge invariance of the original theory (see
the discussion in Section 33.1).

We note that this identity is achieved in a nontrivial in passing from A1 = 0 to

A1 = 2m/I. a restructuring of the fermion levels takes place The left-handed levels are
shifted upwards by one interval while the right-handed levels are shifted downwards by
OflC interval. This phenomenon, the restructuring of the fermion levels, is the essence of the

chiral anomaly as will become clear shortly.
Let us proceed from the one-particle Dirac equation to field theory. Our first task is the

construction of the ground state, the vacuum To this end, following the well-known Dirae
prescription we fill up all levels lying in the Dirac sea, leaving all positive-energy levels
empty. The notation I L.R. k) and I OJR. k), respectively, will be used below for full and
empty levels with a given k The subscript L (R) indicates that we are dealing with the
left-handed (right-handed) fermions.

Recall that Ai is a slowly varying adiabatic variable; the corresponding quantum mechan-

ics will be considered later. At first, the value of A1 is lixed in the vicinity of zero. Ai 0.

Then the fermion wave function of the vacuum, as seen from Fig. 8.1, reduces to

(
k))( 0L. k))

k))( flIOR. (33.12)

A
III
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The Dirae sea, consisting of the negative-energy levels, is completely filled Now let A1
increase adiabatically from 0 to The same figure shows that at A1 = the wave

function (33 12) describes a state that, from the standpoint of the normally tilled Dirac sea,
contains one left-handed particle and one right-handed hole (the small circles in Fig 8.1).

Do the quantum numbers of the fermion sea change in the process of the transition from

A1 = 0 to A1 2m/L? Answering this question. we would say that the appearance of

a particle and a hole does not change the electric charge since the electric charges of the
particle and the hole are obviously opposite. In other words, the electromagnetic current is
conserved. However, the axial charges of the left-handed particle and the right-handed hole

are the same = I) and, hence, for the transition at hand,

AQs=—2. (33.13)

A more formal analysis, to be carried out shortly, will confirm this assertion
Equation (33 13) can be rewritten as A = —(L/xr )AA i. Dividing by At. the transition

time, we get

1..

= ——A1 (33 14)
7r

which implies, in turn, that the conserved quantity has the form

fdx + Al). (33 15)

the axial
urreni The current corresponding to the charge (33 15) is obviously

derived Jroin
theleii'lfloii = + ,

= = —I , (33 16)
Jr 2m

where is the Civita antisymmetric tensor and = = I (Notice that

Eol = —I.) The last equality in (33 16) represents the famous axial anomaly in the
Schwingcr model. We have succeeded in deriving it by "hand-waving" arguments, i e
by inspecting a picture of the motion of the fermion levels in the external held A1(r). It
turns out that in this language the chiral anomaly presents an extremely simple and widely
known phenomenon: the crossing of the 7ero point in the energy scale by this or that level
(or by a group of levels) The presence ofan intinite number of levels and the Dirac "mul-
tiparticic" interpretation, according to which the emergence of a filled level from the sea
is equivalent to the appearance of a particle while the submergence of an empty level into
the sea is equivalent to the production of a hole — an antiparticle —, constitute the essential

elements of the construction With a finite number of levels there is no place for sut.h an
interpretation and there can he no quantum anomaly

I would like to draw the reader's attention to a somewhat different, although intimately
related with the previous, aspect of the picture The fermion levels move parallel to each
other through the hulk ofthe Dirac sea. Therefore, the disappearance ofthe levels beyond the

/ero-energy mark occurs simultaneously with the disappearance of their "copies" beyond
the ultraviolet cutoff, which is always implicitly present in field below, we will
introduce this cutoff explicitly. Because of this, the heuristic derivation of the anomaly
given in this section and a more standard treatment based on ultraviolet regularization are
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actually one and the same. Often it turns out to he more convenientjust to trace the crossing

of the ultraviolet cutoff by the levels from the Dirac sea. Beyond toy models, in QCI)-like
theories, the latter approach becomes an absolute necessity, not a question of convenience,

due to the notorious "infrared slavery "The connection between the ultraviolet and infrared
interpretations of the anomaly is discussed in more detail in Sections 33.3 and 33 7. The
interested reader is referred to the original work [4]. where the subtle points are thoroughly

analyied.

33.3 Ultraviolet regularization

In spite of the transparent character of this heuristic derivation, almost all the "evident"
points above could he questioned by the careful reader. Indeed, why is the wave function

(33.12) the appropriate In what sense is the energy of this state minimal, taking
into account the fact that, according to (33.11),

(k
+

and the sum is ill defined (the series is divergent)? Moreover, it is usually asserted that the
quantum anomalies are due to the necessity for ultraviolet regularization of the theory If
so, why speak of the Dirac sea and the crossing of the zero-energy point by the fermion
levels?

Surprisingly, all these questions are connected with each other. It may be instructive to
start with the last. I want to explain that ultraviolet regularization, mentioned in passing
in Section 33.2, is actually the key element. More than that, the derivation sketched above

tacitly assumes a quite specific regularization.
The fermion levels stretch in the energy scale up to indefinitely large energies. positive

or negative. The wave function (33.12) describing the fermion sector at A1 0 contains, in

particular, the direct product of an infinitely large number of filled states I R, k),
I
I i, k)

with negative energy. It is clear that such an object an infinite product is ill defined, and
one cannot avoid some regularization in calculating physical quantities. The contribution
corresponding to large energies (momenta) should be somehow cut off

At first sight, it would seem sufficient simply to discard the terms with >
is a fixed number independent of A1) This is a regularization, of course, but,

Making the clearly enough, the prescription will lead to a violation of gauge invariance and to electric

cutoff a charge nonconservation. Indeed, in gauge theories the momentum p always appears only

gauge- in the combination p + A, not simply as p (or, equivalently, k).
invariant In order to preserve gauge invariance, it is possible and convenient to use a regularization
manner called in the literature the Schwinger, orE, splitting. This regulariLation will provide a solid

mathematical basis for the heuristic derivation presented above Instead of the original
currents

= jPS = (33.17)
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we introduce the regularized objects

= + E) yP f n1
(33 18)

= + E) y5 exp(i f A1 dx)

It is implied that E 0 in the final answer for the physical quantities. At the intermediate
stages, however, all computations are performed with fixed €. The exponential factor in
(33 18) ensures the gauge invariance ofthc "split" currents. Without this multiplying

Vi(t,x) by an x-dependent phase to obtain explia(x)I yields

+ exp I—ia(x + E) + ia(x)I

+ v) (33 19)

Applying the gauge transformation (33.6) to A i compensates for the phase factor in
Eq. (33.19).

Now, there appears to he no difficulty in calculating the electric and axial charges of the

state (33 12) in a well-defined manner. If

Q
= f dx v),

= f dx (33.20)

then for the vacuum wave function we evidently obtain

Qs=—QI+QR, (3321)

Q,

I 2m
(33 22)

QR = T Ai]}.

where k and k' run over all the filled levels. In the limit 0, the charges Qi and QR
both turn into a sum of unities, each unity representing one energy level from the Dirac
sea Equations (33 22) once again demonstrate the gauge invariance of the Schwinger
regularization. Indeed, the cutoff suppresses the states with p + A1

The phase factor in Eqs. (33.18) ensures that the suppressing function contains the desired

combination, p +A
I hasten to add here that although superficially Eqs. (33.22) do not differ from each other,

actually they do not coincide because the summations run over different values of k. The
particular values arc easy to establish from Fig. 8.1.2 Let < ir/L Then in a "lefi-

2 SccalsoFq (33 2)
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handed" sea the filled levels have k = 0, 1 , 2, . . In a "right-handed" sea the filled levels

correspond to I.. = —1 , —2, ... Thus, <ir/!. we have

Qi. = Ek(,)),
(33 23)

QR
= k=—1

exp(—iEEt(R))

Performing the first summation and expanding in e we arrive at

= (QR)vac = 2i sln(Em/L)

I. L= + —A1 +0(e), (33 24)
27r1e 2ir

We pause here to summarize our results. Equation (33.24) shows that under our choice of

the vacuum wave function (33.12) the charge of the vacuum vanishes, Q = Qj. + QR = 0.

Moreover, there is no time dependence: charge is conserved. The axial charge consists of
two terms: the first term represents an infinitely large (ofl.Stafli and the second gives a linear

Aj-dependence. In the transition (A1 0) —÷ (A1 2ir/L) the axial charge changes by
minus Iwo units (see Eq (33.21)).

These conclusions arc not new for us. We foundjust the same from the illustrative picture

described in Section 33.2 in which the electric and axial charges of the Dirac sea were
determined intuitively Now we have learned how to sum up the infinite series 1, the

charges of the "left-handed" and "right-handed" seas, by virtue ofa well-defined procedure

that automatically cuts off the levels with I p + A1
I

e -

The procedure suggests an alternative language for describing axial charge noncon-
servation in the transition 0) (A1 2ir/L). Previously we thought that the
nonconservation was due to the level crossing of the Lero-energy point. It is equally
correct — as we see now to say that the nonconservation can be explained as fol-
lows: one right-handed level leaves the sea via the lower boundary (the cutoff —e - I)
and one new left-handed level appears in the sea through the same boundary (Fig. 8.1).
I3oth phenomena the crossing of the zero-energy point and the departure (arrival) of
the levels via the ultraviolet cutoff occur simultaneously. though, and represent two

Gauge different facets of the same anomaly, which admits both the infrared and the ultraviolet

invarian interpretation.
shoullhe One last remark concerning the axial charge is in order. Instead of Eqs (33.18) one
!flaifltained could regularize the axial charge in a different way, so that = 0 and = 0. (A

I

bvall'neanv' nice exercise for the reader!) Under such a regulari7ation, however, the expression for the
axial current would not be gauge invariant Specifically, the conserved axial current, apart
from Eqs. (33.18). would include an extra term cf Eqs (33.16). As already men-

tioned. there is no regularization ensuring simultaneous gauge invariance and conservation

of
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33.4 The theta vacuum

LI?

H
= f dx + Ai)

L /2

1/2

Hreg =1 + /
This formula implies, in turn, the following regularized expression for the energies of the

"left-handed" and "right-handed"

= exp(iEEA(L)). ER = exp(—iEEt(R)),
k——I

(33 27)

where the energies of the individual levels Ek(L R) are given in (33 II) and the summation
runs over all levels having a negative energy. The values of the summation indices in
Eqs. (33.27) correspond to Au <7r/L. Expressions (33.27) have an obvious meaning: in
the limit E 0 they simply reduce to the sum of the energies of all filled fermion levels
from the Dirae sea. The additional exponential factors guarantee the convergence of the
sums.

Now, we will leave the issue of charges and proceed to the calculation of the fermion-
sea energy, a problem that could not be solved at the naive level, without regulariiation.
Fortunately, all the necessary elements are now in place.

The fermion part of the Hamiltonian, cf. Eqs. (33 9),

reduces afier the E splitting to

(33.25)

(33 26)Al).

Corn pale
011/i

/8 2

Dirac sea
eflergi'

in

Seuion 33 /
to do
check —

Furthermore, we notice that and ER can he obtained by differentiating the expressions
(33.23) and (33.24) for QL,R with respect to E. (Equation (33.23) presents geometrical
progressions that are trivially summable.) Expanding in we get

/ /
Esca = EL + ER = I

2 — ) + a constant independent of A1 . (33 28)
L-J

In the expression above we will omit the infinite A i-independent constant term (the last
term in (33.28)) and choose the constant term in the parentheses in such a way that the sea
energy vanishes at the points A1 = ±m/L (see Fig 8.2).

Two remarks are in order here. First, it is instructive to check that the Born Oppenheimer
approximation, which we have assumed from the very beginning, is indeedj usti lied In other
words, let us verify that the dynamics ofthc variable A I is slow in the scale characteristic of
the fermion sector. The effective Lagrangian determining the quantum mechanics of A i is

(3329)
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This describes a harmonic oscillator, with ground-state wave function

/ / LA2 \
) = ( cxp ( — (33 30)

\eo7r -J \
and level splitting

(33.31)

The characteristic frequencies in the fermion sector are Wfemi L1. Hence,

WA
<<I. (33 32)

W lerm

The second remark concerns the structure of the total vacuum wave function. We have

convinced ourselves that

= '1'fern1 vac'1J0(Ai) (33.33)

is an eigenstate of the Ilamiltonian of the Schwinger model on the circle in the Born—
Oppenheimer approximation. The wave function (33.33) is satisfactory from the point of
view of "small" gauge transformations, i.e. those continuously deformable to the trivial
(unit) transformation. (More exactly, Eq. (33.33) refers to the specific gauge in which
the gauge degrees of freedom associated with A1 are eliminated and A1 is independent

of x ) This wave function, however, is not invariant under "large" gauge transformations
A1 A1 + k = ±1, +2,

The essence of the situation becomes clear if we return to Fig. 8.1. When A
i

performs

small and slow oscillations in the vicinity ofiero, the Dirac sea is tilled in the way shown in
Eq. (33.12). But A can oscillate in the vicinity of the gauge equivalent point A = 2m/L as

well. In thiscase, ifwedo fbi restructure the fermion sectorand leave it just as in Eq. (33.12)

then the configuration of Eq. (33.12) is obviously noi the vacuum it corresponds to one

particle plus one hole. This assertion is confirmed, in particular, by a plot showing the Dirac

sea energy as a function of A1 (Fig 8.2) In order to construct the configuration of lowest
energy in the vicinity ofAi = it is necessary to liii the fermion levels as follows:

k) fl Iim k);
A=O —I.—-2

the empty levels are not shown explicitly, cf. Eq. (33.12).
Thus, the Ililbert space splits naturally into distinct sectors corresponding to different

IIW nil,
structures of the fermion sea The wave function of the ground state in the nth sector has

,aeuum
the form

qi,, (3334)

ii 0, ±1, +2,.

The organi/ation of the fermion sea correlates with the position of the "center ofoscillation"

of A1. It is evident that if n n' then xli,, and are strictly orthogonal to each other,
owing to the fermion factors.
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Energy of the Dirac sea in the Schwinger model on a circle. The solid line corresponds to Eq. (33.12). The broken lines

reflect the restructuring of the Dirac sea that is necessary if A1 >

Is it possible to construct a vacuum wave function that is invariant under "large" gauge
transformations A A i +2mk/L (with simultaneous renumbering ofthe fermion levels)?

The answer is positive Moreover, such a wave function is not unique It depends Ofl a new

hidden parameter 0. which is often called the vacuum angle in the literature. Consider the
linear combination

= (33 35)

r
e dis cii s

f/U'

5

This linear combination is also an eigenfunction of the I lamiltonian having the lowest
energy, in just the same way as kJJ,1• But, unlike these "large" gauge transformations
leave essentially intact. More exactly, under A1 Ai + 2m/i. the wave function
(33 35) is multiplied by e'0. This overall phase of the wave Ii.jnction is unobservable, all
physical quantities resulting from averaging over the 8 vacuum are invariant under gauge
transformations.

Summariiing. we have now become acquainted with another model in which the notions
of the vacuum angle 8 and the 8 vacuum are absolutely transparent the Schwinger model
on the spatial circle. The presence of the vacuum angle 9 in the wave function is imitated
in Lagrangian language by adding a so-called topological density to the Lagrangian. In the

Schwinger model the topological density is

=
4m

(33 36)

This extra term in the action is an integral over the full derivative; it does not affect
the equations of' motion and gives a vanishing contribution for any topologieally trivial
configuration The topological density shows up only ii'

1.12

f cix [Ai(1 = +oo, x) Ai(1=—oc, x)] =
L /2

= 1,2. .. (33.37)

/ /
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33.5 Topological aspects

ihe same
topo/ogl' (is
in the case of
ANO strings

It is not by chance that here I am drawing the reader's attention to topological properties. It is
very instructive to discuss topological aspects of the theoretical construction under consid-
eration in more this parallels a similar discussion in Chapter 5, where we exploited
the path integral formulation of Yang Mills theory using the Lagrangian formalism At
the same time, in the Schwinger model so far (Section 33.4) we have used Hamiltonian
language in establishing the existence of the 9 vacuum.

The Schwinger model possesses U( 1) gauge invariance. An element of the U( 1) group.
as it is well known, can be written as elu. Using gauge freedom one can reduce the fields
A i (r. t) or x) ata given moment oftime to a standard form, by choosing an appropriate
gauge function x (i, x). The standard form ofA is A i= const, which can vary between, say,
Lero and 2ir/L. The gauge-equivalent points A1 = 0, ±4ir/L,... are connected
by "large" (topologically nontrivial) gauge transformations.

Moreover, under our boundary conditions the variable x represents a circle of length
L and, consequently, we are dealing here with the (continuous) mappings of the circle in
configuration space into the gauge group U( I). The set of the mappings can be divided into
classes. The mathematical formula expressing this fact is

iri(U(I)) = (33.38)

The meaning of Eq (33.38) is very simple Within each class all mappings, by definition,
can be reduced to each other by continuous deformations I lowever, there are no continuous
deformations transforming mappings from one class into those in another class.

When the mappings of a circle onto U( I) are considered, the difference between the
classes is especially transparent (see Fig 8.3). Assume that we start from a certain point,
go around circle a (following the path indicated by the broken line) once, and return to the
starting point In doing so, we have simultaneously gone around circle h 0, ± I , ±2, etc

times. (The negative sign corresponds to circulation in the opposite direction ) The number
ofwindings around circle h labels a class of the mapping. It is clear that all mappings with
a given winding number are continuously deformable into each other. Conversely, different
winding numbers guarantee that a continuous deformation is impossible The letter Z in
Eq. (33.38) denotes the set of integers and shows that the set of different mapping classes
is isomorphic to the set of integers; each class is characteri7ed by an integer having the

/
N — — / N

Mapping of circle a in coordinate space into U(1). The broken-line contour near circle b shows a topologically trivial

mapping.
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meaning of the winding number. The mappings corresponding to the winding number iero
are called topologically trivial, the others are topologically nontrivial

This information is sufficient to establish the existence of vacuum sectors labeled by n

(n = 0, ± I . +2. . .), for which (A11 without any explicit construction
such as (33.34) (a(,1) belongs to the nth class). The necessity of introducing the vacuum
angle 0 also stems from the same

33.6 The necessity of theO vacuum

The last issue to be discussed in connection with the Schwinger model is as follows. Some-

times the question is raised as to why the vacuum wave function cannot be chosen in the form

(33 34) with fixed n Gauge invariance under "small" (topologically trivial) transforma-
tions would be preserved, and this would automatically imply electric charge conservation.

(luster
What would he lost is only invariance under "large" (topologically nontrivial) transforma-

delornposi- tions; it would seem that there is nothing bad in that.3 So. why is it necessary to pass to
—

lion and o sac — e

siubilllv oiih The point is that taking as the vacuum wave function would violate clusteriLation,
regards /0 a basic property in field theory, which can be traced back to the causality and unitarity of
egmass the theory. The following is meant by clusteri,ation: the vacuum expectation value of the
de/ormouons

product of several local operators at causally independent points must be reducible to the
product of the vacuum expectation values for each operator; lbr example,

02) = (01)(02). (33 39)

The violation of this ctusteri,ation can be demonstrated explicitly Consider the two-point
function

11(t) = T 0(0)} I

(33.40)

0(i)
= f +

The operator 0 changes the axial charge of the state by two units (it adds a particle and
a hole to the Dirac sea) and 0+ returns it back, and, as a result, 11(t) 0. Moreover, if
i —* 00 in the Euclidean domain then 11(1) —* const. (For a concrete calculation based

on the bosoniiation method, see, e.g. [2]. In [2] the limit L —s 00 is considered but all
relevant expressions can be readily rewritten for finite I. ) The fact that AU) tends to a

nonvanishing constant at t means, according to clusteriLation, that the operators

I ± acquire a nonvanishing vacuum expectation value
However, if Ivac) = Ill),,) then (ifr(l ± = 0, for a trivial reason the operator

11(1(1 ± acting on produces an electron and a hole, and the corresponding state is

obviously orthogonal to itself

1 The contents of this subsection should he compared with Section 18 2 For a discussion of the subtle and
contrived modifications which are possible hut will not concern us here. see 15.61
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The clusterization property restores itself if one passes to the vacuum (33.35). In this

case there emerges a nondiagonal expectation value,

3/)

i.'exp(_ (33.41)
Cu!. /

If the line of reasoning based on clusterization seems too academic to the reader, it
might be instructive to consider another argument, connected with Eqs. (33 40) and the
subsequent discussion Let us ask the question: what will happen if instead of the massless
Schwinger model we consider a model with a small mass, i.e. we introduce an extra mass

term = into the Lagrangian (33 1)? Naturally, all physical quantities obtained

in the massless model will be shilied. It is equally natural to require, however, the shifts to
he small for small ni, so that there is no change in the limit in —* 0. Otherwise, we would
encounter an unstable situation when in fact we would like to have the mass term as a small

perturbation.
In the presence ofthe degenerate states (and the states with different ii are degenerate),

however, any perturbation is potentially dangerous and can lead to large effects. Just such

a disaster occurs, in particular. if acting on the vacuum, is nondiagonal.

Ifwe prescribe states like '4i,, to be the vacuum then will by no means be diagonal,
as follows from the discussion after Eqs. (33.40). This we cannot accept. However, the mass

term is certainly diagonaliied in a basis consisting of the wave functions (33.35):

('vacl,nI'l'üs.ac) =0 if 0' (3342)

33.7 Two faces of the anomaly*

In concluding this section. it will be extremely useful to discuss the connection between
the picture presented above and the more standard derivation of the chiral anomaly in the
Schwinger model. This discussion will represent a bridge between the physical picture
described above and the standard approach to anomalies.

We have already emphasized the double nature of the anomaly, which shows up as an
infrared effect in the current and an ultraviolet effect in the divergence of the current. The
line of reasoning used thus far has put more emphasis on the infrared aspect of the problem

the finite served as a natural infrared regularization. The same result for as

in Eqs. (33.16) could be obtained with no reference to infrared regularization, however.
The conventional treatment of the issue is based on the standard Feynman diagram tech-

nique. The usual explanation, to be found in numerous textbooks, connects the anomalies
to the ultraviolet divergence of certain Feynman graphs. The assertion of ultraviolet diver-

gence is valid if one is dealing directly with Thus, the emphasis is shifted to the
ultraviolet aspect of the anomaly.

Below, I first sketch the standard derivation. Then I show that, as a nile, the diagrammatic

language used, for the analysis of from the point of view of ultraviolet regulari7ation

can be successfully used for an "infrared" derivation of the anomaly. The fact that the
anomalies reveal themselves in the infrared behavior of Feynman graphs is rarely mentioned
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in the literature, and, hence, deserves a more detailed discussion. The pragmatically oriented
reader can omit this subsection at tIrst reading.

Thus, we would like to demonstrate that

= (33 43)
2ir

by considering directly not as previously. Then we need only ultraviolet regu-
larization; in particular, the theory can be considered in an infinite space since the finiteness
of L does not affect the result at short distances.

A convenient method of ultraviolet regularization is due to Pauli and Villars. In the
model at hand it reduces to the following In addition to the original massless fermions in
the Lagrangian, heavy regulator fcrmions are introduced with mass Mo (M0 oc) and the
opposite metric. The latter means that each loop of the regulator fermions is supplied with
an extra minus sign relative to the normal fermion loop. The interaction of the regulator

with the photons is assumed to be just the same as for the original fermions, the
only difference being the mass. Then the role of the Pauli -Villars fermions in low-energy
processes (E M0) is to provide an ultraviolet cutoff in the formally divergent integrals
with fermion loops. Clearly, such a regularization procedure automatically guarantees gauge
invariance and electromagnetic current conservation.

In a model regularized according to Pauli and Villars the axial current has the form

= + RyOy5R, (33.44)

where R is the fermion regulator In calculating the divergence of the regularized current
the naive equations of motion can be used. Then

= 2iM0Ry5R

The divergence does not vanish (the axial current is not conserved!), but, as expected,
contains only the regulator's anomalous term

The last step is contraction ofthe regulator fields in the loop in order to convert M0Ry5 R
into the "normal" light fields in the limit M0 —÷ oc. The relevant diagrams are displayed in
Fig. 8.4, where the solid lines denote the standard heavy fermion propagator — M0)

Graph (a) does not depend on the external field. The corresponding contribution to
represents a number that can be set equal to zero. Graph (c), with two photon legs, and
all others having more legs die off in the limit M0 —* oc. The only surviving graph is (b)
Calculation of this diagram is trivial:

2iM0Ry5R (33 45)
2m

(Do not forget that there is an extra minus sign in Pauli—Villars fermion loops.) We have
reproduced the anomalous relation (33.43) obtained previously by a different method.

The easiest method allowing one to check Eq (33.45) in another way is, probably, the
so-called background field technique. I will not enlarge on its details here because these
would lead us t'ar astray. The interested reader is referred to the review [7], where all relevant
nuances are fully discussed. We will limit ourselves to the intuitively obvious features and



315 33 Chiral anomaly in the Schwinger model

Diagrammatic representation of the anomaly in the axial current in the Schwinger model. (a), (b), (c). Heavy regulator

fields in the divergence of the current. (d) Infrared anomalous contribution in y5 ifr

use self-evident notation. Thus

2iM0Ry5R = —2M0 Tr [y5(p MO)_i] , (33 46)

where = iD0 = + A/L is the generalized momentum operator, and we have taken
into account the fact that the minus sign in the fermion loop does not appear for the regulator

fields.

Moreover,

— M0)i = (P + M0) (i2 + (33.47)

Now, since M0 cc the contents of the trace in Eq. (33.46) can be expanded in inverse
powers of M0:

Tr [y5(p_Mo)_1]

= Tr (P + p2_ p2_ +
)]•

(33.48)

The first term in the expansion vanishes after the trace of the y matrices has been
taken. The third and all other terms are irrelevant because they vanish in the limit M0 cc
The only relevant term is the second, in which we can substitute the operator by the
momentum since the result is explicitly proportional to the background field and

the ehiral anomaly in the Schwinger model is linear in Then

2iM0Ry5R = —2Mg f d2p

J (p2 — °

Upon performing Wick rotation and integrating over p we arrive at Eq. (33.45)
This computation completes the standard derivation of the anomaly One needs a rather

rich imagination to be able to see in these formal manipulations the simple physical nature

of the phenomenon described above (the restructuring of the fermion sea and the level

2i 11- 2i \I- 2, tI,- I, —

u/a
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crossing). Nevertheless, it is the same phenomenon viewed from a different angle less

transparent but more economic since we can get the final result very quickly using the
well-developed machinery of the diagram technique, familiar to everybody.

Let us ask the question what is the infrared connection (or infrared face, ifyou wish) of
the anomaly in diagram language? To extract the infrared aspect from the Feynman graphs

it is necessary to turn back to a consideration of the current Our aim is to calculate
the matrix clement of the current JR5 in the background photon field. Unlike the

matrix element contains an infrared contribution. Because of this, it is impossible
to consider (JPS) for an on-mass-shell photon, with momentum h2 = 0. We are forced
to introduce "off-sheliness" to ensure infrared regularization (a substitute for finite L. sec
above). Thus, we will consider the photon field AR. which does not obey the equations of
motion.

General arguments (such as gauge invariance) imply the following expression for the
matrix element (jRS) stemming from diagram (d) of Fig 8.4.

=const x (33.49)

where the constant on the right-hand side can be determined by explicit computation of
the graph. In principle, there is one more structure with the appropriate dimension and
quantum numbers, namely ,but it cannot appear by itself if gauge invariance is to
be maintained. In other words, one can say that the local structure A can always be

eliminated by subtraction of an ultraviolet counterterm.
It is worth noting that, purely kincmatically,

= (33.50)

It can he seen that, in order to distinguish an infrared singular term proportional to k - 2

from the local term depending on ultraviolet regulari7ation, it is necessary to assume that
0. The infrared singular term is fixed unambiguously by diagram (d) of Fig 8.4

The easiest way to obtain it is to compute this graph in a straightforward way

I cl2p [ iP. /1) 1
= (—1 )J

(2ir)2
Tr Y

(p + A)2
jAn. (33 SI)

Performing the p integration and disregarding terms that are nonsingular in k2, we get

cl2p i

J p2 (p+k)2 (2ir)2
which implies, in turn, that

= Tr(yR

Now, inserting the local term in order to restore gauge invariance and using Eq (33.50) we

lion, the JR arrive at

side i A

(J° ) = —— (33.52)
27r k

Taking the divergence is equivalent to multiplying the right-hand side by , and so we

have reproduced, now for the third time, the anomalous relations (33.43).
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Let us draw the reader's attention to the pole k2 in Eq. (33.52). The emergence of this
pole is the manifestation of the infrared nature of the anomaly. We see that it can be derived

from this side with the familiar Feynman technique

Exercise

33 1 Verify that the split currents (33 18) are gauge invariant.

34 Anomalies in QCD and similar non-Abelian gauge theories

In this section we will discuss QCD and non-Abelian gauge theories at large which are
self-consistent, i.e. free of internal anomalies. In particular, dealing with chiral theories we
should follow strict rules in constructing the matter sector (see Section 22 1 .1). Nevertheless,

these theories have external anomalies the scale anomaly and those in the divergence of
external axial currents.4 The latter are also referred to as chiral (or triangle, or Adler Bell—
Jackiw [81) anomalies We will analy7e and derive the chiral and scale anomalies using
QCI) as a showcase. More exactly, we will assume that the theory under consideration has

the gauge group SU(N) and contains N1 massless quarks (Dirac fields in the fundamental

representation). In this section it will be convenient to write the action in the canonical
normali7ation,

S + (341)

We will start by examining the classical symmetries of the above action.

Global In addition to the scale invariance (implying, in fact, full conformal invariance) of the
sunrnetries action, which we will discuss later, (34 1) has the following symmetry:

_] x X SU(Nj), X SU(Nf)R (342)

acting in the matter sector. The vector U( 1) corresponds to the baryon number conservation,

with current

= (34.3)

The axial IJ( I) symmetry corresponds to the overall chiral phase rotation

= (34.4)

The axial current generated by (34.4) is

= y5 (345)

nonsinglee Finally, the last two factors in (34.2) reflect the invariance of the action with regard to the
a vial
currents

By external I mean currents that are not coupled to the gauge fields of the theory under consideration
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chiral ilavor rotations

(346)

where U and U are arbitrary (independent) matrices from SU(N1). Equation (34.6) implies
conservation of the following vector and axial currents.

= y1, T° = y5 T" (347)

Here the T° are the generators ofthejlavorSlj(Nj ) group in the flindamental representation.
These generators act in the flavor space, i.e t,lr is a column of the v'" while the matrices
T° act Ofl this column

At the quantum level (i.e including loops with a regulariiation) the fate of the above
symmetries is different. The vector U(l) invariance generated by (34.3) remains a valid
anomaly-free symmetry at the quantum level The same is true with regard to the
vector SIJ(N1) currents: they are conserved. The axial currents are anomalous. One
should distinguish, though, between the singlet current (34.5) and the SEJ(Nj) currents

yP y5 T° t,fit. The former is anomalous in QCI) per ye. The latter become
anomalous only upon the introduction of appropriate external vector currents As we will
see later, this circumstance is in one-to-one correspondence with the spontaneous breaking
of the axial SU( Nf) symmetry in QCD, which is accompanied by the emergence of —

Goldstone bosons The vector SU(Nj) symmetry is reali7ed linearly
In the weakly coupled Schwinger model considered in Section 33 1 we could take both

the infrared and ultraviolet routes (and we actually did so) to derive the ehiral anomaly. The
first route is closed in QCD, since this theory is strongly coupled in the infrared domain and
this invalidates any conclusions based on Feynman graph calculations. Neither quarks nor
gluons arc relevant in the infrared. However, the second route is open and we will take it
in the following subsections We will limit ourselves to a one-loop analysis. Higher loops,
where present, generally speaking, lie outside the scope of this book. The only exception is
a class of supersymmetric gauge theories, to be considered in Part II (Section 59).

34.1 (hiral anomaly in the singlet axial current

Differentiating (34.5) naively, we get = — = 0 by virtue
of the equation of motion VjJ = 0. Experience gained from the Schwinger model
teaches us, however, that the axial current conservation will not hold when we switch
to a gauge-symmetry-respecting regularization. To make the calculation of the anomaly
reliable we must exploit only Green's functions at short distances. This means that we must
focus directly on and use an appropriate ultraviolet regularization. The following
demonstration will be based on the Schwinger and Pauli—Villars regularizations 6

I hasten to make a reservation this statement is valid in vector-like theories As we already know from Section 23,
this is not true in chiral models such as the standard model, but for the time being we are discussing QCI)
The widely used dimensional regulariiation is awkward and inappropriate in problems in which y5 is involved
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34.1.1 The Schwinger regularization

In this regulariiation We F-split the current.

1A. R(x) = (X + y5 ig dv"]
}

(x F). (34 8)

Here the superscript R indicates that the current has been rcgulariied, while A,, T".

hack The parameter F must be set to iero at the very end. The exponent is necessary to ensure

through the gauge invariance of the regulari7ed current
R after the split

Srctiou 33 3 —1(x+)t(v—) (349)

Next, we differentiate with respect to x using the equations of motion above Expanding
in and keeping 0(E) terms we arrive at

= + F)

e). (34 10)

The third term in the square brackets in (34.10) contains the gluon field strength tensor
and results from differentiation of the exponential factor. The gluon 4-potential A1, and the
tield strength tensor are treated as background fields. For convenience we impose the
Fock—Schwinger gauge condition on the background field, settting = 0 (fr a
pedagogical course on this gauge and its uses see 171 Inthisgauge A14(y) =

Now, we contractthe quark lines(34.9)to form the quark Green's function x+F)
Chiral

. 8in the background field,
unomalt

= —igN1 E,x +

2
I

= —Nf Tn.

g2
G" , (34.11)

16ir2 \

where

Gcyjt = (34.12)

and the subscripts C and L indicate traces over the color and Lorentz indices, respectively.
The most crucial point is that the Green's function S(x F, x + s) i5 used only at very short
distances r —÷ 0, where it is reliably known in the form of an expansion in the background
held We need only the first nontrivial term in this expansion (the Fock—Schwinger gauge),

S(x, y)= — .., r =x—y. (34.13)

7 This gauge condition is not obligatory, of course Although it is convenient, one can work in any other gauge,
the final result is gauge independent
A step-by-step derivation of(34 II) can be found on p 609 in [7]
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2iMRYR

Diagrammatic representation of the triangle anomaly. The solid and broken lines denote the regulator and gluon

fields, respectively

In passing from the second to the third line in Eq. (34 II) we have averaged over the angular
orientations of the 4-vector

34.1.2 Pauli—Villars regularization

Paralleling our two-dimensional studies in Section 33.7. we will introduce the Pauli
Villars fermion regulators R with mass MR. to be sent to inlinity at the very end Then
the regularized singlet axial current takes the form

1A,R
= + R1. (34 14)

Since the current is now regulari7ed, its divergence can he calculated according to the
equations of motion:

1A.R = 2i MR . (34 15)

As expected, the result contains only the regulator term. Our next task is to project it onto
"our" sector of the theory in the limit MR oc. In this limit only the two-gluon operator
will survive, as depicted in the triangle diagram of Fig 8.5. This diagram can be calculated

either by the standard Feynman graph technique or using the background held method [7].
which is quite straightfi)rward in the case at hand,

MR)

I

[ (iD)2 +

(34.16)

Here I have omitted the extra minus sign that would have been necessary if it were an
ordinary fermion loop, but, given that the triangle 1oop in Fig. 8.5 applies to regulator
fields, the extra minus sign must not he inserted. The term in the final parentheses can

be dropped because of the factor y5 in the trace. Remembering that MR cc, one can
expand the denominator in Ga. The zeroth-order term in this expansion vanishes for the
same reason. The term O(Ga) vanishes after taking the color trace. The term O((Ga)2)
does not vanish, but all higher-order terms are suppressed by positive powers of I/MR and
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disappear in the limit MR In this way

2jMRRI N1

fd4p
)< I , (3417)

J (p2 —

which, in turn, implies that

2

N 'a 4 1— "
16m2

(him!
in full accord with the result (34. Il) obtained in the Schwingcr regularization. The char-

. . .

___________

acteristic distances saturating the triangle loop in Fig. 8 5 arc of order —÷ 0 at

MR

34.1.3 The chiral anomaly for generic fermions

What changes occur in the chiral anomaly if instead of the fundamental representation we
consider fermions in some other representation R? The answer to this question is simple If
we inspect the derivations in Sections 34. I .1 and 34 1 .2 we will observe that the result for the

anomalous divergence of the axial current is proportional to Tr For the fundamental
representation in SU(N),

Tr TUTh =

In the general case,

See
Tr/uTh T(R)hah),

Eq (565)
and ThhIe

where T(R) is one-halfthe Dynkin index for the given representation. Thus, ifwe have N1

10.? massless Dirac fermions in the representation R then Eq. (34 IS) must be replaced by the
following formula:

= N1
T(R)g2

(34.19)

For instance, for the adjoint representation in SU (N) one has T (adj) = N. Note that, for real

representations such as the adjoint, one can consider not only Dirac fermions hut Majorana
fermions as well. For each Majorana fermion we have Nj = The same is true with
regard to the Weyl fermions with which one deals in chiral Yang -Mills theories.

34.2 Introducing external currents

What does this mean? Assume that we are studying QCD. Then our dynamical gauge bosons

are gluons However, typically we have a number of color-singlet conserved vector currents
that can be "gauged" too. These vector currents correspond to global symmetries. One can

couple these currents to "external" nondynamical gauge bosons, thinking of them as gauge

bosons of a weakly coupled theory whose dynamics can be ignored. Axial currents that
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are initially anomaly-free can (and typically will) acquire anomalies with regard to these
external nondynamical gauge bosons.

For example, the currents given in Eq (34 7) are conserved. Gauging the global

SU(N1 )v symmetry, we introduce auxiliary vector bosons with coupling

Now, the divergence which was anomaly-free in QCD per se, will acquire an FE
term, with Es built from the above auxiliary vector bosons

To illustrate further this point in a graphic way, let us assume N1 = 2. Then ifr is a

two-component column in flavor space, while the three generator matrices are in fact the
Pauli matrices (up to a normalizing factor The background gauge lields are A° .2,3

or, alternatively, and A0 The current in (34.3) is conserved too. Therefore.
we can also introduce an external field A0 with coupling Another possible

alternative is to gauge the electromagnetic interaction in addition to A"°. Then we will
have a photon (which is an external gauge boson with regard to QCD) interacting with the

current — The latter current is a linear combination of the isotriplet and
isosinglet,

JCrn = = —dy,1d) + +dy,5d) (3420)

To distinguish the photon field from other external gauge bosons, temporarily (in this
subsection) we will denote it by A'1. Then the interaction takes the form cA1t im

It is instructive to study this simple example further and to derive the anomaly in the
currents Keeping in mind a particularly important application, to be discussed shortly, we
will limit ourselves to the neutral component, which we denote by as':

Third
component op = (uy0 y5u — (34 21)
(in the
150 space) 0/ .

,'he flavor We will have to analyze the same graph as previously (Fig. 8.5), with regulator lields for

aslal ui/eat the a and d quarks They carry exactly the same quantum numbers as those of the u and d

defined in quarks. The only difference is that the regulator 1oop. as usual, has the opposite sign.9 It is
(34 7 obvious that the current is anomaly-free in QCD per se since the triangle loops for the

u and d quark regulators exactly cancel each other. Including the external photons with the

interaction eAt1 which obviously distinguishes between u and d, ruins the cancelation

In fact, we do not have to repeat the full computation. All we have to do is to reevaluate the

diagram in Fig 8.5 with the external gluons replaced by photons. Starting from Eq. (34.18),
derived in Section 34.1 .2, we must take into account the difference in the vertex factors in
this triangle graph. First, we will deal with the color factors While, in (34 18), for the gluon

background field we used Trc(T°T") = in the ease of the photon background field
we replace this by Trc I = N = 3. Next, in the u loop we make the replacement g —÷ Q5e

and, in the d loop, g —÷ Qde. (Here = and Q1j = ) As a result,

N1g2 —÷ (34.22)

I his is in addition to the requirement of taking the regulator masses in the limit MR = at the very end
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where the factor in (34.22) is due to the factor in the definition (34.21). Assembling all
the factors, we arrive at

= — (34 23)

where — Generalization to other external cut-rents is straightforward.
Studying anomalies in the presence of external currents provides us with a powerful tool

for uncovering subtle aspects of strong dynamics at large distances, as we will see shortly

34.3 Longitudinal part of the current

Under certain circumstances one can reconstruct from (34.23) the longitudinal part of the
current [9,10]. Let us separate the longitudinal and transverse parts

+ = 0. (34 24)

It is clear that (34.23), viewed as an equation for the current, says nothing about
a constraint on which allows one to determine unambiguously

under appropriate kinematical conditions. Namely, assume that the photons in (34 23) are
produced with momenta kW and and arc on the mass shell, i.e.

(kW)2 = 0, = 0. (34.25)

The total momentum transferred from the current to the pair ofphotons is =
(Fig. 8.6). Then

—f —2 x 2 x (34.26)

Here is the polarization vector of the first or second photon. The first factor 2 in
(34.26) comes from combinatorics: one can produce the first photon either from the first

tensor or the second. (lauge invariance with regard to the external photons is built into
our regularization.

The statement resulting from (34.23) and (34.25) is as follows [9.10]: for on-mass-shell
photons the two-photon matrix element of is determined unambiguously:

2y) = i — (34.27)

kH)

+

Anomaly in alL.
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This result is exact and is valid for any value ofq2, in particular, at —* 0. The emergence

of the pole I /q2. with physical consequences, should be emphasized Note that

the gluon anomaly in the singlet axial current (see Eq. (34.19)) does not imply the existence

ofa pole in at q2 0, because one cannot make gluons on-shell the condition (34 25).

which is crucial for the derivation of (34.27). cannot be met.
That (34.27) is the solution to (34.23) is obvious. That it is the oiilv possible solution is

less obvious. The reader is referred to [9. 10] for a comprehensive proof

Exercise

34 1 Consider the two-dimensional CP( I) model with tèrmions presented in Section 55.3.4.

Find the anomaly in the divergence of the axial current Can it be called the

triangle anomaly?

35 't Hooft matching and its physical implications

In this section we will turn to physical consequences. We will start from a general interpre-
tation of the pole in (34 27) and similar anomalous relations for other currents, formulate
the 't Hoofi matching condition, prove (at large N) the spontaneous breaking of the global

SU(N1 )n symmetry. and, finally, calculate the —* 2y decay width

35.1 Infrared matching

Poles do not appear in physical amplitudes for no reason In fact, the only way an amplitude

can acquire a pole is through the coupling of massless particles in the spectrum of the
theory to the external currents under consideration There are two possible scenarios (i)
spontaneous breaking of the global axial symmetry (it would be more exact to say that it is
reali,ed nonlinearly). (ii) linear realization with massless fermions

In the first case masslcss Goldstonc bosons appear in the physical spectrum They must
be coupled to a and external vector gauge bosons. Equation (34.27). or a similar equation

for other currents, presents a constraint on the product of the Goldstone boson coup'ings
that can always be met

The second scenario is more subtle and, apparently, is rather exotic. It is true that the
triangle loop (Fig 8.6) with massless spin4 fermions yields in the longitudinal part

of the axial current [9, 10]. However, not only is the kinematic factor exactly

predicted by the anomaly; the coefficient in front of this factor is known exact/v too. For

instance, in the example of Section 34.3, this coefficient is — For the

chiral symmetry to remain unbroken, the massless spin-i (composite) fermions that might
be potential contributors to the triangle loop must reproduce this coefficient exactly, which,

generally spcaking, is a highly nontrivial requirement. The search for massless spin4
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fermions that could match the coefficient in front in constitutes the celebrated

'1 Ilooft matching procedure [l0J
Needless to say. if free massless N-colored quarks existed in the spectrum of asymptotic

states then they would automatically provide the required Alas ... quark con-
finement implies the absence of quarks in the physical spectrum. The only fermions

we deal with in QCD are composite baryons

35.2 Spontaneous breaking of the axial symmetry

Let us see whether we can match (34.27) with the baryon contribution. We will put N = 3.

as in our world, and consider first N1 = 2. Then the lowest-lying spin-l/2 baryons are
the proton and neutron (p and n), with electric charges charges Q,, = I and = 0.
respectively. Hence, only p contributes in the triangle loop in Fig. 8.6. If it were massless,
it would generate a formula repeating (34.27) but with the substitution

Q3) (35.1)

The right- and left-hand sides in Eq. (35.1) are equal! Thus, in this particular case. 't Hooft
matching does not rule out a linearly realized axial SU(2) symmetry for the massless
haryons p and it. This could be merely a coincidence, though. Therefore, let us not jump to
conclusions We will examine the stability of the above matching.

To this end we add the third quark, s, keeping intact the axial current to be analyied;
see (34.21). The electromagnetic current (34.20) acquires an additional term s The
anomaly-based prediction (34.27) remains intact.

In the theory with u, d, and .s quarks the lowest-lying baryons form the baryon

octet

B = (p. n, A, E° (35.2)

If both the vector and axial SIJ(3) flavor symmetries are realized linearly, the baryon-
baryon photon coupling constants and the constants (BIa"IB) at zero momentum trans-
fer are unambiguously determined from the haryon quantum numbers (for instance.
(E + E ) = E yP y5 Calculating the triangle diagram of Fig. 8.6 (or, more exactly.
its longitudinal part) we find that the baryon octet does not contribute there owing to can-
celations. the proton contribution (the quark content uud) is canceled by that of (the

quark content ssd) while the contribution (the quark content dds) is canceled by

(the quark content uus). Other baryons from (35.2) are neutral and decouple from the pho-
ton. Seemingly. the absence of matching tells us that global SU(3)A symmetry must be
spontaneously broken.

Although the above argument is suggestive, it is still inconclusive. It tacitly assumes that
baryons with other quantum numbers, e.g. i" = are irrelevant in the calculation of

tO In all theories that are strongly coupled in the infrared the only proper way of obtaining in the form (34 27)
is an ultraviolet derivation through the external anomaly However, if we pretended to forget all the correct
things about QCD and just blindly calculated the triangle loop of Fig 8 6 with noninteructing massless quarks.
we would get exactly the same formula I hasten to add that this coincidence acquires a meaning only in the
context of 't Hooft matching l'eynman diagrams, in particular that in Fig 8 6. which are saturated in the
infrared have no meaning in QCD-like theories
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which need not be the case how can one prove that the combined contribution of all
baryons cannot be equal to

'lo answer this question let us explore the N-dependence in Eq. (34 27). An anomaly-
based calculation naturally produces the factor N on the right-hand side. At the same time,
the linear dependence on N cannot be obtained by saturating the triangle loop by baryons
at large N [11]: each baryon loop is suppressed exponentially, as e N since each haryon

consists of N quarks. This observation proves that the global SU(N1 )A symmetry must be
spontaneously broken, at least in the multicolor limit. As a result, I massless Goldstone

bosons (pions) emerge in the spectrum. Note that this argument is inapplicable to the singlet

axial current (see the remark at the end of Section 34.3); the singlet pseudoscalar meson
need not he massless.

Caveat lb my mind, the above assertion of exponential cuppression of the haiyon loops
has the .vtatu.s oJ a 'physical proof" rather than a mathematical theorem It is intuitive/v
natural, indeed in the absence of a full dynamical solution of Yang—Mi/Is theories
at strong coupling, one cannot complete/v rule out exotic scenarios in the loop
expansion in I/N ('implying e N fbi' harvons) i.s invalid. /12] I do think that t/n,s
expansion is valid in QCD per se Douhi,s remain (oncerning models 14ith more contrived

sectors Note that in Iwo dimensions examplec of harvons de/iing the fbrinal I/N
expansion are known.

35.3 Predictingthejr° —+ 2y decay rate

If the global SU(N1 )A symmetry is reali7ed nonlinearly, through the Goldstone bosons
(which in the case of two flavors are called pions), saturation oi'the anomaly-based formula

(34.27) is trivial (Fig. 8 7) The pole in af' is due to the pion contribution The constraint

(34.27) provides us with a relation between the ai' jr0 amplitude and the it0 —+

coupling constant. The result has been known since the l960s. For completeness I will
recall its derivation,

The JT° yy amplitude can be parametriied as

A(it0 2y) = —4 (35 3)

where we use the same notation as in Sections 34 2 and 34 3 Moreover, the
amplitude (OIa" is parametriLed by the constant playing the central role

a1'

Pion saturation of the anomaly.
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in pion physics.
on vlanl

= fiT 130 MeV (35.4)

Ihen the pion contribution to the matrix element on the lefi-hand side of Eq. (34 27) is

(01 2y) = s (35.5)

Comparing with (34.27) we arrive at the following formula:

= Q3) (35.6)

This is in good agreement with experiment
Before the advent ofQCD people did not know about color, so naturally the factor N = 3

was omitted from the prediction (35.6). In fact, analysis of the —* yy decay led to one
of the very few quantitative proofs of the existence of the color in the early 1970s

Exercise

35. I Assume the number of colors to be large, and try to saturate the triangle graph in
Fig. 8.6 by haryons. What N(-dependence would you expect'

36 Scale anomaly

In this section we will briefly discuss the scale anomaly in Yang—Mills theories. For sim-
plicity we will limit ourselves to pure Yang Mills theories, i.e. those without matter, for
which

S
= f (36.1)

/
where the subscript 0 indicates the bare coupling constant. At the classical level the action

(36.1) is obviously invariant under the scale transformations

—* A c, —* A (36.2)

where A is an arbitrary real number. Barring subtleties (see appendix section 4 at the end of

Chapter I), the scale invariance of the theory with any local Lorentz-invariant Lagrangian
implies the full conformal symmetry [131. Roughly speaking. scale-invariant theories con-

________

tam only dimensionless constants in the Lagrangian (otherwise, the action would not he
Look invariant under the scale transformations). Thus, the conformal invariance of the action is
through . .quite clear, at least at the Intuitive level.

The scale transformations are generated by the current [13]

= , (36.3)
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where is the symmetric and conserved energy—momentum tensor of the theory under

consideration. For instance, in pure Yang—Mills theory. (36.1),

= . (364)

The classical scale invariance of (36.1) implies that the current is conserved, = 0.
Indeed.

= (36.5)

and the trace of the energy momentum tensor (36.4) obviously vanishes, = 0.
The vanishing is valid only at the classic al level. At the quantum level acquires

an anomalous part We will derive this (scale) anomaly at one loop Unlike the chiral
anomaly, we do not have to deal with y5 therefbrc, the simplest derivation is based

on dimensional regulariiation. Namely, instead of considering the action (36.1) in four
dimensions we will consider it in 4 e dimensions, where —* 0 at the very end In 4 —

dimensions f G1?, is not scale invariant. The change in d4 under the

scale transformation is proportional toe One should not forget, however, that being

expressed in terms of the renormalized coupling, also depends on this latter dependence

contains I/c As a result, in the limit e 0, a unite term giving us the noninvariance of
(36.1) remains.

Concretely,

= f + I)

fd4r (366)

where [3o = 11 N/3 is the first coefficient of the f3 function, elI Eq. (3.8). Lquation (366)
immediately leads to the conclusion that [14]

= G'"". (36.7)
P

Anwnah' in ..This expression br remains valid even in the presence of massless lermions, although

the value of changes, of course.

The scale anomaly formula (36.7) expresses the fact that, although the classical Yang-
Mills action contains only dimensionless constants, a dynamical scale parameter A of
dimension of mass is generated at the quantum level, this phenomenon is referred to as
dimensional All hadronic masses are proportional to A. The expectation
value of over a given hadron is proportional to the mass of this hadron 115] (in the
chiral limit).
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37 Confinement in non-Abelian gauge theories: dual Meissner effect

The most salient feature of pure Yang—Mills theory is linear confinement. If one takes a
heavy probe quark and antiquark separated by a large distance, the force between them does

____________

not fall ol'f with distance, the potential energy grows linearly. This is the explanation of the
empirical fact that quarks and gluons (the microscopic degrees of freedom in QCD) never
appear as asymptotic states. The physically observed spectrum consists of color-singlet
mcsons and baryons. This phenomenon is known as color confinenieni or, in a more narrow

sense. quark confinement. In the early days of QCD it was also referred to as infrared
s/a

Quantum chromodynamics (QCD) and Yang—Mills theories at strong coupling in general

are not yet analytically solved Therefore, it is reasonable to ask the following questions
Are there physical phenomena in which the interaction energy between two interacting

____________

bodies grows with distance at large distances? Do we understand the underlying mechanism?
oat/tic - The answer to these questions is positive. The phenomenon ofa linearly growing potential

was predicted by Abrikosov [I] in superconductors of the second type, which, in turn, were
predicted by Abrikosov [21 and discovered experimentally in the 1960s The corresponding
set-up is shown in Fig. 9.1. In the center region ofthis figure we see a superconducting sam-

ple, with two very long magnets attached to it. A superconducting medium does not tolerate

a magnetic field; however, the flux of the magnetic field must be conserved. Therefore,
the magnetic field lines emanating from the north pole of one magnet find their way to the

south pole of the other magnet, through the medium, by the formation of a flux tube. Inside
the flux tube the Cooper pair condensate vanishes and the superconductivity is destroyed.
The flux tube has a fixed tension, implying a constant force between the magnetic poles as
long as they are within the superconducting sample. The phenomenon described above is

sometimes referred to as the Meissner effect.

The Meissner effect in QED, in a superconductor of the second kind.

1.00k

through
Section 3 I

site,,

i

j,ail I

I

II

i

II



332 Chapter 9 Confinement in 4D gauge theories and models in lower dimensions

Of course, the Meissner effect ofAhrikosov type occurs in an Abelian theory, QED: the
flux tube that forms in this case is Abelian In Yang Mills theories we arc interested in non-
Abelian analogs of the Abrikosov vortices. Moreover, while in the Abrikosov case the flux

tube is that of the magnetic field, in QCD and QCD-like theories the confined objects are
quarks; therefore, the flux tubes must be "chromoelectric" rather than chromomagnetic. In
the mid-1970s, Nambu, 't Ilooft, and Mandeistam (independently) put forward the idea [3]
of a "dual Meissner effect" as the underlying mechanism for color confinement) Within

their conjecture, in chromoelectric theories "monopoles" condense, leading to the formation
of"non-Abelian flux tubes" between the probe quarks At this time the Nambu—'t Hooft—
Mandelstam paradigm was not even a physical scenario, rather a dream, since people had

no clue as to the main building blocks, such as non-Abelian flux tubes After the Nambu
't Hooft—Mandeistam conjecture had been formulated, however, many works were
published on this subject.

i A milestone in this range of ideas was the Seiberg—Witten solution [4] = 2 super-
.Super— Yang—

Mill, Yang—Mills theory slightly deformed by a superpotential breaking Al = 2 down to Al = I.
theories are In thejv' = 2 limit, the theory has a moduli space. lfthe gauge group is SIJ(2), on the moduli
co,isidered space the SU(2)gauge symmetry is spontaneously broken down to U( I ). Therefore, the theory
in Part/I possesses 't Hooft—Polyakov monopoles [5] (Sections 15 1 and 15.2). Two special points on

the moduli space were found [4] (they are called the monopole and dyon points), in which
the monopoles (dyons) become massless In these points the scale of the gauge symmetry
breaking

SU(2) U(l) (37 1)

is determined by the dynamical parameter A oftheAl = 2 super-Yang—Mills theory
All physical states can be classi lied with regard to the unbroken U(l) symmetry It is

natural to refer to the U(l) gauge boson as a photon. In addition to the photon all its

superpartners, being neutral, remain massless at this stage while all other states, with non-
vanishing "electric" charges, acquire masses of the order of A In particular, the two gauge
bosons corresponding to SU(2)/U(l) it is natural to call them W'- — have masses A.

All such states are "heavy" and can be integrated out.
In the low-energy limit, near the monopole and dyon points, one is dealing with the elec-

trodynamics ofmassless monopoles One can formulate an effective local theory describing
the interactions of' the light states. This is a tJ(l) gauge theory in which the (magnetically)

I)ual QED 1 charged matter fields M, M are those of monopoles while the U(l) gauge field that couples
to M, M is dual with respect to the photon of the original theory. The (Al = 2)-preserving
superpotential has the form W = AMM, where A is the Al = 2 superpartner of the dual
photon and photino fields.

While Namhu's and Mandelstam's publications are easily accessible, it is hard to find the kPS
in which 't Hooft presented his vision Therefore, the corresponding passage from his talk is

worth quoting " Imonopolesi turn to develop a non-zero vacuum expectation saluc Since they carry color-
magnetic charges. the vacuum will behave like a superconductor for color-magnetic charges What does that

Remember that in ordinary electric supcrconductors. magnetic charges are confined by magnetic sortex
lines We now have the opposite it is the color charges that are confined by electric flux tubes"
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Now, ifonc switches on a small (Af = 2)-breaking superpotential of the simplest possible
form then the only change in the low-energy theory is the emergence of an extra term rn2A

in the superpotential (m A). Its impact is crucial: it triggers the monopole condensation,
(M) = (M) = in, which implies, in turn, that the dual U(l) symmetry is spontaneously
broken and the dual photon acquires a mass in. As a consequence, Abrikosov flux tubes
are formed. Viewed within the dual theory, they carry the magnetic field flux. With regards

to the original microscopic theory these are the electric field fluxes.
Thus Scibcrg and Witten demonstrated, for the first time, the existence of the dual Meiss-

ner effect in a judiciously chosen non-Abclian gauge field theory. If one injects a (very
heavy) probe quark and antiquark into this theory, with necessity, a flux tube forms between

them, leading to linear confinement.
The flux tubes in the Seiberg—Witten solution were investigated in detail in 1995--7 as

described in [6]. These flux tubes arc Abelian, and so is the confinement caused by their
formation. What does that mean? At the scale of distances at which the flux tube is formed
(the inverse mass of the Higgsed U( 1) photon) the gauge group that is operative is Abelian.

In the Seihcrg Witten analysis this is the dual U( I) symmetry. The off-diagonal (charged)
bosons are very heavy in this scale and play no direct role in the flux tube formation

non-Abe/ian and confinement that ensues Naturally. the spectrum of composite objects in this case turns
con/!ne,nent out to he richer than that in QCD and similar theories with non-Abelian confinement By

non-Abelian confinement I mean a dynamical regime such that at distances at which flux

tube formation occurs all gauge bosons arc equally important.
Moreover, the string's topological stability is based on 2r1(U(l)) = 7/ Therefore, N

strings do not annihilate as they should in QCD-like theories.
The two-stage symmetry-breaking pattern, with SLJ(2) —k U( I) occurring at a high scale

while at a much lower scale we have U( I) nothing, has no place in QCD-like theories.

as we know from experiment In such theories, presumably all non-Abelian gauge degrees
of freedom take part in string formation and are operative at the scale at which the strings

are formed. Although it is believed that the strings in the Seiberg—Witten solution belong
to the same universality class as those in QCD-like theories, the status of this statement is
conjectural. An analytic theory of color confinement in QCD remains elusive

Why then do people think that the Nambu—'t Hooft—Mandelstam picture is correct, i.e
that a version of a dual Meissner effect is responsible for quark confinement in QCD?
Qualitative evidence in favor ofa string-like picture behind confinement in QCD comes from

consideration of the 't Hooft large-N limit and from various models in lower dimensions.
We will discuss these two aspects one by one.

38 The 't Hooft limit and 1/N expansion

38.1 Introduction

In asymptotically free gauge theories in the confining phase, the gauge coupling g2 is not in

fact an expansion parameter. Through dimensional transmutation it sets the scale ofphysical
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phenomena,

/
A exp

( —i + , (38.1)

\
where is the ultraviolet cutoff, go is the bare coupling at the cutoff, f3o is the first

irancmula- coefficient in the Gell-Mann—Low function, and the ellipses stand for higher-order terms.

I

tion The hadron masses are of order A. the charge radii of order A — , and so on. The incredible

variety of the hadronic world is explained by a variety of numerical coefficients all.

generally speaking. of order 1.

Well, the above statement is not true or, better to say, it is not the whole truth. A hidden
expansion parameter was found by 't Hooft [7]. In the actual world, quantum chromody-
namics is based on the gauge group SIJ(3) If. instead, we consider the gauge group SU(N)

_________

— then a smooth limit can be attained at N provided that the gauge coupling scales as
I lIoo,tt_limiij follows

g2N = const. (38 2)

This limit is referred to as the 't Iloofi limit.

Statement: great simplifications occur in the 't Hooll limit. As we will see shortly, only
planar diagrams survive. Thus it is also known as the planar limit. Moreover, the I/N
expansion is in one-to-one correspondence with the topology of the surface on which the
corresponding Feynman graphs can be drawn

The planar graphs can be drawn Ofl a plane (with identified infinite points, so that topo-
logically we must deal with a sphere). In pure Yang—Mills theory the next-to-leading term
is suppressed as I/N2: it is associated with a surfuce with one handle (the tone topology).
The 0(1/N4) term comes from the two-handle topology, and so on. The combination g2 N

t flooft
I .

oupling _]
in Eq. (38 2)is referred to as the t hoof! coupling,

g2N. (38.3)

Planar diagrams can contain any power of the 't I bolt coupling The first coefficient in the
fi function in Mills theory is

therefore it is the 't Hooft coupling that appears in the dynamically generated scale (38 1)
Passing to QCD. i.e. Yang—Mills theory with quarks, we start from the observation that in

the actual world quarks belong to the fundamental representation ofSU(3). I fwc assume that

this assignment stays intact in multicolor QCD then each extra quark loop is suppressel by
I/N (see below). Therefore, in the 't Hooft limit each process is dominated by contributions
with the minimal possible number of quark loops. Below we will derive these results and
outline some consequences

38.2 N-counting and topology

Let us examine the combinatorics of Feynman diagrams in the large-N limit For large N
there are many colors and therefore many possible intermediate states, so that the sum over
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One-loop gluon contribution to the gluon vacuum polarization. In this and subsequent graphs gluons are denoted by

broken lines

these intermediate states gives rise to N It is convenient to think of the gluon field
as an N x N matrix with an upper fundamental index and a lower antifundamental

index, which gives us N2 components. More exactly this matrix is traceless, so that the
number of components is N2 — I but the difference between N2 and N2 I can be
neglected at large N Note that the quark and antiquark fields i/i' and carry a fundamental

and an antifundamental index, respectively. Thus, for keeping track of color factors (and
for this purpose only) one can represent the gluon held as a quark antiquark pair. This
circumstance will be used shortly to construct the 't Hooft double-line graphs. which encode
all information on color loops in a very transparent manner

Let us consider a typical Feynman diagram, for instance, the gluon contribution to the
gluon vacuum polari7ation, Fig. 9.2. Let us specify the color indices of the incoming and
outgoing lines as i,j. Then the pair of gluons propagating in the loop is and

summation over k being implied Thus, this diagram is in fact O(g2N) and is of leading
order in the I/N expansion.

An easy way to see how the N factor appears is to redraw the graph in Fig. 9.2 in the
double-line language If a quark or antiquark is represented in a Feynman diagram as a
single line with an arrow, the direction of the arrow distinguishing quark from antiquark,
we should represent the gluon as a double line, with opposite arrows on the two lines,
representing the corresponding color flow, as in Fig 9 3 In the double-line representation
each closed loop gives a factor N. For instance, Fig. 9.4 represents Fig 9 2 in the double-line

language The occurrence of N is trivially seen in this language.
An example of a more complicated planar three-loop graph is presented in Fig. 9.5, in

the standard and 't I bolt notation. One can immediately convince oneself that this graph is

O((g2N)3). As was mentioned, nonplanar graphs do not survive in the 't Hooft limit. For
instance, a three-loop graph that does not survive is indicated in Fig 9.6 It is impossible to
draw this diagram on a plane without line crossings (at points where there are no interaction

vertices) This diagram has six interaction vertices, hut only one large and tangled color
loop which gives us

g6N i(g2N)1



(i)

't Hooft double line notation. The lower diagram shows each QCD propagator or interaction vertex in the double-line

notation.

The same loop as in Fig. 9.2 in the 't Hooft double-line notation. The arrows denote color flow

In other words, we get I/N2 suppression compared to its planar counterpart in 1-1g. 9.5. By
experimenting with other examples it is not difficult to guess that this conclusion must be
general: nonplanar Feynman diagrams with gluons always vanish at least as 1/N2 large

N. Note that the diagram of Fig. 9.6 can he drawn without self-intersections on a torus; see
Fig 9.7.

As far as the quark loops arc concerned, the fact that for large N there are N2 gluon
states and only N quark states suggests that all internal quark loops are suppressed by 1/N
Indeed, let us consider the one-quark loop contribution to the gluon propagator (Fig. 9 8)
Inspecting the double-line representation we note that the closed color 1oop that appeared
in the gluon graph in Fig 9.4, is absent in the quark graph. The reason is that the quark
propagator corresponds to a single color line, not two. As a result, the contribution of Fig 9 8
is proportional to
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(a) (h)

HL
((j) (e)

This conclusion is also general: any internal quark loop is suppressed by I/N Therefore.
in the 't Hooft limit one should consider only planar graphs with the minimal number of
quark loops.
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Three-loop gluon contribution to the gluon vacuum polarization. This graph is planar.

A nonplanar three-loop gluon contribution to the gluon vacuum polarization.

The non-planar graph of Fig. 9.6 drawn on a torus.

It is not always possible to get rid of the quark loops altogether. For instance, if one is
considering the photon polarization operator, the photon, being coupled only to quarks, nec-

essarily creates a quark—antiquark pair; see Fig. 9.9. The same is true for n-point functions
induced by quark bilinear operators y5 and so on. The free-quark diagram depicted
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One-loop quark contribution to the gluon vacuum polarization. In this and subsequent graphs quarks are denoted by

solid lines.

One-quark loop in the photon polarization operator In this and subsequent graphs the wavy lines denote photons or

other external sources that are bilinear in the quark fields.

Two-loop contribution to the photon polarization operator.

in Fig. 9.9 is of order N, corresponding to the color sum for the quark running around the
ioop. One can make arbitrary gluon insertions without changing this N-dependence, as long
as planarity is conserved. For instance, the diagram of Fig. 9.10 is of order

g2N2
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- Disconnected quark ioops in the photon polarization operator.

Quark insertion in the gluon propagator in the photon polarization operator.

However, the diagrams of Figs. 9.11 and 9.12, with an extra quark loop, are of order (g2 N)3,

i.e they carry the relative suppression factor I/N.
The above two rules for survival in the 't Hooft limit planarity and the minimal number

of the quark loops must be supplemented by a third rule, which applies if the quark loop
is coupled to external sources, as in Fig 9 9. The three-loop diagram of Fig. 9.13 is drawn
on the plane. However, expressing it in double-line language, Fig. 9.14, it is not difficult
to see that it has only a single closed color loop and so is of order g4N, i e. it carries the
relative suppression factor I/N2. This diagram differs from the previous examples in that
the gluon lines are attached on both sides of the fermion loop. Thus, the third rule can be
formulated as follows the leading contributions in the n-point functions induced by the
quark bilinear operators are planar diagrams with quarks at tile edge.

38.3 The 't Hooft limit and string theory

Let us first limit ourselves to pure Yang—Mills theory and consider the set of diagrams for
the vacuum energy (i.e. without external lines). One can think of each double-line graph
as a surface obtained by gluing polygons together at the double lines. Since each line has
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A suppressed planar graph with gluon lines on both sides of the quark propagator.

The 't Hooft double-line representation for the diagram of Fig. 9.13

General
derivation of
the 't Hooft
counting

an arrow on it, and double lines have oppositely directed arrows, one can only construct
orientable polygons.

To compute the N -dependence one needs to count the powers of N from sums over closed
color-index ioops, as well as factors I / from the explicit N-dependence in the coupling
constants. It is convenient to use a resealed Lagrangian to "mechani7e" the derivation of
N-counting. To this end we define a QCE) Lagrangian as follows

= N (_ITrG/LVG'°'
2A

(38.4)

This Lagrangian has an overall factor N; nevertheless, the theory does not reduce to a
classical theory of quarks and gluons in the N —+ oc limit because the numbers of compo-
nents of and grow with N as N and N2, respectively. The coupling A is defined in
Eq. (38.3) The sum in (38.4) runs over all quark flavors, which are assumed to be massless
for simplicity The number of flavors does not scale with N, by assumption.

One can readily determine the powers of N in any Feynman graph using Eq. (38.4) and
the 't Hooft notation. Every vertex contributes a factor N, and every propagator contributes
a factor 1/N. in addition, every color loop gives a factor N. In the double-line notation,
where Feynman graphs correspond to polygons glued to form surfaces, each color loop
is the edge of a polygon and, in addition, defines a face of the surface. As a result, any
connected vacuum graph scales with N as

= NX, (38.5)

where i is the number of vertices, e is the number of edges, J is the number of faces. and

x r—e+f (38.6)
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— — —

Any planar diagram in double line notation can be put on a sphere.

Euler
te,

here
/01

g
I/N

is a topological invariant of two-dimensional surfaces known as the Euler character. For
any connected orientable surface we have

x = 2 — 2h — (38.7)

where h is the number of handles and b is the number of boundaries (or holes). For a sphere,
h = 0, h = 0, x = 2; fora torus, h = I, h = 0, x = 0, and so on The Euler character is
related to the genus g of the surface as

x = 2 — (38 8)

The maximum power of N is 2, from diagrams with h = b = 0.
To illustrate the above analysis we can inspect the planar diagram in Fig. 9 15. It has three

color loops and two vertices. After drawing it on a sphere according to the rules specified
above, we can identify three edges, three surfaces, and two vertices.

Now let us switch on quarks. A quark is represented by a single line; therefore, a closed
quark loop is a boundary. Compared with the surfaces one obtains in pure Yang—Mills
theory, for each quark loop one must remove one polygon. For instance, in planar graphs
one obtains a sphere with one hole. Correspondingly, h = I and, instead of N2, now one
obtains N

Summarizing, large-N diagrams in QCD look like two-dimensional surfaces. For exam-
ple. the leading diagram in the pure-glue sector has the topology ofa sphere and the leading
diagram in the quark sector is a surface with the quark as the outermost edge. One can imag-
ine all possible planar gluon exchanges as filling out the surface into a two-dimensional
world sheet. It has been conjectured that this is the way in which large-N QCD might be
connected with string theory, planar diagrams representing the leading-order string theory
diagrams [7]. The topological counting rule for the I/N suppre.ssion in QCD is the
same as that/br the string coupling constant in the string loop expansion (see e.g. [8]).

Take, for instance, a tone surface in closed-string theory If we depict it as lying on
the horizontal plane and slice it by a vertical plane moving from left to right, we will see
that it describes the propagation of a closed string, with a subsequent split into two closed
strings, which then reassemble themselves. This process is of order where is the
string coupling constant Compared with the spherical surface the process is suppressed by

At the same time, in pure Yang—Mills theory, according to (38.5) and (38 7), the same
suppression is I/N2. Thus the string coupling gs must indeed be identified with 1/N The
processes with quark loops are related to open strings.
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As we will see in Section 38 4, the 1/N expansion, by and large, is supported by the known

phenomenology of hadron physics. This is the reason why, starting with '1 Hooft, people
have believed that QCD has an underlying string representation and the I/N expansion in
QCD is related to a topological expansion in string dynamics Unfortunately, the connection

between large-N QCD and string theory has never been made precise.
In a sense, now a logical circle is closed: on the theoretical side, as we saw in Section 37,

in some supersymmetric Yang Mills theories flux tubes emerge, providing a natural basis
for color conlinement through the dual Meissner effect Going in the opposite direction,
through phenomenology, we learn about the attractiveness of the I/N expansion in QCD
and how it hints at an underlying string representation of QCD, which, when established.
will describe confining dynamics.

38.4 Implications of the 1/N expansion in mesons (in brief)

Let us see how well the I/N expansion reproduces basic regularities of the hadronie world
Assuming confinement and using I/N one can deduce the following in the 't Hoofi limit.

(i) Mesons quarkonia and glueballs are stable and noninteracting at N The

___________

meson masses scale as N0 (with the exception of ij') The number of meson states for
I given J and flavor quantum numbers is infinite
a/the (ii) The amplitudes for quarkonia decays of the type a be are suppressed as

I hadronic .

while the ab —* cd scattering amplitudes are suppressed as 1 /N. and so on.

glueballs the corresponding suppression factors are I/N and I/N2, respectively. The
widths ofquarkonium mesons scale as I/N while those ofglueballs as I/N2

(iii) As N an effective QCD Lagrangian presents an infinite number of terms
corresponding to an infinite number of stable mesons, which are described by tree
interaction amplitudes suppressed by powers of I/N.

(iv) The multibody decays of excited mesons are dominated by resonant two-body final
states, whenever these states are available.

(v) Flavor-singlet quarkonia do not mix among themselves, nor do they mix with gluehalls

at N —+ oc

(vi) The exotics are absent in the limit N cc;
(vii) Scattering processes in strong interactions (e.g. scattering) can be described

in terms of tree diagrams with the exchange of physical mesons (hence, Regge
phenomenology is justified at high energies).

The pattern summari,ed above, following from the I/N expansion, is indeed obsen ed in

hadronic phenomenology No other explanation of all these regularities that is as universal
as I/N has been found. This is a strong evidence that the I/N expansion is a good approx-
imanon in our world, in which the underlying theory of strong interactions is quantum
chromodynamics.

We will not derive most of the above results, an excellent pedagogical presentation can
be found in [9]. For illustration I will show how one can establish the validity of(ii) All
other statements can be verified in a similar way.

We start from the two-point function J(O)), where J = is a bifermion
operator. for instance the vector current (in which case I' = On the theoretical side
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.11 fI
n

(d )

n

The phenomenological representation of two- and three-point functions of quark bilinears. The sum runs over an

infinite number of quarkonium mesons with appropriate quantum numbers. The coupling fj is determined from the

amplitude (vaciJi meson), while g stands for the tn-meson coupling.

The quark loop diagram for the three-point function (J(x)J(y)J(O)).

this correlation function is described by the graphs depicted in Figs. 9.9 and 9.10, and
similar diagrams. As we already know, in the 't Hooft limit all these diagrams scale as Nt
On the phenomenological side the correlation function under consideration is presented by
an infinite sum of mesonic poles; see Fig. 9.l6a. Each pole enters with a weight fiI2,
where fj is the coupling constant of the nth meson in the given channel. This fact implies
that fj

Next, we must establish the N-dependence of the three-point function (J(x)J(y)J(0)).
The simplest Feynman diagram lbr this three-point function is shown in Fig. 9.1 7. Needless
to say, all planar diagrams must be summed up. l'he result scales as N1. Let us compare
it with the phenomenological "mesonic" representation; see Fig. 9. 16b. Each term in the
mesonic sum is proportional to f3g, where g is the decay constant. Thus J3 g N,
implying that g This completes the proof of point (ii) above.

38.5 Alternative large-N expansion

As we learned in Section 38 1, the 't Hooft large-N expansion is based on the assumption
that, independently of the value of N, the quark fields are in the fundamental representation
of SU(N) The 1/N suppression of each quark ioop ensues. This is not the only possible
choice, however. Indeed, consider a Dirac fermion field iJ I in the two-index antisymmetric

/

(1)
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oc

The quark fields of three-color QCD can be generalized to the multicolor case in two different ways, since at N = 3

the two-index antisymmetric field qtIi is the same as the (anti)fundamental field

loops
ale not
suppres sed
in /ISV

representation of SU(N). At N = 3 this field is identical to that in the antifundamental
representation i/it. Indeed, for SU(3), In other words, at N = 3 it describes

the standard quark. However, the continuation to larger values of N is totally different (see
Fig. 9.18). The field has N

color of freedom in is N2 rather than N. Needless to say, there can be more

than one flavor of antisymmetric quarks Thus, it is obvious that extrapolation to large N,
with the subsequent I/N expansion, can go via distinct routes with the same starting point.
(i) quarks in the representation; (ii) quarks in the two-index anti s vnlrnerric

representation.

The first option gives rise to the standard 't Hooft I/N expansion [7j while the second
leads to an alternative Armoni Shifman Vene7iano(ASV)expansion [10,111.2 The relation
between I/N and the graph topology remains the same. Therefore, all consequences from
the planar graph dominance at N oo remain intact. However, quark loops are no longer
suppressed.

The 't Hooft expansion has enjoyed a signilicant success in phenomenology. It has
provided a qualitative explanation for the well-known regularities of the hadronic world
Although the standard large-N ideology definitely captures the basic regularities, it gives
rise to certain puzzles as far as the subtle details are concerned. Indeed, in the '1 Hooft
expansion, the width mesons scales as I/N while that of gluehalls scales as I/N2.
In other words the latter are expected to be narrower than quarkonia, which is hardly the
case in reality. Moreover, the Zweig rule is not universally valid in actuality. It is known
to be badly violated for scalar and pseudoscalar mesons.

2 Corrigan and Ramond suggested as eariy as i979 [i2j repiacing the 't Hooft modei by a model with one
two-index aniisymmetric quark and two fundamentai quarks

2
Their motivation originated from some

awkwardness in the treatment 01 haryons in the 't t looft modei. where au baryons, being composed of N quarks.
have masses scahng as N and thus disappear from the spectrum at N = -,c If the fermion sector contains
and q,2 then, even at iarge N. there are three-quark baryons of the type However, the symmetry
between au quarks comprising baryons is lost, an obvious drawback
the Lweig or Okubo Lweig Iizuka rule. states that any QCD process dcseribeable by Feynman graphs that
can be cut into two pieces by cuiting on/v internal gluon lines is suppressed The default example of a 7weig-
suppressed decay is Jr For a review of this rule and the fascinating story of its discovery.
see 113]

\-=.t



345 38 The'tHooftlimitand 1/Nexpansion
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(d) (h) (c)

(a) A typical contribution to the vacuum energy. (b) The planar contribution in 't Hooft large-N expansion. (c) The ASV

large-N expansion. The dotted circle represents a sphere, so that every line hitting the dotted circle gets connected

"on the other side."

Thus, the t Hooft expansion seemingly underestimates the role of quarks, at least in
some cases. The ASV large-N expansion eliminates the quark loop suppression. It opens
the way for a large-N phenomenology in which quark loops (i.e. dynamical quarks) do play

a non-negligible role. An additional bonus is that in the ASV large-N expansion, one-flavor
QCD connects with supersymmetric Yang—Mills theory (Sections 38.6 and 56), via planar

equivalence.

To illustrate the difference between the '1 Hooft and ASV large-N expansions, I exhibit in

Fig 9.19 a planar contribution to the vacuum energy in two expansions. Mentioning a few
important distinctions between these two expansions in meson phenomenology, we note
that (i) the decay widths of both glueballs and quarkonia scale with N in a similar manner,
as 1/N2, this can be deduced by analyzing the appropriate diagrams with quark loops of
the type displayed in Figs. 9.19b, c; (ii) the unquenching of quarks in the vacuum gives
rise to quark-induced effects that are not suppressed by 1/N; in particular. the vacuum
energy density becomes quark-mass dependent at the leading order in 1/N. In baryon
phenomenology, the predictions of the 't Hooft and ASV large-N expansions were compared

in [14]. Both large-N limits generate an emergent spin—flavor symmetry (Section 38.10) that

leads to the vanishing of particular linear combinations of baryon masses at specific orders
in the expansions. Experimental evidence shows that these relations hold at the expected

orders regardless of which large-N limit one uses, suggesting the validity of either limit in
the study of baryons.

38.6 Planar equivalence

In this section 1 will show that two confining Yang—Mills theories with obviously different
fermion contents can be equivalent to each other in the N —÷ limit for a judiciously
chosen set of correlation functions. In other words, there is a sector of these theories, usually

referred to as the common sector, in which they are indistinguishable from each other at
N = oo. First, I will establish the existence of planar-equivalent pairs of theories. Then we
will discuss how we can benefit from this.
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Consider two SU(N) Yang—Mills theories In the simplest case [15] one of the theories
to be compared has a Weyl spinor in the adjoint representation of SU(N) Let us call this
theory the parent. As we will learn in Part II (Section 57), the parent theory is nothing other
than A1 = I super-Yang The fermion field is that of a gluino, with the standard
notation X° where a is the color index of the adjoint representation.

The second theory (a daughter theory), to be compared with the first, has a single Dirac
fermion in the two-index antisymmetric representation This is the theory that we discussed
in Section 38 5, with one flavor Both theories have the same gauge group and the same
gauge coupling.

gluino field A° can also be written as X°(T°)5, with one upper and one lower
See color index (i.e. a fundamental and an anti fundamental index), the T" being generators of

the gauge group. To pass from the parent to the daughter theory we replace by two Weyl

spinors and with two antisymmetrized indices. We can combine the Weyl spinors
into one Dirac spinor, either t/il'Jl or Note that the number of
fermion degrees of freedom in is N2 — N, while in the parent theory it is N2 — I. i.e.

the same as in the large-N limit.
The hadronic (color-singlet) sectors of the parent and daughter theories are different, gen-

erally speaking Thus, in the parent theory, composite fermions with mass scaling as N0 exist
and, moreover, they are degenerate with their bosonic superpartners. In the daughter theory
any interpolating color-singlet current with fermion quantum numbers contains a number
of constituents growing with N. Hence, at N co the spectrum contains only bosons.

Classically the parent theory has a single global symmetry an R symmetry corre-
sponding to the chiral rotations of the gluino field In fact, the corresponding current is
axial-vector. Instantons break this symmetry down to Z2N, through the chiral anomaly dis-
cussed in Section 34.1 The daughter theory has, in addition, the conserved anomaly-free
current

— (38.9)

In terms of the Dirac spinor this is the vector current y0 From the fact of the existence of
(38.9) in the daughter theory it is clear that even in the hosonic sector the spectra of these two

of theories are different. The common sector of both theories is defined as follows: any given
the common interpolating (color-singlet) operator of the parent theory belonging to the common sector
vector must have a projection onto the daughter theory, and vice versa. In particular, all glucballs

belong to the common sector In both theories the Z2,v symmetry is spontaneously broken
down to Z2 by bifermion condensates and (ifrtfr), respectively, implying the existence
of N degenerate vacua4 in both cases.

Now I will explain, using broad brush strokes, why planar equivalence occurs. For details
of a proof valid at the perturbative and nonperturbative levels the reader is referred to [15].
The Feynman rules in both theories in the 't Hooft double-line notation are shown in
Fig. 9.20. The difference is that the arrows on the fermionic lines point in the same direction
in the daughter theory, since the fermion is in the antisymmetric two-index representation,

At finite N the parent theory has N vacua, while the orientifold daughters have N — 2 and N f 2 in the
antisymmetric and symmetric versions, respectively
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(a) A fermion propagator and a fermion—fermion—gluon vertex; (b) the parent theory, = 1 super-Yang—Mills; (c)

the daughter theory

in contrast with the supersymmetric theory where the gluino is in the adjoint representation

and hence the arrows point in opposite directions. This difference between the two theories
does not affect planar graphs, provided that each gaugino line is replaced by the sum of
and& I.

There is a one-to-one correspondence between the planar graphs of the two theories.
l)iagrammatically this works as follows; see, for example, Fig. 9.21. Consider any planar
diagram of the parent = I theory: by the definition of planarity it can be drawn on a
sphere. The fermionic propagators form closed, nonintersecting, loops that divide the sphere
into regions. Each time we cross a fermionic line the orientation of the color-index loops
(each producing a factor N) changes from clockwise to counterclockwise, and vice versa,
as can be seen in Fig. 9.2 lb. Thus, the fermionic loops allow one to attribute to each of the
above regions a binary label (say, ± I), according to whether the color loops go clockwise
or counterclockwise in the given region. Imagine now that one cuts out all the regions with
label I and glues them back onto the sphere, after having flipped them upside down
We then obtain a planar diagram of the daughter theory in which all color loops go, by
convention, clockwise. The overall number associated with both diagrams will be the same
since the diagrams within each region always contain an even number of powers of g, so
that the relative minus signs of Fig. 9.20 do not matter.

In fact, in the above argument, we have ignored certain subtleties, so that the careful reader
might get somewhat worried. For instance, in the parent theory gluinos are Weyl fermions,
while in the daughter theory fermions are Dirac. Therefore, an explanatory remark is in
order here.

First, let us replace the Weyl gluino of.iV = I super-Yang Mills theory by a Dirac
spinor Each fermion loop in the parent theory is then obtained from the l)irac loop by

multiplying the latter by Let us keep this factor in mind.
In the daughter theory, instead of considering the antisymmetric spinor we will

consider a Dirac spinor in the reducible two-index representation 1/Jjj, without imposing
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(h)

(a) A typical planar contribution to the vacuum energy. The same in 't Hooft notation for (b) the parent theory; (c) the

daughter.

any (anti)symmetry conditions on i, j. Thus, this reducible two-index representation is a

Equit'alenc e
pivoJ in
mo,e detail
Counting
olor factors

on both sides

sum of two irreducible representations symmetric and antisymmctric It is rather obvious
that at N cc any loop of yields the same result as the very same loop with

which implies in turn that, to get the fermion loop in the antisymmetric daughter, one can
take the Dirac fermion loop in the above reducible representation and multiply it by

Given that there is the same factor on the side of the parent and daughter theories, what

remains to be done is to prove that the Dirac fermion loops for and 1/fjj are identical at

N cc. To this end, from now on we will focus on the color factors.
Let the generator of SU(N) in the fundamental representation be T" and that in the

antifundamental be T".

—
— 'N' (38.10)

Then the generator in the adjoint representation is

Ta
adj N®N

Ta ® I + I ® (38.11)

where we have made use of the large-N limit, neglecting the singlet (trace) part. Moreover,
in the daughter theory the generator of the reducible N ® N representation can be written

as

= ® I + I ® ® I + I ®

or ® I + I ® . (38.12)

(a)



349 38 The'tHooftlimitand 1/Nexpansion

One more thing which we will need to know is that (e.g [16])

T = —T = _T*, (38.13)

where the tilde denotes the transposed matrix.
Let us examine the color structure of a generic planar diagram for a gauge-invariant

quantity. For example, Fig. 9 21 a exhibits a four-loop planar graph for the vacuum energy.

The color decomposition (38.11), (38 12) is equivalent to using the 't Hooft double-line
notation, see Figs. 9.21b,c. In the parent theory each fermion—gluon vertex contains
in passing to the daughter theory we make the replacement

Upon substitution of Eqs. (38.11) and (38.12) the graph at hand splits into two (dis-
connected!) parts:5 an inner part (inside the dotted ellipse in Fig. 9.2 Ic) and an outer part
(outside the dotted ellipse in Fig 9 2 Ic). These two parts do not communicate, because of
planarity (i.e. in the large-N limit). The outer parts in Figs. 9.21b, c are the same. They are

proportional to the trace of the product of two Ts in the two cases

Tr T° T0

This is the first factor. The second comes from the inner part of Figs. 9.21 b, c. In the parent

theory the inner factor is built from six Ts, one in each fermion-gluon vertex, and three
in the three-gluon vertex Tr( A A), where T°. In the daughter theory the

inner factor is obtained from that in the parent theory by replacing all is by Ts. According
to Eq. (38.13), T = —T (remember that a tilde denotes the transposed matrix) This fact
implies that the only difference between the inner blocks in Figs 9 21 b, c is the reversal in
the direction of' color flow on each 't Ilooft line. Since the inner part is a color singlet by
itself, the above reversal has no impact on the color factor the color factors are identical
in the parent and daughter theories.

It may be instructive to illustrate how this works using a more conventional notation. For
the inner part of the graph in Fig. 9 2 lb we have a color factor Tr(T° while in
the daughter theory we have Tr(T°T6T' ) Using

IT°, Th
I
= if ala and Ta =

we immediately come to the conclusion that the above two color factors coincide.

Now we will consider the benefits that one can extract from planar equivalence. At
N —p all results applicable in one theory can be copied into the other.6 In particular,
all predictions (in the common sector) obtained in ,JV I super-Yang—Mills theory stay

valid in the daughter theory. For example, we can assert that the fi function of the daughter
theory is

I 3Na2 I /l'\111+01—Il, a=— (38.14)
2ir 1— L \NJJ 4m

(cf. Section 64). Note that the corrections are I/N rather than I/N2. For instance, the exact
first coefficient of the function is —3N — as against —3N in the parent theory.

More exactly, what is meant here is the color structure of the graph
I his refers only to the common sector
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The same equivalence applies to the vacuum states ofboth their vacuum structure

is identical at N up to I/N corrections

38.7 Baryons in the 't Hooft limit

thmug/i Large-N QCD can be treated as a weakly coupled field theory of mesons. It is a theory
Section 16 to of effective local meson fields, with effective local interactions, in which the three-meson
refres/it'our coupling scales as the four-meson as 1/N, and so on. At large N all coupling
knowledge constants arc weak. As we know already, many weakly coupled field theories possess, in

addition to elementary excitations, heavy solitonic states whose masses diverge at weak
coupling as the inverse of the coupling. Are there such states in QCD and its effective
mesonic counterpart9 The answer is positive. In QCD we have N-quark states baryons —

whose mass is proportional to N. As a reflection of this fact, the low-energy mesonic theory

must have solitons with nonvanishing baryon numbers and masses scaling as N. These arc

the Skyrmions, considered in Section 16 By and large. the Skyrmion model results give
a satisfactory description of the low-lying baryons And yet, a model is just a model .. . It

turns out, however, that some implications of the Skyrmion model are model-independent;

they follow from QCD in the 't Ilooft limit without the invoking of particular details of the
Skyrme model per se Here we will focus on such general aspects of the baryon theory in

multicolor QCD [171
Baryons are color-singlet hadrons composed of N quarks in the fundamental represen-

tation. N is the minimal number of the baryon constituents since the SU(N) invariant
Levi—Civita tensor (the e symbol) has N indices,

B q'1 qIN. (38.15)

The r symbol is fully antisymmetric in color. Since quarks obey Fermi statistics, the haryon

must be completely symmetric in other quantum numbers such as spin and flavor.
The number of quarks in baryons grows with N, so one might think that extrapolation

from N = 3 to the large-N limit is not a good procedure for baryons However, we will see
that for baryons, as for mcsons, the expansion parameter is I/N and that one can compute

baryonic properties in a systematic semiclassical expansion in I/N The results arc in good
agreement with experiment and shed light on the spin—flavor structure of baryons. In fact,
the main achievement of large-N analysis in the baryon sector is the reali,ation that there is

a deep connection between QCD and two popular models of baryons: the quark model and
the Skyrme model. Some seemingly naive results of the quark model get a solid theoretical

justification.

38.8 The N-counting rules for baryons

Let us start by deriving N-counting rules for baryon graphs. To this end we draw the
incoming baryon as N quarks, with the colors arranged in order, I N. The colors of
the outgoing quark lines are then a permutation of I N. The two- and three-quark
interactions are depicted in Fig 9.22a. The connected parts arc presented in Fig. 9.22h A
connected part that contains n quark lines will be referred to as an n-body interaction. The
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(a) Two- and three-quark interactions in baryons (upper and lower panels on the left) and (b) the corresponding

connected components. The numbers labeling the quark lines indicate color.

1 I, 2

, / -". 1

A

An example of a "planar" two-body baryon graph The gluon lines do not intersect.

colors on the outgoing quarks in the n-body interaction are a permutation of the colors on
the incoming quarks, and the colors are distinct. Each outgoing line can be identified with
an incoming line of the same color in a unique way.

Let us start with the two-body interaction, with the color assignments given in Fig. 9.22b.

It has an explicit g2 factor in addition to the combinatorial factor N(N I) reflecting the
number of ways in which one can choose two lines out of N. Thus, this contribution scales
as N. The double gluon exchange depicted in Fig. 9.23 does not look planar at first sight
However, if we take into account the color loop corresponding to summation over the color
index k we will conclude that this graph is proportional to x N limes the combinatorial
factor N too.7

Moreover, the same scaling law applies to three-body interactions, as is clearly seen from

Barton the three-body contribution in Fig. 9.22b, which is proportional tog4 times the combinatorial

n-body factor — l)(N — 2). A similar examination gives us the N-counting rules for all
interactions n-body interactions in baryons: the kernel itself scales as Nv" but there arc 0(N") ways
scale as N
far all ii

i3aryon graphs in the double-line flotation can have color index lines crossing each other owing to fermion line
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of choosing n quarks from an N-quark baryon. Thus the net effect of n-body interactions
is of order N, independently of the value of,i.

If the quarks are relativistic, it is difficult to get a closed-form equation, such as in
Section 41 below. For our purposes it will be sufficient to consider [91 the (unrealistic) case
of N heavy quarks, with masses in such that in A. The interactions of such quarks in a
haryon can be described by a nonrelativistic Ilamiltonian,

— Ik)+. . (38.16)

where the ellipses represent four-body, live-body, etc. terms. The contribution of each term
to the total energy scales as N. The interaction terms in the Hamiltonian (38.16) are the sum
of many small contributions, so fluctuations are small and each quark can be considered to
move in an average background potential. Consequently. the Hartree—Fock approximation
(see e.g [18]) is exact in the large-N limit. The ground state wave function can be written
as[9]

= (38 17)

Using the representation (38.17) and applying the Hamiltonian (38.16) one obtains for
(x) an N-independent eigenvalue equation of the Ilartree Fock type Ilence. the spatial

wave function (x) is N-independent, so the baryon sue is fixed in the N oc limit.
it does not scale with N. 'I'his conclusion has far-reaching consequences. Needless to say,
the baryon mass is proportional to N, as was expected.

The N-counting rules can be extended to baryon matrix elements of color-singlet oper-
ators. Consider a one-body operator such as The baryon matrix element (B B) has

N terms, since the operator can be inserted on any of the quark lines (I assume here that the
baryons in the initial and final states have the same momenta; for instance, they could he at
rest ) At first sight one could conclude that this matrix element scales as N. In fact, this is the
upper bound, generally speaking, because there can he cancelations between the N possible
insertions Such cancelations are crucial in unraveling the structure ofbaryons. Similarly, N2
is the upper bound on two-body-operator matrix elements such as (B B), since there
are N2 ways of inserting the operator i,q in a baryon (see Fig 9 24). while cancelations
are possible.

38.9 Meson—baryon couplings and scattering amplitudes

The baryon—meson coupling constant is proportional to This can be seen from
Fig. 925, which shows the matrix element of a fermion bilinear in a baryon and implies
that

fM XMBB N. (38.18)
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Baryon matrix elements of a one-body operator such as and a two-body operator such as qq The operator

insertion is denoted by®

Meson saturation of the matrix element.

Diagrams for baryon—meson scattering.

Given that fM 'S— we obtain

The baryon—meson scattering amplitude is 0(1). Two contributions to the scattering
amplitude are depicted in Fig. 9.26. Figure 9.26a has N possible insertions of the fermion
bilinear form, and two meson fM factors that arc each so the net scattering amplitude

is 0(1). The two bilinears must be inserted on the same quark line to conserve energy the

incoming meson injects energy into the quark line, which must be removed by the outgoing
meson to reproduce the original baryon. If the bilinears are inserted on different quark lines,

f't I

M

1.? B

.
S
S

(a) (1))

(38.19)
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as in Fig 9.26b, an additional gluon exchange is needed to transfer energy between the two
quark lines. The number of ways of choosing two quarks is N2, the meson fM couplings
are 1/ each and the gluon exchange gives an extra 1/N, so the total MB MB
amplitude is indeed 0(1). (More exactly, this is the upper bound on MB —÷ MB, since it

is assumed that no cancelation takes place in the estimate of MB — MB, see above.)

Summarizing, the amplitude B BM is of order and that for MB MB is of
order unity. One can similarly show that the amplitude for B + M —÷ B + M + M is of
order 1 /..../7ci, etc. As in the case of purely mesonic amplitudes, each additional meson gives

a factor I suppression.

One can also investigate, in a similar fashion, the amplitudes for transitions of the type
ground state baryon + meson excited baryon. We will not enlarge upon this issue, instead

referring the interested reader to the review LI 7J

38.10 Spin—flavor symmetry for baryons

The large-N counting rules for baryons imply some highly nontrivial constraints among
haryon couplings The simplest to derive arc relations between pion—baryon couplings or,
equivalently, baryon axial-current matrix elements. Related results also hold for p—baryon
couplings. etc To derive the axial-current relations, consider pion—nucleon scattering at
fixed energy in the N oc limit The argument simplifies in the chiral limit, where the
pion is massless, but this assumption is not necessary. The two assumptions required are
that the baryon mass and (the axial— nucleon coupling) are both of order N We have

seen that the N-counting rules imply that is of order N unless there is a cancelation

among the leading terms In the nonrelativistic quark model, XA = + 2) so such a

caneelation does not occur. It is reasonable to accept that is of order N in QCD even

though, generally speaking, it need not have exactly its nonrelativistic value, + 2).

The standard form of the pion nucleon vertex is

q B). (38.20)

where the are the generators of the group. In Section 38.9 we learned
that this amplitude is of order Recoil effects are of order I/N. since the baryon mass
is of order N and the pion energy is of order unity and can be neglected. This allows
one to simplify the expression for the nucleon axial current. The time component of the
axial current between two nucleons at rest vanishes, i e = 0 The space

components of the axial current between nucleons at rest can he written as

B) = (38.21)

where XW is a set of matrices acting in the flavor and spin spaces; this set comprises nine

matrices since a = 1,2,3 and i = 1,2,3 The coupling constantg is 0(1), and so are the

matrix elements of X"'; g has been factored out so that the normali,ation of XIa can be
chosen so as to simplify future expressions. For instance, for nucleons X" is a 4 x 4 matrix
defined on the nucleon states p i.), n fl, and n fl, and each matrix from the set

XUI has a finite N —÷ oc limit
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Pion—nucleon scattering diagrams of order E, where E is the pion energy. The third diagram is 1/N suppressed in the

large-N limit.

The leading contribution to pion—nucleon scattering is from the pole graphs depicted in
Fig. 9 27, which contribute at order E provided that the intermediate state is degenerate
with the initial and final states. Otherwise, the pole graph contribution is of order E2, cf.
Eq (38.20). In the large-N limit, the pole graphs are of order N. since each pion—nucleon

vertex is of order There is also a direct two-pion—nucleon coupling, which contributes
at order E and is of order I/N in the large-N limit and so can be neglected.

With this information we can write the pion—nucleon scattering amplitude for JrU(q) +
mb(q') + following from the pole graphs in Fig 9.27 as

m° (38.22)
liT q q

formB
the amplitude (38 22) is written in matrix form, e.g. is the product of two 4 x 4forward . . . . . .

matrices and is itself a 4 x 4 matrix, acting on the spin and isospin indices of the initial and

final nucleons or, equivalently, on the spin and flavor quantum numbers of nucleons. Both
initial and final nucleons are on-shell, so q0 = q'0. Since the overall amplitude
is of order N, which violates unitarity at fixed energy and also contradicts large-N counting
(Section 38.9).

We

this Thus, a large-N effective theory of baryons which includes only the interactions of the

degeneracy J = T = nucleon multiplet with pions is inconsistent. There must be other states
in the degenerate with nucleons (which show up as intermediate states in Fig 9 27) that cancel
Skvr'ne the order-N amplitude in Eq. (38.22), so that the total amplitude is of order unity, consistent
model, with unitarity.
Section /6 .

. juThis means that one must generaliLe X to be an operator acting on this degenerate set

of baryons rather than a 4 x 4 matrix As we will see shortly the set of degenerate baryons
is, in fact, infinite at N = oo, and so is the dimension of X With this generaliiation
the form of Eq (38.22) is unchanged but, in addition, we must impose the consistency
condition [19,20],

Xih] = 0 for all a,b,i,j. (38.23)

This consistency condition implies that the baryon axial currents are represented by a set of

operators which commute in the large-N limit. In addition, there are obviously extra
commutation relations,

[i', XJh] = Xkh,

(38.24)
[Ta,XJh] = jFahXj(

following from the fact that XW has spin I and isospin I. Here the P are spin generators
while the are isospin generators
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The algebra presented in Eqs. (38.23) and (38.24) is a so-called contracted SU(2Nf)
algebra, where N1 2 is the number of quark flavors. To see this, consider the algebra of
operators in the nonrelativistic quark model, which has an SU(4) symmetry. The operators
are

G°' = (38.25)

where the Gia are spin—flavor generators. The commutation relations involving the G'° are

as follows:

[Gb = +

[ji Gil'] = I 1kG/i) , (38 26)

[Ta, =

The algebra (38 23) and (38.24) for large-N baryons is obtained from (38 26) by taking the
limit

= lim (38.27)
,l

algebra I
Then the SV(4) commutation relations (38.27) turn into the commutation relations (38.23)

contraction and (38.24). The limiting process (38 27) is known as a Lie algebra contraction.
Thus, we conclude that in QCD with two flavors the large-N limit has a contracted StJ(4)

spin—flavor symmetry in the baryon sector. This is the symmetry of the constituent quark
model for baryons too (see [21]). This circumstance explains why the naive quark model
turned out to be successful in describing baryons For instance, from the I 960s this model
has been known to give —4 for the ratio of the proton and neutron magnetic moments and

4 for the ratio of the couplings g,i.,vA and At the same time the large-N analysis
with its solid theoretical basis, outlined above, yields [I 71

= + O(N 2) = 4 + O(N2). (38.28)

The unitary irreducible representations ofthe contracted Lie algebra can be obtained using
the theory of induced representations and can be shown to be infinite dimen.s io,ial This means
that the X°' must be treated as infinite-dimensional matrices or, equivalently, as operators
acting in a Fock space. That is what we will do from now on. The simplest irreducible
representation for two flavors is a tower of states with J = T = 4, etc. For 4 we have
two spin and isospin states, for we have four spin and isospin states, and so on. At N =
all these states are degenerate. The spectrum splits only at the level of I/N corrections,
namely, the baryon mass splitting is proportional to J2/N = 1(1 + In particular,

— MN (38.29)

while, at the same time, N.

This tbrmula is not valid values of j that arc too high, i e the values of j that scale with N as a positive
power of N
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The degenerate set .1 = T = 4. 4, etc is exactly the set of states of the Skyrme
model (Section 16.5), which is also endowed with the same algebra. The same is true with
regard to the large-N generalization of the nonrelativistic quark model. This statement
explains why the predictions for the dimensionless ratios in these models are more general

than the models themselves. In fact, all such predictions can be obtained, in a model-
independent way, from the large-N analysis of baryons. More precisely, in the large-N
limit the leading-order predictions for the pion—baryon coupling ratios, magnetic moment
ratios, mass splitting ratios, and so on are the same as those obtained in the Skyrme model

or in the nonrelativislic quark model [22], because both these models also have a contracted

SU(4) spin—flavor symmetry in this limit.
The operators X'° can be completely determined (up to an overall normaliiation g). since

they constitute the generators of the SU(4)contracted algebra. It is useful to have an explicit
N oc realization of this algebra. To this end one can use, as a possible option, the
realization provided by the Skyrme model. The Skyrmion solution is characterized by the
rotational moduli matrix A(t), which is parametrized by the quantum-mechanical variables
cD quantiied via the canonic commutation relation 6" (Section 16.5). In terms
of this moduli matrix we have

X" Tr (38.30)

Since the X operators contain A but not A. they commute It is clear that their spin and
isospin rotation properties are exactly those in (38.24).

For finite N the contracted SU(4) group is no longer the symmetry of the baryon sector
of multicolor QCD Nevertheless, many results obtained in the naive quark model can be
rederived in QCD using StJ(4)contracted in the leading approximation and then calculating

Prom I/N corrections one by one [22—24].

flavorv to In nature there arc three light quarks: u, d, s. If for a moment we neglect the s-quark
three mass then the spin—flavor symmetry, exact in the N = cc limit, is SIJ(6) rather than SU(4).9

Now, to obtain predictions for actual baryons one must include not only I/N corrections
but (where necessary) also those due to in, 0, i e SU(3)iiavor-breaking corrections. One
of the most successful predictions obtained in this way is a mass formula for the baryons
from the decuplet (see e.g. [171).

+ = + + (38 31)

where E is an SU(3)-breaking parameter proportional to mc. Experimentally the accuracy
of this mass formula is 0.9 x 10

39 Abelian Higgs model in 1 + 1 dimensions

The Coleman theorem discussed in Chapter 6, Section 30, tells us that continuous global
symmetries cannot be spontaneously broken in two-dimensional theories. Now I will show

Algebraically, one can identify the spin—flavor symmetry with SIJ(6) ofthe nonreiativistic quark model [21]
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that the spontaneous breaking ofgauge symmetries does not proceed in a conventional way

either. We will consider the Abelian Higgs model in I + 1 dimensions, in a regime which in
I + 2 or in I + 3 dimensions would be the standard Higgs regime; we will see that, instead,

we obtain confinement whose origin is associated with an instanton gas [251 At the same
time, the lliggs boson is still eaten up by the gauge field, just as in the standard lliggs
mechanism.

We have already dealt with the Abelian Higgs model in Chapter 3, devoted to flux tubes.

I-or convenience I reproduce here the action of the model in Euclidean space,

S = + +A (391)

where is a complex scalar field (with charge I), the covariant derivative is defined by

= (39.2)

c is a dimensionless constant, and A is a positive constant with dimension mass squared.
We will assume that e2 and i'21 I, which ensures weak coupling.H

The action (39.1) admits an extension we could add a term. In Euclidean space it has

the form

= f , (39 3)

where E,51, is the Euclidean Levi—Civita tensor, with el2 = I (do not confuse it with the
angle 0 1% Minkowski Levi—Civita tensor). For simplicity we will set 0 = 0. The reader interested in

solving the problem at 0 0 may consult 1251

If i,2 is negative then the model (39.1) describes the electrodynamics ofchargcd particles

In 1 + I dimensions the massless photon has no transverse (propagating) degrees of freedom

I, However, the photon field induces the Coulomb interaction between charged particles.
Section The Coulomb potential in I + I dimensions grows linearly with distance. Hence, isolated

charged particles do not exist and two opposite charges are in fact confined. All we can see

in "experiments" are neutral bound states.
A much less trivial dynamical situation takes place at positive 1,2. In three or four dimen-

sions, choosing ?,2 to be positive would trigger the Higgs phenomenon and we would end
up with a massive photon, = and screened electric charges. The interaction of
probe charges at distances L I /(ev) would be exponentially small. This is not the whole
story in two dimensions: although the photon gets a mass. nonperturbative effects give rise

to a long-range force, which corresponds to a linear potential at very large distances, and
charge confinement. The slope of this potential is not proportional to e2 as in the case of
negative v2 but is exponentially small.

0 here is a curious story associated with the discovery of this phenomenon here is a quotation from Sidney
Coleman's lecture The Uses 0/ Incianions [25! fact that the Abehan Higgs model in two dimensions
does not display the lliggs phenomenon was discovered independently by two otmy graduate students, Frank
Dc Luceia and Paul Steinhardt They did not write up their results because I did not believe them I take this
occasion to apologize for my stupidity SC"
Ihese two constraints do not preclude one from choosing x = e2/2. which would correspond to the
Bogomol'nyi limit Such a choice is convenient although not crucial for what fidlows
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This dynamical pattern is due to instantons. At large the model (39.1) can be treated
quasiclassically. Instantons are solutions ofthe classical equations of motion that technically

coincide with the static vortex solutions in three dimensions (or flux-tube solutions in
four dimensions) studied in Chapter 3. Therefore, all we learned there can be directly
applied here. The vortex mass must be reinterpreted as the instanton action I recall
that > 27rn,2, where a is the topological charge, given by the integral

fl (39.4)
4m j

The equality = is achieved in the Bogomol'nyi limit. Unlike for QCE) instan-
tons, in the model at hand the instanton site p is not a modulus. It is determined by the
inverse mass of the Higgsed photon: p I /(ea). There are two moduli, the two coordinates
of the instanton center on the plane. Thus, the instanton measure takes the form

= 1j2d2x0 (39.5)

where X() denotes the coordinates of the instanton center and /L is the pre-exponential factortl"llw),l loOf) . .

(liter/on in the instanton measure. Its precise value is unimportant for our purposes.

The quickest way to infer charge confinement in the model at hand is to calculate the
perimeter Wilson loop
law

(W) = (exp (iq (39.6)

One describing an infinitely heavy probe particle of charge q making a loop along the closed
contour C depicted in Fig. 9.28.

ac/jo,? Let us start from the one-instanton contribution. Expanding the exponent in a Taylor
Sirisi

,.2

.

L

The contour C in Eq. (39.6) representing the Euclidean trajectory of the probe particle. The instanton (anti-instanton)

is shown by the solid circle. The size of the contour is large T, I >> 1 /(ee).
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series, we obtain

exp (iq
\ JC I Inst

= f d2xo iq

+ f d2xo
(jq)2

dxii) +••, (39.7)

where the integral over runs over the contour depicted in Fig. 9.28. Now, we can apply
Stokes' theorem:

=fd2xFi2. (39.8)

it is obvious that f vanishes ifthe instanton is outside the contour C. However, if
it is inside the contour the integral reduces to

f d2x = (39.9)

for all xo except those which are within a distance I /(et) from the contour (remember,
the instanton solution falls offexponcntially at distances ?. l/(et) from the instanton center
and at the same time L, T —÷ oo). Thus, Eq. (39.7) takes the form

exp (iq dxv) = LT 1). (39.10)
( inst

Now we add the anti-instanton contribution, which at = 0 differs only in sign

=
—

= —2ir (39.11)
C anti—inst C Inst

This concludes our calculation of the Wilson loop in the one-instanton approximation:

exp (iq dxv) = —LT e [I — (39.12)
C Inst I anti—inst

Next, we must sum over the instanton—anti-instanton ensemble with arbitrary numbers
of pseudopartieles in the vacuum, which can be treated in the instanton gas approximation
(see Chapter 5). In this approximation, summing over the ensemble exponentiates the result
presented in Eq. (39.l2).

(iq = exp i—LT [I eos(2mq)Jj, (39.13)

which implies, in turn, that the potential energy of two probe charges q and —q separated
by a distance L is

V(L) = L (2/12 [I — (39 14)

We see that the model at hand (being classically in the Higgs regime) in fact generates
linear confinement for all probe charges q 1,2,. . Why is there no confinement at
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q = 1,2,.. ? One should remember that the model has dynamical fields of charge unity,

which screen the probe charges if they are integer. Fractional charges remain unscreened.
ins/anion-
genera/en'

It is remarkable that the linear potential V(L) depends on q periodically, as I

linear rather than q2. Thus, linear confinement is not due to one-photon exchange as is the case for

potenlial is negative u2. Qualitatively there is not much difference between these two cases, of negative
exponen- and positive Quantitatively, however, there is a huge difference since in the latter case
ual/v the potential, being linear, is exponentially weak since it is proportional to

a remark on the s-dependence. This aspect is interesting
per se but lies beyond the scope of the present textbook. The interested reader is referred
to [25] for a detailed discussion.

40 CP(N— 1) at largeN

The two-dimensional model that we arc going to consider was introduced and discussed in
Chapter 6. In the standard normalization the Lagrangian of the model is

= 2[(an.)(aoni) + (40.1)

where & is the SU(N) N-plet and is subject to the constraint

('P(N I) n1n' = 1. (402)
Supersvrn- .Below we will solve the model at large N and demonstrate that then quanta are contined, i.e.
Poetry

destroys they do not exist in the spectrum of the theory as asymptotic states, Instead, all asymptotic

ceeappendiv states arc bound states of the type tin In solving the model we will follow 126,271
sec/ion 69 / More convenient for our purposes is a linear gauged realiLation in which an auxiliary

U(l) gauge field A,, (with no kinetic term) is introduced. We will see that because of
quantum corrections a kinetic term for A,, is generated. which guarantees the confinement
of then' in this two-dimensional model.12 The constraint (40.2) will be taken into account
through introduction of the Lagrange multiplier field a(x) with a term a (ñjn' I) in the
Lagrangian In addition, we will replace the coupling x2 by a 't Hooft coupling X that does

not scale with N at large N:

g2 N
X<<l. (40.3)

As a result, from (40.1) we obtain the Lagrangian with which we will work,

£ = + iA")nt — a(n1n' 1), (404)

while the partition function is

Z =fDn Dn DA Daexp[ifd2xr(n,n,A,a)]
. (405)

In this firm the U(l) gauge invariance of the model is explicit.

2 Recall that in this case the Coulomb potential grows linearly with separation, see below



362 Chapter 9 Confinement in 4D gauge theories and models in lower dimensions

Let us ask ourselves how many independent degrees of freedom are incorporated in
(40 4). The number of complex fields n is N. Thereal constraint (40 2) eliminates one real
degree of freedom. Another real degree of freedom is eliminated because of the U(l) gauge

invariance. Altogether, we are left with N — I complex degrees of freedom. This is precisely

the number of independent degrees of freedom in CP(N I); see Section 274.
The Lagrangian (40.4) is bilinear in the ii fields; therefore, one can perform the path

integral over these fields exactly. However, the subsequent integral over A and a cannot be

done exactly. We will use the fact that at large N the action is large and, hence, a stationary

phase (saddle point) approximation is applicable.

40.1 Vacuum structure

First let us determine the vacuum of the model. Integration over ñ and n in (40 5) yields

Z=fDflDaexpj_NTrln[_(au . (406)

The Lorentz invariance of the theory tells us that if the saddle point exists then it must be
achieved at an x-independent value of a. Hence for the purpose of vacuum determination
we can assume to be constant and then vary (40.6) with respect to a and require the result

to vanish The same Lorentz invariance tells us that at the saddle point = 0. In this way
we arrive at the following equation:

f
i + A I = 0. E +0 (40.7)

J (2m) k2 Aa/N +

Diagrammatically this equation is depicted in Fig. 9.29. The integral in (40.7) is logarithmic
and diverges in the ultraviolet; therefore we will cut it off at In this way, starting from

(40 7), we arrive at the equation

= (40.8)

implying that the vacuum value ofa is

= (40.9)

Thus, the assumption of the existence of a saddle point is confirmed a posleriori. a

solution with avac > 0 does exist. Examining the original Lagrangian (40.4) one sees that

I + =0

The vanishing of the linear in a term (the tadpole term) in the effective Lagrangian.
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a positive vacuum expectation value of a is simply a mass term of the a field. The n-field
mass,

is dynamically generated.
Let us pause here to make two comments regarding Eq. (40.10). First, it is obvious that

rn,1 is N independent (i.e., it does not scale with N). Second, the renormalization-group
invariance of the right-hand side allows one to obtain the fi function governing the running
law of the coupling constant A, namely,

ax
=

2ir

= —Na2. (40.12)

(2830) 1 This should be compared with the expression for the function obtained in Chapter 6
I through a standard pcrturbative calculation.

40.2 Spectrum

Next, to determine the spectrum of the theory, let us examine the fluctuations of a and A
around their vacuum values. (To consider the a fluctuations one must perform the shift
a —÷ a

hxpanding the effective action (40.6) around the saddle point, one can easily check that
the cubic and higher orders in a and A are suppressed by powers of I/N. The linear term
of the expansion vanishes. This is the essence of Eq. (40.7) Therefore, we need to focus
only on the quadratic terms of the expansion.

The quadratic term in a can be readily found; it does not vanish hut plays little role in the
dynamical confinement mechanism under discussion In this discussion we can just replace
a —÷ use (40.10) for in,,, and forget about the a fluctuations.

It is not difficult to check that the cross term of aA type also vanishes (see Fig. 9 30)
Therefore, we need only consider the terms quadratic in A. To this end one must calculate
two graphs depicted in Fig. 9.3 1. A straightforward computation yields for the sum of these

The vanishing of thea A mixing term in the effective Lagrangian.

=0

Tile

suhsLripi it
labels the
parameters
Of tile fl

(40.10)

implying that the function fora = g2/4m = is

(40.11)

a

A0



364 Chapter 9 Confinement in 4D gauge theories and models in lower dimensions

/1

0(A2) terms in the effective Lagrangian.

diagrams

N
+ I +

V

(40.13)

This expression is automatically transversal, as expected given the U(l) gauge invariance
of(40 4).

Observe that the 0(k4) terms in (40.13) arc irrelevant for our spectrum exploration. What

is relevant is the 0(k2) term, which, in fact, represents the standard kinetic term of
the photon field We see that, indeed, the one-loop corrections generate a kinetic term for
the field, which, originally, was introduced as auxiliary.

To summarize our achievements, in the large-N limit, to leading order, we have derived
two important facts (i) the generation of a mass term for the n (ii) the generation
of the kinetic term

N
(40 14)

for the photon field.

In what follows it is convenient to rescale the A field to make its kinetic term (40 14)
canonically normali,ed. Upon this rescaling the effective Lagrangian takes the form

= + — + )n' (40.15)

where the electric charge of the quanta of then field is

in,, (40.16)

It has dimension ofmass, which is correct for the electric charge in two-dimensional theories.

Moreover, one should stress that at large N the electric charge becomes small, e11 /m,, I,
which implies, in turn, weak coupling

Recall that the only impact of the massless gauge field (the photon) in two dimensions
is the Coulomb interaction The Coulomb potential energy grows linearly with separation:

I 2irm2V(,y)=

Ii?

It

k

kinetic term
generation

H An extra factor in (40 14) compared to (40 13) comes in passing from Feynman graphs to the effective
Lagrangian

(40.17)
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The above growth leads to permanent confinement forñn pairs. That is why Witten referred

to the n quanta as "quarks" transforming in the fundamental representation of the (global)
SU(N) group.

Given the fact that the slope in (40.1 7) is small for large N, the conventional nonrelativistic
Schrodinger equation with Ilamiltonian

I d2 12jr,n2
H — —-----i + r (40.18)

rn,, N

is applicable for low-lying bound states, lithe excitation number k N then the mass of
the kth bound state is

/ k \ 2/3

= 2rn,, + eonst x (40.19)

As k approaches N one should abandon the nonrelativistie description in favor of an
appropriate relativistic equation. There are nonrelativistic levels.

I have just mentioned that then "quarks" form N-plets with regard to SU(N). Thus, the
ñn "mesons" can belong either to the adjoint or to the trivial (singlet) representation of
SU(N). At large N the adjoint and singlet mesons are degenerate. as can be seen from e.g
(40.18) This degeneracy is not a consequence ofany symmetry and, in fact, is lifted at finite
N. Indeed, for N = 2 the model at hand is just the 0(3) model considered in Chapter 6
The spectrum ofexeitations in this model is known from the exact solution [28] It consists
of one triplet; there are no singlets. This can be understood only if, with N decreasing, the
number of stable bound states decreases too, the higher excitations becoming unstable. The
lowest-lying adjoint mesons have nowhere to decay and must be stable. The singlet mesons
must split from the adjoint mesons, become heavier, and decay at N = 2

40.3 An alternative perspective

The fact that the n-field quanta do not exist as asymptotic states in the spectrum of the
CP(N — I) model, only as ñn mesons, can be inferred from a different point of view, which

_______

will enrich our understanding of the issue To explain this alternative interpretation [29]
it is instructive first to compare the solution presented in Section 40 2 with that of the

pariuulw supersymmetric CP(N I) model to he studied in Part 11 In the supersymmetric version
uppendi v

I

section_69j_] there is no confinement and then quarks (belonging to the fundamental and antifundamental
representations ofSU(N))exist as asymptotic states in the physical spectrum. This is in one-
to-one correspondence with the fact that in the supersymmetric model the photon acquires
a mass, and what would havc been a Coulomb interaction falls off exponentially at large
distances.

In the supersymmetrie CP(N — I) model there are N distinct degenerate vacua, all with
vanishing energy density (see [30] and Section 65). As we already know, all theories with
discrete degenerate vacua support kinks, which interpolate between the different vacua. In
the late 1970s Witten demonstrated [27] that the fields nt in CP(N I) in fact represent

14 I he large-N solution olthe 0(N) sigma model is interesting in itselfalthough unremarkable from the standpoint
of the conflnement problem We will eonsider it in appendix section 43
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kinks interpolating between a given vacuum and its neighbor. The multiplicity of such kinks
is N [31]: they form an N-plet. This is the origin of the superscript i in n'. I will not justify
the above statements here since their proof would lead us far astray. Let us just accept them
and see what happens A kink antikink configuration in one spatial dimension is shown in
Fig. 9.32, where the supersymmetric CP(N I) ease is displayed at the top (Fig. 9.32a).
It is clear that the energy of this configuration does not depend on the distance between ii
and n, so that these "quarks" are free to travel to the corresponding spatial infinities and,
thus, are unconfined.

Now, let us pass to the nonsupersymmetric CP(N I) model. Fig. 9.32b. In this model
the genuine vacuum is unique In the 1990s Witten proved [32] that at large N there are, in
fact, oforder N quasivacua, which lie higher in energy than the genuine vacuum but become
stable in the limit N —+ (Fig 9.33). This is due to the fact that the energy split between
two neighboring (quasi)vacua is 0(1/N) The kink interpretation ofn and ñ remains valid
Assume that the ñ in Fig. 9 32b interpolates between the genuine vacuum (vacuum I) and
the first quasivacuum (vacuum 2), while n returns us to the genuine vacuum. Owing to the
energy split between vacuum I and vacuum 2, the energy of this configuration will contain

\a( 2

(I
(I(IKit \ —

\ U I

A kink—antikink state in (a) the supersymmetric and (b) the nonsupersymmetric CP(N — 1) models. In the

supersymmetric case both vacua, 1 and 2, have the same (vanishing) energy density. In the nonsupersymmetric case,

vacuum 2 is a quasivacuum, whose energy density is slightly higher than that of the genuine vacuum, vacuum 1

A

The vacuum structure of the nonsupersymmetric CP(N 1) model at large N and 0 = 0. The genuine vacuum is

labeled by k = 0. All minima with k 0 are quasivacua, which become stable at N = oc.

11(1

2 i (I i 2
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a term AE I. where AE is a (positive) excess of energy and I. is the distance between the
n and ñ. It is obvious that the energy separation cannot become infinite since this

would require an inlinite amount of energy to be pumped into the system. This is typical
linear confinement, with ñn in the physical spectrum.

A lesson we should learn from this alternative interpretation is that the mechanism of
linear confinement in the CP(N — 1) model is specific to two dimensions and cannot he
lifted to four dimensions. Complete duality between the two alternative pictures presented
in Sections 40.2 and 40.3, respectively, takes place only because the (massless) photon has

no propagating degrees of freedom in two dimensions. Its impact is completely equivalent
to that of the energy split between two neighboring vacua in Figs. 9.32b and 9 33.

Exercises

40 1 Derive the (k/N)2t3 law in Eq. (40.19).
40.2 Consider the CP(N I) model at large N, assuming that the theory resides in the lirst

quasivaeuum (i c k = I in Fig. 9.33). Using the technology developed in Chapter 7
and the results of the present section find the decay rate of this false vacuum into the
genuine ground state (i.e. k = 0 in Fig. 9.33)

41 The 't Hooft model—
41.1 Introduction

It turns out that combining planarity with the suppression of the fermion loops provides
us with enough power to solve QCD in two dimensions. By solving QCD I mean not only
establishing the fact that the physical spectrum comprises color singlets (color confinement)

but, in fact, calculating the whole spectrum and understanding all the basic regularities. We

will try to trace the relation between the spontaneous breaking of the ehiral symmetry and
color confinement Two-dimensional multicolor QCD is usually referred to as the t llooft
model [33]

41.2 The 't Hooft model

The model we will study is two-dimensional QCD with the Lagrangian

= +

i (41 .2)
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5 Warning The choice (41 5) differs from that popular in the literature, see e g 1341

PThe kinetic and
term in I F" — d A" — +(4/h/v ,,

I normalized The gauge group is SU(N), with gencrators T" in the fundamental representation,
cin() mc ally,

H iv in the
cov'a,iant
derivative

L412

(41 3)

(41 4)= (N N1)

The summation over i in Eq. (41.1) runs over quark flavors and is the mass of the
ith quark The ferniions are described by Dirac spinors, which in two dimensions are
two-component complex spinors. In this section two-dimensional gamma matrices will he
chosen as usual:15

y1 =—iai, y5=y0yi =—al. (41.5)

if some quarks arc massless then the Lagrangian (41 1) possesses a chiral symmetry, in

much the same way as four-dimensional QCD. in what follows we will limit ourselves to
a single massless quark (plus an infinitely heavy antiquark playing the role of the force
center). This will be sufficient for our purposes Then the corresponding chiral symmetry is
U(l )i. x U(l)R, or, equivalently, U( I )v x U( I )A. There are two conserved currents, namely,

the vector current (the quark number current) V" = and the axial current A" =

a,, = a,,/t" = 0. (41.6)

Here is the field of the massless quark. Note that, unlike its four-dimensional counterpart,
the two-dimensional axial current is anomaly-free. Note also that in two dimensions V"
and A" are algebraically related to each other,

= —eu' A, (41.7)

as follows from Eq. (41 5).
In reducing four-dimensional QCD to two dimensions we gain a crucial simplification

In two dimensions the gluon field has no physical transverse degrees of freedom In fact,
what remains is just the Coulomb interaction, which is characterized in two dimensions by

a linearly growing potential. This is the physical reason lying behind color confinement in
the 't Ilooft model. Of course, this mechanism ofcolor confinement is much more primitive
than the mechanism which is presumed to act in the real world of four dimensions Still, the
model is not completely trivial; it is in the strong coupling regime and one can draw from
it some instructive lessons.

Formally, the triviality of the gluon sector is best seen in a judiciously chosen gauge. We

will consistently use the axial gauge, in which

(41.8)

Then only A0 survives, and the only component of the field strength tensor present in two
dimensions, F01, is linear in

(41.9)

I

I

I there we no I

pmpagating

_j
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Note that, as usual, no time derivative of A0 is present in the Lagrangian. The gluon part
of the Lagrangian reduces to

rgiuon = (41 10)

The second crucial simplification is duc to the fact that there are no quark loop insertions
in the 't Hooft limit, N —+ cc with g2N fixed: each internal quark loop is suppressed
by I/N. This property is not specific to two dimensions (Section 38). The solvability of
the model at hand is the combined effect of two crucial properties: the absence of gluon
"branchings" and thc absence of internal quark loops.

I will define the 't Ilooft coupling ast6

(41 Ii)
47r

The action is

S= [di (41.12)
coupling J

Ahas
where r stands for time and z is the spatial coordinate Where there is no likelihood of

dunen s ion

1,1,2 confusion. x will denote collectively the space and time coordinates: = z-}.

41.3 The gluon Green's function

in the axial gauge the only surviving component of the gluon Green's function is

z) = (T (41.13)

The absence ofa time derivative in Eq. (41.10) implies that z) is local in lime,

(41.14)

Thus, the gluon-exchange-mediated interaction is instantaneous in the model at hand. In
momentum space,

= (41.15)

where pP {p°, p} and I)(p) is p°-independent. (Henceforth we will omit the LorentL
Gluon and color indices where there is no danger of confusion.) The spatial dependence of D(t, z)
propagator can be obtained either from the Fourier transform of (41.15), of which I will say more later,
in the axial or directly from the equation
gauge, p is
the spatial = (41 16)
momentum

The solution to this equation is obvious,

D(i, z) = + C). (41.17)

'sly normali,ation of g is standard It differs, however, by from that adopted in the pioneering paper 7!
and in many following publications
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where C is an arbitrary constant. The occurrence of an arbitrary constant is physically
transparent If IzI is the confining potential, C shifts the origin on the energy scale. One
could fix the value of C by an appropriate additional requirement

It is instructive to derive Eq. (41.17) through the Fourier transform of(4 1.15). Since D(p)
is p°-independent, the integral over is trivial and immediately produces (t). The

spatial integral over dp/(27r) is divergent in the infrared domain, at p = 0, and must be
regularized. It is quite common to regularize it according to the following prescription:

I I 1 I \
F(p) lim I ( . + )

E(p), (41.18)
2ir p F—bO 2 2m is p- +isj

where p is a positive infinitesimal parameter and E(p) is an arbitrary nonsingular func-
tion with an appropriate fall-off at infinities. It is straightforward to check that under this
regulariiation p2), vanishes, while

(°'dp I

4- — = :1 . (41 19)
p2 2

Sometimes I will omit the regularization sign. Where necessary an appropriate infrared
regularization is implied. Where we need to emphasize the standard principal value we will
preface an integral with PV 7

In other words, the infrared regularization in Eq (41.18) leads to C = 0. To get a
nonvanishing C one could add, for instance, a term proportional in the parentheses
in Eq. (41 18). Clearly, this ambiguity must cancel in all equations for physical quantities.
Once a regularization procedure is specified, it is important to adhere toil in all calculations
until the final values for the physical observablcs are obtained. Using the fact that

r
in the regularization of Eq. (41.18), one can rewrite (41.19) in terms of the conventionally
(and unambiguously) defined principal value,

— I — l\ 1

2 " —J 2m I p2

41.4 Equation for heavy—light mesons

Now I am ready to explain (in gross terms) quark confinement in this model and address
the issue of quark antiquark bound states, i.e mesons. Originally, the spectral problem
was solved 133] in the infinite-momentum frame The corresponding equation is known

17 ihc conventional def)nition of the principal value is as follows

dp r f—b
P V I Ftp) = F(p) lim

I I I (p) + - / (p)
J- P P P

An excellent pedagogical discussion of both the derivation of the 't Ilooll equation with appropriate boundary
conditions, and the numerical results can he found in the 76-page Ph D thesis of K Flornbostel [151 (the
KEK scanned version)
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r
will

(j Q inevo,is

as the 't Hooft equation Although this equation has significant computational advantages,
the underlying physics is hidden in rather obscure boundary conditions. In addition, the
phenomenon of chiral symmetry breaking and its relation to color confinement remains
unclear. To make this transparent it is convenient to formulate the problem in a different way

The meson to he considered below is built from an inlinitely heavy antiquark at rest at
the origin and a dynamical quark with mass m, which may or may not vanish. We will
refer to the dynamical quark as the light quark The heavy antiquark is the source of the
Coulomb field in which the light quark moves Since the (infinitely) heavy quark has no
dynamics, the light-quark Lagrangian can be written separately from the heavy (anti)quark
part, namely,

£light = (i80 + gAo) + in E] (41.20)

where A0 is a 1-independent confining potential and E is the light quark self-energy, to
be considered in Section 41.5. This Lagrangian takes into account all gluon exchanges
between the static force center and the light quark. Planarity allows one to perform a
complete summation over the color degrees of freedom The color indices in Eq. (41.20)
arc implicit in and A0 (The light-quark self-energy is diagonal in color.) Therefore,
for the color-singlet quarl1 -antiquark state one can replace gA0 by an effective Abelian
combination:

2 T") I I f 1

g A0
N

= —27rA H = dk (41.21)

simultaneously omitting all color indices elsewhere (i.e. on etc.). Here we have used
Eq. (41 19) to pass to the Fourier representation.

The light-quark 1.agrangian (41.20) implies the following equation of motion:

= IzI — + y0(m + E)] (4l.22)

where the time dependence of the wave function

is explicitly accounted for, so that in Eq. (41.22) depends only on z. To begin with, let
us assume that the light quark is not particularly light, namely that in >. In this case
one can neglect E in Eq. (41.22). Then, for the low-lying levels,

we find that Eq (41 22) reduces to the standard nonrelativistic Schrödinger equation for
the (one-component) wave function

+ =
\ j (41 24)

with a linearly growing potential Needless to say, the spectrum of this problem is discrete,

and all bound states are localized. The energy level splitting is 0

equation tar
the light

41 5

(41.23)
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More interesting arc the highly excited states, S m. Now the nonrelativistic approx-
imation is inadequate, of course We must return to the version of Eq. (41 22) with
omitted,

(V + = V = (41.25)

—________ for a relativistic treatment. I recall that t/r(z) has two components:
Qualitative /
discussion of ( (41.26)
highly
excited
houndstates Like any Dirac equation, (41.25) has solutions with positive and negative energies The

oja quark latter should be ignored since they represent (dynamical) antiquarks, which cannot form
with mass unite-energy bound states with an infinitely heavy antiquark at the origin.
In Our task here is to understand the qualitative features of the solution of Eq (41 .25), rather

than actually to solve the spectral problem in this way (this is much more easily done in an
infinite-momentum frame [33,35]). To develop a qualitative picture we can rely on the fact

antiquark at that at S in v'5 the classically allowed domain of the quark motion in the potential

the origin irXIzI is huge, and the potential itself changes very slowly: I the variation

in the potential to be compared with S Under these circumstances one can
consider Eq. (41.25) piecewise. Relevant intervals on the z axis are depicted in Fig. 9.34,

which displays only positive values of z (for negative z it must be mirror-reflected). If we

neglect m then at z = S/(irA) the total energy S becomes equal to the potential
energy, so that classically this would be a turning point. Taking account ofm 0 shifts the

turning point to zo — 8, where 8

In the domain < zo — 8, the quark is fast, its mass can be neglected, and its motion is

quasiclassical i9 The solution is given by left- and right-moving waves with slowly varying

—

( l.asi< a!
ml hug poiuui

I) + h

Analyzing Eq. (41.25) in different domains Inthisfigurezo = andh = m/(mA). We are assuming that

e m w =

To be more exact this is true if Izi when the quark moves essentially as a tree ultrarelativistic on-mass-
shell particle Qualitatively, we can extend this domain up to Izi < zo — 5 The quark mass is non-negligible at

— but since the corresponding error is small At zi :o - the quark momentum becomes

purely imaginary, the quark goes off-shell
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wavelengths

( V(z)]d:} \ ( 0
(41 27)

— 0 — exp f — V(z)}d:} )'
cal where in is set to Lero. Any linear combination of and 1/Jr is a solution too. To balance the

momentum, we can choose 1/i(z) _ . Two different signs in this expression reflect the
Z2 symmetry of the problem. invariance under: —z, 1/'i 1/'2 —÷ —1/'i. Thus,
the combinations 1/i(z) ± i/Jr correspond. in a sense, to symmetric and antisymmetric
wave functions.

In the interval zo — 6 < < zo + 6 the quark effective momentum, defined as

= E V = + m,

becomes purely imaginary and the oscillating regime gives place to an exponential fall-
oil One can see this readily from Eq. (41.25) For simplicity, we can neglect — V(:)j
compared to the mass term for z close to zo (i.e. in the interval zo 6 < < zo + 6).
Then, in this domain the solution is

_ernZ )' (41.28)

where the explicit form of the y matrices in Eq (41 5) is used The quark "tunnels" under
the barrier and, as we move from the left-hand to the right-hand edge of this interval, the
wave function is suppressed by exp(—1n2 /A), an enormous exponential suppression

In the shaded domain of thickness iv = 0(1 / near = zo + 8, Eq (41 .25) ceases to
he applicable since the neglect of E in (41 22) in passing to (41 25) is now unjustified. At

= zo +6 the dynamical quark becomes effectively massless; the gap between quarks and
antiquarks disappears. At still larger Eq (41.25) no longer describes dynamical quarks
since the effective energy becomes negative

The last thing to do is to match Eqs. (41.27) and (41.28) at: = zo —6. In fact, within
the accuracy of the approximations made above, we can replace the matching at z = — 6

by that at z = zo. Accounting for both signs in 1/re ± i/i, the matching condition can be
written as

f {e V(:)J dz = n, zo = —, (41 29)
Jo 2

where n is the excitation number,
in

Equation (41 29) implies the following quantiiation of energy:

(41.30)

As expected, E2 is linear in ii. The energy-level splitting is

(41.31)

This is much smaller than in the nonrelativistic case (see the estimate after Eq. (41 24)).
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The limit of Now let us pass to the most difficult case, that of massless dynamical quarks We must
the return to Eq. (41 22), put m = 0 and keep the quark self-energy which will play a crucial
dynamkal role.
quarks,

= (mAI:I — + (41 32)

important
bitt In fact this equation is symbolic, since E is a nonlocal function of:. As we will see in
complicated Section 41 5, it is local in momentum space; there is a closed-form exact equation for
The integral ..
Bethe—

E(p). Therefore, it is convenient to pass to wave functions in momentum space,

Salpeter
equation

(z)
= f (p). (41 33)

emerges
i

here

Before we will he ready to rewrite Eq. (41 .32) in momentum space, untangling en route the
positive- and negative-energy solutions and discarding the latter, we will need to carry out
a more thorough investigation of the quark self-energy

41.5 The quark Green's function

In this section we will use the large-N limit to calculate the quark self-energy and the quark
propagator exactly. An exact calculation becomes possible because only the planar diagrams

survive, and these can be readily summed over. To warm up and get some experience we
will start, however, from the one-loop graph presented in Fig 9.35. We will denote the
quark self-energy by —is, so that the quark Green's function is

G11(po. p) (T
—

hjj, (41.34)

where, as usual, p1Ly't and we use the fact, to be confirmed below, that the quark
self-energy is diagonal in color space (i e it is proportional to In the A1 = 0 gauge.
which was chosen once and for all, E depends only on the spatial components of the quark
momentum J), not Ofl p0. This will be seen shortly It is not difficult to calculate the graph
in Fig 9.35 although one has to deal with rather cumbersome expressions. We benefit from
the fact that only D00 is nonvanishing and perform the integral over the time component of

/
/ \

The quark self-energy at one loop. The solid and broken lines represent quarks and gluons, respectively
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the loop momentum using residues In this way we arrive at

p is I/Ic'
vpatial
coniponent

t,/ the itt 0—

nwrnenrum

pI' 14'it/l

I

upper

A [ ,, + p2 + p
E(p) = — —2y i 1 + ., In

2 [1/12 + p- 2(rn2 + +

2
I

2

I 2 — 1 1 3/) In

_________

. (41.35)
(m-+p-) -

From this exercise one should extract three lessons, which are not limited to the one-loop

ease They are of a general nature: (i) the loop expansion parameter is A/(m2 + p2) and
explodes at in and pj < so that summation of an infinite series is necessary; (ii) in
the A1 = 0 gauge E depends only on the spatial component of momentum; (iii) its general
Lorentz structure is

E(p) = A(p)+ B(p)y1, (41.36)

/)e/iniiion 0/
E11, the/irs!
appearan e
of the

Bogoliuhov
(or chiral)
angle

where A and B are some real functions of p (for real p) From Eq. (41 34) we see that the
combination that will appear in the quark Green's function is (see Eq (41.39))

p°y°—lm+py' +A(p)+B(p)y'l. (41.37)

It is customary to exchange A and B for two other functions, E,, and 9,, which have a clear-

cut physical meaning, and parametrize the quark Green's function in a more convenient
way. Namely.

m + A E1, p + B = L,., sin 01,, (41.38)

where for consistency we require that be positive for all real p The angle 9,, is referred
to as the I3ogoliubov angle or, more commonly, the chiral angle. The exact quark Green's
function now can be rewritten as

G —
p0y0 — E,, sin9,, y1 + cos9,,

(41 39 )

Closed-form exact equations can be obtained for and 0,,. This is due to the fact that
in the 't Hooft limit the quark self-energy is saturated by "rainbow graphs." An example of
a rainbow graph is given in Fig 9.36. Intersections ofgluon lines and insertions of internal
quark loops are forbidden, and so are gluon lines on the other side of the quark line, see
Section 38.2. This diagrammatic structure implies the equation depicted in Fig. 9.37, where
the bold solid line denotes the exact Green's function (41.39) Algebraically,

E(p) = f y°G(k)y° D00(p k) (41.40)

It is easy to see that this equation sums an infinite sequence of rainbow graphs.

Using Eq. (41.15) for the photon Green's function in conjunction with (41.39) and per-
forming integration over k0. the time component of the loop momentum, by virtue of
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/ N

I / 'I
I / \ /\

I I

An example of the rainbow graph in (p).

/ I

Exact equation for E (p), summing all rainbow graphs. The bold solid line is the exact quark propagator (41.39).

residues it is not difficult to obtain

sinOk
(p—k)2 (p_k)2] . (41.41)

which implies, in turn,

(k)2'
— p =

k)2'
(41.42)

with boundary conditions

asp—*oc.
2

(41.43)
as p

determined by the free-quark limit (Section 41.6). This set of equations was first obtained
by Bars and Green [34]. Multiplying the first equation by sin and the second by

and subtracting one from the other one gets an integral equation for the chiral angle. namely,

p cosO1, — in = dk 6k)
k)2

(41.44)

Assuming that the chiral angle is found one then can get from the equation

= in + sin + dk &t)
(p k)2

(41.45)

Note that for heavy dynamical quarks (in and p1 Eq. (41.44) reduces to
in sin 0,, = 0, with the trivial solution

(4146)
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up to terms O(X/m2). Equation (41.46) is equivalent to the statement that in this limit
E,, —+ in up to corrections O(X/m).2°

41.6 Chiral symmetry breaking. Solutions for E

Our primary goal now is to discuss the 't Hooft model in the limit m = 0, when its
Lagrangian is symmetric under the chiral rotations,

= 4 (i ± (41.47)

breaking
In other words, the axial current of massless quarks is conserved; see Eq (41 .6). Jumping

symmetry ahead of myself, let me say that in the 't Hooft model the chiral symmetry is spontaneously

will he broken.
Let us rewrite Eqs. (41 44) and (41.45) for the chiral angle and in the limit m = 0:

seen in the
solution to p eos = dk sin (41.48)
he given 2 (p — k)
below

= p sin + cos(01, — (41.49)

An immediate consequence is that is an odd function of p. while E(p) is even.
Upon examining Eq. (41.48) it is not difficult to guess an analytic solution,

= (41 50)

where sign p is the sign function,

sign p =

Substituting this solution into Eq. (41.49) one obtains

= — (41.51)

Alas .. this analytic solution is unphysical. This is obvious from the fact that E(p)
becomes negative for < This feature of the solution (41.51) — negativity at small

cannot be amended by a change in the infrared regularization In fact, one can show [36]
that (41.51) does not correspond to the minimum of the vacuum energy

A stable solution has the form depicted in Fig 9.38. It was (numerically) obtained in [37]
It is smooth everywhere. For it is linear in p. Its asymptotic approach to
at will be discussed later.

20 In fact, depending on the rcgulariiation of the infrared divergences, a correction of the order of(m)0 could
appear For instance, one could introduce an extra term of the form in the parentheses in Eq (41 18).
where K is a constant This will have an impact on Eqs (41 45). (41 49), and (41 21) What is important
is that our Itnal equation, (41 66), being unambiguously defined in terms of the PV, remains valid in any
regulariiation For simplicity, in intermediate derivations, we stick to a regulariiation with no O((m )0) shift in
the dynamical quark mass m Let us note parenthetically that the boundary conditions (41 43) will be satisfied
for in
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op

A stable solution for the chiral angle as a function of p.

Now, let us calculate the chiral condensate, the vacuum expectation value

I'
= —Tr / G(po, p), (41.52)j (2jr)

where Tr stands for the trace with respect to both the color and the Lorentz indices, and the
quark Green's function G(po, p) is defined in Eq. (41.39). Taking the trace and performing
the po integration we arrive at

(41.53)
J 2m

For the singular solution (41.50) the above quark condensate vanishes, since 0.

However, for the physical smooth solution depicted in Fig. 9.38 the quark condensate does
not vanish. In fact, was calculated analytically (as a self-consistency condition) in [38]
using methods going beyond the scope of the present section. The result was

= (41.54)

A comparison of Eqs (41.53) and (41.54) provides us with a constraint on the integral
over cos Or,. Moreover, these two expressions, in conjunction with Eq (41.48), allow us to
determine the leading pre-asymptotic correction in at p1 >> Indeed, in this limit
the right-hand side of Eq. (41 .48) reduces to (for p > 0)

fdk —Ok) = fdk cosOk, (41.55)

while for the left-hand side we have

p —or) —÷ p —9/)) (41.S6)

This implies, in turn, that

/ \3
+ . , (41.57)

At the same time, from Eq. (41.49) we deduce that there is no correction in the

leading correction is of order
Let us pause here to discuss the phase of the condensate (41.54). The quark condensate

is not invariant under the transformation (41.47), implying the existence of a continuous

2

2
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DefIning the family of degenerate vacua and a massless Goldstone boson, a "pion" (see Scetion 30.1)
Under the circumstances, thc phase of is ambiguous and depends on the way in

quurA which a given vacuum is picked up. If a small mass term
L OfldCfl sale

+ H.c)

is added to the Lagrangian for infrared regulari7ation, it lifts the degeneracy, forcing the
theory to choose a particular vacuum. Equation (41 42) with the asymptotics (41.43) and
the result quoted in (41 .54) correspond to the limit m —÷ 0 with the mass parameter in real
and positive. This is the standard convention.

In the conclusion of this subsection, let us ask ourselves the physical meaning of the
chiral angle introduced through the quark Green's function; see (41.38). To answer this
question, let us have a closer look at the free-quark Dirae equation,

= (y5p + (41 58)

where is the two-component spinor (41.26) For any given value of p one solution has
positive energy, while the other has negative energy and must be discarded To diagonalize
the Hamiltonian one can make the following unitary

ry' ir 1
ifr(p)-÷exp

p m

angle
sina

=
' cosa

=
. (41.59)

Then the Hamiltonian (41.58) takes the form
sign p as

I y' fm \1 ry'

= (41.60)

i.e. it is diagonal. This implies that

x (41.61)

is the eigenfunction of the original Hamiltonian, with positive energy if x = 0, 4 0 and
negative energy if x 0, 0.

What changes when we switch on the Coulomb interaction and pass to Eq. (41.22) from
the free-quark equation (41.58)? 1 claim that if is replaced by so that

\1/0 \exp — ), (41.62)

then the equation for 4 (p) obtained from (41.22) will describe light-quark propagation in the
Coulomb potential induced by the infinitely heavy antiquark at the origin. Keeping x instead

of 0 in Eq. (41.61) would lead us, instead, to a system containing a heavy antiquark plus a
light antiquark. This system has no bound states. This separation of positive and negative
energy solutions is known as the Foldy-Wouthuvsen transformation (see e.g. [39])
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41.7 The Bethe—Salpeter equation

Thus, we start from Eq. (41.22) and make the Fourier transformation (41.33). Then
Eq. (41 22) takes the form

= dk
(p — k)2

+ (y5E,, sin 9, + y0E,, (41 63)

where we have used Eqs. (41.21), (41.37), and (41.38). The substitution of Eq. (41.62) into
(41 63) is straightforward. In the first term on the right-hand side we get

[ 1 ryi 1
iexp — exp

[-i-
9k)] = cos

2
+ sin

' 2
(41 64)

The term with sinl(91, 9k)/21 drops out in the integral because it is odd under
p —÷ —p, k —+ —k. The second term is treated analogously to Eq (41.60). In this way we
arrive at the Bethe—Salpeter equation for the function describing the bound states:

cos9P2OL (41.65)

where we assume, as usual, that E,, is positive
It is convenient to make an extra step substitute Eq (41 49) into (41.65). In this way we

arrive at the equivalent Beth- Salpeter equation:

= p

r dk [ / 1
A

J 2 I
cos —

) I

. (41.66)
(p—k) 2 2 j

The advantage of this equation over (41.65) is that now the integral on the right-hand side
can be regularized by virtue of the standard principal value prescription; see footnote 17,
indicated near the end of Section 41 .3

It is not difficult to derive the boundary conditions on and some properties of the
wave function; as follows.

(i) It can be taken as real, nonsingular. and either symmetric or antisymmetric under

p -+ —p,

q5(—p) =

and

(ii) at large

p

This asymptotic behavior is necessary to guarantee the cancelation of the leading term
(at large p) on the right-hand side of Eq. (41.65).
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Analytic solutions of Eq (41 48) and the spectral Bethe—Salpeter equation (41.66) are

not known. However, they can be solved numerically (see e.g. [49]).

Exercises

41 .1 The quark condensate (41 54) is the order parameter for the (continuous) axial sym-
metry. The fact that 0 implies the spontaneous breaking of this symmetry
in the 't Hooft model and the occurrence of the massless pion. Why does this not
contradict the Coleman theorem (Section 30.2)?

41.2 Derive the nonrelativistic limit of Eq. (41.22), i e Eq. (41.24). Find the relation
between qJ(z) and 5l'i.2(Z).

42 Polyakov's confinement in 2 + 1 dimensions

Polyakov's model of color confinement [40] was historically the first gauge model where
confinement was analytically established in 2+1 dimensions. Polyakov's formula for three-
dimensional confinement is concise: "compact electrodynamics confines electric charges
in 2+1 dimensions." In this section we will elaborate on this formula.

Unfortunately, the mechanism leading to color confinement in this case, as we will
see shortly, is specifically three dimensional. It cannot be generaliLed to four dimensions.
Still, Polyakov's model remains a useful theoretical laboratory. Its advantages are: (i) the
emergence of "strings" attached to color charges and (ii) the calculability of the string
tension. Its main disadvantage, besides the above-mentioned limitation to three dimensions,

is that the color confinement taking place in this model is essentially Abelian. Attempts to
apply Polyakov's results in hadronic physics are described in the papers

42.1 Theoretical setup
At energies
relevant to Polyakov's confinement emerges in the Georgi-Glashow (GG) model [43] in 2+1 dimen-
Pal ukov sions, where monopoles are reinterpreted as instantons in the Euclidcan version ofthe model.

Both the Georgi—Glashow model and monopoles were discussed in detail in Chapter 4. Here

bo3ons we briefly review this model, limiting ourselves to the SU(2) case and making adjustments

decouple, appropriate to a Euclidean formulation.
andihe GG The Lagrangian of the Georgi—Glashow model in 2+1 dimensions includes gauge fields
tuodel and a real scalar field, both in the adjoint representation ofSU(2). In passing to the Euclidean
reduec to (2+1)-dimensional space we will use the following definitions (the Euclidean quantities are
compact
dec trody-
namicc 2i The second of these references analyzes four-dimensional Yang—Mills theory with massicss quarks in various

representations of the gauge group compactified on R-1 x Si When the radius of Si becomes much greater
than A we retum to the four-dimensional theory
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marked by carets, which will be dropped shortly, after the transition to the Euclidean space

is complete):

i=l,2,
=

Am = , in = 1,2,

rThe reader is A = (42 I)

adi',sedta The Lagrangian of the model is obtained from I dimensions by reducing one coordinate
Con VOlt

/9
and the corresponding component of the vector field. In Euclidean space

r
= 4g2

+ —
— (42.2)

where ,u , = I, 2, 3. The covariant derivative in the adjoint acts according to

= + (42.3)

and the Euclidean metric is = diag {+ I, + 1, + I }.
As previously, we will work in the critical (or BPS) limit of vanishing scalar coupling,

A —* 0. The only role of the last term in Eq. (42.2) is to provide a boundary condition for
the sealar field,

= (42.4)

where v is a real positive parameter One can always choose the gauge in such a way that

= o, = (42.5)

Then the third component of A0 (i.e. remains massless It can be referred to as a

"photon." At the same time, the = + components become W bosons

and acquire mass ni', see Section 15.

The classical equations of motion which follow from Eq. (42.2) are differential equations

of second order. In the BPS limit they can be replaced, however, by first-order "duality"
equations

= (42.6)

in much the same way as for monopoles,cf. Eq. (15 24) Formally this is exactly the same
equation as that for the static monopoles in 3+1 dimensions considered in the A0 gauge
Hence it has the same functional solution, albeit the interpretation is different. What used

to be the monopole mass becomes the instanton action.

In three Sjnst = 4m = 4m (42 7)

dimensions
g

g2 has the where in w is the mass of the W boson in the model at hand. In 2+1 dimensions the coupling
dimension oJ g2 has the dimension of mass, so that 5jflst is dimensionless, as it should be This is to
mass be compared with the (3+1)-dimensional GG model, where formally the same expression

gives the monopole mass.
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As we will see shortly, the energy scale of the phenomenon in which we are interested
is much lower than 'nw The only source ofmw-dcpendence is the instanton measure At
energies much lower than m w the model at hand contains only photons (plus nondynamical

probe electric charges). This is why it is sometimes referred to as compact eleciroc/vnamicc.

42.2 Instanton measure

As usual the instanton measure is trivially determined by the instanton action, the ,ero
modes in the instanton background, and the renormali7ability of the theory (see Chapter 5

for details), up to an overall numerical factor:

= const x d3x0 exp (_sinst + 4 In , (42.8)
mw

where is an ultraviolet parameter appearing in the Pauli— Villars regulariiation (the only

one suitable for instanton calculations) Various factors in Eq. (42.8) have distinct origins.

First, is the classical instanton exponent. Furthermore, the factor

in the pre-exponent arises because there are four zero modes in the instanton background

three translational (manifesting themselves in c/3xq in the measure, where is the instanton

center), plus an additional zero mode associated with the unbroken U( I) symmetry of
the model. The corresponding collective coordinate a is of angular type. Equation (42.8)
assumes that the integration over a is done. The norm of this rotational ,ero mode is

whereas it was for the translational modes; this explains the factor I/mw in

Finally, the logarithm in the exponent must come from modes other than the ,ero
modes, i.e the nonLero modes. We have not calculated it, but we know that it must be there

because the ultraviolet parameter cannot be present in the overall answer for dii inst:

it must cancel out. Indeed, the model at hand is super-renormalizable in 2 + I dimensions:
neither in w nor g2 receive logarithmically divergent corrections. Therefore the occurrence
of exp(—4 In from nonzero modes is unavoidable

The only remaining question is: which infrared parameter is available to make the argu-
ment ofthe logarithm dimensionless? The answer is that the only relevant infrared parameter

at our disposal is mw This concludes our derivation of the instanton measure up to a
numerical coefficient.

Assembling all factors together we get

= eonst x g d3x0 exp . (42.9)

The validity of the quasielassical approximation implies that v g and, hence, I

As a result, the instanton measure is exponentially suppressed.22

22 I hasten to warn the reader that the pre-exponent in Eq (42 9) does not quite match the corresponding expression

presented in 1401. which was later copied in [4!
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42.3 Low-energy limit. Dual representation

In thc low-energy range E mw, the presence of the W bosons in the spectrum of the
model is irrelevant, and we can focus on the U( I) field, to be referred to as a photon, which
has not been Higgsed and hence must be considered as massless for the time being. Later
on I will show that in fact it does acquire a tiny mass, but this mass is associated with
nonperturbative instanton effects and is exponentially suppressed as in Eq. (42.9).

Now we will return, for a while, to M inkowski space. It is obvious that in 2 + I dimensions
the photon field has only one physical (transverse) polarization. This means that it must

I
Polvakos' s

have a dual description in terms of one scalar field cc, namely [40],

(42 10)

where k is a numerical coefficient to be determined below and is the completely
antisymmetric unit tensor of the third rank (E012 = s0i2 = I). Equation (42 l0)defines the

field in terms of in a nonlocal way. At the same time, is related to locally.

Let us consider the case = 0 and v = p = 1,2 Then = where E is the electric
field,23 and

i,j = 1,2. (42.11)

Here is the completely antisymmetric unit tensor of the second rank, 812 = = 1.
Our next task is to determine the coefficient k. To this end let us place a heavy probe

charge at the origin, as shown in Fig. 9.39. Usually, the charge is not quantized in the U( I)
theory. However, our theory is in fact compact electrodynamics; the minimal U( I) charge
in this model is Indeed, the probe particle must belong to a representation of SU(2) If it
belongs to the doublet representation, it has the U(l) charge We will assume that the
charge of the probe particle at the origin in Fig. 9.39 is

The electric field induced by the probe particle is radial A brief inspection of Eq. (42.11)
shows the the radial orientation of E requires the sealar function cc to be r-indcpendent.
Moreover, it should depend on the polar angle a as const x a. The normalization constant
that we have just introduced can always be included in the coefficient k. Thus, we can write

(I

Probe heavy charge at the origin.

23 For what follows it is useful to note that 112 = —B. where B is the magnetic held in 2 -i dimensions B is a
loreni, scalar
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that for the minimum probe charge

(42.12)

Needless to say, Eq (42 12) implies that the scalar field is compact and defined mod

the points

.. (42.13)

are identified Thus, Polyakov's observation that in 2 + I dimensions the photon field is
dual to a real scalar field needs an additional specification: the real scalar field at hand is
compact; it is defined on a circle of circumference 2jr.

The static equation that determines the electric field of the probe charge is

div E = (42.14)

where represents the minimal charge. Its solution is obvious,

(4215)
4m r

Let us compare this expression with ço (see Eq. (42.11)), substituting as the solution

(42 12). Then we have

(ai q) —÷ —-. (42.16)

Thus, we conclude that
2

(42.17)
In the model
at hand the For the sake of convenience we can summarize the result of our derivation in the form
dimension of

2

,n2 p — (42 18/ —
the 'liT

dmenvion qJ The energy of the {E, B) field configuration in the original (compact) electrodynamics

and the and in the dual description has the form

dimension of
I

2

ivm0
=

d2x (fr2 + B2) = d2x [(vp) + . (42.19)

Observe that the canonical momentum part of the original theory gets transformed into the

canonical coordinate part ofthe dual theory (i e. and vice versa (B2

Finally, Eq. (42.19) implies that the Lagrangian of the dual model is

Lduat = /C2 — =
(d/L49), (42 20)

where

(42.21)
4m

At this level the field remains massless, which is in one-to-one correspondence with
the Coulomb law (42.15) for the probe electric charges. Note that in 2+1 dimensions the
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In 2 + I Coulomb interaction per se confines thc probe charges. This is a weak logarithmic con-
dimensions finement, however. Our task is to arrive at a linear confinement of the type that takes place
the Coulomb in QCD. This is a far less trivial task, but we will achieve it shortly. To this end we will

e falls of]
as hr. and need to show that instantons do generate a potential term for the dual field Although

the Coulomb suppressed by this term will lead to a qualitative restructuring of the theory at

potential large distances.
grows as I conclude this section with the following side remark on the literature, intended for
lnr the curious reader who would like to learn more about compact electrodynamics. In [45]

Polyakov explored the origin of the duality relation (42 10) within a discretized approach,
in the spirit of statistical mechanics on lattices (see Section 4.3 of Polyakov's book). From
a mathematical standpoint the same question was discussed in [46]

42.4 Instanton-induced interaction

Now we return to our instanton theme. We have already calculated the measure. see
Eq (42.9), which we will rewrite here in the form

dpinst = d3xo, (42.22)

where ,u is a parameter having the dimension of mass,

= const x (42.23)

Since I, is exponentially suppressed:

(4224)

We will show that the instanton-induced interaction (at distances>> ) can be written as

= ft3 exp(±i (42.25)

where the plus sign in the exponent represents an instanton and the minus sign an anti-
instanton.

Is it difficult to construct an effective instanton-induced Lagrangian'? Not at all. The
procedure is described in Sections 21.9 and 21 12.2. In the problem at hand it can be
implemented as follows. Let us consider the correlation function

(0 T (xl), (x2 ) Br,, j , (42 26)

where 24

(42.27)

n is arbitrary, Xl, X2 are arbitrary coordinates, and is the electromagnetic
field strength tensor of the compact electrodynamics under consideration. For definiteness

the instanton is placed at the origin All distances xk are assumed to be large.
k = 1,2,.. .,n.

24 The careful reader may have observed that coincides with the gauge-invariant magnetic flcld (15 19) in
(3—I I-dimensional theory This observation allows one easily to copy Fq (IS 21) (which was actually calculated
in a nonsingular gauge) into kq (42 28)
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To obtain the one-instanton contribution (42 26) in the leading approximation, one passes

to Euclidcan space and then substitutes each operator by its classical value in the

instanton field (the latter is taken in the limit of large distances from the instanton center),

11Yk

_________

(42.28)

The n-point function (42.26) reduces to. on the one hand,

I 3 (xk)YA
4229

On the other hand, by construction (or, equivalently, by definition of the effective
Lagrangian), it is possible to express the same n-point function as

(—ikY' (0 T X 0). (42.30)

Note that Eq. (42.18) implies that in Euclidean space

= —ik [ayp(x)]; (42.31)

see Section 19 in Chapter 5.

Now we are finally ready to verify that Eq. (42.25) solves the problem. Indeed, expanding

in ço we observe that the relevant term in the expansion of LInSI saturating the n-point

function under consideration is Furthermore, the factor n! in the denominator

is canceled by a combinatorial factor, the number of possible contractions in Eq. (42.30).
Therefore, Eq. (42.30) reduces to

fl (42.32)

where D(xk, 0) is the Green's function (in Euclidean space—time), which is determined
from Eq. (42.20),

D(x,0) = (42.33)

see Fig. 9.40 Substituting this expression into (42.32) and differentiating D(x,0) we

One-instanton saturation of the n-point functions (42.26) and (42.30). In this examplen = 5. The instanton is at the

origin.

1J

I'
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observe, with satisfaction,25 perfect coincidence with Eq. (42.29), which confirms the expo-
nential ansatz for Additional indirect confirmation comes from the fact that £iflSt in

Eq. (42.25) is 2ir -periodic in The requirement of of the effective interac-
tion is equivalent to requiring the compactness a result derived above from independent
arguments.

Assembling the instanton and anti-instanton contributions, we arrive at the following
effective Lagrangian for the field q:

= + cOSço. (42.34)

Besides the kinetic term established previously, it contains an exponentially suppressed
potential term generated at the nonpcrturbative level This is the Lagrangian of the sine-
Gordon model

42.5 Domain "line" in 2 + 1 dimensions as a string

Now, we calculate the dual photon mass. To this end we expand and compare the
coefficient in front with that in the kinetic term. In this way we obtain

rn = /13/2 KL (42 35)

The typical transverse size of the confining string will be determined by the length scale
Needless to say is exponentially large, which justifies our approximation —

compact electrodynamics with no W-boson excitations.
Now, what is a string in the case at hand? Rather paradoxically, Polyakov's string in the

Georgi -Glashow model is a "domain wall." More precisely it is a "domain line," since in
two spatial dimensions the transitional domain separating two vacua is a line (Fig. 9 41).
Moreover, the two vacua just mentioned, = 0 and g°vac = 2m (or, in general, =

and c°vac = 27r(n + 1), where a is an arbitrary integer) represent one and the same
vacuum since and + 2mn are identified because of the compactness of the field This
is crucial because otherwise the domain line could not be interpreted as a string. Indeed, the
necessary conditions for a topological defect to be a string are. (i) the one-dimensional nature
of the defect; (ii) that when one travels away from the string in the transverse direction, at
large distances one should find oneself in the same vacuum no matter in which direction
one goes. While the first requirement is obviously satisfied for the domain line, the second
usually is not because usually the vacua on the two sides of the line are physically distinct.
For compact fields we can have the same vacuum on both sides of a topological defect of
domain-wall or domain-line type. There is a well-known example of this phenomenon in
3 + 1 dimensions: axion walls. The axion field is compact too.

Domain-line The domain-line (or domain-wall) solution in the sine-Gordon model is well known.
solution. ci Repeating the procedure of Chapter 2 we can write
Section 71 /

.

çü = 2 [arcsin tanh v) + , (42.36)

25 It is crucial that k =g2 (4jr) an independent consequence of Polyakov's identification of the (2+1)-
dimensional photon with a real scalar field according to kq (42 10)
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=

III

"Domain wall" in 2+1 dimensions. The solid circles represent probe charges + . It is assumed that L >> The

transitional domain, which is a domain line and a string simultaneously, is shaded.

interpolating between 0 at v = —cc and = 2m at y = cc: see Fig. 9 41. The
tension of the Polyakov string is

T = = 8tflçoK2 (42.37)

Note that this tension is much larger than
For this string to develop between two probe charges the distance L between the charges

must be I. At distances each charge is surrounded by an essentially (two-
dimensional) Coulomb field, with force lines spreading homogeneously in all directions. At
distances the "flux tube" starts forming. If the probe charges have opposite signs,
and L >> will be connected by the "flux tube" and the energy of the configuration
will grow as TL. At very large distances I. nç 1, linear confinement sets in.

42.6 Polyakov's confinement in SU(N)

Conceptually the confinement mechanism in the SU(N) generalization of the (Jeorgi—
Glashow model remains the same. There are technical differences [47], however, which
we will briefly discuss below.

The adjoint field in the Lagrangian (42.2) now has N2 — I components. Its
vacuum expectation value (VEV) can always be chosen as

= diag{vi, '1)2 '1'NJ, (42.38)

where

=0 (42.39)
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and the TU denote the SIJ(N) generators (in the fundamental representation) Thus, its
VEV is parametrized by N — I free parameters. Moreover, the theory has N I distinct
instanton-monopoles.

For a generic choice of the above parameters, all N(N I) W bosons have different
masses; correspondingly, the actions ofthc N I instantons are different too The dominant
effect will come from the instanton-monopole with the minimal action. The others can be
neglected. Thus we return essentially to the SU(2) case.

however, with a special choice of parameters one can achieve the degeneracy of all W
boson masses (instanton actions) In this case all N — I instanton-monopoles are equally
important Assume that

= — I .. (I
—

(i (4240)

Then the eigenvalues ofØ are equidistant and symmetric with respect to the C transformation
—+ —v (with subsequent reordering of the cigenvalues). Moreover, takes

the form (To be more exact, we have for odd N and for even N ) The

vector h defined in Eq. (15.68) is given by

h =
{

+ I) 1 )N (42.41)

It is easy now to calculate the masses of the N I lightest W bosons

(mw)y = gyh = (42.42)

cf. Eq. (15.74). Here y stands for a simple root vector; see appendix section 1 7 in Chapter 4.

The actions of all N — I instanton-monopoles are the same.

4m 8irv 4ir
SSU(N) = —yh = = (mw)y . (42.43)

g gN g

Next, it is not difficult to derive the effective Lagrangian for N — I dual "photons." an
analog of Eq. (42.34). This is a good exercise. Instead ofa single dual field we have an

(N 1)-component vector,

(4244)

The energy functional for the dual fields takes the form

=fd2x [ç (42.45)

Here is the same as in Eq. (42.23) but with the substitution —+ SSL(N)

For generic N we obtain a rather complicated system ofcoupled sine-Gordon models. For

pedagogical purposes it is instructive to consider the SU(3) example, the next in complexity
after SIJ(2). Then we have two dual photons, and and the corresponding energy
functional takes the form

= f d2x
— + cos . (42.46)
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12_

'2<
Periodicity on the xi X2 plane The solid circles denote the vacuum configuration.

'P2

2

Wi +
X2 = (42 48)

In terms of these diagonal fields the energy functional reduces to a simple formula,

2
rK2 2

£dual = j d x — 2/L
2

cos

The periodicity on the X2 plane is shown in Fig. 9.42. As we already know, strings are
domain lines interpolating between vacuum configurations. The solutions arc static and
depend on one spatial coordinate, v It is not easy to find solutions for generic strings (of
the type y in Fig. 9 42) Two particular solutions, that satisfy the classical equations of
motion with the required boundary conditions, are fairly obvious They correspond to the
interpolations and f3 in Fig 9.42. Of special interest is the x trajectory, X2 = 0 In terms
of the original dual photons it corresponds to

'P1 (4250)

1/2- K

The instanton action is The mass eigenvalues of the fields 'P1.2 are

2 2in1 = —, =
2K

/L

2K

The diagonal combinations can be readily Ibund, too.

(42 47)

wit/I N > 2
one /iU.S a

I'arietl

L___

(42.49)

At the endpoints of the string represented by the domain wall a are the fundamental probe
quark and antiquark

What does that mean? A probe quark in the fundamental representation (the SU(3) triplet)

has the charges with respect to the third and eighth photons shown in Table 9 I. The string
a connects Q2 and Q2 Its tension is

(42.51)
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TabLe 9 1 The tJ(1) charges of the probe fundamental quark Q, (SU(3) tndices 1,2 and 3) with

respect to the third and eighth photons

SU(3) index qg

I I

2

3
2

The string is composite; it connects and Its tension is larger than (42 51)

by a factor

42.7 Including fermions

Let us ask ourselves what happens to Polyakov's confinement if, in addition to gauge fields

and the adjoint scalar field we add fermions. If they are coupled to as in Eq. (75.1) or
Eq. (1 5.103) the instanton-monopoles have fermion iero modes, see Section 15.11 This
means that the contribution of the instanton-monopoles to the potential vanishes. Instead of
generating a sine-Gordon interaction of the type (42.34) or (42.46) they generate fermion
condensates. Polyakov's confinement is destroyed.26

43 Appendix: Solving the 0(N) model at large N

Previously we considered the 0(3) sigma model in perturbation theory and found that the
global 0(3) is spontaneously broken down to 0(2); correspondingly two massless Goldstone

bosons emerge (see Section 28). My present task is to show that, beyond perturbation theory.

I.ool. in the full solution, a mass gap is generated, and the full symmetry of the Lagrangian is
rhmugli restored in the 0(N) model for arbitrary N 27
Se lion 30 2 Instead ofthe three S fields ofthe 0(3) model let us consider N fields S° (a = 1, 2 N)

defined on the unit sphere,

S°(x)51'(t) 1 (43 1)

In what follows 1/N will play the role of the expansion parameter
The Lagrangian is similar to that of the 0(3) model,

r = a 1,2,. .,N (432)

26 it is instructive to note that in four-dimensionai Yang Miiis theory with massiess fermions compactified on
R3 x confinement does take piace due to Euchdean configurations — hions which arc more
comphcated than the instanton-monopoies I his topic hes beyond the scope ofthc present textbook i he curious

reader is directed to [42]
27 I his appendix is based on Section 2 from [4S]
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The 0(N) invariance under global (x-indepcndent) rotations of the N component vector
S" is explicit in Eq. (43 2). The model is known as the 0(N) sigma model. In much the
same way as in the 0(3) model, the 0(N) model in perturbation theory gives rise to the
spontaneous symmetry breaking 0(N) —÷ 0(N — 1), which leads in turn to N — I masslcss

interacting Goldstones At one loop, Eq. (28.23) for the running coupling constant of the
0(3) model is replaced by

[ ,2 M21
=

J

I — (N — 2) In —f , (43 3)
4m

which implies that the one-loop function of the 0(N) model is

('3 N-2
g4. (43.4)

d1i 2ir

r—. I Note that for N = 3 Eq. (43.3) reduces to (28.23) as of course it should('ak elating
I

i/ic As an easy warm up. let us derive Eq. (43.3) To avoid cumbersome expressions with

function in subscripts en route, the calculation we will carry out below will be at N = 4 (i e. for an S3
the 0(N) target space). The gcnerali7ation to arbitrary N is easy. In polar coordinates, S3 with unit

radius is parametriLed by three angle variables, 9, and and the metric

= I, sin2 sin2 sin2 9 (43 5)

In polar coordinates the Lagrangian takes the form

=
+ sin2 3 + sin2 98 (43.6)

The most convenient choice of background field is

(437)

where is a slowly varying function ofx.
Splitting all fields into background and quantum parts we arrive at

r + + 8/9qu +
2g5

-

= (43.8)
2g0

in an approximation quadratic in the quantum fields. Now we are ready to perform the
desired one-loop calculation. The terms 804qu and so on in the first line determine
the quantum field propagators, while the term in the second line is the vertex to be evaluated

in the one-loop approximation. We must calculate two trivial and identical tadpoles: one
for the 4'qu field and the other for the °qu field. In the general case the number of tadpoles
is obviously N — 2. In this way we are able to reproduce Eq. (43.3).

Now let us turn to the main task of this section — the solution of the 0(N) model using the

I/N expansion. The interaction ofthe Goldstonc bosons emerges from the constraint (43.1).
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If it were not for this constraint, the theory would be free, It is clear that it is inconvenient
to deal with constraints of such type, therefore, we will account for the constraint (43.1) by
means of a Lagrange multiplier a(x). The Euclidean action can be rewritten as

SIS(x) ,a(x)] f +
—

f-)] , (43.9)

where I have introduced a new constant fo:

I N
, (43.10)

To

and changed the normalization of the S field to make the kinetic term canonically normal-
ized The factor I in front ofa(x) is chosen for convenience. As we will see shortly,
in order to get sensible results one must assume that the product Jo stays fixed at
large N while the coupling constant itself scales as N

Since the field a(x) enters the action without derivatives it can he eliminated, resulting
in the equation of motion

NSa(x)Sa(x)
= j_

. (43 II)

which is equivalent to the constraint (43 I) Our task is to solve the theory (43 9) by assuming
that the parameter N is large and expanding in I/N.

We will find the propagator of the S field in the saddle-point approximation, and then we
will check that this approximation is perfectly justified at large N. In fact, the expansion
around the saddle point is equivalent to the expansion in I/N.

I'o determine the propagator of the S field let us add the source term ,fd2x
to the action and then calculate the generating functional ZIJU(x)I, where

ZIJa(x)l=f , (43.12)

where on the right-hand side we have the path integral over all S" fields and a Since the
action (43.9) is linear in a, integration over a returns usto the original action (43 2) plus the
constraint on the S fields. However, we will integrate in the order indicated in Eq. (43.12)
first over SU and then over a. Since the action (43 9) is bilinear in S. the integral over S is
Gaussian and is easily found. To warm up, let us first put = 0. Then

= f Va(x) (43 13)

where

N F 2 a(x)1= In +
—
f dx (43J4)

The factor N in front of the trace of the logarithm in appears because there are N fields
SU and they are decoupled from each other in Eq. (43.9), Note that the trace of the logarithm
is identically equal to

a(x)lnDetl—d +—
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The existence ofa sharp stationary point in the integral at 0 is crucial in what
follows This will allow us to do the path integral over using the saddle-point technique.

As we will see shortly, this is equivalent to the I/N expansion.
First, we note that the stationary value ofa, if it exists, must be x-independent. This is

due to the Lorenti symmetry. Let us denote this constant by where ni2 does not

scale with N (we will confirm this sealing law later) Then

a(x) = (43.15)

where describes deviations from the stationary point In fact, aqu(x) will
turn out to describe quantum fluctuations of the field We will expand in assuming

the fluctuations to be small and then we will check that this is indeed the case.
The effective action as a functional takes the form

N 2 N,
= — Tr ln(—a + itt) — dx in

2 j 2f1j

—J
d

a2 +,,,2 aqu

2)aqu]+ (43.16)

where the ellipses denote terms cubic in and higher. The two terms on the first line
are inessential constants (they affect only the overall norniali,ation of Z. in which we are
not interested). The two terms on the second line are linear in aqu. If our conjecture of the
existence of the stationary point at a(x) = is valid, the sum of these two linear
terms must vanish identically. Let us have a closer look at this condition The functional
trace of(—a2 + /n2r'aqu can be identically transformed as

/ I I 1

=
J

(/X\X
a2+rn2\f,= \0 '+2 0/J dxaqu(v)

I d2p 1 2

= J ' 2 J
d (43.17)

(2jr)- p +in- 2

The
1

where we used the fact that + jx) is translationally invariant and therefore
paraineterm x-independent. We see that this term is identically canceled by another term linear in

the of
provided that

the .S quanta
N-p/el, ccc

d2 I I M2
(432/)

j —
= p., =

(43.18)
fo (2m)- p2+'n- 4ir

The relation between the bare coupling, the ultraviolet cutoff, and the parameter in2 is a
self-consistency condition. The stationary point in the a integration exists if and only if
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Eq. (43 18) has a solution. Such a solution is easy to Iind.28

I
= cxp

(
. (43.19)

\ foi

1ff0 is N-independent then so is m2, as was anticipated. Equation (43.19) implies, ofcourse,

that the 0(N) model is asymptotically free, like 0(3) Indeed, for fixed in and oo,

the bare coupling constant vanishes, fo 0 Moreover it demonstrates, in a transparent

manner, dimensional transmutation.
Our next task is to understand the physical meaning of the parameter To this end we

return to Eq. (43.12), with the source term switched on. Repeating step by step the analysis

carried out above we now obtain

ZIJ°(x)1
=

f Va(x) exp { —

+— J°()
2 J

+ 1/N corrections. (43.20)

By expanding ZIJ°(x)j in J°(x) and examining the terms quadratic in J°(x) we observe

that the Green's function of the fields S° has the form (in the leading order in I/N)

(S°, Sb) , u,b= I,.. ,N. (43.21)
p- +

This is a remarkable formula. It shows that all N fields are on an equal in fact,

they form an N-plct of 0(N). The symmetry of the Lagrangian, 0(N). is not spontaneously

broken. All N fields are massive, with the same mass m, rather than massless This is another

manifestation of the fact that the global 0(N) symmetry, which was broken in perturbation
theory, is restored at the nonperturbative level so that there are no massless Goldstones.

Of course, strictly speaking the results obtained above refer to the large-N limit. By
themselves they tell us nothing about what happens at N = 3 A special analysis is needed

in order to check that in decreasing N from oo down to 3 one encounters no singularities,

i c, that there is no qualitative difference between the large-N model and 0(3) Such an
analysis has been carried out in the literature. The conclusions perfectly agree with the
exact solution of the 0(3) model 1281, which also demonstrates that there is no spontaneous

symmetry breaking and there are no Goldstoncs.

25 For unite N the expression lbr m2 is

m2 = exp)—4irN/l Ib(N 2)))

The exponent tends to that of Eq (43 19) in the limit N The above expression is easy to check by
compartng the expression for A2 for the 0(3) model with the function in the 0(N) model, Eq (414)
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In the course of our discussion, I have mentioned, more than once, that the expansion
(43.15) around the saddle point is equivalent to a I/N expansion It would be in order now
to prove this assertion. As already explained, the term linear in aqu vanishes. The bilinear
term is given in the third line of Eq. (43.16),

= -

(43 22)

where F is the inverse propagator of the a "particle,"

= (43.23)
F ( p)

Here is the a propagator and F'(p) is the Fourier transform of l'(x):

fd2q
1(J)

= J (q2 + in2)J(p + q)2 + in2J

I

(4
2m + 4m2)

Note that the propagator has no poles in p2, only a cut starting at p2 —4m2 This

means that the a field is not a real particle; rather, it is a resonance-like state
Knowing the propagator D(a) one can readily calculate the higher-order corrections due

to deviations from the saddle point (i.e. the loops generated by aqu exchanges). The most
convenient way to formulate the result in a concise manner is using a new perturbation
theory in terms of new Feynman graphs (Fig. 943) Note that this perturbation theory has
nothing to do with that in the coupling constant g2. In fact, g2 does not show up explicitly
at all; it only enters in the new Feynman graphs through the parameter in2. The expansion
parameter of the new perturbation theory is I/N.

The Feynman rules in Fig. 9 43 describe the propagation of N massive particles with
Green's function IiYth(p)J = 8"(p2 + m2)' (Fig. 9 43a), the propagation of the a

h
(d) (1))

I,

(h) 2

I (ii)

<,)
I',,',-(c)

(I

Feynman rules for the 1/N expansion in the 0(N) sigma model.
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0 00
411Z!X!JI The one-particle reducible graphs included in the x propagator, to be discarded in perturbation theory following from

Fig. 9.43.

Tadpole graphs vanish under the condition (43.18). They are not to be included in perturbation theory, summarized in

Fig.943.

The leading correction to the S mass.

U

S

"particle" with Green's function = —2/ [(p) (Fig 9.43b), and thcir interaction,
given by the vertex —( I (Fig. 9.43c) The graphs shown in Fig. 9 44 arc

accounted for in D(U) ( p). They should not be included again, to avoid double counting. The

same applies to the graphs of tadpole type (Fig. 945). They vanish because the condition
(43.18) is satisfied, and there are no linear in aqu terms in Sen.

I would like to reiterate that the I/N perturbation theory, presented in Fig. 9 43, drastically

differs from that in the coupling constant g2. First and foremost, it explicitly incorporates
the crucial nonperturbative efiects: symmetry restoration and mass generation The number

of S particles is N not N — I, from the very beginning. Second, the structure of the I/N
expansion becomes transparent: each aSS vertex introduces a factor For instance,

the leading correction to the S mass is due to the graph in Fig. 9 46, it proportional to

I/N.

References for Chapter 9

11] A. Ahrikosov, Soy Phys JE7I'32, 1442 (1957) Ireprinted inC. Rebbi and (. Soliani
(eds ), So//ions and (World Scientific. Singapore. 1984), pp. 356 and 3651.
11 Nielsen and P. Olesen. Noel Phys B 61,45 (1973)



399 References for Chapter 9

2] A. Abrikosov, Type 1/ and the Vortex Lattice, Nohcl Lecture
[hIlp.//nohel pri?e org/nobel_prizes/physics/Iaurcates/2003/abrikosov-lccturc.pdfl.

[3] Y. Nambu, Phys Rev 1) 10, 4262 (1974); G. 't Hooft, Gauge theories with unified
weak, electromagnetic and strong interactions, in Proc EPS tnt Con/ on High Energy
Physics, Palermo, June 1975, ed. A. Zichichi (Editrice Compositori, Bologna, 1976);
S. Mandeistani, Phi's Rept. 23, 245 (1976).

[4] (, 't Hooft, Nucl Phi's B 79,276(1974); A. M. Polyakov.JETP Len. 20, 194(1974).
[5J N. Seiberg and E. Wittcn, Nuci Phy.s. B 426, 19(1994); Erratum, ibid 430,485 (1994)

[hep-th/9407087]; NucI Phys B 431, 484 (1994) Ihep-th/94080991.
16] M R Douglas and S. FL. Shenkcr, NucI Phv.s. B 447, 271 (1995)

[hep-th/9503 163], A. Ilanany, M. J Strassler, and A Zaffaroni, Nuci Phj's. B 513. 87
(1998) [hcp-th!9707244].

[7] 6 't Hooft, NucI Phvs. B 72, 461(1974); see also Planar diagram field theories, in
(1. 't Hooft, Under the Spell o/ the Gauge Principle (World Scientific, Singapore,
1994), p. 378.

[8] B Zwiebaeh, A First Course in String Theory (Cambridge University Press, 2004).
[9] F. Witten, Nitci I'hts B 160, 57 (1979).

[10] A. Armoni, NA. Shifman, and 6. Veneziano. Phys Rev Len 91, 191601 (2003)
[hep-lh/0307097]; Phys Lett B 579, 384 (2004) [hep-th/0309013].

[11] A. Armoni, M. Shifman, and 6. Veneziano, From super-Yang—Mills theory to QCD:
planar equivalence and its implications [arXiv:hcp-th/0403071] in M. Shifrnan ci
al. (eds.) From Fields to Strings Circumnavigating Theoretical Physics (World
Scientific, Singapore, 2004), Vol. 1, p 353.

[121 E Corrigan and P. Ramond, Phys Lett B 87, 73 (1979)
[13] G. Zweig, tnt J. Mod. Phvs A 25. 3863 (2010) [arXiv:1007.0494 [physics hist-ph]].
1141 A Cherman, T. D. Cohen, and R. F. Lehed, Phi's. Rev D 80(2009) [arXiv:0906 2400

[hep-ph]].
[15] A Armoni, M Shifman, and G. Veneziano, Nucl I'hvs B 667, 170(2003)

th/0302 163], Phys. Rev. D 71, 045 015 (2005) [arXiv.hep-th104l2203].
116] M Peskin and D. Schroeder, An introduction to Quantum Field Theory (Addison-

Wesley, 1995)
[17] A. V. Manohar. Large-N QCD [arXiv:hep-ph798024l9] in R. Gupta, A. Morel, F.

de Rafael, and F David (eds.), Probing the Standard Model 0/ Particle Interactions
(North Holland, Amsterdam, 1999) p. 1091.

[18] H. Lipkin, Quantum Mechanics (North-Holland, Amsterdam, 1973), F. Schwahl,
Advanced Quantum Mechanics (Springer, Berlin, 1997).

jl9] J -L. (iervais and B. Sakita, Phy.s Rev LetI. 52, 87(1984); Phvs Rev D 30, 1795
(1984).

20] R DashenandA V Manohar,Phys Lett. B315, 425, 438(1993).
[21] F. Kokkedce, Quark theory (Benjamin, New York, 1969).
[22] A.V Manohar, Nucl P/ivs B 248, 19 (1984).
[23] R Dashen, E. Jenkins, and A.V. Manohar, Phys Rev 1) 49, 4713 (1994).
[24] R. Dashcn, F. Jenkins, and A.V Manohar, Phi's Rev D 51, 3697 (1995)
J25] F Dc Luccia and P. Steinhardt, unpublished: C 6. Callan, R F. Dashen, and D. J Gross,

Phvs Leit. B 66, 375 (1977), S Coleman. The uses of instantons, in Aspects o/
Symmetry (Cambridge University Press, 1985).

[26] A. D'Adda, M. Lüscher, and P. Di Vecchia, NucI Phv.s B 146, 63 (1978), A. D'Adda,
P. Di Vecchia, and M. Lüschcr, Nuci. Phvc. B 152, 125 (1979)

[27] F Witten, Nud P/iys. B 149, 285 (1979).
[28] A. B Zamolodchikov and Al. B. Zamolodchikov, Ann Phys. 120, 253 (1979)



400 Chapter 9 Confinement in 4D gauge theories and models in lower dimensions

[29] A. Gorsky, M. Shifman, and A. Yung, Phvs Rev 1) 71, 045 010 (2005) [arXivhep-
th/04 12082].

[30] F. Witten, NucI Phvs B 202 (1982) 253 jrcprinted in S Ferrara (ed.) Supersvmme-
tiy (North Holland/World Scientific, Amsterdam—Singapore, 1987), Vol. I, p 490];
J. high Energy Phys. 12, 019 1998 (see Appendix).

[311 B. S. Acharya and C. Vafa, On domain walls = I supersymmetric Yang Mills
in fourdimensions [hep-th/01030l I].

132] E. Witten, Phys. Rev Len. 81, 2862 (1998) [hcp-th/9807 109].
33] G 't Hooft, NucI Phvs. B 75.461(1974) [reprinted in G. 't Hooft, Under the Spell of

the Gauge Principle (World Scientific, Singapore, 1994), p. 461].
[34] 1 Bars and M. 1-3. Green, Phys. Rev D 17, 537 (1978).
[351 K. Hornbostel. The application of light cone quantizalion to quantum c hroinodynainic.s

in 1)-dimensions, SLAC PhD thesis, 1988.
[36] Y. S. Kalashnikova and A. V. Nefediev, /'hy.s Usj, 45, 347 (2002) [hcp-ph/0l 112251.
[37] F. Lenz, M Thies, S Lcvit, and K. Ya,aki, Ann P/iys 208, 1 (1991).
[38] A. Zhitnitsky, Phvs Lett B 165, 405 (1985); Soy J NucI Phvs. 43, 999 (1986), ibid

44, 139(1986)
[39] F. Schwabl, Advanced Quantum Mechanicc (Springer, 1997), Chapter 9.
[40] A. M. Polyakov, NucI Phvs B 120, 429 (1977)
[41] A. Kovncr, Conlinement, magnetic Z(N) symmetry and low-energy effective theory

of gluodynamics, in M. Shifman (ed.), At the Frontier of Particle Physics Hand-
book of QCD (World Scientific, Singapore, 2001), Vol. 3. p. 1777 [hep-ph/0009 138],
1 1. Kogan and A. Kovner, Monopoles, vortices and strings: confinement and decon-
finement in 2+1 dimensions at weak coupling, in M. Shifman (ed ), At the Frontier of
Particle Physic.s (World Scientific, Singapore, 2001), Vol 4, p. 2335 [hcp-th/0205026]

[42] M. Shifman and M. lJnsal, Phys. Rev D 78, 065 004 (2008) [arXiv 0802.1232 [hep-
th]]; Phys. Rev D 79, lOS 010 (2009) [arXiv0808.2485 [hep-th]]

143] H. Georgi and S L. Glashow, Phy.s Rev. Lett 28, 1494 (1972).
144] P. Sikivie, NucI Phys Proc Suppl. 87,41(2000) [arXiv:hep-ph/0002 154].
[45] A. M. Polyakov, Gauge jields and S/rings (Flarwood Academic Press, Newark, 1987)
[46] F. Witten, Dynamics of quantum fields. Lecture 8. Abelian duality, in P. l)elignc

et al. (eds.), Quantum Fields and Strings A Course for Mathematicians (AM 5, 1999),
Vol 2,p. 1119

[47] N.J.Snyderman,Nucl Phy.s B2l8, 381 (1983)
[48] V.A Novikov, M. A. Shifman, A. I Vainshtein. and V. I Zakharov, Phys Rept 116,

103 (1984).
[49] L. Glozman, V Sazonov, and M. Shifman, Chiral Symmetry BreaAing (to appear).



INTRODUCTION TO

SUPERSYMMETRY

I

SUPER
SYMMETRy





403

Extending the Poincaré algebra — Quantum dimensions 0/ space—rime Super/Ields —

Simplest models in four and two dimensions — Becoming acquainted with supergauge
invariance — Supersymmetric Yang—Mills theories and super-Higgs mechanism —
Hvpercurrent - Exact results, or the power of supersvmmelry.



404 Chapter 10 Basics of supersymmetry with emphasis on gauge theories

44 Introduction

Global symmetries play a crucial role in explorations of fundamental interactions, both
from the standpoint of phenomenology and from the point of view of dynamical studies.
Supersymmetry is arguably the most beautiful invention in theoretical physics in the twen-
tieth century. It is the supreme symmetry: it extends the set of geometric symmetries to
its limit. There are very few geometric symmetries in nature and they are precious They
are expressed by energy—momentum conservation and Lorentz invariance consequences
of the homogeneity of space -time. For some time it was believed that that was the end of
the story. The Coleman—Mandula theorem, which we will consider shortly (in Section 46)
tells us that no other exact symmetry can be geometric, all other conserved quantities. such
as electric charge, are of an internal nature and can only be Lorenti scalars. The spinorial
extension of Poincaré algebra was discovered as a "loophole" in the above Coleman—
Mandula theorem It turns out that conserved quantities with spinorial indices can exist
They are called The anhicommutator of two supercharges is proportional to
the energy -momentum operator.

Supersymmetry is unique because supersymmetry transformations connect bosons and
fermions — particles ofdifferent spins, combining them in common supermultiplets and relat-
ing their masses and other properties. Mathematically it can be expressed as the emergence
of extra quantum (Grassmannian) dimensions in addition to our conventional space—time
As we will see below, many miraculous consequences ensue from the Grassmannian
dimensions.

"Supersymmetry, if it holds in nature, is part of the quantum structure of space and
time In everyday life we measure space and time by numbers, 'It is now three o'clock,
the elevation is two hundred meters above the sea level,' and so on. Numbers are clas-
sical concepts, known to humans since long before quantum mechanics was developed
in the early twentieth century. The discovery of quantum mechanics changed our under-
standing of almost everything in physics, but our basic way of thinking about space and
time has not yet been affected. Showing that nature is supersymmetric would change
that, by revealing a quantum dimension of space and time, not measurable by ordinary
numbers

Since its inception in the early I 970s supersymmetric field theory has experienced
unprecedented development. Supersymmetry has become one of the most powerful tools
in the uncovering of the subtle and long-standing mysteries of gauge dynamics at strong
coupling The first ever analytical proof that the dual Meissner effect is the
of color confinement was obtained [2] in a supcrsymmetric extension of Yang—Mills the-
ory. Supersymmetrie field theory is an excellent testing ground for a number of ideas that
are hardly accessible to analytical study by other methods. That is why the knowledge
of nonperturbative supersymmetty is essential for those whose research interests are in
high-energy physics.

In this chapter we will uncover the foundations of supersymmetric field theory while
aiming to avoid excessive technicalities We will limit ourselves to global supersymmetry.
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Local supersymmetry (supergravity) is beyond the scope of the present book My task is to
acquaint the reader with a set of basic concepts and adequate formalism in preparation for
his/her own Thupersymmetry odyssey" in this vast and still growing area.

A few words on the history of the "superdiscovery" are in order. I quote here Julius
Wess 131. one of the founding fathers of supersymmetry:

"It started with the work of Golfand and Likhtman [4] They thought about adding
spinorial generators to the Poinearé algebra, in that way enlarging the algebra This was
about 1970, and they were really on the track of supersymmetry. [ . .11 think that this is
the right question. can we enlarge the algebra, the concept of symmetry, by new algebraic
concepts in order to get new types of symmetries?

Then in 1972 there was a paper by Volkov and Akulov [51 who argued along the following

lines We know that with spontaneously broken symmetries there arc Goldstone particles,
supposed to be masslcss. In nature we know spin-i particles that have, if any, a very small

mass, these are the neutrinos. Could these fermions be Goldstone particles of a broken
symmetry? Volkov and Akulov constructed a Lagrangian, a non-linear one, that turned out
to be supersymmetric. [.

.

Another path to supersymmetry came from two-dimensional dual models. Neveu and
Schwari 16]l [...] had constructed models which had spinorial currents related to super-
gauge transformations that transform scalar fields into spinor fields. The algebra of the
transformation, however, only closed on [the] mass shell. The spinorial currents were called

supercurrents and that is where the name "supersymmetry" comes from.
In 1974 Bruno Zumino and I published a paper 18] where we established super-

symmetry in four dimensions, constructed renormalizable Lagrangians and exhibited
nonrenormalization properties at the one-loop level

The paper of Wess and Zumino started an explosive development and showed, to the
entire theoretical community, a new way a way to supersymmetry.

The standard classic text in this field is the textbook by Wess and Bagger [9]. A gener-
ation of theorists has used the Wess—Bagger notation. We will follow the same tradition,
with one exception. The choice of the metric tensor in 19] is gP I' = diag {— I, I, I, I}
1 find it more convenient, however, to work with the standard Minkowski metric

= diag { I, — I, I, —l}. Accordingly, some formulas must be modified but these
modifications are minimal

A number of special topics, such as the supergraph technique and topics related to super-

symmetric phenomenology, will not be covered here.2 The interested reader is referred to the

textbooks quoted in [10 21]. For mathematically oriented students I can recommend [22]
An excellent compilation of the groundbrcaking original papers of the I 970s and early
l980s can be found in [23].

See also Gervais and Sakita [71
2 The reason for the omission of supersymmetric phenomenology should he fairly obvious I his area is in rapid

change and its discussion is likely to become obsolete by the time this textbook is issued The superdiagram
technique is an indispensable clement of general supersymmetry We will skip this topic, with regret. owing to
space and time limitations and to its availability in many textbooks
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45 Spinors and spinorial notation

Supcrsymmetry unities bosons with fermions. The conscrved superchargcs are spinors.
Therefore our Iirst task is to recall the spinorial formalism in four, three, and two dimensions.

45.1 Four-dimensional spinors and related topics

Let us start with four dimensions (see e.g [24]). Four-dimensional spinors realize an irre-
ducible representation of the Lorenlz group that has six generators. three spatial rotations
and three Lorcntz boosts. There are two types of spinor, right-handed and lefi-handed.
indicated by dotted and undotted indices, respectively, as follows

right-handed' b", = 1.2, (45.1)

left-handed: a = 1,2 (452)

Let us write the transformation law for the undotted spinors as

= (45.3)

where for spatial rotations

UrOt = cxp det U = I, = 1, (45.4)

(9 is the rotation angle, and is the rotation axis. For the Lorenti boosts,

Uh005t = exp , dct U = I, I (45.5)

Here tanh = i', where v is the 3-velocity while ñ' is its direction Moreover, & represents
the Paul i matrices. As is seen from Eq (45.5) the transformation matrix for the Lorent7 boost
is not unitary, because the Lorentz group is the noncompact 0(1,3) rather than the compact
0(4) lfwe passed from Minkowski to Euclidean space then the Euclidean "Lorentz group"
would be 0(4). By definition,

(45 6)

where the sign means "transforms as." Therefore, for the dotted spinors the Lorentz
transformation requires the complex-conjugate matrix'

for rotations,
— - —
— J. or —

, for boosts.

his convention is standard in supersymmetry hut is opposite to that accepted in the textbook 1241, where the
tell-handed spinor is dotted Sometimes we wilt omit spinorial indices then, in order to between

tell- and right-handed spinors, we wilt indicate the tatter by over bars. e g is a shorthand lbr
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Ifihe three generators of the spatial rotations arc denoted by I.' and the three Lorenti boost
generators by N', it is obvious4 that L' + iN' does not act on while L' iN' does not

Weylancl 1 act on (i = 1,2,3) The spinors and arc referred to as the chira/or Wev/spinors.
Ma/oram, In four dimensions one chiral spinor is equivalent to one Majorana spinor, while two chiral

[ynnors spinors — OflC dotted and one undottcd comprise one Dirac spinor (see below).
In order to be invariant, every spinor equation must have on each side the same number of

undottcd and dotted indices, since otherwise the equation becomes invalid under a change
of reference frame We must remember, however, that taking the complex conjugate implies
interchanging the dotted and undotted indices For instance, the relation =

is

invariant.
To build Lorentz scalars we must convolute either the undotted or the dotted spinors

(separately) For instance, the products

or (458)

are invariant under Lorenti transformation. The lowering and raising ofthe spinorial indices
is achieved by applying the invariant Levi—Civita tensor from the left:5

x° = = (45.9)

and the same applies for the dotted indices The two-index Lorent,-invariant Levi- Civita
c/imenswnal

tensor

is defined as follows'
I

Levi Civita
F12— —S121,

(45.10)= =
— =

We will follow a standard shorthand notation'

. (45.11)

Note that this convention acts differently for left- and right-handed spinors It is very
convenient because

= = (XO)*(,la)* = (45.12)

where

(45.13)

Moreover, using the properties (45.10) of the Levi—Civita tensor and the Grassmannian
nature of the fermion variables, we get

of3 1af12 I 2X X = X ,

= (45.14)

I orthe left-handed states I. = N = Ihealgebra ofthesc generators is as follows Il.'. 1.11 =

1.'. NJJ = andj N'. Nil = Lh. implying that IL' — iN', Li + iNJ I = 0 Note thai under
spatial rotations and transform in the same way This is not the case for Lorentz boosts
I he same rule, multiplying by the Levi Civita tensor from the leti, applies to quantities with several spinorial
indices dotted, undotted, or mixed
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Vector quantities (the 4.) representation ofthe Lorcntz group) are obtained in the spinorial
notation by convoluting a given vector with the matrix

{l, (45.15)

For instance,

= A" = (45.16)

where

A/L (A°,—A) (A0, —A',—A2, —A3) (45.17)

The convolution of two 4-vectors is then

A0B" = = A,JA' (45.18)

The square of a 4-vector is understood as follows

A2 A,LA't = (45.19)

lfthe matrix is "right-handed" then it is convenient to introduce its "left-handed"
counterpart,

(s" = { I, (45 20)

(a" To obtain the matrix from we raise the indices of the latter according to the
are defined

(45
rule (45 9) and then transpose the dotted and undotted indices. It should be remembered

and (45 20) that

+ (45.21)

An immediate consequence is

+ = —2g" (45 22)

Yet another consequence is

= (45 23)

Two-index antisymmetrie Lorentz tensors have six components and can be expressed in
terms of two 3-vectors. The most well-known example is the electromagnetic field tensor

0 0 F-

E, 0 —B- B, 0 —B-
F"' = , = (45.24)

0 E, Br 0

E B and magnetic fields, respectively. A standard shorthand for
two-index antisymmetrie tensors is as follows:

F"" = (—E,B), = (E,B). (4525)
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Two-index antisymmetric tensors such as those in (45.24) realiie the representations
(0, 1) + (1,0) of the E.orentz group. The passage from vectorial to spinorial notation in this
case proceeds according to the general rules, namely,

= (E —
(45.26)

= I (E + iB)

where and are two triplets of matrices:

= iI, = ii,

= —it, = (—a-, —il, (45.27)

the indices on the right-hand sides are understood as regular matrix indices, for instance
= Note that both the sets in (45.27) are symmetric with respect to the interchanges

a fi and d' implying that = and = This property expresses the
fact that belongs to the irreducible representation (1, 0) and to the irreducible
representation (0, 1). Furthermore,

= 2(B2 — + 2iEB) = F" F/LU

(45.28)
= 2iEB) = F" +

where F" is the dual field tensor,

F" = (45.29)
4D
Levi—Civita and is the four-index Levi—Civita tensor,
ten var

= I, E0123 = —l = —24. (45.30)

With this definition,

= (—B,—E), (45.31)

i.e. the duality transformation acts as

E—+B, (4532)

Note that in Minkowski space the dual of the dual field is not the original field; rather

= = (45.33)

We pause here to define two other matrices that are useful in discussing the transformation
laws of Weyl spinors with respect to Lorcntz rotations. One can combine (45.4) and (45.5)
in a unified formula (see Exercise 45.1 at the end of this section) if one introduces6

a"" (a"&" — =
(45 34)5" (S"a" =

6 Remember the definition in Iq (45 25)
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Note that must act on left-handed spinors with lower indices, while acts on right-

handed spinors. with upper indices.
Let us now return to the question of constructing Dirac and Majorana spinors from the

Weyl spinors. Dirac spinors, also known as bispinors, naturally appear in theories with
extended supersymmctry (i c. those in which the number of conserved supercharges is
larger than the minimal number) They can be obtained as follows:

\
.1. (45.35)

\ij°J

Each Dirac spinor requires one left- and one right-handed Weyl spinor. Sometimes, instead

of (45.35), the following notation is used:

10\
+ I I, = ( . J

(45.36)

The kinetic term for these Weyl spinors,7

4in = + iiia (45.37)

can be rewritten in terms of the Dirac spinor as

£kin = (45.38)

where

= (45.39)

and

/0
(4540)

\5/L 0/
)/ matrices 1 are the Dirac matrices (in the spinor, or Weyl. representation) It is obvious that they satisfy

di/Thrd
the basic anticommutation relation (the Clifford algebra)

y/LyV + = 2gm' (45.41)

and, in addition, that

(l)+ = _yI, j = 1,2,3 (45.42)

In the Dirac formalism there is a special combination of the y matrices which plays an
important role, the so-called chiral projector. Namely, let us introduce the matrix, which

anticommutes with all Dirac matrices, i c. = as follows:

= 0)
= 1, = (45.43)

7 - *
Remember that = (ft) and ?) =
Some signs in our definition difter from those in the popular textbook [24]
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The chiral projector is I ± Indeed,

= + (45.44)

If the Dirac spinor '1 is defined as in Eq (45.35) then the charge-conjugated Dirac spinor
can be defined as [11.24]

qjC_1
j (4545)
/

__

Imposing the condition that the Dirac bispinor is equal to its charge conjugate we get the
-, Majorana bispinor which thus obviously has the formMajoruna

/ \
• I (45.46)
/

We see that the Majorana bispinor describes two degrees of freedom and is equivalent to
the Weyl two-component spinor. Thus, given a Weyl spinor we can always construct a
Majorana spinor and vice versa. If the Weyl spinor corresponds to a right-handed particle
and a left-handed antiparticle, the Majorana bispinor describes a "neutral" particle of both
polarizations, coinciding with its antiparticle. Both formalisms, Weyl and Majorana, are
used in supersymmetric field theory. In the Majorana notation the bilinears with which one
deals most commonly take the form

= + Ay5A = —
(45.47)

and

= 0, = (45.48)

Sometimes, instead of the spinor representation, the so-called Majorana representation
of gamma matrices is more convenient hi this representation,

I / \
I' (4549)

2 -
all gamma matrices are purely imaginary and the operation ofcharge conjugation reduces to
complex conjugation. In the Majorana representation one can say that the Majorana bispinor
is real.

45.2 Two and three dimensions

In two dimensions, we have no spatial rotations and only one Lorcntz boost. The Dirac
spinor is a two-component complex spinor,9

/!.l)l \
('PD)0 = ( )

, 'P17 'P1.2. (45 50)
\'P2/

With the conventions to be presented. is a left-mover while is a right-mover



412 Chapter 10 Basics of supersymmetry with emphasis on gauge theories

It is convenient to choose 2 x 2 y matrices as follows.

(2D) y0
a look

at The chiral projector is the same as in Eq (45.44), with matrix given by
Sectio,z 123

1—i o\
= y0y1 — ( ), I = (45 52)

\O 1/

Obviously, chiral spinors in two dimensions have one complex component Since both
y matrices in Eq (45 51) are purely imaginary, the Majorana spinors exist too. They have
two real components,

/xi \
(XM)0 = ( J ' = (45.53)

\X2 1

In three dimensions chirality does not exist, as there is no analog of the matrix.10

Three y matrices with the Clifford algebra can be chosen as follows:

(3D) = = = (45.54)

Thus, in three dimensions the Dirac spinor has two complex components, in much the same

way as in two dimensions. Since all three y matrices in Eq. (45.54) are purely imaginary.
one can define a Majorana spinor. Again, as in two dimensions, it has two real components.

Exercises

45.1 Using the matrices (45 34) write the transformation laws (45.4) and (45.5) in a unified

way. setting U = exp and (U_!)* = Identify the
transformation parameters in terms of the parameters in Eqs (45 4) and (45.5).

Solution Using the expressions (45.3), (45.4), (45.5), and (45.7), we find that for both

left- and right-handed spinors n'' and = 0
45.2 Write a set of4 x 4 matrices that are analogs of(45.34) when applied to the Dirac

spinor, i e. they realize six Lorentz rotations

'ii ([45.1)

45.3 Show that the existence of Majorana spinors is in one-to-one correspondence with
the fact that it is possible to choose y matrices obeying the Clifford algebra such that
these y matrices are purely imaginary. Starting from the expression

4in = (5/2)fia
— + ([45.2)

and the definition of the Majorana spinor given earlier, find the y matrices in the
Majorana representation corresponding to Eq. (45 49)

JO The product y0y y2 reduces to unity The same statement is valid for any odd number of dimensions
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46 The Coleman—Mandula theorem

The Coleman—Mandula theorem singles out supersymmetry as thc only possible geometric
extension of the Poincaré invariance in four-dimensional field theory (it is applicable also
in three dimensions but does not apply in two dimensions, as will become clear shortly). In
fact, the theorem as originally formulated [25] states that in dynamically nontrivial theories.
i.e. those with a nontrivial S matrix, no geometric extensions of the Poincaré algebra are
possible. In other words, besides the already known conserved quantities carrying Lorentz
indices (the energy—momentum operator and the six Lorentz transformations MILl) no
such new conserved quantities can appear. According to the theorem, the only additional
conserved charges that are allowed must be Lorentz scalars such as the electromagnetic
charge. In 1970 Golfand and Likhtman found [4] a loophole in this theorem: the implicit
assumption that all Lorentz indices must be vectorial. This paper of Golfand and Likhtman
was entitled "Extension of the algebra of Poincaré group generators and violation of P
invariance." They were the first to obtain what is now known as the super-Poincaré algebra
in four dimensions.

The essence of the proof of the Coleman—Mandula theorem is simple. Since the origi-
nal argumentation [25] is not quite transparent, in my presentation I will follow Witten's
rendition [26] of the proof.''

Let us start from a free field theory. Such a theory can have, besides the energy—
momentum tensor, other conserved Lorentz tensors with three or more vectorial indices.
For instance, it is easy to check that, for two real fields coi and with Lagrangian

= + , (46.1)

the three-index tensor

J,1p0 = (462)

is transversal with regard to ji, implying the conservation of

Qp0=fd3xiupo.

I lowever, there are no Lorentz-invariant interactions which can be added that would preserve
this conservation The basic idea is that the conservation of and leaves only the
scattering angle unknown in an elastic two-body collision. Additional exotic conservation
laws would fix the scattering angle completely, leaving only a discrete set of possible
angles. Since we are assuming that the scattering amplitude is an analytic function of angle
(assumption number 1) it then must vanish for all angles.

Let us consider a particular example. Assume that we have a conserved traceless
metric tensor i.e. = 0. By Lorentz invariance, its matrix element in a one-particle
state of momentum PR and spin zero is

= const x (P/lPr — (463)

A more technical and thoroughly detailed discussion can he found in Weinberg's textbook [211. pp 13—22
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Apply this to an elastic two-body collision of identical particles with incoming momenta p1.
1)2, and outgoing momenta assuming that before and after scattering the initial and
final particles I and 2 arc widely separated (assumption number 2: no long-range forces).
The matrix element of in the two-particle state pt P2) is then the sum of the matrix
elements in the states pt) and P2) Conservation of the symmetric traceless charge QJfl

together with energy momentum conservation would yield

/J /L /L /L

+/)2 +q2
0 0 0

Pt Pt + P2 P2 q1 q1 + q2 q2. (46.4)

This would imply, in turn, that the scattering angle vanishes. For the extension of this
argument to nonidcntical particles, particles with spin, and inelastic collisions, see the
original paper [25]. The theorem does not go through in two dimensions because in two
dimensions (one time, one space) there are no scattering angles.

As already mentioned, the Coleman- Mandula theorem does not apply to spinorial con-
served charges. To elucidate the point let us start from a free theory of a complex sealar and

a free two-component (Weyl) fermion,

+ (46.5)

Note that in supefrsy!nmetric field theories, in ins tance.s where there iv no danger of confu-
sion, the bar svnibol is conventionally used to mark llermiiian conjugated fields, i e
and As in the free bosonic case, in this theory one can write a number of

spin-3!2, spin-5/2, etc. conserved operators,'2 for instance,

= (466)

= (46.7)

and so on. None of these currents survives the inclusion of nontrivial interactions, except
As we will see later, one can add to Eq. (46.6) appropriate corrections 0(g) in such a

way that continues to be conserved, say, in a theory with Lagrangian

r + — V, (46.8)

V =

g is the coupling constant, which is assumed to be real At the same time, and

higher currents cannot be amended to maintain conservation in the presence of interactions.

The conserved supercharges are

i2. a, a = 1,2 (46.10)

It can be seen that there are four of these in the case at hand. The loophole in the original

Coleman—Mandula theorem is as follows' unlike the conserved bosonic currents, say,

in Eq. (46.2), the conservation of and does not impose constrains on particles'

12 he triore exact, this family of currents is transversal with regard to namely. 1p 0
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momenta in the scattering processes; rather it relates the various amplitudes for bosons and
fermions and, in particular, makes equal the masses of boson fermion superpartners.

Let us prove that the conservation ofhigher spinorial currents, such as in Eq (46 7).
is ruled out in nontrivial theories. Unlike bosonic generators, the fermion generators enter in

superalgebra with anticommutators rather than commutators Consider the antieommutator

It cannot vanish since is not identically Lero and, since has components
he vend of spin up to 3/2, the above anticommutator has components of spin up to 3. Since the
sinn 1/2 antieommutator is conserved if is conserved, and since the Coleman—Mandula theorem

does not permit the conservation of any bosonic operator of spin 3 in any interacting theory,

cannot be conserved.

47 Superextension of the Poincaré algebra

47.1 The Poincaré algebra

The Poincaré algebra includes 10 generators four components of the energy—momentum
operator and six generators of the Lorentz transformations Above we denoted the
generators of spatial rotations as L and those of Lorentz boosts as N. These two triplets can

be combined together in a two-index antisymmetric tensor

—L), (471)

ci (45.25). On the left-handed spinors acts as = while on the right-handed

spinors = The Poincará algebra has the form

I
= i + — . (47.2)

The generators of the l,orentL transformations contain, generally speaking, two terms: an
orbital part and a spin part.

47.2 Superextension of the Poincaré algebra

Let us discuss the simplest supersymmetric extension of (47.2) in four dimensions. I have
already mentioned that the minimum number ofsupergenerators is four. They can he written

in the Weyl or Majorana representations. In the Weyl representation we are dealing with
supercharges and Since is a Weyl spinor its transformation properties with
respect to the Poincaré group are known,

= = 0,

[Mm', = = (47.3)
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The matrices and were defined in (45.34). To close the algebra we need to
specify the anticommutators and Needless to say, for spinorial gen-
erators, because of their fermion nature, we must consider anticommutators rather than
commutators.

The first anticommutator above can only be proportional to since the latter is the
only conserved operator with the appropriate Lorentz indices. The standard normalization
is as follows:

Regarding the simplest choice allowed by the Jacobi identities is

(47.4)

Thorough
discussion is
in

Chapter /1

(47.5)

This is the super-Poincaré algebra first obtained by (iolfand and Likhtman [4].
Possible further extensions of the Golfand—Likhtman superalgebra were investigated

by Haag, LopusiaItski, and Sohnius [27]. They demonstrated that, besides the minima!
supersymmetry with four supercharges, one can construct extended supersymmetries. with
up to 16 supercharges in four dimensions. The minimal supersymmetry 13 is referred to
as iV = I. Correspondingly, one can consider = 2 (eight supercharges) or = 4 (16
supercharges) 4 We will briefly discuss some extended supersymmetries later.

Haag, and Sohnius also indicated another way of extending the super-
Poinearé algebra (47.4) and (47.5), namely, by the inclusion of central charges elements

of the supcralgebra commuting with all other generators.15 The central charges act as num-
bers whose values depend on the sector of the theory under consideration. They reflect
the possible existence of conserved topological currents and topological charges [31]. For
instance, if a theory under consideration supports topologically stable domain walls, the
right-hand side of (47.5) can be modified as follows:

{Qa, Q1t1 = (47.6)

where is a triplet of central charges (the number of components in the set is three
because is obviously symmetric in a, Such superalgebras are referred to as centrally

extended. We will return to studies of centrally extended superalgebras in Sections 55.4,
67, 70, 72, 74.1, and 75.!. Now let us discuss some fundamental consequences of (47.4).

47.3 Vanishing of the vacuum energy

A basic property discovered at the very early stage of the supersymmetry saga was that in
any theory with unbroken supersymmetry the vacuum energy density vanishes. Indeed, let

3 I he very definition of .iV = I depends on the number of dimensions For instance, in three dimensions the
.iV' = 1 supersymmelry has two supercharges rather than four

14 In two and three dimensions extended supersymmetries other than is1 = 2 and = 4 exist, see e g 28 30]
5 For a pedagogical discussion see Section 3 of [10] In that textbook one can also find super-Lie algebras

extensively used in the mathematics and superconformal and super de Sitter algebras appearing in some
problems in field theory An application of supereonformal algebra will be discussed in Section 622 For a
detailed consideration of general graded tic algebras, including super-Jacobi identities, the reader is referred
to [21], Section 25 I
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us start from Eq (47.4) and consider the sum

+ = P°. (47.7)

Sandwiching both sides of this equation betwecn the vacuum state we get

Evac = + o). (47.8)

If the supersymmetry is unbroken then the vacuum is annihilated by supercharges,

= 10) = 0, (47.9)

implying that Evac 0. If the supersymmetry is spontaneously broken then 10) 0

or 0) 0 and from Eq. (47 8) it is obvious that Evac > 0. Thus, in supersymmetric
theories the vacuum energy density is positive definite; the vanishing of the vacuum energy
is the necessaly and sufJkient condition for supersymmetry to be valid.

47.4 Bose—Fermi degeneracy

In supersymmetric theories, if there is a boson of mass m > 0, then a fermion with the
same mass must exist too. The degeneracy mB = rn1 follows from the fact that the
boson states B) and fermion states IF) are related through IF) QIB) or IF) QIB),
and the Hamiltonian H commutes with the supercharges Q, hence, if HIB) =rnIB) then
HIF) =rnIE).

47.5 Equal numbers of bosonic and fermionic degrees of freedom

in every supermultiplet

To prove that there are equal numbers ofbosonic and fermionic degrees of freedom in every

supermultiplet, let us note that P2 = which is a Casimir operator of the Poincaré
algebra, is also the Casimir operator of the superalgebra because

1P2, = 1P2, 0. (47.10)

Pauli Another Poincaré-group Casimir operator can be obtained from the Pauli -Lubanski spin
Luhanvki vector W'1,
pseudo vec/or

= , (47.11)

namely

= = —rn2J2, (47.12)

where m2 is the mass squared (the eigenvalue of the operator P2) and the eigenvalue of
the angular momentum operator J2 is 1(1 + 1). However, W2 does not commute with
the supereharges, [W2, Qa] 0, as follows from Eq. (47.3). Thus, massive irreducible
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superalgebra representations must contain different spins. 16 In four dimensions, in Al

theories, we will deal with the two or three subsequent spin values.
To see that the number of bosonic and fermionic states in supermultiplets is equal we

observe that Qa and each change the fermion number by one unit. Thus, QQJB) =

QaIF) = 18), and the same holds for Hence the anticommutator (Qa, maps the

fermionic sector into itself, and the bosonie sector into itself. Owing to (47 4) the same
mapping is accomplished by p1', which is a one-to-one operator. It follows then that
and Q& are also one-to-one operators and, hence, the bosonic and fermionic sectors have
the same dimensions.

A somewhat more formal proof proceeds as follows. Since changes the fermion

number by one unit, we may write

(_1)NfQ0 = _Q0(_1)Nf, (47.13)

where Nj is the fermion number operator. Now, consider a finite-dimensional supcrmulti-
plet R. Then

Tr((_l)NflQe,QJ)

= Tr
[

— Q(1)NJ + Q(1)N/

= 0, (47.14)

where the cyclic property of the trace is used. Now using the basic anticommutator (47 4).
we conclude that

=0. (47 15)

Thus, for the states in the supermultiplet in which the value of is Fixed to be nonvanishing

(and one and the same for the given supermultiplet),

=0. (47 16)

Fermion— Since (— I )" is + I for a bosonic state and — I for a fermionic state, Eq. (47.16) implies
boson that, for each irreducible supermultiplet,

(47 17)

This property is very important for understanding why the vacuum energy density vanishes
in supersymmctrie theories. Indeed, let us consider a free field theory. As is well known,
even in a free Field theory bosons and fermions contribute to the vacuum energy owing to
the 7ero-point oscillations. The bosonic contribution is

(47.18)

6 For massless particles P2 = 0 and W2 = 0 Then, instead of spin we must consider helicity. see below
Massless irreducible representations must contain different helicities
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where the (divergent) sum runs over all bosonic degrees of freedom and over all spatial
momenta and is the mass of a given bosonie mode. The fermionic contribution is

(47.19)Fj
where the sum runs over all fermionic degrees of freedom, and the extra minus sign is
associated with the fermion loop. The vanishing vacuum energy requires cancelation, which
is only possible if mB and the number of degrees of freedom matches inside each
supermultiplet. We already know about the mass degeneracy for Bose Fermi pairs. The
argument at the beginning of this subsection proves the match (47.17). It is noteworthy
that the cancelation of the vacuum energy density under these conditions was mentioned as

early as the 1940s by Pauli [32].

47.6 Building supermultiplets

Since the group corresponding to the Poincaré algebra is not compact, all its unitary
representations (except the trivial representation) are infinite dimensional. This infinite
dimensionality simply corresponds to the familiar fact that particle states arc labeled by
the continuous parameters their 4-momenta. Finite dimensional representations can be

organized using a trick invented by Wigner, the so-called little group; this is the group of
(usually compact) transformations remaining after "freeiing out" some of the noncompact
transformations in a certain conventional way.

lit In the present case, the noncompact part of the Poincaré group is comprised of boosts
and translations For massive particles, we can use a boost to a frame in which the particle
is at rest,

= (in, 0, 0, 0). (47.20)

The little group in this case is just those Lorentz transformations that preserve the 4-vector

namely the group of spatial rotations SO(3) Thus massive particles belong to rep-
resentations of SO(3) labeled by the spin j, which can be either integer (for bosons) or
half-integer (for fermions). Any given spin-i representation is (2j + 1)-dimensional with
states labeled by where

j—1,j. (47.21)

Massless states can he classified in a similar manner except that now, instead of the rest

frame, we choose a frame in which

= (E, 0, 0, E) (47.22)

with a given (and fixed) value of E This choice leaves the freedom of SO(2) rotations in
the xv plane. All representations of SO(2) are one dimensional and are labeled by a single
eigenvalue, the helicity X, which measures the projection of the angular momentum onto
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the direction of motion (the z axis in the present case). As we know, A is constrained. Since
the helicity is the eigenvaluc of the generator of rotations around the z axis, a rotation by
an angle around that axis produces a phase The full 2m rotation results in
This phase must reduce to I for bosons and —1 for ferniions, implying that A is integer for

bosons and half-integer for fermions.
Now we will establish the particle content of supermultiplets Let us start with a massive

particle state a) in its rest frame (47.20). For this state, the supersymmetry algebra (47.4)

becomes (remembering that ( =

{Q (4723)

Represen-
tationv oJ where a, f3 = 1.2 Representations of this algebra are easy to construct, since essentially it
superalgehra is the algebra of two creation and annihilation operators (up to a rescaling of Q by

If we assume that Q0, annihilates a state a), i.e. a) = 0, then we find the following
four-dimensional representation:17

a), (Qi Ia), (Q2)t a), (Qi )t Ia). (47 24)

Suppose that a) is a spin-f particle. The operators are doublets with respect to the

right-handed rotation representing spin Thus, the states Ia), by the rule for the
addition of angular momenta, have spins j + and j — if j 0 while for j = 0 they have
only spin The operator (Q i (Q2 )t transforms as a singlet of the right-handed rotations

(i.e. j = 0). Therefore, the state (Qi )t (Q2)t Ia) has the same spin j as a). Thus, ifwe start
from a spinless particle, the corresponding supermultiplet contains two spin-0 bosons and

one (Weyl) fermion. Ifwe start from the j 0 bosonic state a). the corresponding
supermultiplet has 2(2j + 1) bosonic states and the following numbers of Weyl-fermionic

states:

2j — + I and 2j + + I (47.25)

lfwe start from the j 0 fermionic state In ),the corresponding supermultiplet has 2(2j + I)

Weyl-fermionic states while the structure of the bosonic states is the same as in (47.25)
As anticipated, the total number of boson degrees of freedom always matches that of the

fermion degrees of freedom.
I pause here to give two examples that will be used frequently in what follows. For

massive particles we can have (i) the massive chiral multiplet with spins j = {0,0,
corresponding to massive complex scalar and Weyl fermion fields and (ii) the
massive vector multiplet with j = {0, -, 1 } with massive field content {h. A0, },

where h is a real scalar field. In terms of degrees of freedom, it is clear that the massive

7 Generally speaking, the last term in (47 24) could have been written as (Qj-t
)t

Ia> However, the combi-
nation symmetric in the spinorial indices vanishes because of(47 23) The antisymmetric spin-O combination
survives and reduces to (Q1)t (Q2)5 Ia> ihe product of three Qs is always reducible, by virtue of(47 23).to
a linear combination of Qs
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The vector multiplet has the same number as a massless chiral multiplet plus a massless vector

multiplet (see below). This is indeed the ease dynamically: massive vector multiplets arise
mec/lanisnl as a supersymmetric analog of the Higgs mechanism.
is diScUSsed

For massless particles we choose the reference frame (47.22). The superalgebra (47.4)

Section 52 then reduces to

/1 o\}=4E
)

. (4726)

This implies that Q2 and vanish for all massless representations Let us denote by b)

the initial state annihilated by Qi. Then it is readily seen that the massless supermultiplets
are just two dimensional, containing

b) and (Qi)1Hb). (47.27)

If Ih) has helicity A then has helicity A +
By CPT invariance, such a multiplet will always appear in field theory with its opposite

helicity multiplet {—A, —A----

For massless particles, we will be interested in the chiral supermultiplet with helicities

given by

A = 0,0, (47.28)

The corresponding degrees of freedom are associated with a complex scalar and a Weyl (or

Majorana) fermion. We will be interested also in the vector multiplet with helicities

A={—l, l}. (47.29)

I lerc the corresponding degrees of freedom are associated with a vector gauge boson and a

Majorana fermion.
Other massless supersymmetry multiplets contain fields with spin or greater and arc

relevant in supergravity, a theory which will not be considered here.
Chiral multiplets are the supersymmetric analogs of matter fields, while vector multiplets

are analogs of gauge fields. The conventional terminology is as follows: the fermions in
the chiral multiplets are referred to as quarks and their sealar superpartners as squark.s; the

fermionic superpartners of gauge bosons arc termed gauginos.

Exercises

47 1 Using the Jacobi identities show that, for instance, cannot be proportional
to it must vanish.

flint. Consider the Jacobi identities for P,2, and

47.2 Rewrite the four supercharges and the above superalgebra in the Majorana notation.
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48 Superspace and superfields

48.1 Superspace

Field theory presents a conventional formalism for describing the relativistic quantum
mechanics ofan (infinitely) large number of degrees of freedom. The basic building blocks
ofthis formalism arc fields ofspin 0, and I that depend locally on the space—time

With supersymmetry it is very natural to expand the concept of space—lime to the concept
of The energy operator generates translations in four-dimensional

space—time. so it is natural that anticommuting supercharges should generate "super" trans-

lations in an anticommuting space This breakthrough idea was pioneered by Salam and

Strathdee 133]
Thus, a linear reali7ation of supersymmetry is achieved by enlarging space—time to

include four anticommuting variables and 0a representing the "quantum" or "lèrmionic"
dimensions of superspace. The advantages of this formalism arc immediately obvious:
supcrspaec allows a simple and explicit description of the action of supersymmetry on
the component fields and provides a very efficient method of constructing superinvariant
Lagrangians.

A finite element of the group corresponding to the Al = I superalgebra (47.4), (47.5)

can be written as

G(x".O ,9) = exp[i (OQ + OQ — yR PR)J, (48.1)

8where 9 and 9 (9 ) are Grassmann variables,

1 a a a

I

a linear representation of the group whose elements are parametriLed

in Eq. (48.1). This can he done by considering the action of the group elements (48.1) on
the superspace

(48.3)

in the following way. It is not difficult to show that

G(xR,9 ,O) = + + icaR9 — 9 + c, (1 + (484)

To prove this equality we can use the Hausdorif formula

eAeB=(expA+B+41A,B]+. .) (48.5)

I he Leihni, rule ibr the (irassmann derivative is

= —
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and take into account the fact that the series on the right-hand side terminates at the
first commutator fir the group elements considered here. Thus, the (super)coordinate
transformations

V (48.6)

cU,
= — — 2iOaEo

illyiPiani add supersymmetry to the translational and Lorcnti transformations.19
(c/oral) .

. R —&

subspa of
Two invariant subspaces, {xL , 9 } and

1?
, j, are spanned by half the (jrassmann

i/ic' coordinates:

so! pace = c'c',

-. -. . - (48.7)
p a 0

}' = =

where

(XL)cth = —

(yR = + (48.8)

Sometimes it is more convenient to use vectorial notation Then

= 9°, = x1' + 9°. (48.9)

Readers with a more advanced mathematical background might like to note the
following. Ordinary space time can he defined as the coset space obtained as

(Poincaré group)/(Lorent7 group).

By the same token superspace can he defined as the coset space

(super-Poincaré group)/(LorentL group).

The points of the latter arc orbits obtained by the action of the Lorent, group in the super-
Poincaré group. If we choose a certain point as the origin then the superspace can be
parametrized by (48,1).

48.2 Superfields

In conventional field theory we are dealing with /Ie/ds. that are scalar, spinor, or vector
functions of the coordinates In supersymmetric theories we are dealing, rather, with

[33,34], which arc functions of the coordinates on superspace. Expanding the
supcrfields in powers of the supervariables 0° and 9°, we get a set of regular fields This
set is finite since the square of' a given Grassmann parameter vanishes. Thus the highest
term in the expansion in Grassmann parameters is 9292

to derive the Ian equation in 6). use the definition (45 6)
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The most general superfield with no external indices is

S(x,0,9) = + + + 02F + +

+ + 02(9p) + 0292/), (48.10)

where 0, .. , I) depend only on x11 and are relèrred to as the component fields.
Superfieldsform linear representations of superalgebra In general, however, these rep-

resentations are highly reducible. We need to eliminate extra component fields by imposing

covariant constraints. In other words, superfields shift the problem of finding supersym-
metry representations to that of finding appropriate constraints. Note that we must reduce
superfields without restricting their x-dependencc, thr instance using differential equations
in x space.

As an example let us inspect Eq (48 10). It is easy to see that it gives a reducible
representation of the supersymmetry algebra. If all the fields in (48 10) were propagating

_____________

and had spin j (assuming it to be massive) then there would be component fields with spins
Rcyth,c iNc VS J,J ± 4-, and j ± I , which is larger than the irreducible supcrniultiplcts found in Section 47 6
i,-reducthle To get an irreducible field representation we must impose a constraint on the superfield that
represen/a-
/ionS (anti )commutes with the supersymmetry algebra. One such constraint is simply the reality

condition = S, which leads to a vector superficld that can be parametriied as

— C + i0X — +

— + — + H c.]

+0292 (D — 1d2C) (48.11)

where

= (48 12)

The superfield V is real, V = implying that the bosonic fields C, D, and =
are real The other fields are complex, and the bar denotes, as usual, com-

plex conjugation. As we will see in Section 49.8, (super)gauge freedom will eliminate the
unwanted components C, x. M. and M, reducing the physical content of V to that of
(47.29), namely, V(x,9,8) + — 2iO29AJ + 0292 D This will
allow us to use a vector superfield in constructing supersynimetric gauge theories.

At first sight, the parametrization (48.11) might seem contrived Why not drop and

in the last and last but one terms? This is always possible by redefining D and The

reason behind this particular parametrization of the vector superlield will become clear in
Section 49.8, however.

The transformations (48.6) generate supertransformations of the fields, which can be
written as

(4813)
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(cf Eq. (48 1)), where S is a generic superficid, which can be a vector superfield, or a chiral
.ruperfIeld; see below. In this way the supercharges Q and Q can be defined as differential
operators acting in superspace,2°

= Qa = = (48 14)

These differential operators give an explicit realization of the supersymmetry algebra,
Eqs. (47.4), (47 5), and (47.3), where =

It is also possible to introduce sup erderivaiives. They are defined as differential operators
anticommuting with and Qa,

(4815)

Superderivatives allow us to impose constraints on superfields Instead of the reality condi-
tion S leading to the vector superlield V we can impose so-called chiral (or antichiral)
superfield constraints [351,

or (48.16)

The definitions of the covariant superderivatives above and the (anti)chiral coordinates
(48 8) and (48 9) are not independent. In fact,

(48.17)

Moreover, in the chiral suhspace the superderivatives D& and Da are realized as

= ——!--, = (48.18)

similar expressions are valid in the second subspace. This immediately leads us
to solutions of the superfield constraints (48 16) For example. the chiral superfield(in the
chiral basis) does not depend on

= + + 92F(xi). (48.19)

Thereby the chiral superfield c1 (or antichiral describes the minimal supermultiplet
which includes one complex scalar field (two bosonic states) and one complex Weyl
spinor a = 1,2 (two fermionic states). The F term is an auxiliary component since
the F field is nonpropagating. As we will see shortly, this field will appear in Lagrangians
without a kinetic term. Chiral superfields are used for constructing the matter sectors of
various theories.

It is not difficult to see that the constraints (48.16) are self-consistent and give rise to
irreducible representations of the superalgebra. The consistency of (48.16) is explained by
the fact that the operators D0 and Da anticommute with the generators Q and Q of the
supersymmetry algebra. Therefore D0 and commute with the combination eQ +
appearing in supertransformations.

20 Note that I have introduced, in accordance with (45 16). the denvative =
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48.3 Properties of superfields

It is easy to verify that linear combinations of superlields are themselves superfields. Sim-

ilarly, products of superfields are superfields because Q and Q can he viewed as linear
differential operators Given a superfield, we can use the space—time derivatives to gener-
ate a new one. At the same time, the Grassmann derivatives d/88a and d/dOe, when applied
to a superfield, do not produce a superfield. We can use the covariant superderivatives
and to construct irreducible representations of the supersymmetry (new superfields);
for instance, is a chiral superfield that will play an important role below. Note,
however, that (with chiral) is not a chiral superlield. Indeed,

= 0.

However, is an antichiral superfield since
D or /)2 on a generic superfield, we get a chiral or antichiral superfield,

respectively.

48.4 Supertransformations of the component fields

Let us start from the component expansion (48.19) of the chiral superfield The supertrans-
formations (48.7) imply that

+ = + hxj.) + + boa) + bx,)

+ + 39a) + &9a)F(XL + bx1)

= + 2i

+ + + 2i

+ 62 + 2OaEa F(x1). (48 20)

torinalions where we have kept only terms linear in the superiransformation parameters e and?

of the Let us have a closer look at the above decomposition. Comparing the terms with the same
component powers of 9, we arrive at the following supertransformations for the component Fields:
fIeld,s t,o,n
the chiral =
superfleld_J

(48.21)

hE =

Here we have used the identity? &" 0 = —& and the standard convention for spinorial
index convolution; see Eq. (45.11).

Needless to say, the transformation laws for the component fields of IblIow from
(48 22) by Hermitian conjugation Note that the last component of transforms through
a total derivative, 8F Th/i. This property is of paramount importance for the construction
of supersymmetric theories.

The above procedure can be repeated for the vector superlield (48.11) We will not do it
here; the corresponding algebra is rather cumbersome (see Exercise 48 3 at the end of this
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Lorentz spin Component field

(0,0)
0) spinor

vectorAaa
(1,0) tensor pILLs — i.e. —

(0,1) tensor + i e E + iB

section) Vector supcrficlds will be used below for the description of gauge fields. As was
already mentioned, a judicious supergauge choice (the so-called Wess—Zumino gauge, see

Section 49.8 below), allows one to eliminate completely the components C, M, and
M, of the vector superfield. Only the supertransformation for the last component of V will
be of importance for us now, namely

SD = Ea + (?J1
) (48.22)

As in the case of the chiral superfield, the last component of the vector superfield is trans-
formed through a total derivative. It is clear now that this is a general property Let us
remember this general feature. We will return to it when we are constructing superinvariant
actions in subsequent sections, for instance, in Section 49.

For convenience, I list in Table 10.1 all the component fields with which we will be
dealing in what follows.

Exercises

48.1 Prove the equalities in (48.17). Find XR and -CL.

48.2 Show that

([48.1)

48.3 Write the supersymmetry transformations (in components) for the vector superfield
(48.11). The answer is

SC = i(ex —),
= + —

SM = —

= + — 2iE0X&] + He.

SXa = + — acv&

SI) = + ll.c.

(E48.2)
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49 Superinvariant actions

In this section 1 will explain how, using the superfield formalism, one can construct
superinvariant actions describing all the variety of supersymmetric models

49.1 Rules of Grassmann integration

It is very easy to tabulate all possible integrals over the Grassmann variables, also known as

Berezin integrals [361. Assume that we have a set ofGrassmann variables (i = 1,2,
Then

fd9i = 0, fd9i OJ = (49.1)

Norma/i- A two-fold integral is to be understood as a product of integrals, etc Usually we work with
ZU1!Ofl a/the . . . .

integrals over all Grassmann variables in the given superspace (or its invariant subspace),
(,rassmann
integrals for instance

fd48 f do2 d91 (49.2)

We will normali,e the integral f d29 d20 in such a way that

= I. (49.3)

Integrals over the chiral subspaces will be normalized as follows:

f02d2o = I, = I. (49.4)

While the Grassmann variables 0 and have dimension [length]'!2, the differentials dO
and dO have dimension [length]1/2 If c is a number, then d(cO) = This follows
from the second equation in (49.1).

49.2 Kinetic terms for matter fields

If we have a vector superlield V. its last component I) is the coefficient in front of 02
Equations (49.1) and (493) then imply that D = fd4O V. Since the change in D under
supertransformations is a full derivative, see Eq. (48.22), the action

S = f d4xd4O V(x,0,O) (49.5)

is superinvariant. The Lagrangian

= (49.6)
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is supcrinvariant up to a total derivative. Let us see how one can exploit this to construct
the kinetic terms of the matter fields. If cl and 't are chiral and antichiral superfields,
respectively, their product is a vector supertield. As this is our first encounter with a product
superficid it will be helpful to write out the components of this product:

= + — + +

2

a

— + + FF). (49.7)

where all component fields depend on the space—time point t and

a a

It is evident that the superinvariant action

SkIfl
= f d40

= f + i + rr) (49.8)

(I have dropped the full derivatives in the integrand) presents the kinetic terms for the matter
fields and iLr. Here

(499)

As previously stated, the F component appears in the Lagrangian without derivatives and
can be eliminated by virtue of the equations of motion It does not represent any physical
(propagating) degrees of freedom.

49.3 Potential terms of the matter fields

By definition, the potential terms in the Lagrangian arc those that enter with no derivatives
and, generally speaking, are quadratic or of higher order in the component fields For

instance, the mass terms are quadratic both in the boson and fermion fields. In search of
such terms in the superinvariant actions we should focus our attention on integrals over the
chiral superspaces. Indeed, let us considera function ofthe chiral field that is termed a
superpolential. Most commonly the superpotential is assumed to be a polynomial function
of cD. If we want to limit ourselves to renormalizable field theories in four dimensions,

must be at most cubic in (see Section 49.4 below).
Since is a chiral superfield, so is We already know that the change in the

last component of the chiral superfield under supcrtransformations (i.e. the component
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proportional to is a total derivative. To project out the last component we must integrate

over d29. Consequently, the action

= f d2Od4xj + H.c.

= fd4rd2o + H c (49 10)

is superinvariant. The corresponding Lagrangian is invariant up to a total derivative Notc
that the superpotential has dimension [mass]3.

As a warm-up exercise let us consider a quadratic function,21

(4911)

where in is a (complex!) mass parameter, and show that the corresponding superpotential
term in conjunction with the kinetic term (49 8) generates masses tbr the fields 0 and i/i
To this end let us first calculate Using Eq. (48.19), we arrive at

= 02 + — 02 + 2920F. (49.12)

Now it is obvious that with this quadratic superpotential we get

Spot
= f + H.c.

= f (rnO +
—

, (49.13)

to be added to Eq. (49.8) Next we combine all terms containing I in the Lagrangian:

Li.- = FF+mOF+thØF. (49.14)

The equations of motion for F and F imply that

F=—in0, (49.15)

Substituting these back into LF we obtain Li = Assembling all the elements,

we conclude that the supersymmetric (noniriteracting) Lagrangian that is built from one
chiral superftcld is

r = — + — (49.16)

Needless to say, the masses of the scalar and spinor particles are equal and are given by the

parameter

21 Quadratic expressions in the actton give rtse to terms corresponding to free (nottinteracting) fields, just as in
nonsupersymmetric theories
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49.4 The Wess—Zumino model

Now we will include interactions. We start from thc simplest version with a single chiral
superficld, with the intention of generali7ing it later to the case of an arbitrary number of
chiral superfields and a nonminimal kinetic term.

Thus, the model (it was invented by Wess and Zumino and bears their name) contains

one chiral supertield and its complex conjugate &), which is antichiral The
action for the model is

S = f + f + (49.17)

Note that the first term is an integral over the full superspaee. while the second and the
third run over the ehiral subspaces. The holomorphic function W(ct) must be viewed as a

generic superpotential in terms of components, the Lagrangian has the form

= + + FE + — + He] (49.18)

From Eq. (49.18) it is obvious that F canhe eliminated by virtue of the classical equation
of motion

-
(49.19)

so that the potential describing the self-interaction of the field is

- 2

=
. (49.20)

Remark in supersvinnietric theories it is customary to denote the chiral .superjIe/d and its
lowest (hosonic) component by the same making no distinction between capital and
small Usual/v it is clear from the context what is meant in each particular case

If one limits onesclf to renormalizable theories, the superpotential W must be a poly-
nomial function of 1 of power not higher than 3. In the model at hand, with one chiral
superficld, the generic supcrpotential can always be reduced to the following
form:

= (49.21)

If one wishes, the quadratic term can he eliminated by a c-numerical shift of the field

in- X
(4922)

4A 3

(-numerical terms in )'V can be omitted. Moreover, by using R symmetries (Section 50),
one can choose the phases of the constants in and at will; we will choose them to he real
and positive.

49.5 Vacuum degeneracy

Typically, in supersymmetric field theories, the vacuum is not unique. In nonsupersym-
metric theories this happens only if some global symmetry is spontaneously broken In
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supersymmetric theories, vacuum degeneracy (even a continuous degeneracy) can take
place without spontaneous breaking of any global symmetry. This feature is of paramount
importance for practical applications. Therefore, the study of any given supersymmetric
model should begin with the analysis of its vacuum manifhld.

Let us study the set ofclassical vacua for the very simple Wess—Zumino model introduced

in Section 49.4. In the case of a vanishing superpotential, W = 0, any coordinate-
independent field = can serve as a vacuum. The vacuum manifold is then the
one-dimensional (complex) manifold The continuous degeneracy is due to the

absence of potential energy, while the kinetic energy vanishes for any constant
This continuous degeneracy is lifted by the supcrpotential. In particular, the superpoten-

tial (49.22) implies two degenerate classical vacua,

(4923)

Thus, the continuous manifold of vacua C1 reduces to two points. Both vacua are phys-
ically equivalent. This equivalence can be explained by the spontaneous breaking of Z2
symmetry, — present in the supcrpotcntial (49.22) (One should remember that the

overall phase of the superpotential is unobservable; in the Lagrangian (49.1 8) with super-
potential (49.22) the above Z2 symmetry is implemented as — 0 and i/i u/i. so that

—p-.)
In the general case. Eq. (49 20) implies that the potential energy is positive definite. It

vanishes only at critical points of where the F terms vanish, i.e. at

=0. (4924)

If W(0) is a polynomial of nth order, this equation has n I solutions. At some values of
parameters the critical points can coalesce; for instance, if m 0 then the two solutions

(49.23) coincide However, if the theory is well defined at the quantum level, we will still
see two vacuum states.

49.6 Hypercurrent in the Wess—Zumino model. Generalities *

________

Let us consider an operator superfield transforming in the representation } of the
Ihis sec tm/I Lorentz group,

he

first evading = + (49 25)

The reader One can call a hypercurreni since the various components of this operator are related
to a U( I) current, the supercurrcnt, and the energy—momentum tensor of the

Seciio,is model, respectively. Sometimes in the literature people refer to it as the Ferrara-Zumino
49 8, 50. multiplet; see Section 59. The hypercurrent defined above is obviously real. This is a

59 general feature valid in all models. Using the equations of motion one can calculate its

Ge,zeral 1
superderivative, obtaining the general formula

tbrrnu/a = (49.26)
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where X is an antichiral superfield In the Wess- Zumino model at hand

X = 2 — (49.27)

The easiest way to check Eq. (49.26) is to compare the lowest components in the left- and
right-hand sides of the relation

= /52k) (49.28)

which follows from (49.26) (one can take into account Eq. (49.29) in this comparison).
Equation (49.26) is generic, it applies in all the supersymmetric models to be considered

below, with a single exception.22 Equation (49 27) is specific to the Wess—Zumino model.
Note that, for purely cubic superpotentials, X = 0, implying that = 0 Taking
the superderivative D° ot' D° and then doing the same in the reverse order, using
{i)°, D°} = 2ia°°, cf Eq. (48.14), we conclude that in this case = 0.

The lowest component of J° is

RIL = + (49.29)

The U( I) charge corresponding to this current generates phase rotations

i/i —s (49 30)

For cubic superpotentials in (49.17) this current is obviously conserved. The corresponding

U(l) symmetry of the Wess -Zumino model with a cubic superpotential is referred to as the
R symmetry (see Section 50). The commutator of the R current with the supercharges then

produces a conserved spin-4 operator. The only such operator is the supercurrent. It resides

in the 0 (or component of the hypercurrent The subsequent commutator produces

a spin-2 conserved operator The only nontrivial operator of this type23 is the energy—
momentum tensor, which appears in the 89 component of Jaà All higher components are
conserved trivially, in much the same way as They will not concern us here.

Now let us consider the precise composition of the higher components of the hypercur-
rent for generic superpotentials (i.e. components higher than the lowest component,
(49.29)). As mentioned above, the 9 component is associated with the supercurrent,

=

Superc'uiient,
+ (49 31)

with an which, in mixed spinorial—vectorial notation, can be written as
improve-

ment JP = =
. (49.32)

22 This exception is the class of theories with the Fayct lliopoulos term, Section 49 9 See [371 for a dra-
matic account of this finding A sequel, which could have been entitled "Two-dimensional theories with four
supcrcharges" is presented in 1381

23 There is also a trivially conserved spin-2 operator Unlike the energy—momentum tensor, it is

antisymmetric in p. v
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The second line in Eq. (49.31) is a full derivative, and so can be shown to produce no
contribution to the supercharge This term is conserved separately, and so is the term in
the first line. The second line in Eq (49.31) is the so-called improvement In nonsuper-
symmetric formulations we could have perfectly well omitted the second line. However,
the general supersymmetric formula (49.26) tells us that the supertrace must he

directly reducible to the equations of motion, and the combination in (49.31) is the only
one satisfying this requirement Indeed,

Now we can assert that

= + (49.33)

General
formu/a

= (Jpcth — + lie.] + (49.34)

where the ellipses stand for terms of higher orders in 9, to which we will turn shortly. To
verify the above composition of the 9 component of we apply the superderivative
from the left, obtaining

- =

General
where the ellipses stand for irrelevant powers of9 and 9. here

formula

— 1.0' + T'°'b f'

is the boson part of the energy—momentum tensor operator and

= av +

The

component
of X

= (49.35)

Then we usc the equations of motion for and F and compare the result with the lowest
component of D& 2(W Noting, with satisfaction, a perfect coincidence, I hasten

to add that Eq (49.34) is more general than its derivation in the Wess—Zumino model would

suggest. It is valid in all models with (49.26)
The last calculation to be done in this subsection is that of the 99 component of and

the components of X that are linear in 9 (or 9) In this case, vectorial notation turns out
to be more concise than spinorial notation. In this notation the supercurrent takes the form

= + 9] (2 — — 1,000R0) , (49 36)

where

(49.37)

= + FE)

+ (49 38)

—g0 ?i
— (49.39)

is the corresponding fermion part. The second line in (49.38) presents the improvement
term, which is analogous to that in the second line of (49.31). It is separately conserved
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and gives no contribution to the energy—momentum operator It plays the same role
as in (49.3 I), i.e. it ensures that the trace of the energy—momentum tensor reduces to the
equations of motion. Indeed, with this term included,

= + + 4FF (49.40)

Note that the second line in (49.39) vanishes on the equations of motion.
Equation (49.36) is general in much the same way as Eq. (49.34), although our particular

derivation, implying (49.38) and (49.39), was carried out for the Wess- Zumino model. It is
instructive to check that Eq. (49.26) is valid for the 0 component too To this end, starting
from (49.36) we calculate the 0 term in

= (i 8 —
It)

(49.41)

Next, we use the equations of motion to calculate and on the one hand and

—

on the other. Comparing the latter with the right-hand side of (49.41), we observe perfect
agreement 24

The hypercurrent satisfying Eq (49.26), whose component expansion is given by (49 34)
and (49.36), is referred to as the Ferrara—Zumino hypercurrent 139]. We will discuss
hypercurrents in more detail in Section 59.

r77isset,on
an he

omitted (it
fIrst reading
The reader

could return
to it after
Se lions
5534and
55 4
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is also
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Landau—

Ginzhurg
action

49.7 Generalized Wess—Zumino models *

The generalized Wess Zumino model describes the interactions of an number of
chiral superfields, with more general kinetic terms of the type appearing in sigma models.

Sigma model Lagrangians describe fields whose interactions derive from the fact that they
are constrained and belong to certain manifolds The latter are referred to as target spaces.

in many instances generalized Wess—Zumino models emerge as effective theories describ-

ing the low-energy behavior of "fundamental" gauge theories, in much the same way as the

pion chiral Lagrangian presents a low-energy limit of QCD. In this case the models need
not be renormalizable, the superpotential need not be polynomial, and the kinetic term need

not he canonical. The most general action compatible with supersymmetry and containing
not more than two space time derivatives is

S
= f d4xd49 + + He.] (49 42)

where (i = 1,2,. . , n) is a set ofchiral superfields and
=

the superpotenlial

W is an analytic I'unction of the chiral variables cD' while the kinetic term is determined by
the function which depends on both the chiral, and antichiral, fields Usually KJ
is referred to as the KOhier potential (or the Kähler function). The Käh!er potential is real,

24 1 he details of this comparison are lefi as an instructive exercise l'or the reader
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in components, the Lagrangian takes the form

= — G"

a
(49.44)

plays the role of the metric in the space of fields (the target space) and G" is the inverse
metric,

= , = (49.45)

Moreover,

_________

= + (49.46)

is the (target space) covariant derivative, are the (target space) Christoffel symbols,

8Gkth 1"- = (49 47)hi

and Rjjki is the (target space) Riemann tensor,

- -0 - - — U rFfl i'!fl -"i ki — — ' ik '
J

The metric (49 44) defines a Kähler manifold. By definition this is a manifold that allows
one to introduce complex (instead of real) coordinates. Therefore, the real dimension of
Kähler manifolds is always even. however, not every space with an even number of
real coordinates is Kahler. The two-dimensional plane and the two-dimensional sphere
are Kähler manifolds, while the four-dimensional sphere is not.

What is the vacuum manifold in the model (49.42)? In the absence of a superpotential,
i.e. for W = 0, any set of constant fields is a possible vacuum. Thus, the vacuum
manifold is the Kähler manifold of the complex dimension n and the metric delined
in Eq. (49.44). If W 0 (this is only possible for noneompact Kähler manifolds), the
conditions of P-flatness,

= 0 i = 1 2 ... n (49.49)

single out some submanifold of the original Kähler manifold. This submanifold may be
continuous or discrete. If no solution of the above equations exists, the supersymme-
try is spontaneously broken We will address the issue of the spontaneous breaking of
supersymmetry in due course (Section 53).
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49.8 Abelian gauge-invariant interactions

As well known, in nonsupersymmetric gauge theories the matter fields transform under a
gauge transformation as

e (49.50)

while, for the gauge field,

(49.51)

where a (x) is an arbitrary function ofx. To maintain gauge invariance, the partial derivatives
acting on the matter fields must be replaced by covariant derivatives; for instance,

—÷ (49.52)

where

= = + (49.53)

Equations (49.50) prompt us as to how to extend the (Abelian) local gauge invariance
to supersymmetric theories. Indeed, in the latter the matter sector is described by chiral
superfields replacing the scalar fields in Eq. (49.50) Therefore, the x-depcndenl phase in
(49.50) must be promoted to a chiral superficld A as follows:

(4954)

Note that, unlike in the nonsupersymmetric transformation (49.50), A and A are different:
the first is the chiral superfield and the second the antiehiral superfield; the first depends
on and fI while the second depends on xR and 9. hence A A 0.

how can one generalize Eq. (49.51) to construct a gauge-invariant kinetic term?
The gauge field is a component of the vector superlield V. Let us try the following
supertransformation

V(t,O,9) —+ V(x,6,6) — i M — A(xR,O)] . (49.55)

It is obvious that the combination is gauge invariant, i.e it is invariant under the
simultaneous action of (49.54) and (49.55). Consequently, it transforms into

The same happens with the fermion kinetic term: the partial derivative in
becomes eovariant.25

Since this is a crucial point it is instructive to have a closer look at the above procedure
in terms of components. lfwc parametrize A(XL ,9) as

(49.56)

then, under (49.55), we have

+ + A A, D — D. (49.57)

25 SupersymmetriLation of the gauge transformations (49 54). (49 55) was the path that led and Zumino to
the discovery of supersymmetric theories
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Wecs-

turn mo
gauge j', the

'no','
common/v

Here we have used Eq. (49.7) in calculating A — A. lfwe require C — i to vanish, the

lowest component of the vector superlield vanishes and simultaneously the last component

reduces to 0292 D. This explains the peculiar choice of parametri/ation (48.11).

We see that the C, x' and M components of the vector superfield can be gauged away,
and thus26

V = A — 2i92(OX) + 2i02 (OA) +/ 00 (49.58)

This is called the Wess—Zuinino gauge This gauge, bearing the name ofthose who devised it,

is routinely imposed when the component formalism is used. However, imposing the Wess—

Zumino gauge condition in supersymmetric theories does not fix the gauge completely The

component Lagrangian at which one arrives in the Wess—Zumino gauge still possesses gauge

freedom with respect to nonsupersymmetric (old-fashioned) gauge transformations.

49.9 Supersymmetric QED

rDe/ini,ion 0/
W0 in the
Abe/ian

Super-
I Bianchi
[idenhils

Supersymmetric quantum electrodynamics (SQED) is the simplest and, historically, the
first [4] supersymmetric gauge theory This model supersymmetrites QED. In QED the
electron is described by a 1)irac field. One Dirac field is equivalent to two chiral (Wcyl)
fields: one left-handed and one right-handed, both with electric charge I Alternatively, one

can decompose the Dirac field as two left-handed fields, one with charge + I, the other with

charge — I Each Weyl field is accompanied in SQED by a complex scalar field, known as
a selectron. Thus, we conclude that we need to introduce two chiral superfields. Q and Q,
of opposite electric charge.

Apart from the matter sector there exists the gauge sector, which includes the photon and

photino As explained above, these are represented by a vector superlield V. The SQED
Lagrangian is

= (± f/2o w2 + H.c.) + f4e2

+ fd20 QQ +

d40 + 2e_VQ)

(49.59)

where e is the electric charge, in is the electron or selectron mass, and the chiral superfield
W0(xi,O) is the supergeneralization of the photon field strength tensor,

(49 60)

In the units of e the charge of Q is + I and that of Q is I; see Eq (49.53).
The chiral "superphoton" field strength W and W have mass dimension They

are gauge invariant in the Abelian theory and satisfy the additional constraint equation
(a supergeneraliiation of the Bianchi identity)

D° W0 = (49.61)

To make contact with the standard notation we will denote by the shifted vector component field 1-

+
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The lowest component of this constraint expresses the fact that D is real Equation (49.61)
is also the superspace version of the Bianchi identity, which in nonsupersymmetric QED
has the form = 0. The above Bianchi identity is equivalent to

= (49.62)

in spinorial formalism. The component field supertransformations following from
Eq. (49.60) arc

= =
(Aa +

= —i + (49.63)

The form of the Lagrangian (49 59) is uniquely fixed by the supergauge invariance

(4964)

Integration over d20 singles out the 02 component of the chiral superlields W2 and

QQ, i e the F terms, while the d20d29 integration singles out the 0202 component of the

real superfields Q and Qe V
, i.e. the I) terms. The fact that the electric charges

of Q and Q are opposite is explicit in Fq. (49.59). The theory describes the conventional
electrodynamics ofone Dirac and two complex scalar fields. In addition, it includes photino—

electron—seleetron couplings and the self-interaction of the selectron fields, which has a
special form, to be discussed below; see Eq. (49.69).

In Abelian gauge theories one may add another term to the Lagrangian, the Pa vet—

Iliopoulos term [40] (also known as the term),

= d20 Vçr,0,0) (49.65)

I-aye!—

lliopoulov It plays an important role in the dynamics of some gauge models.
The D component of V is an auxiliary field (like F); it enters the Lagrangian as follows

= + . , (49.66)

where the ellipses denote /)-independent terms and will be assumed to be positive here-
after. Eliminating I) by substituting the classical equation of motion we get the so-called
D potential describing the self-interaction of selectrons.

V/) = D2, D = (49.67)
2e

This is only part of the scalar potential. The full scalar potential is obtained by
adding the part generated by the F terms of the matter fields, sec Eq (49 20) with W
replaced by mQQ.

2- e - 2 ' -2V(q ,q) = 1(qq — qq — + IinqL + mql . (49.68)
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In components, the Lagrangian (49.59) of supersymmctric QED has the form

=

+ + + +

+ + H.c.] + + He.]

(4969)

Here A is the photino field, q are the scalar fields (selectrons), i.e. the lowest compo-
nents of the superfields Q and Q. respectively, and and V are the fermion components
of Q and Q. The scalar potential V(q is given in Eq. (49.68) One should not forget
that the electric charges of Q and Q are opposite; therefore,

= + q, = — A,L)

= (ia11 + A11) vi, iD,1Vi = (Ia11 — A11) (49.70

In deriving the component form of the Lagrangian for supersymmetric QED we used the
identity

W2(XL,9) = —A2 —21 (A9) I) +

+92 (D2 — + (49.71)

In nonsupersymmetric field theory the terms in the third line of Eq. (49 69) would be
referred to as the Yukawa terms. This is not the case in supersymmetric theories, where
these terms represent a supergeneralization of the gauge interaction. It is the cubic part of
the superpotential that is referred to as the super-Yukawa term.

49.10 FIat directions

As already mentioned, in the study of each supersymmetric model one starts by establishing
the vacuum manifold. Equation (49.68) allows us to examine the structure of the vacuum
manifold in supersymmetric QED with the Fayet—lliopoulos term.

The energy of any field configuration in supersymmetric theory is positive definite.
Thus, any configuration with vanishing energy is automatically a vacuum, i.e. the vacuum
manifold is determined by the condition V(q, = 0. Assume first that the mass term and
the term are absent, ni = = 0, i.e. we are dealing with massless supersymmetric QED.
Then the equation to solve is

e2 - 2

(4972)

This equation does not have a unique solution; rather, it has a continuous complex
noncompaci manifold of solutions of the type

q=q, (49.73)
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(modulo a gauge transformation), where is a complex parameter. One can think of the
potential V(q, as a mountain ridge; the flat direction (a D-flat direction in the present
ease) then presents the flat bottom of a valley This explains the origin of the term vacuum
valleys, which is sometimes used to denote the flat directions. The (classical) vacuum
manifold in the present case is a one-dimensional complex line Ci, parametrized by
Each point of this manifold can be viewed as the vacuum of a particular theory. 0

in the vacuum, the theory is in the Higgs regime; the photon and its superpartners become
massive. The photon field "cats up" one of the real scalar fields residing in Q, Q and so
acquires a mass; another real scalar field acquires the very same mass. The photino teams

up with a linear combination of two Weyl spinors in Q. Q and becomes a massive Dirac
field, with the same mass as the photon. One Weyl spinor and one complex scalar remain
massless. This phenomenon — the super-Iliggs mechanism—will be discussed in more detail

in Section 52. The flat direction (vacuum valley) in which the gauge symmetry is reali,ed
Higgs
branch

in the lliggs mode is referred to as the Higgs branch. Supersymmetric gauge theories with
flat directions arc abundant.

In the model at hand, on the Higgs branch the set ofmassless degrees of freedom consists

of the field that describes excitations along the flat direction and its superpartner
These two fields can be assembled into a single chiral supcrficld = +

+ .F, which is described by the massless Wess—Zumino model with the
Kähler potential i.e. the flat metric.27

The above discussion applied to the Wess Zumino gauge. The gauge-invariant
parametrization of the vacuum manifold is given by the product of the chiral superfields
QQ. This product is also a chiral superfield, of zero charge; therefore it is obviously
(super,)gauge invariant. Neutral combinations such as Q Q are referred to as chiral invari-
ants. In the model under consideration there exists only one chiral invariant. Generally
speaking, in supersymmetric gauge theories with nontrivial matter sectors one can con-
struct several chiral invariants. The problem of establishing flat directions then reduces to
the analysis of all chiral invariants and all possible constraints between them. In general
vacuum manifolds are parametrized by chiral invariants.

In supersymmetric QED with = m = 0, every point ofthe flat direction is in one-to-one
correspondence with the value of Q = The superfield is also known as the moduli

/Ield Theories with a flat direction arc said to have a moduli space.
What happens andlor iii 0? 0 while m still vanishes then a one-dimensional

complex vacuum manifold (the Higgs branch) survives, although it ceases to be flat. Indeed,

now

e2 - 2

V(q,ij) = . (49.74)

The D-flatness condition is

(49.75)

27 Warning the word "flat" is used in this range of questions in two distinct meanings, not to be confused with
each other First, we talk about a flat direction, implying a continuous manifold (in the space of fields) of
degenerate vacua at Lero energy Second, the word "flat" can refer to the Kahler geometry of the vacuum
manifold, whose Kähler metric in general may or may not he flat
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The solution ofthe above D-flatness equation can be presented as follows (see e.g 141,421):

q = coshp. = sinhp, (49.76)

(modulo a gauge transformation). The chiral invariant QQ then takes the form

= q4 = sinh (49 77)

where the right-hand side defines a new chiral field the lowest component of the moduli
superfield 28

2-= QQ. (49.78)

For this lowest component we have

= 4 (cosh 2p)2 [(a,1p + (tanh 2p)2 a/La)]. (49.79)

Now, let us derive the metric on the target space and, hence, the Kähler potential The
parametri/ation (49.76) must be substituted into the appropriate part of the Lagrangian
(49.69), I e. the second line. Besides the regular derivatives acting on the fields we

should take into account the photon field. In the present case the latter reduces to

I qa/Lq =
, (49.80)

2 cosh2p

in the limit when all degrees of freedom except those residing in D become very heavy.
Then the bosonic kinetic term following from (49.69) is

a) = (cosh 2p) [(app + (tanh 2p)2 (8/La a/La)]

= I

(49.81)
4

This result implies, in turn, that the metric G is given by

G = — (49.82)
4

and the corresponding Kähler potential has the form

1) = + arctanh (49 83)

The dynamics of the moduli fields is described by a supersymmetric sigma model (i.e
a generaliLed Wess—Zumino model with vanishing superpotential) with Kähler potential

28 The superfield c1 defined in Eq (49 78) and considered below is unrelated to the superfield in the first half
of this section. where we dealt with the = 0 case
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(49 83). For a more detailed consideration of this problem the reader is referred to appendix
section 69 2

Introducing the mass term rn 0 and setting = 0 one lifts the vacuum degeneracy,
making the bottom of the valley (49.72) nonflat. The vanishing of the F terms FQ =
and = implies that

(49.84)

The mass term pushes the theory towards the origin of the D-flat direction. The Iliggs
branch disappears and the vacuum becomes unique.

In the general case, 0 and m 0. Then the condition (49.84) of vanishing F terms
is inconsistent with the vanishing of the D term, Eq. (49.75). Thus the theory has no
zero-energy state. Hence, the supersymmetry is spontaneously broken (see Section 53.2)

The occurrence of flat directions is the most crucial feature of supersymmetric gauge
theories regarding the dynamics of supersymmeiry breaking.

49.11 Complexification of the coupling constants

The coupling constants in supersymmetric theories appear in the action in the F terms,
i e. in the integrals over chiral subspaces. For instance, all the coupling constants in the
superpotential appear in this way, through the integral Jd20 W. This is also the case for
the inverse gauge coupling constant, which appears as a coefficient in front off W2;

see Eq. (49.59) There is a crucial consequence which will be repeatedly exploited in what
follows.

All such coupling constants must be viewed as complex numbers, i.e. complex chiral or
antichiral parameters. The dependence of the F terms and chiral superfields on the chiral
complex parameters must be holomorphie (The dependence of the P terms and antichiral
superfields on the antichiral complex parameters must be holomorphic too.)

The proof of the above assertion is simple. Indeed, let us promote the above cou-
pling constants to the rank of (auxiliary nondynamic) chiral superfields. In other words,
one can treat them as the lowest components of the appropriate chiral (antichiral) super-
fields, for instance the mass parameter m in Eq (49.59) gives rise to a chiral superfield
M(X1, = ni + ... Assuming the lowest component of these superfields to develop
vacuum expectation values (which do not break supersymmetry), we find that we return
to the original action upon substituting the auxiliary chiral superlields by their expectation
values.

The only role of the auxiliary chiral superfields is to develop expectation values for their
lowest components. All degrees of freedom residing there are those of infinitely heavy
"particles" that are nondynamical.

It is clear that any calculation of integrals over the chiral subspaee,

f d26
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or calculation of chiral superfields must produce results that depend only on the above
auxiliary chiral superfields, they cannot depend on the antichiral superfields This concludes
the proof of holomorphic dependence.

It is instructive to discuss the physical meaning of the complexified gauge coupling in
Coinp/exi/wd

Eq (49 59). Let us parametrize I /e2 as follows. 29
oup/lng

I I 9
(49.85)

where the tilde (temporarily) marks the real part of I /e2, while —O/(8ir2) is the imaginary
part Assembling Eqs (45.28), (49.59), (49.71), and (49 85) we arrive at the following
kinetic terms for the photon and photino:

= + + + (49.86)

where I have omitted a ftill derivative term of the type Equation (49.86) demon-

strates in a clear-cut manner that the imaginary part of the complexificd gauge coupling
constant plays the role of the 9 angle. Note that there is a "wrong" positive sign in front of
D2. This sign would not be allowed for a dynamical field.

Exercises

49 I Prove the assertion following Eq. (49.16). Hint: Pass to the Majorana representation
for the spinor fields.

49.2 Obtain Eq. (49.43) by a straightforward algebraic derivation from Eq. (49,42) using
the component decomposition of the chiral superfields and the definitions of the target

space geometry given in Section 49 7.
Hint: The expression for the F term following from the corresponding equation of
motion is

F' = 111k

49.3 Explain why the supertransformation laws in the first line in Eq (49.63) differ from
those in the Exercise 48.3. Is it a mistake?

49.4 Show that the target space with the metric (49.82), which is the vacuum mani-
fold for supersymmetric QED with the Fayel—Iliopoulos term, is a two-dimensional
hyperboloid up to small corrections dying off at 0 and

29 In the literature one quite often encounters a different normali,ation of the holomorphic variable associated
with the gauge coupling, namely,

47r 0 4ir
r I --i- + =

e— e2
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50 R symmetries

l'he Coleman—Mandula theorem states that all global symmetries must commute with the
generators of the Poincaré group However, it is not necessary for them to commute with
all generators of the super-Poincaré group.

The associativity of the super-Poincaré algebra implies that there can exist at most one
(independent) Hermitian U( I) generator R that does not commute with the supercharges:

(50.1)

This single U(l) symmetry, if it exists in the given model, is called the R syrnn!elrv. Since

the R symmetry does not commute with supersymmetry, the component fields of the chiral

The firs! superfields do not all carry the same R charge. Let us call the R charge of the lowest

enLoun/er component field of the given superfield the R charge of the superfield.
was at the To see in more detail how this works we will now focus on a chiral superfield Cl with
beginning of superpotential
Section 49 6

w = (50.2)

The R transformations that we will assign to the component fields are as follows

çb(xj.) exp(4ia), —* exp[(4 l)ia],
F F exp 2) ia] , (50 3)

where a is a constant phase. The above expressions de/Ine the R charger ( ofthe superficld
t to be 2/3.

9) e 9). (50.4)

Now, in the superinvariant actions we will make the following changes in the Grassmann
parameters 9 and

0 0, 0 0. (50.5)

Thus, we assign an R charge +1 toO and an R charge —1 toO. According to the rules of
(Irassmann (Berezin) integration (Section 49.1), simultaneously,

d29 2ia d29, d29 d29 (50.6)

Combining Eqs. (50.2), (50.4), (50.5), and (50.6) we conclude that

f d20 W(x,0) f d20) (50.7)

i.e. the integral stays invariant underthe transformations (50.3). One can check this statement
explicitly by inspecting the component Lagrangian (49 1 8) of the Wess—Zumino model,
setting rn = 0 in (49.21).

The general lesson is that a given supersymmetric theory is R invariant provided that the
R charge of the superpotential is +2.
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Supersymmetric QED is also R invariant at in = 0, i c at vanishing superpotential The
R charge of the superfield V is ,ero while that of the chiral superfield is +1. In other
words,

r(A) I, r(D) = 0, 0, r(X) = —l (50.8)

The R charges of Q and Q can be taken to be for instance,

r(q) = = = = (50.9)

and so on.

The above R charges are sometimes referred to as the canonical R charges and the
Geometric R corresponding R current as the geometric R current. In fact, the actual situation with the
curren

conserved R current is more complicated As a rule the conserved R current, if it exists,
is a combination of the geometric R current and the flavor currents. We will have more
encounters with the R symmetry and R parity in what follows (e.g. Section 59.6.1).

51 Nonrenormalization theorem for F terms

When we speak of renormali,ation, we arc implying the calculation of an effective
Lagrangian. starting from a bare Lagrangian formulated at a high ultraviolet scale M0 that
must be viewed as the scale of the ultraviolet cutoff. We calculate this effective Lagrangian

at a scale assuming that << Mo This calculation can be carried out either in perturbation

theory, loop by loop, or including nonperturhative effects
Originally, the theorem stating the nonrenormalization of F terms in the effective

Lagrangian was proved [20,43] in perturbation theory. That is why, as we will see later, it
can be violated nonperturbatively in certain theories An extension of the theorem cover-
ing nonperturbative effects in some other theories was worked out in [44]. We will review
this too.

At this stage I face a rather peculiar situation A discussion of the Feynman graph calcu-
lations using supergraph formalism is beyond the scope of the present course.30 And yet, I

would like to explain that this formalism implies the vanishing of the loop corrections for
the F terms. To this end, of necessity I will have to invoke heuristic arguments

The nonrenormalization theorem derives from the observation [43] that in supergraph
perturbation theory any radiative (loop) correction to the effective action can always be
written as a full superspace integral fd49, with an integrand that is a local functior of
superfields. The I-' terms are integrals over ehiral subspaces and therefore cannot receive
quantum corrections.

I will try to illustrate the above statement in a somewhat more quantitative manner. To
warm up let us start from the vacuum energy, which, as we already know, vanishes in all
theories with unbroken supersymmetry: consider the typical two-loop vacuum (super)graph
shown in Fig. 10 I.

30 The reader interested in this formalism is referred to [9, tO, I 3,20]
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C C
A typical two-loop supergraph for the vacuum energy.

Each line on the graph represents a Green's function of some superlield We do not
need to know these Green's functions explicitly The crucial point is that (ii' one works in
the coordinate representation) each interaction vertex can be written as an integral over
d4xd29d29 Assume that we substitute explicit expressions for Green's functions and ver-
tices in the integrand and carry out integration over the (super)coordinates of the second
vertex, keeping the first vertex fixed. As a result, we will arrive at an expression of the form

=
f d4xd2oc/20 x (a function of , . (51 1)

Since superspace is homogeneous (there are no points that arc singled out, we can freely
make superiranslations since any point in the superspace is equivalent to any other point)
the integrand in Eq (51.1) can only be a constant. lfso, the result vanishes because ofthe
Rere,in rules of integration over the Grassmann variables 9 and t9.

What remains to be demonstrated is that the one-loop vacuum (super)graph, not repre-
sentable in this form, also vanishes. The one-loop (supcr)graph, however, is the same as for

free particles and we know already that for free particles Evac = 0, see Eqs. (47.18) and
(47.19), thanks to the balance between the bosonie and fermionic degrees of freedom.

This concludes the proof of the fact that if the vacuum energy is zero at the classical level

it remains zero to any finite order there is no renormali,ation. What changes instead

of the vacuum energy, we consider the renormalization of the P terms?
The proof presented above can be readily modified to include this case as well. Techni-

cally, instead of vacuum loops we must consider now loop (super)graphs in a background

Shifinan— field.
The basic idea is as follows. In any supcrsymmetric theory there are several — at least four—

proof supercharge generators. In a generic background all supersymmetries are broken since the
background field is not invariant under supertransformations, generally speaking. One can

select a "magic" background field, however, which leaves part of the superiransformations
as valid symmetries For this specific background field some terms in the effective action will

vanish and others will not (Typically, the F terms do not vanish.) The nonrenormalization
theorems refer to those terms which do not vanish in the background field chosen.

Consider, for definiteness, the Wess—Zumino model discussed in Section 49.4. An
appropriate choice of background field in this case is

= 0, = C1 + + C392, (51.2)
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where C1.2,3 are (-numerical constants and the subscript 0 indicates the background field.

In making this choice we arc assuming that and are treated as independent variables,

that are not connected by complex conjugation (i.e. we have in mind a kind of analytic
continuation). The x-independent chiral field (51.2) is invariant under the action of i.e.

under the thllowing transformations:

= 0, = 0d. = (51.3)

Next, to calculate the effective action we decompose the superlields as follows.

(5l.4)

where the subscript "qu" denotes the quantum part oI'the superfield, Then we expand the
action in and dropping the linear terms, and treat the remainder as the action for
the quantum fields. Next we integrate out the quantum fields, order by order, keeping the
background field fixed. The crucial point is that in the given background field (i) the integral

fd2x 14) does not vanish, and (ii) there exists an exact supersymmetry under Q-generated
supertransformations.

This means that boson—fermion degeneracy holdsjust as in the "empty" vacuum All lines

in the graph in Fig. 10.1 must he treated now as Green's functions in the background field
(5 I .2). After substituting these Green's functions and integrating over all vertices except
the first, we arrive at an expression of the type

f x (a -independent function) = 0 (51.5)

The 0-independence follows from the fact that our superspace is homogeneous in the 0
direction even in the presence of the background field (51.2). This completes the proof 1451

of F-term nonrenormalization.
The kinetic term fd4& vanishes in the background (51.2), so nothing can be said

about its renormaliiation from the above argument, explicit calculation tells us that this
term gets renormalized in loops, of course.

Remark following a similar line of reasoning it is not difficult to prove [45] (see the
rThe Fa'et footnote on p. 481 of (451; see also [37,46]) that the Fayet—Iliopoulos term is not renor-

//I()pOuIOV malized at two and higher loops. In addition, is not renormalized at one loop if the matter

[renonna;lzed sector is iionchiral with regard to the given U(l), i.e. if all chiral superfields enter in pairs
with the opposite electric charges, as, for example, in Section 49.9 where the U( I) charge
of Q is +1 while that of Q is —I.

Now we will discuss the P-term nonrenormalization theorem from another perspecti"e,
suggested by Seiberg [44], which, in certain instances, allows one to go beyond pertur-
bation theory. Consider the coupling constants that appear in the superpotential (e.g. the
masses, Yukawa couplings, etc ) as classical background chiral superfields. It then follows
that these couplings can only appear in the effective superpotential holomorphically. i.e. if
X is a coupling then only X and not can appear in any quantum corrections to the superpo-

tential since the superpotential W is a function only of the chiral superfields This simple
observation allows one in many instances to prove the nonrenormalization theorem at the
nonperturbative level



449 51 Nonrenormalization theorem for F terms

ri

Fields or parameters U( I) charges R charges

+1

m —2

A —3 0

Consider as an example the Wess Zumino model of Section 49.4 with superpotential
(49.21). By holomorphy, the effective superpotential is

= in, A). (51.6)

i.e. it is a function of m, and A and not o/ their complex conjugates. The theory under
consideration has no global symmetries other than supersymmetry. At in 0 the R
symmetry is explicitly broken.

However, one can restore it if, simultaneously with the rotations (50.3) corresponding to
r(l)) = one rotates m with r(m) = Then both tern-is in the superpotential W(1) =
(in/2) 42 (see Eq. (49.21)) transform in the same way and R symmetry is
recovered.

In the same way one can add another U(l) symmetry, with the charges Qu(I) given in

Table 10.2

The above symmetries (plus dimensional arguments) imply that the effective superpo-
tential must take the following form.

)'Veff = x f

=
A"m I—n , (51.7)

where f is a function and the are numerical coefficients in its Laurent expansion.
Next we observe that at A = 0 the theory is free, which requires all coefficients with

negative n to vanish. Moreover, the Wilsonian effective action cannot be singular in m in

the limit m —÷ 0. This is due to the fact that by definition the Wilsonian action31 contains
no contributions from virtual momenta below This excludes ii > I, leaving us with only
two terms in the second line of Eq. (51.7), namely, n 0 and 1; this implies in turn that

coincides with the bare superpotential There is no renormalization
That the complex parameters in are not renormalized does not mean that no

physical amplitudes proportional to powers of A receive quantum corrections from loops.
Renormali7ation comes from the kinetic term:

f (51.8)

By construction, the effective action does not include one-particle-reducible diagrams Analy7ing the expansion
in (51 7). one can observe that its structure is exactly that of a tree diagram
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where Z is the field renormali,ation factor, implying that

in A
(519)

The subscript r indicates the renormalized mass and coupling constant The scattering
amplitudes contain inr and Ar. The field renormalization Z factor drops out ifwe consider
the ratio

in3 in3
(51.10)

This ratio presents an example ofa physically measurable quantity a domain-wall tension
in the Wess—Zumino model — that receives no quantum corrections.

The nonrenormalization theorem for F terms and its possible nonperturbative violations
are crucial in two practical problems of paramount importance: the mass hierarchy problem
and the related issue of dynamical supersymmetry breaking.

52 Super-Higgs mechanism

When a charged chiral superfield acquires a nonvanishing expectation value, the gauge
symmetry is spontaneously broken In the usual Higgs mechanism, gauge bosons "eat"
scalars and become massive. In supersymmetry they will "eat" chiral superfields. We will
first familiarize ourselves with this phenomenon as it occurs in supersymmetric QED (see
Section 49 9) and then generalize it to non-Abelian theories.

As we know from Section 47 6 (see Eq (47.25) with j = 1/2) the massive vector
superfield contains four fermionic states (one Dirac fermion) and four bosonic states (one
vector particle with three polarizations plus one real scalar particle). However, a mnassless
vector superfield has only two bosonic and two fermionic states. Thus, to become massive,
it has to "swallow" two bosonic and two fermionic states, which is exactly the content of a
chiral superfield

Let us examine the super-Higgs mechanism at work in the simplest example of U( I)
gauge theory [47], the supersymmetric QED presented in Section 49.9. It is instructive to
start from its nonsupersymmetric version, scalar QED with Lagrangian

= pj../JP + — — h
— ,,2)2

(52.1)

where ço is a complex field, i' is a real parameter, and h is a coupling constant (which at the
very end will be assumed to he small, h 0). One can parametrize by its modulus and
phase,

p . (52.2)

Then the potential term in (52. I) forces p to develop a vacuum expectation value,

Pvac = (52.3)
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The phase a can be gauged away if one imposes the (unitary) gauge condition p. We

are left with a real scalar field (the physical Higgs particle), described by the fluctuations
in p near its VEV, plus a massive vector boson, i e. a "W boson," with mass

22= 2e (52 4)

The mass of the Higgs particle is

= 4hv2. (52.5)

It tends to 7ero at h 0. The balance of degrees of freedom is as follows: before the
launch of the Higgs mechanism we have 2+2 and after its launch we have 311, where "3"
represents the degrees of freedom of the massive vector field (with three polarizations)
while "I" represents the single degree of freedom residing in the real sealar field.

Now we turn to supcrsymmetric QED. Let us have a closer look at the Lagrangian (49.69)

with scalar potential (49.68) at in = 0. When m = 0 the theory has a flat direction, the
selectron fields acquire VEVs that can be parametrized as in Eq (49.76). In the latter
equation a possible phase difference between q and has already been gauged away. Thus,

it presents an analog of Eq. (52.2) with the phase set to Lero (i.e. q —÷ p).

Substituting the selectron VEVs into Eq (49.69) we get for the W-boson mass

2 2 —= 2 cosh 2p = 2 e + (52 6)

where the moduli field was defined in Eq. (49 77). The same mass is acquired by a real

scalar field and a Dirac spinor (two Weyl spinors) Before the onset of the Higgs regime
we have three ehiral superfields, Q, and Q (3 x (2 + 2) degrees of freedom) After

rnechanicm the onset of the Higgs regime we have one massive vector supermultiplet (4+4 degrees of
in the We,ss freedom) and one massless chiral superfield ci) (2 1-2 degrees of freedom), which has a VEV
Zurnino on the flat direction. All degrees of freedom are balanced.
gauge The vacuum energy density vanishes and supersymmetry remains unbroken. At the same

time, the U(l) gauge symmetry is realized in the Uiggs regime in any vacuum on the flat
direction This explains the origin of the term "Higgs branch."

The above consideration was carried out in the Wess—Zumino gauge. Needless to say, one
Unitary

I . . .

gauge
could choose another gauge. A supergeneralization ofthe unitary gauge is singled out. Using

__________-—--i

the supergauge transformation for Q one can always reduce Q to an arbitrary c-numerical

constant We will impose the following gauge condition:

(527)

Then the chiral invariant QQ is given by

(528)

In other words, the moduli superfield becomes a linear function of the original chiral
matter superfield Q:

2
(529)
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Thus the physical Higgs particle and its fermion superpartner the component fields —

coincide up to normalization with the component fields of Q.
In this gauge the Lagrangian (49.59) (at m = 0 and with the Fayet Iliopoulos term

switched on) takes the form

f d29W2 + H.c.) + fd48 + (52.10)

To study the vacuum structure one should discard the massive degrees of freedom, which
amounts to crossing out the kinetic term fd2fI W2. Then the supcrfield V becomes non-
dynamical and can be determined in terms of of motion. The
latter is obtained by differentiating the second term in Eq (52.10) over V and setting the
result equal to 0,

= + I) , (52 II)

implying that

I I -
V0=—ln

2
(52.12)

This in turn allows one immediately to obtain the Kähler potential for the moduli superfield
(52.9) Indeed, let us substitute Eqs. (52.12) into the second term in (52.10) remembering
that the kinetic term for the vector field is omitted. Then we get

= + + In
+ — 1)

(52.13)

Observe that the Kähler potential is defined modulo an arbitrary function + H.c.,
which drops out upon integration over d4f). Adding In we derive from Eq. (52.13)
precisely the potential obtained in Section 49.10; see Eq. (49.83).

To find the spectrum of massive excitations residing in the superfield V and their scat-
tering amplitudes, we split the vector superfield V in two parts, the vacuum field and the
quantum fluctuations, writing

V = V0 +

c+ + —

+ + He.]

+0262 (D —
. (52.14)

We then substitute the expression for S V into the Lagrangian

=
W2 + H.c.)

+fd49 (V0 (52.15)
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Expanding in V and using Eq. (52.12) confirms the expression for the W-hoson mass
quoted in (52 6)

It is instructive to trace the fate of the various component fields in the vector superfield.
The field x becomes dynamical and pairs up with to form a Dirac spinor. The real held

becomes dynamical too; together with the three polariLations of It forms the bosonic
sector of the massive vector supermultiplet. The field M enters with no derivatives and is
nondynamical, and so is D.

The "supcrunitary" gauge has its advantages and disadvantages. It makes explicit the
bookkeeping of the degrees of freedom in two distinct supermultiplets: the massive vector

field and its superpartners in one superfield plus the moduli fields in the other. The moduli
superfield is just Q However, this gauge is inconvenient for practical calculations of the
scattering amplitudes since the dependence on in the Lagrangian is nonpolynomial.

Exercise

52.1 Write down the mass matrix for the fermion fields in the Lagrangian (49.69), with
scalar potential (49.72), at the following point on the vacuum manifold: =
(see Eq. (49.77)). Determine the masses and eigenstates in the fermion sector ot'the
theory by diagonalization of this mass matrix

53 Spontaneous breaking of supersymmetry

From Section 47.3 we know that in theories with unbroken Lorentz symmetry, supersym-
metry is. spontaneously broken if any supercharge does not annihilate the vacuum state The

inverse is also true, if the vacuum state is annihilated by all supercharges then supersym-
metry is unbroken and the vacuum energy vanishes. Let us ask ourselves what this implies

in terms of the order parameters signaling supersymmetry breaking.
To answer this question we must examine the supertransformations (48.21) and (49.63).

namely,

[(Qe + = —V +

SAc, = iDec, (53.1)

Averaging the left- and right-hand sides of these relations over the ground state we con-
clude that supersymmetry is spontaneously broken if either the F or the D component has
a nonvanishing VEV.32 If so then the supercharge, acting on the vacuum, instead of anni-
hilating it creates the corresponding fermion: either i/i or A (see Section 54 below). Note
that in the Lorent,-invariant vacuum neither nor can have expectation values An
additional lesson one should remember is that an x-independent vacuum expectation value

1 his statement assumes that the vacuum does not break the Lorentz symmetry
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of the lowest component of the chiral superfield does not lead to supersymmetry breaking.
generally speaking. This fact was used in Section 5 I.

Out ofa variety of models exhibiting spontaneous supersymmetry breaking, the majority
reduce either directly or in the low-energy limit to one of two patterns F-term breaking
or D-tcrm breaking

53.1 The O'Raifeartaigh mechanism

The F-term-based mechanism, also known as the O'Raifeartaigh mechanism [48] (it was
devised by O'Raifeartaigh), works by a "conflict of interests" between the P terms of
the various fields belonging to the matter sector. The necessary and sufficient condition
for the existence of supersymmetric vacua is the vanishing of all F terms For generic
superpotentials this is possible to achieve.

In the O'Raifeartaigh construction, the superpotentials are arranged in such a way that it
is impossible to make all F terms vanish simultaneously.

One needs at least three matter lields to realize the phenomenon in renormalizable models

with polynomial superpotentials. With one or two matter fields and a polynomial super-
potential a supersymmetric vacuum solution always exists. With three superfields and a
generic superpotential, a supersymmetric solution exists too but it ceases to exist for some
degenerate superpotentials

Consider the superpotential

W(tii, = cli — M2) + /Lt213 (53.2)

Then

i=l.
Fj = = i = 2. (53.3)

i=3.
The vanishing of the second line implies that = 0; then the first line cannot vanish. There
is no solution for which F1 = F2 = F3 = 0; therefore supersymmetry is spontaneously
broken.

What is the minimal energy configuration? It depends on the ratio M/JL. For instance,

atM2 < 1z2/(2Af) the minimum of the scalar potential occurs = = 0 The value
of can be arbitrary: an indetinite equilibrium takes place at the tree level (The loop
corrections to the Kähler potential lift this degeneracy and lock the vacuum at = 0.)
Then = F3 = 0 and the vacuum energy density is obviously cf = IF1 12 =

Since F1 0 the fermion from the same superfield, is the massless Goldstino (see
Section 54).

=0.

It is not difficult to calculate the masses of other particles. Assume that the vacuum expec-
tation value of the field vanishes. Then the fluctuations of remain massless (and

degenerate with The Weyl field and the quanta of are also degenerate, their
common mass is At the same lime, the fields from split, the Weyl spinor has
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mass while

2 1 2 2 1 1 1 1

= — 2A1 M , = + 2XTM-. (53.4)

where the real fields a and h are defined by

+ ib)

Note that, despite the mass splitting,

+ = 0, (53.5)

as ifthere were no supersynimetry breaking Equation (53.5) is a particular example of the
general supcrtracc relation [49]

StrM2 + = 0, (53.6)

Super! em

mass where Sir stands for the supertrace, M2 is the squared mass matrix of the real fields in
formula the supermultiplet, the subscript J indicates the spin of the particle. Equation (53.6) is

valid at tree level for spontaneous supersymmetry breaking through F terms Quantum

(loop) corrections, generally speaking, modify it, it also becomes modified in theories
where (part ofthe) supersymmetry breaking occurs by the Fayet—t liopoulos (D-term-bascd)

mechanism.

A combined conclusion to the first part of Section 51 and to Section 53 I is in order here.

Theorem If supersvmmetry is unbroken at tree level in a given model, i e all F terms
vanish ,fbr a certain held con Jiguration, then supersymmetiy is not broken to any order
in perturbation theory Reservation' This ass ertion refers to models without a U(I) gauge

tor For such models a I-'avet—Iliopoulo.s term is possible

53.2 The Fayet—Iliopoulos mechanism

The Fayet—Iliopoulos mechanism [40], also called the D-term mechanism, applies in models

where the gauge sector includes a U( I) subgroup. The simplest and most transparent example

is supersymmetric QLD (Section 49.10). The D component ofthe vector superfield develops

a nonvanishing VEV, implying spontaneous supersymmetry breaking provided that neither

the Fayet—Iliopoulos term nor the mass term fd2O mQQ vanishes

Equation (49.68) shows that for massive matter (in 0) a zero vacuum energy is not

attainable. The mass terms in the scalar potential require q and to vanish in the vacuum,

while the D term in the scalar potential requires = + 0, both conditions

cannot be met simultaneously Where then does the vacuum state lie?
Qualitatively it is clear that, on the one hand, when m is very large, the terms prevail

over the D term, pushing the vacuum field configuration towards the origin On the other

hand, when is very large the I) term prevails overthc I" terms Quantitatively, > m2/e2
then the minimal energy is achieved at

— m2
(53.7)
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The vacuum energy density is

/
(53.8)

\ 2ej
The gauge U(l) symmetry is broken too. The phase of q is eaten up in the super-Higgs
mechanism and the photon becomes massive:

mw = — (m2/e2). (53.9)

It is instructive to compare these results and expressions with those obtained in Section 52

for m = 0.
One linear combination of the photino A and is the Goldstino; it is massless. Another

linear combination, and the scalar and spinor fields from Q, arc massive.
If <m2/e2 the selectron fields develop no VEVs and the vacuum configuration

corresponds to

=0. (53.10)

The D term becomes equal to while the vacuum energy is E = The gauge U(l)

symmetry remains unbroken: the photon is massless, while the photino assumes the role of

the (ioldstino. The fermion part of the matter sector does not feel the broken supersymmetry

(at the tree level),

=m1 =1?!, (53 II)

while the boson part does,

= /fl2 + , = — . (53.12)

Exercise

53.1 Write down the mass matrix for the fermion fields in the Lagrangian (49 69) with
scalar potential (49 74) in the vacuum (53.7). Determine the masses in the fermion
sector of the theory by diagonalizing this mass matrix Do the same for the bosons
and for the small-a case; see Eq. (53 10)

54 Goldstinos

As mentioned earlier, if the F or 1) terms develop a nonvanishing expectation value then
the fermion fields from the corresponding superfields produce massless (Ioldstinos. In this
section 1 will give a formal proof of this statement that is valid irrespective of whether the
theory under consideration is at weak or strong coupling [50] Moreover, we will determine
the Goldstino's coupling to the (spontaneously broken) supercharges and prove that this
coupling is proportional to the square root of the vacuum energy density
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First, we consider the two-point vacuum corrclation function

= —i 'r vac), (54.1)

whcre T stands for the T product and J is the supercurrent, cf Eq. (46.10). In what follows
we will omit explicit mention since the only correlators considcrcd here are those
avcraged over the vacuum state. We will calculate the limiting value

f T (54.2)

Since = 0. the derivative acts only on T, producing

lim [pIL
= f
= + = (54.3)

By assumption 0. Let us ask how the left-hand side, which contains an explicit
factor of p. can remain nonvanishing in the limit1, 0. The only solution is a I/p pole
in More exactly,

lim = X (544)

Then Eq. (54.3) is satisfied. The pole in proves the existence of a massless fermion

the Goldstino produced from the vacuum by the operator and annihilated by the
supercurrent, with the following constants.

(G vac) (vac G) i (54.5)

where G stands for the Goldstino and is its polarization spinor. One should take into
account that

= . (54.6)

Now, let us calculate the Goldstino's coupling to the supereurrent, which in the general
case, is defined as

(G vac) = —ifG (vac G) = if(; (54.7)

where fG can be chosen to be real. To this end, following the same line of reasoning as
above, we will consider the correlation function

= —i f (vac T vac), (54.8)

multiply it by p", and then let p tend to 0. We then obtain

= lim f d4xeiIx (IjO&(x), (549)
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Next we use the fact that the anticommutator of the supercharge with the supercurrent is

proportional to the energy momentum tensor

I
= + (54.10)

Sennlocal 1 where is an antisymmetric operator whose Oi components are full spatial derivatives.

form of We will derive this relation in Section 59. If we set = 0 and integrate over 3-space, we
superalgehraj arrive at the superalgebra relation (47.4). Moreover, owing to the Lorenti invariance of the

vacuum state, for the vacuum expectation value of we have

= (54.1 1)

Combining Eqs. (54.9)—(54. II) we get

2 Svac (54 12)

The Goldstino contribution to (54.8) produces a pole at small p whose residue is determined

by (54.7),

= (54.13)

Multiplying by p and comparing with (54 12) we obtain

(54 14)

as required.

An immediate consequence of the above consideration is the following theorem
Theorem U a given theory has no that could play the role of the masslevv
Goldstino, supersynunefly cannot he spontaneously broken This is the case for instance

in weakly coupled theories that arc supersymmetric at tree level, in which all fermions
are massive Another obstacle to the occurrence of a Goldstino even in the presence of
massless fermions is a mismatch in the global quantum numbers Assume that the theory
under consideration has an unbroken global symmetry lfthe charge ofthe massless fermion

with respect to this symmetry does not coincide with that of the supercurrent, the fermion
cannot assume the (ioldstino role

A concluding remark is in order here. The supercurrent may create a massless fermion
from the vacuum state by virtue of a derivative coupling,

(ferm vac) = (54.15)
coupling
does not gii e . .,

where p is the fermion s momentum and p is a coupling constant. Such a derivative
rise to

a matrix element that vanishes at small p, which implies, in turn, that the

[preuking derivatively coupled fermion cannot produce a pole in (54 8) and hence is not the Goldstino

When one says supercurrent creates a massless fermion from the vacuum," one usually

means a nonderivative coupling as in Eq (54.7).
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55 Digression: Two-dimensional supersymmetry

(/SeLlwfls
8, 26, 33,
40, 4/

There is no genuine spin in two dimensions because there are no spatial rotations. Nev-
ertheless spinors can be introduced. Moreover, in two dimensions one can require spinors
to be both chiral and Majorana simultaneously. Therefore there exist a number of "exotic"

supersymmetries. They will not be considered here. We will focus on the simplest cases,
Al = I (two real supereharges, one left-handed, one this supersymmetry is

also referred to as .Pv' = (1. I )), and Al = 2 (four real supercharges, or two complex, half
left-handed, another half right-handed; also known as the Al = (2,2) supersymmetry)

55.1 Superspace for Al= 1 in two dimensions

The two-dimensional space x0 = {i, z} can be promoted to a superspace by adding a
two-component real (Jrassmann variable = The coordinate transformations

__

supplement the translations and Lorenti boosts. A convenient representation for the two-
dimensional Majorana y matrices was given in Section 45.2. i.e. y0 = y = —
Chiral subspaces are not introduced, and there is no need for spinors with both upper and
lower indices; all spinorial indices are taken to be lower indices. Moreover, .1'd2x = f dr d:
and the spinorial derivatives arc defined as follows.

in (55.2)

— = +

{Da, = 2i

= 0y0

(55 3)

(55.4)

We will define the two-dimensional Levi Civita tensor and the norm of Grassmann
integration as follows:

(55.5)

With this notation = and 00' = 0'O. Moreover, the superalgebra takes the
form

which implies, in turn, that

= (55 6)

+ E,,., (55.1)

so that

(55.2)

A1 = (I, I)

(Po Pz

P0 +
(55.7)
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55.2 1 superfields and supersymmetric kinetic term

We will deal with a real superfield (x,9) that has the form

= + = (55.8)

where 0, 1' are real two-component spinors and is a real scalar field. The superspace trans-

formations (55.l) generate the following supersymmetry transformations of the component
fields:

= = + FE , = . (55 9)

As usual, the F component is nondynamical (see Eq. (55 13) below). The physical degrees

of freedom in 1 arc one bosonic (the real scalar field 4) and one fermionic (the Majorana
spinor i,lr) This is in accord with the supermultiplet structure in V = I theories in two
dimensions. Indeed, following the line of reasoning presented in Section 47.6, we will
rewrite the two real supercharges in terms of two complex supercharges:

Q= +iQ2), = —iQ2), (55.10)

with algebra

{QtQ}=2p0 IQ,Q}=—2P-. (5511)

For massive particles we can choose a reference frame in which = then only the
first anticommutation relation remains informative. If Q annihilates a state a), its only
superpartner is If the first state is bosonie then the second is fermionie and vice
versa.

The supertransformation of the F term reduces to a full derivative; therefore, projecting

it out by virtue of f d20 produces a supersymmetric action Here it is in order to derive the
kinetic term. To this end we first perform spinorial differentiation of the superfield

= —
(55 12)

A simple inspection ofthe above expressions suggests that the product gives rise

to the desired structure Indeed,

Skin = f d2Od2x

= + j..2) (55.13)

55.3 Models

Below we will consider the two most popular models, which appear in numerous
applications.



461 55 Digression: Two-dimensional supersymmetry

55.3.1 Minimal Wess—Zumino model in two dimensions

The action in the minimal two-dimensional Wess—Zumino model is

(55.14)

where will be referred to as the superpotential, keeping in mind a parallel with the
four-dimensional Wess—Zumino model although in the two-dimensional case the superpo-
tential term is the integral over the full superspace, and is not chiral. The standard mass

Luckof the term is obtained from W = while the interaction terms are generated by and
holomorpkv higher orders. Note that, while in four dimensions W is an analytic function of a complex

argument, in the minimal two-dimensional Wess—Zumino model W is just a function of a
real argument. In two dimensions any such function leads to a renormalizable field theory

tial and is thus allowed.

In components the Lagrangian takes the form

= + + p2) + (55.15)

Superficially this Lagrangian looks similar to that considered in Section 49 4; there is
a deep difference, however. In four dimensions the field is complex, and, as a result,
we have four conserved supercharges (i.e. an .iV = (2, 2) superalgebra), while the fields in
(55.15) arc real and the number of conserved supercharges is two, i e the supersymmetry
with which we are dealing is .Af = (I, I).

What is so special about the model (55.1 5)' The answer is that it gives an example of
a "global anomaly" [SI]. Let mc explain this in more detail The model (55.15) has no
fermion current Indeed, for the Majorana spinors both and vanish identi-
cally. However, (— I )F (i e. the fermion number modulo 2) is defined. There is no genuine
spin in two dimensions. What distinguishes the boson fields from the fermion fields in the
Lagrangian (55.15) is the way in which quantization is achieved (i.e. the statistics). The
boson fields are quantized by imposing a quantization condition on the canonical commu-
tators, while for the fermions a quantization condition is imposed on the anticommutators.

This allows one to introduce (—I)'
It turns out that beyond perturbation theory is lost 151], see Section 71 8. In the

soliton sector (_1)F ceases to exist This implies the disappearance of the boson—fermion
classification, resulting in abnormal statistics The fact of the abnormal statistics in the
model (55.15) is well established.

55.3.2 Supersymmetric 0(3) sigma model
I.()ok

through This is a supergeneralization [52] of its famous nonsupersymmetric parent. The model is
Chapter 6 built on a triplet of real superfields a

the target space. In components,

aa(x, 9) = + + 99 F° (55 16)

where S and F are bosonic fields while j denotes a two-component Majorana field
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Formally the Lagrangian has the form of a free kinetic term:

1 f /29(1)5 aD

= + Xa + 2) (55 17)

However, in fact an interaction is there, hidden in the constraint on the superfields,

O)a"(c, 9) = I, (55.18)

which replaces the nonsupersymmetric version of the constraint, S2 = I.

Decomposing (55.1 8) into components we get

= I, = 0, = . (55.19)

As usual, the F term enters with no derivatives. In eliminating F by using the equations
of motion one must proceed with care, combining the information encoded in (55.17) and
(55.19). 'l'he last equation in (55.19) unambiguously determines the longitudinal part of F,
while its transverse part must be determined from the equations of motion.

In more detail, let us split F" as follows:

F" + lOS" + Fn'( + (55 20)

where

= 0, = 0, (55.21)

and 10.1.2 are scalars on the target space For instance, we can choose

= s1 s" —
, fl'2' = (135) S" —

13 = I 0, . (55 22)
I— S3

The last equation in (55 19) implies that

F0 = , F(( = . (55.23)

Furthermore, must be determined through minimi7ation of the F2 term in the
Lagrangian, which obviously leads to F1 = F2 = 0. As a result, the component l.agrangian
of the supersymmetrie 0(3) sigma model takes the form

= f a"s" a0 s" + h',, x" + (55.24)

plus the Iirst two constraints in Eq. (55.19).
The global 0(3) symmetry is explicit in this Lagrangian Moreover, jV = I supersym-

metry is built in. The conserved supercurrent corresponding to this symmetry is

= (55.25)
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The reader may be surprised to know that there is another. "extra," supercurrent whose
conservation is not obvious in the Al = I formalism, Indeed, following the same line of
reasoning as in the problem above one can show (after some algebra) that the supercurrent

= s° (55 26)
Too

supereur- is conserved too. Thus, the Al = (I. I) superextcnsion of the 0(3) sigma model auto-
rents matically has an extended Al = (2,2) supersymmetry, i.e. four rather than two conserved

supercharges. Ihe reason for the "unexpected" emergence of this Al = 2 superalgebra is

the nature ol' the target space manifold, the two-dimensional sphere S2.31 As
elucidated by Zumino 1531. any Kähler sigma model with Al = (I, I) supersymmetry is. in
fact, endowed with Al = (2.2) supersymmetry also The easiest way to make this extended
supersymmetry explicit is the use of Al = 2 superficlds in two dimensions rather than

Al = I superfields (55 16). In Section 55.3.3 we will construct the Al = 2 superspace.

develop the corresponding Al = 2 superfield formalism, and rederive the supersymmctric
0(3) sigma model, which in this formalism is more often referred to as the CP( I) model.

One last remark before concluding this section The model under consideration has two
(classically) conserved hifermion currents, vector and axial,

yR = S0 YRX( and = . (55 27)
2g-

The vector current is strictly conserved, while flR acquires a quantum anomaly upon

regulariiation 154],

AR = Sa Sh 5(
, (55.28)

In such theories, typically a 9 term is admissible: the 0(3) sigma model is no exception.

TheO Here 0 is a vacuum angle The physics is periodic in 0 with periodicity 2m. The 9 term
in 0(3) to be added to the Lagrangian (55.24), is proportional to the right-hand side of Eq (55.28),

9
——e/" (55.29)

8,T

55.3.3 The Al = 2 superspace in two dimensions

Now we will start our journey into extended supersymmetries Our first encounter is with
the Al = 2 supersymmetry, which (in two dimensions) has tour supercharges. Our first step

is to build the corresponding superspace.

TheAl = 2 superspace in two dimensions can be obtained by the dimensional reduction
of the Al = I superspace in four dimensions: sec Section 48 1. By such a reduction I mean

that all objects of interest are assumed to depend only on i and: and to have no dependence

on x and v. Thus, we completely ignore x and v but keep all four Grassmann coordinates, i.e.

the two complex components of the spinor This corresponds to four supercharges in the

Al = 2 superalgebra in two dimensions. In two dimensions there is no difference between

At this point the reader is advised to return to Section 49 7 and study it earefutly
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dotted and undotted spinorial indices, thus, we will omit the dots over spinorial indices in
1-

complex-conjugated spinors such as (9 . All spinorial quantities carry lower indices, for
instance, we have or where i/i Adapting Eq (45 5) to two dimensions we

find that the following quantities are Lorentz invariant

+ I1.c., (55.30)

In more conventional notation these Lorentz invariants can be written as

(5531)

Next, we will rename the two space—time coordinates as

= {t, = 1,2. (55.32)

Thus, the superspace is spanned by

(xv, /L = 0,1, a,f9 = 1,2 (55.33)

Warning in coniradistin tion with four dimensions, in two we have

O (55.34)

where the two—dimensional y matrices vtere de,fIned in Secuio,i 45 2 The same de/Inition
applies to all other

The supertransformations of the superspace coordinates take the form

= Ea, = Ecv, — , (55.35)

i.e. they are exactly the same as in (48.6) except that here runs over 0 and I. Moreover, we

can introduce the same invariant subspaces as in four dimensions, and

which are relevant for chiral superfields (see below)

thr {x, = = 2i ey (9,

(55.36)
for = =

where

= + xnP = — (55 37)

The spinorial derivatives are defined as

= —-p-- + =
__±_ — j (55 38)

Then

(5539)
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55.3.4 SupersymmetricCP(1) model

In Chapter 6 we learned that the 0(3) sigma model can he rewritten in the form of the
CP( I) model, in which the Kähler geometry of the target space is explicit. This can also
be done for supersymmetric versions. Here we will study a geometrical formulation of the
supersymmetric CP( I) model.

Before starting this section, however, it is suggested that the reader might like to return
to Section 49.7, setting 1/V = 0 there. With the superpotential switched off, every point
in the target space becomes a valid vacuum of the theory (at the classical level), i e the
vacuum energy density vanishes for all coordinate-independent field configurations. Thus

the model has a vacuum manifold, which is characteristic of sigma models.
As in four dimensions, we can introduce chiral and antichiral superfields:

+ i8y°9, 1/), (55.40)

The component decomposition of, say, the chiral superfield is

7
+ ) +FOa6fiF(xj.) (5541)

ldiscuss The target space S2 is the Kähler manifold of complex dimension 1 (real dimension 2)
general t .

Kähler
parametrwed by the fields 0, , which are the lowest components of the chiral and antichi-

niani/blds ral superfields. As we already know from Section 49.7, the superinvariant Lagrangian has

1/ic large! the form
space

£
= f (55 42)

Kdhler
potential/or where /C(<1, is the Kähler potential corresponding to the two-dimensional sphere. The
CP( I) in the standard choice of this Kähler potential is
luhini

i Study
= 4 In (I + (55 43)

form g

where g2 is the same coupling constant as in Eq. (55.24). Let us examine the metric following

from (55.43),

G G11 = - , (55.44)
g

where

(5545)

This is the Kàhler metric of the two-dimensional sphere of radius (see below) in
Fubini—Study form Note that in the case at hand the metric tensor, the Riemann curvature

tensor, and the Ricci tensor all have just one component, while there are two independent
Christoffel symbols F and F More exactly,

= = F = = (55.46)

This metric was originally described in 1904 and 1905 by (Juido Fubini and kduard Study
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The Riemann curvature tensor is

RiTIT
=

(55.47)

while the Ricci tensor is

(55.48)

Finally, let us quote the expression for the scalar curvature

= = g2. (55.49)

For two-dimensional surfaces, such as the one we deal with here, the scalar curvature R
coincides, up to a normalization constant, with the Gaussian curvature K ofthe surface [55],

R=2K = —s—, (55.50)
Pi P2

where Pi and P2 are the principal radii of curvature of the surface at the given point of the
surface. For S2.

Pi =P2=. (5551)
x

At weak coupling the radius of the target space sphere is very large.
Next, we can use either the general expression (49.43) or directly calculate the integral

ln(l + to obtain the Lagrangian of the supersymmetric CP(l) model [9, 53,
54] in components,

r = G + — + (55 52)

Needless to say. .Af = 2 supersymmetry is built in by the construction based on Al = 2
superfields. What about the target space symmetry? The U( I) symmetry corresponding to
rotation around the third axis in the target space is realized linearly in Eqs. (55.42) and
(55.43),

l—+ (55.53)

where a is a real parameter. At the same time, two other symmetry rotations are realiLed
nonlinearly,

+ +
fi

As noted in Section 55.3.2 one can introduce the 0 term, which in this formalism is

= (55.55)
2yr

Connecting
('P(l) to It is instructive to check that the Lagrangian (55 52) and the Lagrangian (55.24) discussed
0(3) in Section 55.3.2 in fact describe the same model, i.e. CP( I) = 0(3). The fields 0 and are
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related to the real fields and introduced in Section 55.3.2 through the stereographic
projection

5l +iS2
= +

(55.56)

The complex field 0 replaces the two independent components of Se'. The unconstrained
two-component complex fermion field i/i is related to X° as follows:

x1 +ix2 S' +iS2
— x (5557)i+s3 (l+S3)2

The inverse transformations have the form

2ReO -, 2lmO
SI = . S = = (55.58)+ 1 + I

I

2

I + (1 + 012)2

ftc.
X ——

The reader is invited to carry out explicit and direct verification of the equivalence of the
two Lagrangians; for some hints, see appendix section 69.3.

55.3.5 (P(1) generalities

The CP(l) model we consider here (with four conserved supercharges. i.e. .A1 = (2,2)
supersymmetry) is recogniied [54] to be an excellent theoretical laboratory for studying,

super-Yang in a simplified setting, the highly nontrivial nonperturbative effects inherent to =
Mills i, Yang -Mills theory in four dimensions. Namely, it is asymptotically free [56], strongly
found in coupled in the infrared, exhibits dynamical scale generation and mass gap generation,
Suction 57 possesses instantons, and has a discrete global Z4 symmetry spontaneously broken down to

Z2 by a hi fermion vacuum condensate [54] — all features we also find in four-dimensional

supersymmetric Yang—Mills theory. However, the CP( 1) model is very much simpler, which

makes it an ideal testing ground for the various new methods that theorists design to deal
with strongly coupled gauge theories.

55.3.6 Mass deformation

Concluding our consideration of the 0(3) or CP(l) sigma model, we will discuss a mass
deformation of the model that eliminates the vacuum degeneracy on the target space and
breaks 0(3) symmetry down to U( I) hut preserves full A1 = 2 supersymmetry, i.c. all four
supercharges remain conserved. This mass deformation is unique [57]. It makes the model

under consideration weakly coupled.
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In terms of the 0(3) sigma model the mass-deformed action that preserves Al = 2 is

s
= I f + 4m a3], (55.60)

2g

where the a superfield is defined in (55 16). a3 is the third component of a°, and rn is a

mass parameter. Note that the Al = 2 symmetry is preserved only because the added term
is a special case it is linear in a° The fact of the explicit breaking of 0(3) down to 0(2),
corresponding to rotations in the 12 plane, is obvious The fact that the four supercharges
are conserved is less obvious in this formulation The conserved supereurrents are

= YAYRXG +

(55.61)
JR = s° (dAsh) j,,lE3ahSa yR

In components the Lagrangian in (55 60) has the form

= + +

— m2 (I 5353) (55.62)

To find the F term one must use the decomposition (55.20), which implies that F0,2 remain
the same, F0 = F2 = 0, while Ft changes, i.e.

F1 = in , (55.63)

which results in

F° = S° + mS3S" — . (55.64)

It is obvious that the mass-deformed model (55.62) has two discrete degenerate vacua, at
the north and south poles of the sphere, i.e. at S3 = + I. Both vacua are supersymmetric, the
corresponding energy density vanishes. Later we will use this fact in calculating Witten's
index forJV = 2 sigma models in two dimensions.

Since we already know that the 0(3) and CP(l) formulations of the sigma model are
equivalent, let us ask ourselves how the above mass deformation will look in the language
of CP(l) The answer is as follows:

= G +
— I

+ (55 65)
First X X

appearance where
of its i,S ted l+ys

= m
2

+ m
2

(55.66)

In what !'oliows the mass parameter of the fermion term is real One can introduce a phase into the fermion
term, e g through the 0 term, which is omitted in Eq (55 62)
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This mass parameter is usually referred to as the twisted mass. The phase of the mass
parameter in appears in physical quantities only in combination with the vacuum angle
0, namely, as 0 + 2argm. Therefore, one can always include the phase of m in 0, thus
transforming in into a real parameter. The conserved (complex) supercurrent is

+ . (55 67)

It should be emphasized that, in = 2 superfield language, the twisted mass does
not come from a superpotential Indeed, there are no nontrivial holomorphie nonsingular
functions on the sphere 36 that could play the role ofa conventional superpotential. I will not
explain here how the (IV = 2)-preserving mass deformation of the CP(l) model emerged
in theoretical constructions [57] or the origin of the term "twisted mass;" this would lead us
too far astray. I will say only that the possibility of this mass deformation strongly enhances
the potential of' the 0(3)ICP(l) model as a theoretical laboratory and testing ground for
strongly coupled gauge theories in four dimensions.

55.4 CP(N— 1)

From Chapter 6 we know that the 0(3) or CP( I) models allow for generalizations to arbitrary
N in two distinct ways.

0(3) 0(N). N >4 and CP(l) CP(N I), N >3. (55.68)

The same is valid for the supersymmetric versions. The first case deals with the IV = (1, I)

through supersymmetry; in the second, the supersymmetry is extended toIV = (2. 2). In this section
Sect lOll 274 we will build the supersymmetric CP(N I) model in a geometric formulation generaliLing
Gauged (55 52). In fact, all the general expressions we need are collected in Section 49.7, devoted
fi,rmulaium

to the generaliied Wess—Zumino model. We need to reduce the number of dimensions to 2,

appendiv discard the superpotential part. and specify the Kähler metric,
section 69

N—i

1C = In II + 1 (55.69)
g- J

Ii j=i

(the above expression corresponds to the round Fubini—Study metric). For CP(N 1) the

Riemann tensor is locally related to the metric,

.
RjJA,a = + . (55.70)

while the Ricci tensor R,1 is simply proportional to the metric,

= (55 71)

In discussing the 0(3) sigma model we have used .N = I superfield language It is obvious that the JV =
superpotcntial does not have the property of holomorphy The fact of the absence of appropriate JV = 2
superpotentials is transparent in the 0(3) formulation For instance, the seemingly innocuous superpotential
W = leads to the "south pole" singularity (I + S3) Such a singularity effectively destroys the
topology ol'the target space sphere, transforming the compact manifold into a noneompact manifold
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The Lagrangian is 153]

= f = / + —

(55.72)

where the covariant derivative D0 acting on was defined in Eq (49.46).

Exercises

55.1 Prove the equivalence of the Lagrangians (55.66) and (55.62) pius the constraints
Su = I, = 0. Prove the equivalence ofthe supercurrents (55.67) and (55.61).

55.2 Derive the equations of motion following from (55 24) and use them to prove that
= 0. The supercurrent is defined in (55.25).

55.3 Prove that

S"

is a local function of Calculate hint One should not assume that
is 0(3) invariant; in fact, it is not. Another hint The solution of this problem could

be deferred until the reader is acquainted with the contents of Section 55.3.4.
55.4 Derive Eqs. (55.46)—(55 49), starting from the metric (55 44).
55 5 Prove that x KR.

55.6 Verify that the two expressions for in Eqs (55.55) and (55.29) are identically equal
55.7 Prove that the one-loop fi function in the supersymmetric CP(l) model is the same as

in its nonsupersymmetric version; see Sections 28.3 and 28 4.

56 Supersymmetric Yang—Mills theories

We already know how to construct supersymmetric Abelian gauge theories (see Sections
49 8 and 49.9). Now it is time to proceed to non-Abelian theories

56.1 Gauge sector

It is convenient to start with the matter the time being we will consider nonchi-
ral theories and the gauge (color) group SU(N). The matter fields are replaced by ehiral
superfields that belong to certain representations R of SU(N) and are endowed with color
indices. If representation R is complex, for instance fundamental, then the corresponding
superfield should be supplemented by another belonging to the complex-conjugate repre-
sentation. For example, each flavor is represented by two superfields, Q' and
belonging to the fundamental and antifundamental representations, respectively (for SU (N)
the color indices are i,j = 1.2 N). Ihe two-index representations and
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Table 10 3 The group coefficients for the fundamental, adjoint, and two index antisymmetric and

symmetric representations of Sti(N)

Fundamental Adjoint Two-index A Two-index S

T(R) N
N—2 N±2

N2—l (N—2)(N+l) (N+2)(N—l)
C2(R)

2N
N

N N

Qliil
QliII are also sometimes employed ({.. .} and I. .1 stand for symmetrization and

antisymmetrization). Another matter superfield with which we will deal below is that in
the adjoint representation, where a = 1,2 N2 I, or, equivalently, This

representation is real, therefore, one can introduce just one adjoint chiral superfield.

Let T" denote the (Hermitian) generators of the gauge group in the representation R. The
supergauge transformations (49.54) are now generallied as follows:

Q(xj, 9) e
IR.H) (56.1)

where A and A are matrices representing two sets ofchiral superfields, each set containing
N2 — I supertields

A(xj,9) A" T", A(XR,9) A" 1" (56.2)

The generators obey the standard commutation relations

IT0, Tbl = if"1" Tc (56.3)

/ being the structure constants of the gauge group, and are normaliLed in a conventional
manner,

T"T" = C2(R),

dim(R) (56.4)
1(R) = C2(R)

DefInition of dim (adj)

I quadratic . .

Cavimir
where C2 ( R) is the quadratic Casimir operator and 2 T ( R) is known as the Dynkin index in
the mathematical literature (see Table 10.3). Sometimes T(adj) is referred to as the
dual Coxeter number. For the fundamental representation we have T(fund) = Note that
the generators of a given complex representation R are related to those of the complex-
conjugate representation R by the formula

= = (56.5)

where the tilde denotes the transposed matrix
The vector superfield V in which all gauge bosons and gauginos reside is now a matrix

too,

V(x, 9, 9) (56.6)
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The kinetic term QeV Q is gauge invariant provided that we supplement the supergauge

transformation (56 1) by the following transformation of the vector superfield

—÷ . (56 7)

lfwe assume A, A to be small, neglect all fermion components in A, A, and expand (56.7)
in powers of A and V keeping the leading and the next-co-leading terms, we get

= V11

= 2 Re

Vpwa d11w + f(Ih(
, (56 8)

i.e. the standard gauge transformation law for the gauge 4-potential.
One can use the supergauge transformation to impose the Wess Zumino gauge, in just

the same way as in supersymmetric QED. In this gauge the Ci', and M" components
Zumino of the vector superfield are eliminated, leaving us with the following expression:
gauge -. - -- -

Va = 2i02(OXa) + 2i92(9 + (56.9)

As in supersymmetric QED, V3 and all higher powers of V vanish; therefore in the action

we can expand keeping only terms up to quadratic.
To construct the non-Abelian field strength tensor superfield analogous to (49.60) it

is necessary to generalize the supersymmetrie covariant derivatives to make them both
supersymmetric and gauge covariant.

Let us indicate supergauge-transformed quantities by primes, while supersymmetric and

gauge-eovariant derivatives will be denoted as VA, where A = ,u, a, or a As usual, their
delinition will depend on which particular field they act. As an instructive example let
us consider a ehiral superfield Q in a nontrivial representation of the gauge group l'hen

= e'1' Q, and therefore from the covariant derivative we require

(VAQ)' = eIAVAQ, (56 10)

which implies in turn that

VA (VA)' = (56 II)
£0 . —

Since A is a chiral superfield and hence A = 0, we can choose
an

(56.12)

and, correspondingly,

(56.13)

As for the left-handed covariant derivative we deFine

e VDeV (56 14)

Then

= =

= eiAe_V = iA (56.15)
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as required according to (56.11). Finally, the vectorial covariant derivative must be
defined as

(56 16)

cf. Eq. (48.15). Here we have used the fact that = 0. It is useful to rewrite the
left-handed covariant derivative as

= D0 +e v (D0eV) (56.17)

By analogy with the gauge-covariant derivative we can call the second term on the right-hand

side a supervvmmetric gauge connection,

ieV eV) (56 18)

Making use of Eq. (56.7) we get

= ieV' (D0 eV') = + ie1A . (56.19)

a transformation law typical of those for gauge connections.
Finally we are ready to construct a non-Abelian field strength tensor superfield analogous

to (49.60) in terms of the gauge connection defined above, namely,

ui — I r — I —v I n V
£ 151?

Super-

sytnmelric = i(Xa + — , (56.20)
generali:a-
lion of the where the gluon field strength tensor is denoted by G15,'-t (in the Abelian case it is denoted
gauge field by This serves as a reminder that here the gluon field strength tensor includes terms
strength linear and quadratic in the gauge 4-potential.
tensor

= — + (56.21)

The component decomposition in (56 20) refers to the Wess-Zumino gauge. Each com-
ponent field in Eq. (56.20) is a matrix in color space; for instance G15fl = T° and
D = D°Tt1. For simplicity we will assume below that the generators T1' in Eq. (56.20) are
taken to be in the fundamental representation.

The emergence of the quadratic term above can be seen by expanding the expression for

up to terms quadratic in V (in the Wess—Zumino gauge),

(5622)

where we can drop all terms in V except V° = The spinorial
derivatives were defined in Section 48.2. Two helpful relations used in the derivation arc

= —4 and (aL) (56.23)

in (56 4) the spinorial derivative acts on everything to its right, i e v15x = eV(D15CVX). while in the
second term in (56 17) D15 acts only on eV
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cf. Eq. (45.26). Using these relations and calculating — i after some straightforward
but rather tedious algebra we arrive at

—+ —i

with the standard non-Abelian expression for (see Eq. (56.21)). Moreover, the second
term in (56.22) converts the regular derivative into the covariant derivative

Unlike in supersymmetric QED (Section 49 9), and the superfield W11 in its entirety

are not invariant under gauge transformations. Equation (56.19) implies that

= c_IA. (56.24)

At the same time Tr W2 W" W° is supergauge invariant. For convenience I will reproduce

here the component decomposition of Tr W2,which is very similar to that in supersymmetric
QED (Section 49.9),

W2(x,, 8) = — 2i(XO)D +

+62 (D2 — + (56.25)

56.2 Matter sector

The most

general Now we are ready to construct a generic supersymmetric A1 = I gauge theory, with matter

= I sector Q = in the representations R ofG The most general form of the Lagrangian is
Yang—MilLs

1

withmauer r= f +1i.c.)+ fd20d2OQfeVQf
all flavors

+(fd28wQf+Hc) , (56.26)

where W is a superpotential that depends on the chiral superlields Qf ofall flavors, gener-
ally speaking. It must be (supcr)gauge invariant. For instance, QhhJ Q1 Q is allowed while
QlIi} Q' Qi is not. The gauge coupling constant is complexified,

(56.27)
g g- 8ir

where 8 is the vacuum angle.

Following the standard procedure it is easy to derive from Eq. (56.26) the F terms:

= — 0
, for all flavors. (56.28)

The D term has the form

= —g2 qj = 0 (56 29)

f
The scalar potential is the sum of F and D terms,

= + (56.30)

The generic Al = I non-Abelian theory presented above was first worked out in [58]
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The gauge group G can be a direct product of several factors: G = G i x G2 x . . Then

the gauge kinetic term in the first line of(56 26) must be replaced by a sum of such terms.
each with its own complexified gauge coupling. If G contains a IJ( 1) factor (or factors),
one can add the Fayet—Iliopoulos term

= d20 V(x,9,9) (56.31)

for each U(l) factor. If not stated otherwise, in what follows we will consider only theories
that have no Fayct—Iliopoulos term.

57 Supersymmetric gluodynamics

Polyakov coined the term supersymmetric gluodynamks for a super-Yang Mills theory
without matter superfields. Let us discuss this theory ofgluons and gluinos in some detail.

The Lagrangian of the theory is

+H.c.)

=_± Ga Ga (57.1)

Supersymmetric gluodynamics is a close relative of one-flavor QCD. The distinction is
that in the former the fermion sector consists of one Weyl (or Majorana) spinor in the adjoint

representation while in one-flavor QCD the quark is the Dirac fermion in the fundamental
representation of the gauge group.

The theory (57.1) is supersymmetric. The conserved spin-i current has the form (in
spinorial notation)

= (57.2)

What other global symmetries (besides supersymmetry) are intrinsic to this theory? Need-

less to say, the energy—momentum tensor is conserved Moreover classically the trace
of the energy—momentum tensor vanishes. Equivalently, one can say that the classi-
cal action is scale invariant. As explained in appendix section 4, scale invariance when
combined with Poincaré invariance of the action implies full conformal symmetry. Then
supersymmetry promotes it to the superconformal symmetry of(57. I) at the classical level.
In addition, the classical Lagrangian (57.1) is invariant under the U( 1) chiral rotation

A —÷ A (57.3)

generated by the chiral charge

Q
= f R0,

=
(57.4)

The chiral transformation (57 3) is nothing other than the R symmetry of supersymmetric
gluodynamics. The R charges are as follows:

r(A) = 1, = = 0, r(X) = —1, (57.5)

cf. Eqs. (50.8).
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The R current in the theory at hand is the only current that could play the role of the
fermion current. However, the R symmetry of the classical Lagrangian (57.1) is broken by
a chiral anomaly,35 namely,

= (57.6)
anomaly in I

2 /L

supersy;n— .where R' is defined in (57.4) and TG T(adj). For SIJ(N), as can be readily deduced
metru
gluodynam- from Eq. (56.4), we have

IC'S 1SU(N) = N.

For other groups see Table 10.10 in Section 65. A discrete Z2N subgroup, for which

is nonanomalous, however.
The Z2N symmetry, a remnant of the R symmetry, is known to be dynamically broken

down to Z2. The order parameter, the gluino condensate can take N distinct values,

HereN , k=0,l N—I, (57.7)

c orresponds
to Witten's labeling the N distinct vacua of the theory (57.1), see Fig. 10.2. Here A is a dynamical
index, scale, defined in the standard manner in terms of the ultraviolet parameters:
Section 65

2 / '8ir I 8irA =
—f

exp , (57 8)

where Ma,,, is the ultraviolet (UV) regulator mass while is the bare coupling constant
For the time being we will set 9 = 0.

If the reader has enough patience to go through Section 62 in which supersymmetric
instanton calculus is studied, it will be seen that Eq. (57.8) is exact in supersymmetric
gluodynamics. If 9 0, the exponent in Eq. (57.7) is replaced by

f2irik i9

Since supersymmetric gluodynamics has no conserved fermion current, the fermion num-
ber F is not defined. However, (—1) is well defined. In other words, owing to the surviving
/7 symmetry one can determine whether F is even or odd.

Simultaneously, owing to supersymmetry anomalous terms in and are generated. see

Section 59, destroying the conformal and superconformal invariance of the theory For instance. =
- (3T(;/127r2)
The giuino condensate in supersymmetrie gluodynamies was flrst conjectured, on the basis of the value of his
index, by Witten [591, seeSection 65 It was calculated exactly (using holomorphy and analytic continuation
in mass parameters) by Shifman and Vainshtein 1601 The exact value of the factor i2N in Eq (577) can he

extracted from several sources All numerical fuelors are carefully collected for SU(2) in the review paper 1611
A weak-coupling calculation for SIJ(N) with arbitrary N was carried out in [62] Note, however, that an
unconventional definition of the scale parameter A was used in [62] One can pass to the conventional
definition of A either by normaliiing the result to the SIJ(2) case [61] or by analy7ing the context 01' [62]
Both methods give the same result
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liii

*
x x

X X

x

x

fi

The gluino condensate is the order parameter labeling the distinct vacua in supersymmetric gluodynamics. For

the SU (N) gauge group there are N discrete degenerate vacua.

The theory is believed to be confining, with a mass gap. Although there is no proof
of this statement, there are solid arguments, partly theoretical and partly empirical, that
substantiate this point of view (see e.g. [63], Section 6.3).

The spectrum of supersymmetric gluodynamics comprises composite (color-singlet)
hadrons, which enter in degenerate supermultiplets. The simplest of these is the chiral
supermultiplet, which includes two (massive) spin-zero mesons, with opposite parities,
and a Majorana fermion with the Majorana mass (alternatively one can treat it as a Wcyl
fermion). The interpolating operators producing the corresponding hadrons from the vac-
uum are G2, GG, and The vector supermultiplet consists of a spin-I massive vector
particle, a 0+ scalar, and a Dirac fermion. All particles from a particular supermultiplet
have degenerate masses. The two-point functions are degenerate also (modulo obvious
kinematical spin factors). For instance,

G2(0)) = (GG(x), GG(O)) = GX(O)). (57.9)

Unlike in conventional QCD, both the meson and "baryon" masses are expected to scale

as N0 at large N.
A remarkable feature of supersymmetric gluodynamics is that in the limit N 00 it is

Planar
equivalent (in the hosonic sector) to two nonsupersvmnietric theories [63, 64], namely,

equivalence .

SU(N) Yang—Mills theory with one Dirac field either in the symmetric or the
antisymmetric (QliJl) two-index representation. At N = 3 the antisymmetric field Q1"1
coincides with the conventional fundamental quark field (i.e. see Section 38.6.

58 One-flavor supersymmetric QCD

Here we will limit ourselves to the gauge group SU(2) with a matter sector consisting of
one flavor. The gauge sector consists of three gluons and their superpartners, gluinos.

As in supersymmetric QED, the matter sector is built from two superfields instead of the

electric charges now we must choose certain representations of SU(2). In supersymmetric
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QED the fields Q and Q have opposite electric charge. Analogously, in supersymmetric
QCD one superfield must be in the fundamental representation and the other in the antifun-
damenlal representation The specific feature of StJ(2) is the equivalence of the doublets
and antidoublcts. Thus, the matter is described by a set of superfields where a = 1,2
is the color index and f = 1, 2 is a "subilavor" index: two suhflavors comprise one flavor.
In components,

a= 1,2, f= 1,2, (58.1)

where and arc the squark and quark fields, respectively.

The Lagrangian of the model is given by Eq. (56.26) with superpotential

W = (58.2)

Ma'is term Note that the SU(2) model under consideration, with one flavor, possesses a global SU(2)
(subflavor) invariance allowing one freely to rotate the superficlds All indices corre-
sponding to the SU(2) groups (gauge, Lorentz, and subflavor) can be lowered and raised
by means of the Levi—Civita symbol, according to the general rules.

The superpotential presented in Eq. (58 2) is unique if the requirement of renormaliz-
ability is imposed. Without this requirement this superpotential could be supplemented.
e.g. by the quartic color invariant 1)2. The cubic term is not allowed in SU(2) In
general, renormali7able models with a richer matter scctor may allow terms cubic in Q in
the superpotential.

It is instructive to pass from the superfield notation to components We will do this
exercise for W2. The F component of W2 includes the kinetic term of the gluons and
gluinos, as well as the square of the 1) term,

= — + + (58 3)

Gauge The next term to be considered is fd20d29 QeVQ. Calculation of the D component of
sector in is a more time-consuming exercise, since we must take into account the fact that Q

depends on XL while Q depends on XR: both arguments differ from x. Therefore, one has
to expand in this diflerence. The factor eV sandwiched between Q and Q "covariantizes"
all derivatives. Taking the field V in the Wess -Zumino gauge one gets

f
+ + lie.], (584)

Matter
see/or in where T° = 4.aa Finally, we present the supcrpotential term,

m , m
(585)



The fields I) and F are auxiliary and can be eliminated by virtue of the equations of motion.
In this way we arrive at the sealar potential in the form

= = —iii (58.7)

Assembling (58.4), (58.5), and (58.7) and eliminating the auxiliary fields we arrive at

9
= + +

4g2 32m-

I

The cearch
for the D-/lai
direL lion is

eavyin
one-/la vor
theory

All three
gauge

have

[
in

+ + ja) + H.c.] — V(q1), (58.8)(X' /
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V = V,, + V,,

where

V1 = Vp = (58 6)

in where

2

2

V(q1) = Taqi) + qj
2

(58.9)

The I) part of the sealar potential (the first term in (58.9)) representsa quartic self-
interaction ofihe scalar fields, ofa peculiar form. There is a continuous vacuum degeneracy.

the minimal (Lero) energy is achieved on an infinite set of field configurations that are not
physically equivalent

To examine the vacuum manifold let us start from the ease of vanishing superpotential,
i.e. m = 0. From Eq. (58.7) it is clear that the classical space of vacua is defined by the
D-flatness condition

= —g2 =0, a = 1,2,3. (58 10)

I

It is not difficult to find the D-flat direction explicitly. Indeed, consider squark fields of the
form

= v (58.11)

where i' is an arbitrary complex constant. It is obvious that for any value of v all Ds vanish,
D1 and D2 because a 1.2 are off-diagonal matrices and D3 because there is summation over

the two subflavors.
It is quite obvious that if i; 0 then the original gauge symmetry SIJ(2) is totally Higgsed.

Indeed, in the vacuum field (58.11) all three gauge bosons acquire a mass = gHI.
Needless to say, supersymmetry is not broken. It is instructive to trace the reshuffling
of degrees of freedom by the Higgs phenomenon. In the unbroken phase, corresponding
to v = 0, we have three massless gauge bosons (six degrees of freedom), three massless
gauginos (six degrees of freedom), four matter Weyl fermions (eight degrees of freedom),
and four complex matter scalars (eight degrees of freedom). In the broken phase, three
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matter fermions combine with the gauginos to form three massive Dirac fermions (twelve
degrees of freedom). Moreover, three matter scalars combine with the gauge fields to form
three massive vector lields (nine degrees of freedom) plus three massive (real) scalars. What

remains massless? One complex scalar field corresponding to the motion along the bottom

of the valley, i', and its fermion superpartner. a Weyl fermion. The balance between the
fermion and boson degrees of freedom is explicit

Thus, we see that in the effective low-energy theory only one chiral superfield 1 survives.

This chiral superfield can be introduced as a supergeneralization of Eq. (58 II).

?)•
(5812)

Substituting this expression into the original Lagrangian (56 26) we get

Leff = 2 f d29 + (m f(/26 + H.c). (58.13)

Here I have also included the superpotential term, assuming that ml Thus, the low-

energy theory is that of the free chiral superfield with mass in. The mass term obviously
lifts the flat direction; the solution for the vacuum field is unique, Øvac = 0. As we will see
later, in fact there are two isolated vacua in the model at hand In the tree approximation,
which we have so far used, these vacua coalesce into a single point.

The point = 0 lies in the middle of the domain < A, where A is the dynamical
scale parameter of supersymmetric QCD This is the domain of strong coupling, where the
tree-level discussion presented above is invalid. In particular, the Kähler potential (which is

fiat in Eq. (58.13)) receives quantum corrections even in perturbation theory. The expansion
parameter is (In , it is small if I. However, it explodes in the domain

I.

Quantum corrections to the superpotential vanish in perturbation theory (Section 51)
One-flavor supersymmetric QCD is an example ofa theory in which the superpotential gets
modified nonperlurhalivelj' [65], as we will see later. This modification drastically changes

the vacuum structure of the theory, pushing it out of the strong-coupling domain < A.
Before discussing a possible form of nonperturbative correction to the superpotential. I

will pause to make a remark. The chiral (supergauge) invariant40 describing the moduli
fields is X = Taking the square root introduces a "double-valuedness"
that is an artifact of this coordinate choice. From this point of view it would be more
transparent to use the superfield X directly to describe the moduli fields. A disadvan-

Low-energy tage of X compared with c1 is the more complicated form of Kähler term In terms
I
limit in

ofX,
I one—flavor

LSU2SQCD I' - /m I
neff

= J
d20d20 '/XX +

J
d29 X + l1.c.) . (58.14)

Needless to say, the Kähler metric remains flat.

This is the only chiral invariant that one can construct in the model under consideration
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Fields or parameters R charge R charge

2 —I

Wf —

x I I

9 1

X -2

Now let us examine the global symmetries of the theory. We have already mentioned
the global subilavor SU(2) symmetry It is contained in Eq (58.14) already since the chiral
invariant X is obviously also invariant under the subflavor SU(2) transformations.

At m = 0 the theory (56 26) has two U( I) symmetries: one is the R symmetry, the other
is the global symmetry

Q Q (58.15)

Both symmetries are anomalous at the quantum level. The currents generating the R
transformation and the tJ( 1) transformation (58.15) arc

= + — , (58.16)

= + (58.17)

Section Their anomalies are well known, namely,

= (58.18)

Therefore, the current

= j° (58.19)

is anomaly-free: it is strictly conserved. The corresponding R charges are shown in
Table 10.4. Soon we shall omit the tildes and will refer to conserved R currents and charges
where there is no danger of confusion.

From this table it is clear that the R symmetry ofone-flavor supersymmetric QCD (which
is exact atm = 0) does not forbid the emergence of a nonperturbative superpotential term,

A5
= -i-, (58.20)

in the effective low-energy Lagrangian (58.14). The fifth order of the dynamical scale
parameter A in the numerator appears on dimensional grounds, since the superfield X has
dimension 2 while the dimension of the superpotential must be 3. Those who will follow the
author into supersymmetric instanton calculus in Section 62 will learn how Eq. (58.20) is
actually derived. For the time being let us take it as given [65]. With this superpotential the
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vacuum energy vanishes only at = oo. The theory is said to have a run-away vacuum.
Such theories can only be considered in a cosmological context. From the point of view of

A/fleck— field theory, there is no stable vacuum in the case at hand.
I)ine— However, we should not come to hasty conclusions and should not forget about the small
Setherg mass term present in the Lagrangian (58.14) at tree level. If both terms are assembled, the
superpotei!-

total effective superpolenlial takes the form 41

Section 63 5

(58.21)

Hence, we have for the corresponding F term

- 8W.ff m A5
Fcx =————, (58.22)

ax 2 X2

which vanishes at

Xvac = ± A2 (58.23)

We have two well-defined vacua. The mass term stabilizes the run-away direction. Note that

at small in both vacua lie well beyond the dangerous strong-coupling domain I X < A2. This
confirms the statement made at the beginning of this section: one-flavor supersymmetric
QCD with gauge group SU(2) has two discrete vacua.

Warning In concluding this section 1 need to make a comment regarding the determi-
nation of the D-flat directions. In the one-flavor case, when there is only a single chiral
invariant, it is easy to identify and parametrize the flat direction. If, instead, we consider
an arbitrary gauge group and a generic matter sector (see Eq. (56.26)), the analysis of the

D-flal direction is a difficult (and not always analytically solvable) technical problem, gen-
erally speaking. We will not dwell on this issue. The interested reader can acquaint himself
or herself with the elements of the general theory of /)-flat directions in more specialized
works, e.g. [22] or Sections 2.4—2.7 in [61].

59 Hypercurrent and anomalies

In Section 50 we learned that some supersymmetric theories have an exact R symmetry and

that the latter can play an important role in dynamical analyses. The R symmetry is, in a
sense, inherent to supersymmetric theories because of its geometric nature.42 In superspace

an R transformation is expressed by phase rotations of the Grassmann coordinates and 0,

0 e'°O, 0 x0 (59.1)

41 One should not forget that mi I A by assumption, only in this case are the moduli fields much lighter than the
Higgscd gauge bosons, so that their dynamics can he considered separately In the following we will assume
that both in and A are real and positive This can be always achieved by an appropriate choice of parameters

42 These introductory remarks arc imprecise Gradually, we will make them more precise, just be patient1
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The R transformation of a generic superfield is

—s e'°9, (592)

where r is the R charge ofthe field 1 It is perfectly natural that the chiral symmetry ofthe
geometric origin is combined with the supersymmetry and energy—momentum conservation

in one common superfield
Indeed, the commutators of the R charge with the supercharges are proportional to the

supercharges; see Eq. (50.1). Hence, the supercurrent can be obtained from the R current by

the action of appropriate supercharges Moreover, as we already know from Section 54, by
anticommuting the supercurrent with the supereharges we get the energy momentum tensor.

Then all three conserved operators the R current, supercurrent, and energy—momentum

tensor must belong to the same supermultiplet, as was first pointed out by Ferrara and
Zumino [391. In Section 49.6 we coined the term hvpet'currenr for this supermultiplet
and denoted it as In the present section the construction of the hypercurrent will be
considered in detail for super-Yang Mills theories First, however, we will discuss briefly
some general aspects of this issue, which are applicable to all supersymmetric theories in

four dimensions [37,39].

59.1 Generalities

All supersymmetric theories can be naturally divided into two classes those with an
exact R symmetry44 and those with a broken R symmetry. The first class is quite narrow,
such theories being quite rare,45 while the majority of (four-dimensional) supersymmetric
theories belong to the second class. In the first class one can construct [37] a so-called
R hypercurrent, such that

lie R = (59.3)
hypercurrent
of where is an antichiral superfield (that is generally speaking, nonvanishing) satisfying an
Kornargoch/<i analog of the Ilianchi identity (cf. Eq (49.61)),
and Seiherg -

= (59.4)

Taking the superderivative of and then doing the same in the reverse order,
using {D°, = and Eq (59.4), we conclude that in this case

= 0. (59.5)

The lowest component of is the conserved R current (remember that we call it or,

equivalently, R15.) The component expansion of is similar to that given in Eq (59.9)

Ifthe R charges are canonical, (50 9). we will call this R symmetry geometric For instance, this is the case in
the Wess 7umino model, with a purely cubic superpotential Generally speaking, the set of r values need not
be canonical
The corresponding R current can be a combination of the geometric R current and the flavor currents, see
Sections 50 and 59 6 I
Not only are such theories hard to find, they carry an intrinsic problem associated with the conserved R charge
It is believed that no global symmetries of this type can survive afler gravity is switched on (e g 661 and

references therein) This is a separate question, however, which will not he treated in this text
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below, up to corrections in the 00 and higher components that arise because x. 0; see

Exercise 59 1. I should emphasiie that, generally speaking, the R hypercurrent discussed

above is different from the supermultiplet: its component expansion has

different "trace terms" in comparison with (49.34) and (49.36).46
lfit is true that

(596)

then component expansion is exactly that of (59.9). The trace vanishes and so does

the theory with which one is dealing is (super)conformal The converse is also
true: superconformal theories possess an R hypercurrent such that = 0

Ferraro In almost all other theories,47 even without an exactly conserved R current, the

Zumino hypercurrent one can build satisfies the formula.
— —

= (59.7)

which, naturally, bears the name of I-'errara and Zumino Here X is a nontrivial chiral
superfield. We saw this formula in Section 49.6, where the hypercurrent in the Wess—Zumino

model was obtained. We will convince ourselves shortly that the hypercurrent in a generic
super-Yang—Mills theory with matter satisfies the Ferrara—Zumino formula (59.7). If X is
nontrivial then (59.7) is obviously a "weaker" relation than (59 3), let alone = 0

What do I mean by (non)trivial X? Clearly X = 0 is trivial. More generally, we call X
trivial if it can be represented as X = j52 Y, where Y is a well-defined (gauge-invariant)
antichiral superfield. -

TheoremS 1ff X can be represented as h2 Y (in particular, if X = 0,) then the theoiy is

See ise ('super,)conJhrmal 1ff however, X = D2 V for some gauge-in variant real V then the theoiy

59 2 More has an R symmetry, the R hypercurreni can he defined, and Eq ('59 3,) applies use "iff"
details can in the same sense as mathematicians: "iff" means "if and only if."
he/bund The remainder of this section is devoted to super-Yang theory. We will discuss the
in /37] hypereurrent in the generic J'f = 1 non-Abelian gauge theories in a few steps. First we will

consider pure supersymmetric gluodynamics and a generic super-Yang—Mills theory with
matter at the classical level. After that we will focus on anomalies, ignoring the impact of
the superpotential Finally, we will switch on both the superpotential and the anomalies

59.2 Supersymmetric gluodynamics at the classical level

To become further acquainted with the Ferrara—Zumino construction let us consider
first supersymmetric gluodynamies, the simplest non-Abelian gauge theory, discussed in
Section 57. The Lagrangian of this theory is given in Eq. (57.1). Since the gluino field is
massless, the Lagrangian (57.l)is obviously invariant under the chiral rotation A —+

I use the words "trace in the Pickwick sense here For instance, the and components in
not being traces per Se. are different in the R hypercurrent and the Ferrara Zumino current they vanish in the
former ease and do not vanish in the latter 1371
Exceptions will be discussed briefly in Section 59 8 In these models, no well-defined (e g
supergauge-invariant) X can be found The Ferrara Zumino formula (59 7) must be generalized to fit these
exceptional models an extra term appears on the right-hand side [37]
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at the classical level. This corresponds to the chiraJ transformation of the vector superfield
with R charge 0 and that of W with R charge I The classically conserved R current that
exists in this theory [47,671 was defined in (57.4). The R charge is given by

R
= f d3x R0. (59.8)

The hypercurrent superfield is given by

= = + ll.c.)

— + H.c.) +... , (59 9)

where is the supercurrent and is the energy—momentum tensor:

1 -= =

—í .1 V5' '°°' p1'

= . (59.10)

Symmetrization over or f3 is indicated by braces.48

The classical equation for Jo,; is

=0. (59.11)

In addition to the conservation ofal I three operators, R'1, , and 7:111. Eq. (59 II) contains

the following relations also

= 0, = 0. (59.12)

In conjunction with the conservation of 11' and J/ these relations express the classical
conformal and superconformal symmetries.

59.3 Supersymmetric gluodynamics at the quantum

As we know from Section 57, conservation of the current is lost at the quantum level
owing to the chiral anomaly; see Eq. (57.6). The superfield generalization of Eq. (576) is
quite

= (59.13)

= W2. (59.14)
(7 Eqs
(45 28) and Equation (57 6) is nothing other than the imaginary part of the 0 component in (59.13). The

25)

The component decompositions in the present section predominantly refer to the Wess—Zumino gauge, although

some are more general
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real part of the same 9 component is proportional to the anomaly in namely,

7./I =
Tr (59.15)

The component in (59.14) is proportional to the anomaly in

= = _3i (59.16)

All
I anomalies The operator X in the general formula (59.7) takes the form

here

X = (59.17)
2

Equation (59.9) is no longer valid - trace terms must be added to the conserved operators

and on the right-hand side of (59.9) and (59.10) Thus one must use Eqs. (49.34)
and (49.36) instead.

The supermultiplet structure of the anomalies in R/L, in the trace of the energy—

momentum tensor T/11, and in (the three "geometric" anomalies) was discovered and

discussed by (irisaru [68]

59.4 Including matter

The inclusion of matter fields typically results in additional global symmetries, and, in
particular, in additional U( I) symmetries. Some of them act exclusively in the matter sec-
tor These are usually quite evident and are immediately detectable Here I will present a
classification of the anomalous and nonanomalous U( I) symmetries. At this first stage it is

convenient to assume that there is no superpotential, i.e.

w=0

to any finite order of perturbation theory.
The general Lagrangian of the gauge theory with matter is given in Eq (56 26), where,

in the absence of a superpotential, we set W(Q1) = 0. The matter sector consists of a
number of irreducible representations of the gauge group Every irreducible representation
will be referred to as a "flavor." It is clear that, additionally to the U( I )R symmetry discussed

above, one can make phase rotations of each of the N1 matter fields independently. Thus

altogether we have Nf + 1 chiral rotations It would be in order here to summari,e these

chiral rotations.
/ The R tjans/brmut ion. The action is invariant under the following transformation:

V(x, 9,0) ,- V(x, eiaO, Q(xj , 9) e (59.18)

In components the same transformations are given as

A,1 qf (59.19)
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The corresponding chiral current, the "geometric" R current, which can be viewed as a
generalization of the current (57.4), has the form

R1, = + . (59.20)

This current is the lowest component of the "geometric" hypercurrent

4 '- v=

(5921)

where the spinorial gauge-covariant derivatives were introduced in Section 56. For the
reader's convenience I reproduce the relevant delinitions:

= e_VD0(eVQ), (59.22)

Equation (59.21) extends the first formula in (59.9) in a natural way to include matter In
particular, the component now contains the energy—momentum tensor with inclusion of
the matter contribution.

2. The/lai'or U( I) trans/brinaliom. The remaining N1 currents are due to phase rotations

of each flavor superfield independently,

Q1(x1,9) (5923)

Note that & is not affected by these transformations. The corresponding chiral currents are

= (59.24)

also known as the Konishi currents in the context ofsuper-Yang- Mills theories. In superfield

language is the component of the Konishi operator [69]

= (59.25)

. . . . .

operator
In order to derive from the Konishi operator an object similar to (i.e belonging to the
representation of the Lorentz group) we can form a flavor superlield defined as

= = (59.26)

ofwhich is the lowest component. There is a deep difference between the Konishi current

and the geometric hypereurrent the latter contains (in its higher components) the
supercurrent and the energy momentum tensor while the higher components ofthe Konishi
currents are conserved trivially (nondynamically).

59.5 Anomalies in theories with matter

In this subsection we will consider all the U(l) currents discussed above and derive their
anomalies. For the time being we will set W = 0. The latter condition will be lifted shortly.
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Let us start from the hypcrcurrcnt (59.21). Our task is to generalize the gluodynamics
formula (59.13) to include matter. Then, instead of(59.17) we obtain

2 r3Th
—

T(R1) 1 I - 1
X =

[ 16jr2
TrW + (Qi e Qi)]. (59.27)

where the are the anomalous dimensions of the matter lields,

d lnZ— /
, (59.28)

d

Zj is the / factor of the matter field j (Z is defined as the coefficient in front of the
corresponding kinetic term in the effective see Eq. (59.30) below), and is the

ultraviolet cutoff. When understood in operator form, Eq (59.27) is exact [45] We will
derive it in two steps.

lfwe compare Eq. (59 27) with its counterpart (59.1 7) in supersymmetrie gluodynamics,
two distinctions are apparent. First, the coefficient in front of the gauge term Tr W2 is
different,

TG — (59.29)

Second, the term proportional to D2(QfeVQJ) has appeared on the right-hand side, with
coefficient proportional to the anomalous dimension of the given matter field. Formally
D2(Q,eVQf) vanishes by virtue ofthe equations ofmotion. In fact it has its own anomaly,
as we will see shortly. and therefore should be kept in the formula.

The easiest way to derive (59 29) is through the lowest component of given in

I.ook had.. (59.20). The anomaly in the divergence of the axial current comes exclusively from fermion
through triangles. The R current, R", has the gaugino component and that of the matter fermions,
Sea ion 34 / by deFinition the latter carries the relative coefficient —Jr. Taking into account that the

anomalous triangle for gauginos is proportional to and that for the matter fermions
to T(Rj), while everything else is the same.49 and including the above factor 1/3 we
immediately confirm (59.29).

Now let us deal with D2(Q1 e"Qj) This term is best traced as a response of the theory
to the scale transformation.

If W = 0 then the theory under consideration is classically scale invariant However,
already at one loop the scale invariance is lost owing to ultraviolet divergences. In calculating
the relevant effective Lagrangian one must introduce an ultraviolet cutoff (e.g. the
Pauli—Villars mass) and a renormalization point ,u regularizing logarithmically divergent
integrals at small momenta (in the infrared). To find the scale noninvariance of the effective

Lod.. hack Lagrangian we must scale ji keeping fixed or, alternatively, scale keeping ji fixed

f/trough Both procedures give the same result since ultraviolet logarithms depend only on the ratio
Section 36 ]

The original Lagrangian (56.26) was formulated in the ultraviolet, for the present we
denote the gauge coupling at the ultraviolet cutoff in this Lagrangian as (the subscript

Roth gaugino and matter fermions are counted in terms of Wcyi fieids
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0 indicates the bare coupling constant as opposed to g2). Next, we evolve the Lagrangian
from to ,a and obtain

= In fd2O Tr(W°
\2g0 ji /
+ fd2O +Hc, (59.30)

all flavors

where

(5931)
I

is the first coefficient in the fi function. The above answer for the effective Lagrangian is
exact if the latter is treated as Wilsonian.

The noninvariance of the effective action with regard to the scale transformation is rep-
resented by the factor In in the first line of Eq (59.30), and similar logarithms reside
in Z, in the second line. Differentiating with respect to In we can verify the presence
of /)2 QIeVQ, in the anomaly equation (59.27), with its coefficient

59.5.1 Konishi anomaly

In Section 59.4 we started discussing the tJ( I) currents of the matter fields; see Eq. (59 23)

The Konishi operator Q/eVQf contains the corresponding current (59.24) in the
component. The statement that D2(QJeVQI) = 0 is nothing other than the classical
equation of motion. Indeed, its lowest component is F1q1 = 0, implying the vanishing of
the F1 term in the absence of a superpotential.

Explorations of super-Yang—Mills theories with matter revealed that these classical
equations of motion have anomalies at the quantum level [69]. In the supersymmetric
formulation this fact is known as the Konishi anomaly and can be expressed as follows:

= b2 (Q1eVQf) = TrW2 (59.32)

l'he Konishi
This operator result is exact. The easiest way to confirm the coefficient T/(27r2) on the

formula
right-hand stde is through consideration of the 02 components on the left- and right-hand
sides of Eq. (59.32). More exactly, we will focus Ofl the imaginary part of the coefficient of
02. To this end it is sufficient to make the replacements

i52 -+ —2i--!--
800 Y

+ q5f

Tr W2 —s O2Tr (59.33)

Sf) The coefficient in front of 7j(p) is not a mistake Question Where does it come from>
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Thcn

D2(QIeVQf) 2i02 2i82
T(R1)

(59.34)

where was defined in Eq. (59.24). Combining (59.34) with the last line in (59.33) we
arrive at (59.32).

In terms of the operator defined in (59.26), the Konishi anomaly takes the
form51

1rT(Rf) 1
=

[ 16jr2
TrW2] + H.c. (59 35)

Note that in this operator relation there are no higher-order corrections, in contrast with the
situation for the geometric anomalies (59 27), where higher-order corrections enter through
the anomalous dimensions y1.

59.5.2 Combining the anomalies

Let us return to the analysis of the geometric anomalies in Eq. (59.27), adding information
from the Konishi anomaly (59.32). Both are exact operator equalities. Hence, one can
substitute (59 32) on the right-hand side of (59.27) to get

2 1 1

General x = — (I yj) T(Rj)] Tr W . (59.36)
foimula J

Alternatively,

= [3T(; T(Rf)] TrW2 + Il c.

(59 37)

Among its other components, contains (in its 0 component) the anomaly in the
trace of the energy—momentum tensor The trace of the energy—momentum tensor
describes the response of the theory to scale transformations, i e o (Section

36). The proportionality coefficient is related to the function governing the running of
the gauge coupling constant. Equation (59 36) implies this

— (I (59.38)

i/ie first I /
Equation (59.38) should be committed to memory: we will use it in Section 64 in deriving
the exact Novikov—Shifman—Vainshtein Zakharov (NSVZ) beta function

SI Here we use the algebraic relation

= — 1)21)2)
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From Eqs. (59 35) and (59.37) it is clear that there exists a linear combination of the
chiral currents that is free from the gauge anomaly:

3'/(; — (i T(Rt)

—

The hypercurrent defined in this way is exactly conserved: = 0 in the absence
ofa superpotential.52 In other words, its lowest component, the R current, is conserved and

so are the components 0(0), 0(9), and 0(90). The former is an improved supercurrent
while the latter is an improved energy—momentum tensor. Moreover, it is not difficult to
prove that J is, in f'act, the R hypercurrent of Komargodski and Seiberg,

Indeed,

— D&D0) + (5940)

where the differential operators on the left- and right-hand sides are assumed to be acting
on a real superfield. Using this identity in conjunction with (59.26), (59.36), and (59.39)
we arrive at

= —
(59.41)

The operator on the right-hand side is obviously an antichiral superfield with spinorial
index & Denoting it by and comparing with (59.3) we observe, with satisfaction, full
agreement It is simple to check that this operator satisfies the additional constraint (59.4),
which is also required. Moreover, if

TG — (1 T(R1)
I

vanishes then so does and the theory must be superconformal. This is indeed the case
since the above combination constitutes the numerator of the NSVZ fi function, and the
vanishing of the function in the case at hand is the necessary and sufficient condition for
conformality.

The remaining N1 — I anomaly-free currents can be chosen as

= (59.42)

where one can fix g and consider all f g

52 I here exists an interesting class of super-Yang—Mills theories which flow to the conformal limit in the infrared
In particular. .iV = I SQ(l) with the gauge group StJ(N) and N1 flavors in the fundamental representation
belongs to this class 1701 provided that 3N/2 < Nj < 3N Conformality in the infrared implies that the
function vanishes, seethe remark leading to [q (59 Technically this means that the anomalous dimensions

flow, in the infrared, to a set of values that guarantee the sanishing of the right-hand side of (59

Then = i e the conserved hypereurrent and the geometric hypercurrent coincide In this limit the
conserved R charge al the gluino is I. while its scale dimension is 3/2 The ratio 3/2 ol the scale dimension
and the H charge is characteristic of superconformal theories
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I pause here to make a remark. Equation (59.38) is valid even in those theories in which

0 (Section 59.6). A nonvanishing superpotential introduces, generally speaking, super-

Yukawa constants to the theory, to be referred to as h1. These super-Yukawa interactions

manifest themselves in (59.38) only implicitly, through the anomalous dimensions
which depend, generally speaking, on all the gauge constants and supcr-Yukawa constants

59.5.3 Digression: gaugino condensate as the order parameter

The Konishi anomaly has a practically important implication. Assume that we have a super-

Yang—Mills theory with a matter sector in which (at least) one flavor is from Ihe
superporenrial. Then, for this particular flavor Eq. (59.32) is valid. The left-hand side is
a full superderivative Consequently, unbroken supersymmetry implies that the vacuum
expectation value (b2ji) vanishes identically. This means that the vacuum expectation

value of the right-hand side must vanish too,(Tr w2) = 0, implying in turn that

(TrX2) = 0 (59.43)

since the lowest component of W2 is X2. The converse is also true. lf(TrA2) 0 then

(Tr w2) 0, which means that (132j') cannot vanish. Supersymmetry is spontaneously
broken.

Hence, in such theories the gaugino condensate (Tr x2) is the order parameter signaling

the presence or absence of spontaneous supersymmetry breaking.

59.6 'VV 0

itc hing on
nonvanish- Now we are ready to discuss a generic super-Yang-Mills theory with matter and a super-

ing potential. To avoid cumbersome expressions we will assume that all coupling constants are
superpoten- asymptotically free and that all operators presented in this section are normalized at a high
001 ultraviolet point ,u = At this point all anomalous dimensions vanish since they are

proportional to powers of the coupling constants: 0. Setting = 0 simplifies the
superanomaly formulas. (The complete expressions with y,r 0 can be found, e.g. in [61]

or in appendix section 69.4.)
The impact of a superpotential on the U(l) currents considered above is fairly clear: it

appears at tree level and can be obtained readily from the classical equations of mot:on.
Omitting the details of this quite straightforward calculation, I present here the final results
for current nonconservation due both to the classical superpotential and to the quantum
anomalies For the geometric current one has

= [(3w Qj
aw) — —>,T(Rt)

Tr
W21

(59 44)
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and

= [(sw — Q
aw) —

Tr W2] + lie (59 45)

The first terms in (59.44) and (59 45) arc purely classical, the remainder is due to the
anomaly. It can be seen that the classical part vanishes for a supcrpotcntial that is cubic in
Q when the theory is classically con formally invariant.

The Konishi equations take the form

D2(QIeVQJ) + (59.46)
27r

and

f 2 r ()1"V T(R1) 21= iD Qj +
16m2

Tr W
]

+ H.c. (59.47)

Again the first terms on the right-hand sides are classical and the remainder is due to the
anomaly.

59.6.1 Anomalies, nonvanishing superpotential, and exact R symmetry

Anomalies plus a nonvanishing superpotential leave the theory with no exact R symmetry,

generally speaking Indeed, all the anomaly-free global U( I ) currents were given in Section
59.5.2. Adding a generic superpotential W 0 breaks all these U(l) symmetries at the
classical level. For nonvanishing superpotentials the classical parts in the divergences of
the currents (59 39) and (59.42) can be simply read off from Eqs (59.45) and (59 47).

For "exceptional" superpotentials it may happen, however, that one can find the desired
exactly conserved combination of currents. Such situations arise in some problems dis-
cussed in the literature. An example of particular importance the SU(5) model with two
matter generations,53 each consisting of one quintet V and one antidecuplet X — will be

considered now.
Let us denote the two quintets present in this model as V7, f = 1,2, and the two

antidecuplets as = 1,2; the matrices are antisymmetric in the color indices
a, The requirement of rcnormalizability tells us that the superpotential must be chosen
as a linear combination of two terms:

W = = VA (59.48)

where the gauge indices in are convoluted in a straightforward manner. There
are no other gauge-invariant cubic combinations of the matter superfields

Historically this model was the first to exhibit dynamical supersymmetry breaking at weak coupling [71.721
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Table 10 5 The R charges in the SU(5) model for two generations

Field X1 X2 ti/v12

R charge 0 —4 I —i 0

One can always redefine the antidecuplet fields = 1,2, so that becomes
Xt while thc orthogonal combination is X5. Then the superpotential of the model takes the
form

W (59.49)

Xs being absent
To derive an anomaly-free and conserved R current we need to know the relevant group-

theoretic factors. The first coefficient of the fi function is

II.

We recall that54 T(V) = and T(X) = while TSUISI = 5

Constructing Let us assign the R charges (0, 1) to the superfields Xi and V1,2, respectively; see
conscrt'ccl Table 10.5. (Self-consistency will be checked later.) It is obvious that under this assignment
a,u,,nali'—/rce

0 — . .

R
the superpotential has r = 2, implying the invariance of the superpotential contribution to
the action. Since X2 is absent from the superpotential, at this stage its R charge is arbitrary.
we can determine it from the anomaly cancelation condition in the R current. The result is
quoted in Table 10.5. Indeed, using Eqs. (59.45) and (59.47) and the R charges from this
table we find that the coefficient of the anomaly term in RR is

(59.50)

In terms of the "geometric" R current (59 20) and the flavor U( I) currents (59 24) the

anomaly-free and conserved R current then takes the form

= R,, + + . (59 51)

The conservation of both at the classical and quantum levels follows directly from Eqs.
(59.44) and (59.45).

incidentally. instanton calculus provides the easiest and fastest way of calculating the Dynkin indices, if you
do not have handy an appropriate text book svhere they are tabulated The procedure is as fillows Assume that
a group G and a representation R of this group are given Then choose an Sli(2) subgroup of G and decompose
R with respect to this SIJ(2) subgroup For each irreducible SIJ(2) multiplet 01 spin / the index T is given by

I )(2j + I I Hence the number of zero modes in the SU(2) instanton background is /1/ — 1)12/ I) in

this way one readily establishes the total number of zero modes the given representation R This is nothing
other than the Dynkin index The value of 11Th is one-halfthis number For instance, in St0(5)a good choice
of SIJ(2) subgroup to he used for decomposition is the weak isospin SLJ(2) group [ach quintet has one weak
isospin doublet, the remaining elements are singlets Fach doublet has one zero mode As a result. / (V) = 4
Moreover, each decuplet has three sveak isospin doublets while the remaining elements are singlets hence.

T(X) = 4
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The R current (59.51) and the assignment in Table 10.5 are not unique in the model at
hand This is due to the fact that in addition to (59 51) there exists a strictly conserved flavor

1) current, which can be added to (59.51) with an arbitrary coefficient.
Two general lessons that one can draw from the above example are as Ibilows

Theorem / In the c/as.s o/ nil/I a purely cubic superpolenfial rhe R hypercurreni
is guaranteed to exist i/one of the flavors Q does no! appear in the superpotential W( Q

Theorem 2. I/there is more than one conserved R say, R and R', then the
e he! iheni is due to a flavor symmetry and

J is a combination of the Konishi operators

59.7 Supercurrent

Up to now the focus ofour considerations has been the lowest component ofthe hypercurrent

(59.21). Now a few words are in order regarding its t9 component, the supercurrent. For a

generic matter sector,

= 2{ (i +

I.
(59.52)

where the sum runs over all matter flavors. The expressions for the F and D terms are those

quoted in Eqs. (56.28) and (56 29), up to field renaming.
The third line in Eq. (59.52), being a full derivative, does not change supercharges

defined as

Qa =fd3x (59.53)

This is due to the fact that only spatial derivatives survive in the time component, i.e. in the

convolution

+

Thus Eq. (59.16) is replaced by

= = (59.54)
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59.8 U(1) gauge factors with the Fayet—Iliopoulos term

While the above construction of the hypcrcurrcnt in super-Yang—Mills theories was quite
general, the reader should be aware of a crucial peculiarity arising in one particular case
if the gauge group contains IJ(l) factors then, with the corresponding Fayct—Iliopoulos
terms added (Section 49 9), the Ferrara—Zumino hypercurrent ceases to be (supcr)gauge
invariant [37]. For instance, in pure super-Maxwell theory (i.e. supersymmetric QED with
no matter) takes the form [37]

= + (59.55)

_______

e2 3

where V is the Abclian vector superfield It is not difficult to show that the operator X in
the general formula (59 7) reduces to

x = V, (59.56)
Lquatwn 6

motion for where we have used the equation of motion for the super-Maxwell theory with Fayct—
super- lliopoulos (FL) term,
Max see/i

i/icon' with D0 W° = —2 e2 , (59.57)
H

and Eq. (59 40) At the same time the supercharges and the energy—momentum

operator P15 are gauge invariant, so that the theory per ce is consistent. What requires a
change, a deviation from the standard route, is the construction of a new Komargodski—
Seiberg hypercurrent that has extra components in comparison with the Ferrara—Zumino
hypercurreni, these are needed for the embedding of this theory in supergravity. Since it
will not be discussed in this course, the interested reader is referred to

The fact that the hypercurrent (59.55) is not supergaugc invariant implies that the Fayet—
Iliopoulos term cannot be generated in the low-energy effective Lagrangian unless it is

introduced "by hand" from the very beginning, in the original Lagrangian given at the
ultraviolet cutoff For the same reason, the value of is not renormalized upon evolu-
tion from down to R. This fact was discussed in Section 51 from a different point
of view

Exercises

59.1 Derive the component expansion of (the 9,9, and 90 components) using Eq
(59.3). Clarification you are invited to find the terms added to the supercurrent and
energy momentum tensor when x' 0.

The second ofthcse papers points Out situation, which may arise in the generalized models
of Section 497 For the K9hler manifolds 01' nonzero KShler classes, i e those with nontrivial homology. in
particular all compact K9hler manifolds, the standard R current is not invariant under Kähler transformations.
i C it is not a good operator 'I he Komargodski Seiherg hypercurrent still exists l'articularly curious readers.
with hungry minds. are advised to look through
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59.2 Assume that you have constructed a hypercurrent such that

=

where Y is a chiral superfield Prove that

— Y)] = 0.

59.3 Find the higher components of in (59.25) and demonstrate that to prove their
conservation one does not need to use the equations of motion

59.4 Prove the identity (59.40).
59.5 Find the R hypercurrent in the model of Section 59.6 with superpotential (59.49)

With this hypercurrent determine in the formula (59.3).
59 6 Assuming that the Fayet—Iliopoulos term 0 and that the hypercurrent is given by

(59.52) show that = 0 using the classical equations of motion.

60 R parity

In many theories without an (exactly) conserved R current one can still introduce a discrete
symmetry of the R type, referred to as R parity By definition, the R parity transformations
are given by

0 —0, 9 —÷ —8. (601)
2d0—*dO,

while the superfields transform as follows:

V(x, 9, V(x, —9, —0),

9) —÷ —W(XL, —9), (60.2)

Qf(xJ, 9) -÷ QJ(xL, 9),

where Kf takes two values, 0 or I, assigned to each flavor on an individual basis. In
components,

A—+ —A, A1, —* -+

__

K

__

K (60.3)(—I) fqf, —(—I)
I

The Kj assignment must be performed in such a way that W W. This constrains the
form of superpotential.

The conservation of R parity implies that the particle spectrum of such theories can he
divided into two classes, having positive and negative R parities, respectively The lightest
particle in the negative R parity class is stable. It bears a special name. LSP (lightest
superpartner)
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61 Extended supersymmetries in four dimensions

A1 = the
maximal
global SUSY
in 4/)

In four dimensions one can have at most 16 conserved supercharges. With more super-
charges, supermultiplets will necessarily include states with spins higher than 1. The only
consistent field theory with spins higher than I is supergravity or local supersymmetry
it has spin-2 fields (gravitons) and fields (gravitinos). In this text we are limiting
ourselves to global supersymmetry; hence, the maximal number of supercharges is 16

At the same time, supersymmetric field theories based Ofl minimal supersymmetry, i C.

= I theories, have four conserved supercharges. This opens the possibility of extensions
to.,V= 2 andAf= 4.

Gauge theories of this type are known: these are the.,V = 2 and Ar = 4 super-Yang Mills
theories. They are obtained by dimensional reduction from minimal super-Yang Mills theo-
ries in six and 10 dimensions, respectively. Although they are unsuitable for phenomenology,
because the fermion fields they contain are all nonchiral, they have rich dynamics, the study
of which provides deep insights into a large number of problems in mathematical physics
that defied solution for decades Extended supersymmetry produces powerful tools.

61.1 Algebraic aspects

Before starting this section the reader is directed to Section 47 2 dealing with algebraic
aspects of minimal supersymmetry. Extended superalgebras have the form

where I and J are "extension indices" with the following ranges:

I,J = 1,2,

Ar =4

(61.1)

Equation (61 1) does not include possible central charges, which we will discuss in
Section 67. Needless to say, such properties as the vanishing vacuum energy and the spectral
degeneracy between boson and fermion states remain intact. Now we will discuss the irre-
ducible representations of extended supersymmetries both for massive and massless states.
The reader is recommended to start by reading Section 47.6.

61.1.1 Al =2
For massive particles, we can boost to a frame in which the particle is at rest, =
(m, 0, 0, 0). The massive particles belong to representations of SO(3) labeled by the spin
j, which can be either integer (for bosons) or half-integer (for fermions). Any given spin-j
representation is (2j + 1)-dimensional with states labeled by

i,J:>' I:j,j+l,..,!1.j. (613)

= 1,2,3,4, (61.2)



499 61 Extended supersymmetries in four dimensions

Let us start with the supermultiplets ofA1 = 2. For a state a) at rest the supersymmetry
algebra (61.1) takes the form

{QI = = 0, I,J = 1,2. (61.4)

To construct representations of this algebra we note that this is an algebra of four creation

and four annihilation operators (up to a rescaling of Q by If we assume to

annihilate the state a). i.e. a) = 0, then we find the following representation

a), (Qi)t L)t a), a),

(Q2) a),

a),

I . I
means antisymmetrization, and .1 symmetrization of the spinorial indices.

Suppose for simplicity that a) is a spin-0 particle Then the states listed in the first two
lines in Eq. (61 5) have spin 0, the states in the third and the fourth lines have spin and,

finally, the states in the fifth line have spin 1 . Altogether we have eight hosonic states (three

spin-I and five spin-0) and eight fermionic states, of spin The overall number of states

in the supermultiplet (counting spin) is

L,=22A. (61.6)

If, instead of a spin-0 state, we started from spin j 0 we would obtain supermultiplets
with multiplicity

v1 I) (61.7)
rMllliip/IL liv

0/ in In the practical applications below we will limit ourselves to j = 0
A1 = 2 Now let us pass to massless states. For such states we choose a reference frame in which

P0 = (E, 0, 0, E). Then the superalgebra (61.1) takes the form

= I,J = 1,2, (61.8)

all other anticommutators vanish. In constructing supermultiplets we are left with two

nontrivial creation and two nontrivial annihilation operators, namely, and where

/ = 1,2.
As in Section 47.6, we start from a state Ib) with helicity A Then the two states h)

have helicity A + In addition, the state b) has helicity A + I. This is a
dimension-4 representation

(61.9)
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I lowever, C PT transformation, generally speaking, does not map the above representation
onto itself, as required in field theory, unless we start from A = Thus, keeping in
mind the field-theoretic implementation ofj\f = 2 supersymmetry, we should consider two
options

(i) a massless hypermu/tipler

0, 0, or (61 10)

(ii) the two supermultiplets

A {0, l} and A (—I, —-, 01, (61 Il)

comprising a massless vector Al = 2 supermultiplet. The overall dimension of the
representation in the second case is 8

Centrally For centrally extended superalgebras (see Section 67 below) the construction of saturated
evtencled (critical) supermultiplets is similar to that of massless supermultiplets. Here I will briefly

mention just one case of the monopole central charge, for which

(61.12)

plus a corresponding expression for the conjugated supercharges. The particles are massive,
hence we choose a reference frame in which = (m, 0, 0, 0). However, = IZI then
only two linear combinations ofsuperchargcs act nontrivially; the other two act trivially. For

instance, if Z is real and positive then and its complex conjugate

act trivially while + and its complex conjugate act nontrivially

67;" This is similar to what happens for the massless supermultiplet. In constructing the "short"
(saturated) supermultiplet one needs to take into account only Qi and (Ql)t.

Hence, the

multiplet is four dimensional and consists of four states: a), the two states a), and
(Qi)f If a) has spin 0, so does

(Q{)t
The two states form

a spin-i spin representation Thus, in this case the short massive supermultiplet coincides
with the masslcss hypermultiplet (6110) ofthc unextended algebra (61 .4). l'his is a common
occurrence.

61.1.2 Al = 4

For massive supermultiplets Eqs. (61 .6) and (61 .7) remain valid We will consider in some
detail one example, the massless vector supermultiplet. We start from a state h) with helicity
A = I. Then the four states (with I = 1,2,3,4) have helicity The six states

have helicity 0. The four states (with antisym-

metrized indices I, J, F) have helicity Finally, one state, (Q111 Ib)

with fully antisymmetrizcd indices I, I, F, G, has helicity 1. Altogether we have eight
bosonic and eight fermionic states. This is summari7ed in Table 10 6.



501 61 Extended supersymmetries in four dimensions

ti!g
Al = 2 SYM

r

Helicity —1 0 I

Number of states 1 4 6 4 1

61.2 Field-theoretic imp lementa tion forAl = 2

To construct Al = 2 supcrsymmetric theories (eight supercharges in four dimensions) it

seems most natural to use an Al = 2 superfield formalism based on two Such a formalism

exists, but it is rather cumbersome because the number of auxiliary components proliferates

In this introductory presentation we will continue to use Al = I superfields to construct

Al = 2 theories
To begin with, let us consider theAl = 2 gencrali7ation ofpure super-Yang--Mills theory.

This means that we have no Al = 2 matter fields I lowever, in terms ofAl = I superfields,
the introduction of matter superfields is inevitable Indeed, the massless Al = 2 vector
multiplet has four bosonie and four fermionie degrees of freedom (Section 61.1.1). The
Al I gauge superfield has two physical bosonic and two fermionic degrees of freedom.

Hence, we must add a chiral superfield 2 physical degrees of freedom) belonging to the

adjoint representation of the gauge group:

= + +

The Lagrangian ofAl = 2 super-Yang—Mills theory (without Al = 2 matter) is

(61.13)

Let us present it in components. I recall that, for the adjoint representation of SU(N),

= '[ 1 /..a/LI)Fa +

X — ifaht

+

= 2 SYM As usual, the I) field is auxiliary and can be eliminated via the equation of motion

= ifab, a1'a'

(61 16)

(61.17)

In Al = 2 super-Yang—Mills theory there are flat directions: for instance, if the field a is
purely real or purely imaginary then all D terms vanish. More generally, the D terms vanish

ha and a can be aligned, e.g. for SU(2) a' = a2 = = = 0. If a is purely real or
purely imaginary then one can always perform such an alignment.

Then we obtain

(61.14)

= 1fhad (61.15)
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The theory (61.14) is explicitly supergaugc invariant and.Af = I supersymmetric The
2 supersymmetry is implicit. Its manifestation is a global SU(2) symmetry (referred

to as SU(2)R, see below), which becomes obvious in (61.16) if we introduce an SU(2)R
doublet,

\(xi) =( ), (61 18)

where I = 1,2 is the index of the fundamental representation of SU(2)R. Rewritten in
terms of ?J, the Lagrangian (61 16) explicitly exhibits symmetry under global unitary
SU(2) rotations of?J:

r + (t)°.°

(5.',

+ a )(D,, a) + fe,,,, [a"
/) + I I.e.]

}
. (6119)

where the Levi—Civita tensor is defined in the same way as in Eq. (45 10). In particular,

(61 19) is symmetric under the interchanges A1 This implies in turn
that, in addition to the standard A1 = I supcrcurrent which exists in all A1 = I theories

(Section 59.7), there is another conserved supercurrent. The two can be written in the
following unified form:

2 2
= 2 =

,2
+ F , (61.20)

SYM

where f = 1,2. In this regard we encounter the same situation as in the 0(3) sigma model
(Section 55.3.2)

omitted. nf The origin of the full jV 2 supersymmetry seen in the Lagrangian (61 .16) becomes
(75

explicit if we look at it from a different standpoint. Assume that we are starting from A1 =
super-Yang--Mills theory in six rather than four dimensions. In six dimensions the minimal
number of supercharges is eight In six dimensions the gauge field contains four physical
(bosonic) degrees of freedom and so does the six-dimensional Weyl spinor, which has four

ferniionie degrees offrecdom. Now, we take this six-dimensional .iV = I super-Yang--Mills
theory and reduce it to four dimensions. This means that we ignore the dependence of all

fields on and x5 The fourth and fifth components of the gauge potential now become
scalar fields, and we combine them as follows, a = A4 + jAs The six-dimensional Weyl
spinor can be decomposed into two four-dimensional Weyl spinors. In this way, we arrive
directly at the Lagrangian (61 16) This procedure makes explicit the origin of the ab(,ve-
mentioned global SU(2)R symmetry.56 It is a manifestation of the part of the Lorentz
invariance of the six-dimensional theory which became an internal symmetry upon the
reduction to four dimensions.

As mentioned ahove,,jV = 2 super-Yang—Mills theories have flat directions For instance,

for SU(2)gaugc the flat direction can be parametrized by Tr a2. If 0 then the gauge

Ihe fact that this is the R symmetry is seen in the = 2 flirmalism A clear-cut indication is that distinct H
components of superields transform di flérently
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group SU(2) is broken down to U( I). The theory is Higgsed and the spectrum is rearranged.
Instead of' all massless supermultiplets we now have two massive vector superrnultiplcts
("W" hosons) and one massless (a Since the massive supermultiplets have the
same number of components as the massless one, they must he short (Section 68).

In concluding this section we will discuss how to add .N 2 matter fields To this end
we will use short supermultiplets similar to (61.10). For simplicity we will limit ourselves
to one flavor in the fundamental representation. Generalization to more than one flavor and

other representations is straightforward.
We introduce a chiral JV = I superlield Q in the fundamental representation and a partner

superficld Q in the antifundamental representation,

QL(xI 0) = qk(xi) +

, (61.21)

where, for StJ(N)gauge the index k runs over k = 1,2.. ., N Each expression describes

two bosonic and two fermionic degrees of freedom (per each value ofh.) The superlields Q

and Q together comprise one = 2 hvpermultiplet with four bosonic and four fermionic

degrees of freedom (this is a short massive supermultiplet). The gauge sector of the theory
is given by the Lagrangian (61.14). The matter sector is

= f + + [fd2o W(Q, +

(61.22)

where the superpotential W has the form

W = mQQ + (61 23)

here in is the mass parameter, and the convolution of the color indices is self-evident.
This expression appears quite concise but becomes rather bulky when written in

components. Then the hosonic part of the Lagrangian takes the form

£bos = + 2

+ + (61 24)

Here is the covariant derivative acting in the appropriate representation of SIJ(N) The
scalar potential V (q, 4, ar') in the Lagrangian (61 .24) is a sum of D and F terms,

= —4 + 4 T"
-)

+ 2g2 4

+ + +
2j

. (61 25)

The first term in the first line represents the D term, the second term in the first line represents

the FA term, while the second line represents the Fq and terms.
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Before passing to the fermion part of the Lagrangian I want to introduce a convenient
notation, which will make the SU(2)R symmetry ofthe matter sector explicit. For the matter
fields the two relevant SU(2)R doublets are

q1 {q, J = 1,2. (61 26)

In the first case we arc dealing with the SU(2)R doublet of fundamentals and in the second

case that of antifundamentals.

In this notation the expression in the second line of Eq. (61 24) takes the form

vILqfvIqf_f fa/)cäha( + qf + äa +

+ mä)q' — g2 qfTUqf

(61.27)

where summation over the repeated SU(2)R indices is implied.
Now we are ready for the fermion part of the Lagrangian. In the same notation it has the

form

= + + +

+ +

(61 28)

where was defined in Eq. (61 18) and the contraction ofspinor indices is assumed inside

parentheses; for example, (Xifr)

61.3 Field-theoretic implementation for Al = 4

Here we will discuss .N = 4 super-Yang—Mills theory (with 16 conserved supercharges)
The = 4 superspace formalism is too complicated for this textbook.57 We will base
our considerations on the idea mentioned in Section 61 .1.2. One can obtain = 4 super-

Yang—Mills theory in four dimensions by dimensionally reducing.Af = I super-Yang—Mills
theory from 10 dimensions In 10 dimensions the gauge potential has eight physical degrees

of freedom, and so does the Majorana—Weyl spinor field. The balance between the

of bosonic and fermionic degrees of freedom is evident.
To reduce the theory we assume that none of the fields depends on X4, X5 X9. The

six components of the gauge potential A4, A5 A9 become six real scalar fields, or,
equivalently, three complex fields. In addition, we must decompose the 10-dimensional

Weyl spinor into four-dimensional spinors. This decomposition leaves us with
four four-dimensional Weyl spinors.

I he interested reader is referred to [73]
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In terms of = I supermultiplets, the Al _ 4 supersymmetric gauge theory contains
a vector superfield consisting of the gauge field and gaugino and three chiral
superfields The superpotential of the iV = 4 gauge theory is

= 4 (61.29)

Super-

potential in In components the Lagrangian ofAl = 4 Yang—Mills theory can be cast in the form
\I =4SYM

= Tr { — + +

—113

—/14

(61 30)

with gauge fields, gauginos, and scalars

X =

in the adjoint representation of the gauge group X = X°T°, where the T° are generators
in the fundamental representation; hence,

V/L = — ].

Moreover,

(61.31)

The indices A, B run over

A,B= I 4 (61.32)

The gauginos are described by the Weyl fermion AA that belongs to the fundamental repre-

sentation of the global SU(4),? symmetry group, which extends SU(2)R = 2.58 The

three complex scalar fields are assembled into an antisymmetric tensor

=
, (61.33)

with the additional condition

= =
(61.34)

5S MuchasintheAí = 2casc.thc.N = 4thcoryhasanextcndcd Rsymmctry lnthejV = I superticldformulation
the manifest global symmetry is SIJ(3)xC(l) Flowever, the action written in terms of the component fields
exhibits the full SLJ(4)R symmetry The complex scalar fields, which arc equivalent to six real sealar fields.
can be assigned to the real representation 6 of 0(6) = SlJ(4)
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The Lagrangian is invariant under the following supertransformation rules

hA'2 — —. CVA -/L — XA— ir a cift A

= —
B XA —

(

=

= + e +

(61.35)

where the are the supertransformation parameters (A = I,.... 4).

The Lagrangian (61 .30) is presented in a form that also covers the case .IV = 2. To obtain

we must substitute the following into (61.30)

A,B=l,2,

= I, = (61.36)

62 Instantons in supersymmetric
Yang—Mills theories

The readeris Instantons arc related to the tunneling amplitudes connecting the vacuum state to itself.
advised to . . . .

look ihivugh
In gauge theories at weak coupling this is the main source of the nonperturbative physics

Chapter 5 shaping the vacuum structure.
In the semiclassical treatment of tunneling transitions, instantons present the extremal

trajectories (classical solutions) in imaginary time Thus, the analytical continuation to
imaginary time becomes a necessity. In imaginary time the theory can often be formulated
as a field theory in Euclidean space.

However, a Euclidean formulation does not exist in minimal supersymmetric theories
in four dimensions, because they contain the Weyl (or, equivalently, Majorana) ferrnions.
The easy way to see this is to observe that it is impossible to find four purely imaginary
4 x 4 matrices with the algebra = 8'2, necessary for constructing a Euclidran
version of the theory with Majorana spinors The fermionic integration in the functional
integral runs over the holomorphic variables, and the operation of involution (i.e. complex
conjugation) that relates and has no Euclidean analog. In Euclidean space and

must he considered as independent variables. Only theories with extended superalgebras,
= 2 or 4, where all spinor fields can be written in Dirac form, admit a Euclidean

formulation [74].
A Euclidean formulation of the theory is by no means necessary for imaginary time

analysis [75]. All we need to do is to replace the time t by the Euclidean time r in all fields
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to and in the definition of the action,
Euclidean
ti,ne in the t = —it, —3

cc,ceo/ f 4 f

i f f dt LEuci,

Liuci =
L= ir

(62.1)

The weight factor in the functional integral is given by

f fl SF;ucl f £Luci. (62.2)

I stress again that no redefinition offields is made; the integration in the functional integral

is overthe same variables as in Minkowski space. In particular, the gauge4-potential remains

as {Ao, A }. The fermion part remains as it is, too. Then we can find the extremal trajectories

(both the bosonic and fermionic parts) by solving the classical equations of' motion. In this
formalism some components of the fields involved in the instanton solution will be purely
imaginary. We have to accept this. Quantities that must be real, such as the action, remain

real, of course.

To illustrate the procedure we will consider first the Belavin Polyakov—Schwarz—
Tyupkin (BPST) instanton 176] and the gluino zero modes in supersymmetric Yang Mills
theory. The gauge group is SU(2).59

62.1 Instanton solution in spinor notation

Here we develop the spinorial formalism as applied to the instantons; this is especially
convenient in supersymmetric theories, where the bosons and fermions are related. An
additional bonus is that there is no need to introduce the 't I looft symbols.

The spinor notation introduced in Section 45.1 is based on the SU(2)L XSU(2)R algebra
of the Lorenti group (the undotted and dotted indices corresponding to the two subalgebras).
In Minkowski space these two SIJ(2) subalgebras are related by complex conjugation (invo-

lution). In particular, this allows one to define the notion ofa real vector as =
As mentioned above, the property of involution is lost after the continuation to imaginary
time.

Consider the simplest non-Abelian gauge theory supersymmetric SU(2) gluodynamics.

The Lagrangian was given in Eq. (57.1) As explained above, the classical equations are
the same as for Minkowski space, with the substitution t = —ic, while no substitution is
made for the fields. In particular, the duality equation has the form

= (El + iBJ)(rJ) . = 0, (62.3)

Section 62 is based on 161.751
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where the matrices were defined in Eq. (45.27). The antiduality relation is similar,
namely,

= (Ei i B') (ii) = 0. (62.4)

The (anti)instanton 4-potential — the solution of Eq (62.3) is

= —2i
x2

+ . (62.5)

Here p is a collective coordinate (or modulus) of the instanton solution, known as the
instanton size.

Where is the familiar color index a = 1,2. 3? It has been exchanged for two spinorial
indices {ay},

A11 (62.6)

The tensor which is symmetric in and y, presents the adjoint representation of the

color SU(2). The instanton is a "hedgehog" configuration, with entangled color and Lorentz
indices. It is invariant under simultaneous rotations in the and SU(2),. spaces (see

Eq (62.9) below). This invariance is explicit in Eq. (62.5). The superscript braces remind
us that this symmetric pair of spinorial indices is connected with the color index a

All the definitions above are obviously taken from Minkowski space The Euclidean
aspect of the problem reveals itself only in the fact that (the time component ofx,4) is
purely imaginary. As a concession to the Euclidean nature of the instantons we will define
and consistently use60

(62.7)

The minus sign in Eq. (62.7) is by no means necessary; it turns out to be rather convenient,

though.

It is instructive to check that the field configuration (62.5) reduces to the standard BPST
anti-instanton [76]. Indeed,

= (62.8)

2ixa(x2+p2)_l at

= 2 (p11mi (x2 + at = m.

This can be seen to be the standard anti-instanton solution (in the nonsingular gauge),
provided that one takes into account that

411_flu
— I

Let us stress that it is with the lower vectorial index, which is related to the standard

Euclidean solution; for further details see Section 20. The time component of in Eq

(62.8) is purely imaginary. This is all right in fact, A0 is not the integration variable in the
canonical representation of the functional integral. The spatial components are real.

60 The subscript F will be omitted hereafter
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From Eq. (62.5) it is not difficult to get the anti-instanton gluon field strength tensor,

= (El —

The last expression implies that

This completes the construction ofthe anti-instanton. As for the instanton, it is the solution

for the constraint = 0 that can be obtained by the replacement of all dotted indices by

undotted, and vice versa
The advantages of the approach presented here become fully apparent when the fermion

Fields are included. Below we briefly discuss the impact of the fermion fields in SU(2)
supersymmetric gluodynamics.

The supersymmetry transformations in supersymmetric gluodynamics take the form

—
—

(U
a

Since in the anti-instanton background = 0, supertransformations with dotted index

parameter, not act on the background field. Thus, the hal fsupersymmetry is preserved.

However, supertransformations with parameter with undotted index, do act non-
trivially. When applied to the gluon background Field, they create two fermion zero
modes,

+ ±p2)2'
(62 12)

the subscript ft = 1,2 performs the numeration of the zero modes. These two iero modes
are built on the basis of supersymmetry, hence they are called supersvmmetric. Somewhat
less obvious is the existence of two extra zero modes. They are related to superconformal

transformations (see Section 57) and thus are called superconformal. Superconformal trans-

formations have the same form as in Eq. (62.11) but with the parameter e substituted by a

linear function of the coordinates x/L:

(62.13)

In this way we get

cx a y a y)
(x2 + p2)2'

where the subscript 3> = I, 2 enumerates two modes.

spinorial
flotatiofl

p-= 8i +
(x2 +

p2)2 (x2 + p2)2

(62.9)

(62.10)

(62 Il)

Super-

:ero motley

Super-
c on formal
zero modes

(62.14)
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Thus we have constructed four Lero modes, in full accord with the index theorem fol-
lowing from the chiral anomaly (57 6). It is instructive to verify that they satisfy the I)irac
equation = 0. For the supersymmetric iero modes (62.12) this equation reduces to

the equation = 0 for the instanton field As far as the superconformal modes (62.14)

are concerned, the additional term containing X vanishes upon contraction

with
All four zero modes are chiral (left-handed) There are no right-handed modes for the

anti-instanton. i.e. the equation = 0 has no normalizable solutions This is another
manifestation of the loss of involution, the operator ceases to be Hermitian

We will use the anti-instanton field as a reference point in what follows In the instanton
field the roles of X and X interchange, together with the dotted and undotled indices.

ihis concludes our explanatory remarks regarding the analytic continuation necessary in
developing instanton calculus in .N = I supersymmetric Yang—Mills theories.

In the subsequent sections which can be viewed as an "ABC ofsuperinstantons," we will
discuss the basic elements of instanton calculus in supersymmetric gauge theories. These
elements are: collective coordinates (instanton moduli) both for the gauge and matter fields,

the instanton measure in the moduli space, and the cancelation of the quantum corrections.

62.2 Collective coordinates

Collective The instanton solution (62.5) has only one collective coordinate, the instanton sue p. In
fact, the classical BPST instanton depends on eight collective coordinates: the instanton

inoduli size p, its center (XO)p. and three angles that describe the orientation of the instanton in
one of the SU(2) subgroups of the Lorentz group (or, equivalently, in SU(2) color space).
If the gauge group is larger than SU(2), additional coordinates arc needed to describe the
embedding of the instantonic SU(2) "corner" in the full gauge group G.

The procedure allowing one to introduce these eight coordinates is already known to us
(see Chapter 5); here our focus is mainly on the Grassmann collective coordinates and on
the way that supersymmetry acts in the space of the collective coordinates.

The general strategy is as follows. One starts by finding the symmetries of the classical
field equations. These symmetries form some group The next step is to consider a
particular classical solution (an instanton). This solution defines a stationwy group N of
transformations i.e. those that act trivially, leaving unchanged the original solution. It is

evident that N is a subgroup of The space of the collective coordinates is determined by

the quotient The construction of this quotient is a convenient way of introducing the

collective coordinates.
An example of a transformation belonging to the stationary subgroup N for the

anti-instanton (62.5) is the SU(2)R subgroup of the Lorentz group. An example of trans-
formations that act nontrivially is given by the four-dimensional translations. The latter are
part of the group

An important comment is in order here In supersymmetric gluodynamics the construction
sketched above generates the full one-instanton moduli space. However, in the multi-
instanton problem, or in the presence of matter, some extra moduli appear that are not
tractable via the classical symmetries. An example is the 't Ilooft icro mode for matter
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fermions. Even in such situations supersymmetry acts on these extra moduli in a certain
way, and we will study this issue below.

62.3 Superconformal symmetry

Following the program outlined above let us start by identifying the symmetry group of
the classical equations in supersymmetric gluodynamics An obvious symmetry is Poincaré

invariance, extended to include the supercharges The Poincaré group includes the

translations and the Lorentz rotations Additionally the fermions bring in
the chiral rotation R.

In fact, the classical l.agrangian (57.1) has a wider symmetry the superconformal
group (a pedagogical introduction to the supereonformal group can be found in 1771, see
also appendix section 4 at the end ofChapter I). lhe additional generators are the dilatation

1), the special conformal transformations and the superconformal transformations S0

and

Thus, the superconformal algebra in four dimensions includes 16 hosonic and eight
fermionic generators They all are ofa geometric nature they can be reali7ed as coordinate

transformations in superspace Correspondingly, the 24 generators can be presented as
differential operators acting in the superspace. in particular,

= =

ii'. a _.a\ a .a
D = — I + + I , R = —

2 \ aO'5J ao°

a — . — a

Q0 +

Here, symmetri7ation in a, is indicated as before by braces The generators as given
above act on the superspace coordinates. In applications to tields. the generators must be
supplemented by extra terms (e.g. the spin term in M, the conformal weight in D, etc

The differential reali,alion (62.15) allows one to establish a full set of(anti)commulation
relations in the superconformal group This set can be found in [77] 6! What we will need
for the supersymmetry transformations of the collective coordinates is the commutators of

the supercharges with all generators:

{Q0,S,j0,

= + QyEcvlf). IQ&,Mflyl =0,

(62.16)

Warning my normali7ation of some generators differs from that in Ref 1771

Super-
Onfoni,al

algebra

(62.15)
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Table 10 7 The generators of the classical symmetry group and the stationary subgroup 1-1

Group Bosonic generators Fermionic generators

Q

N Qa,So

62.4 Collective coordinates: continuation

Now, what is the stationary group N for the anti-instanton solution (62.5)? This bosonic solu-
tion is obviously invariant under the chiral transformation R, which acts only on fermions.
Furthermore, the transformation + -p2 does not act on this solution. (The subtlety
to be taken into account is that this and other similar statements are valid modulo a gauge
transformation.) A simple way to verify that + does not act is to apply it to
a gauge-invariant object such as Another possibility is to observe that a con-
formal transformation is a combination of a translation and inversion. Under inversion an
instanton in the regular gauge becomes the very same instanton in the singular gauge.

Unraveling the gauge transformations is particularly important for the instanton orienta-
tions. At first glance, it would seem that neither SU(2)R nor SU(2)L Lorentz rotations act
on the instanton solution the expression (62.9) for the gluon field strength tensor contains
no dotted indices, which explains the first part of the statement, while the SU(2), rotations
of can be compensated by those in the gauge group This conclusion would be mis-
leading, however. In Section 62 8 we will show that the instanton orientations are coupled
to the SU(2)R Lorenti rotations, i.e. to the generators, while the SU(2)L rotations arc
compensated by gauge trans formations.

Thus, we can count eight bosonic generators of the stationary group 7-t. It also contains
four fermionic, and It is easy to check that these 12 generators do indeed form a
graded algebra. To guide the reader, the generators of and N are collected in Table 10.7

Now we are ready to introduce the set of collective coordinates (the instanton moduli)
parametrizing the quotient c/N. To this end let us start from the purely bosonic anti-
instanton solution (62.5) of size p = I and centered at the origin and apply to it a generaliied
shift operator [78]:

-- -- (62.17)
V(x0, p, = MweiI)ln

where is a superfield constructed from the original bosonic solution (62.5).
Moreover, D are the generators in differential form (62 16) (plus non-
derivative terms relating to the conformal weights and spins of the fields). The relevant
representation is differential because we are dealing with classical fields. In operator lan-
guage the action of the operators at hand would correspond to standard commutators, e.g.
F!' —
I aa, —
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To illustrate how the generaliied shift operator V acts, we will apply it to the superlield
TrW2

96 96,a 2

_________

2

_________

V to this expression one obtains

- 9662 9692p4
Tr = V(xo,p,th,9o,8)

2 4 = 2 2i4 (62 19)
(x1 +1) i(r,—xo) +p

W2 in the
where

field — —.
- = (6 + (XL (62.20)

in deriving this expression we used the representation (62.16) for the generators. Note
that the generators M act trivially on the Lorent, scalar W2. Regarding the dilatation 1),
a nonderivative term should be added to account for the nonvanishing dimension of W2.
equal to 3.

The value of Tr W2 depends on the variables XL and 9 and on the moduli p. and

fi It does not depend on th because Tr W2 is the Lorentz and color singlet.
Of course, the most detailed information is contained in the superfield V. Applying the

generali/ed shift operator V to V0, where

1

, (62.21)x2+l
we obtain a generic instanton configuration that depends on all the collective coordinates

One should keep in mind, however, that, in contradistinction to Tr W2, the superfield
is not a gauge-invariant object. Therefore the action of V should be supplemented by a
subsequent gauge transformation,

eV eiA (62.22)

where the chiral superfield A must be chosen in such a way that the original gauge is
maintained.

62.5 The symmetry transformations of the moduli

Once all the relevant collective coordinates have been introduced, it is natural to pose
the question: how does the classical symmetry group act on them? Although a complete
set of superconformal transformations of the instanton moduli could be readily found,
we will focus on the exact symmetries the Poincaré group plus supersymmctry. Only
exact symmetries are preserved by the instanton measure, and we will use them for its
reconstruction.

The following discussion will show how to find the transformation laws for the collective
coordinates. Assume that we are interested in translations X —÷ X +a. The operator generat-

ingthe translation is exp(i Pa). Let us apply it to the configuration 9,6; Xo, p. th, fi);



514 Chapter 10 Basics of supersymmetry with emphasis on gauge theories

see Eq. (62.17):

8, xo, p, th, Th = e' PUeI iS 8,8)

= (62.23)

Thus, we obviously get the original configuration with replaced by xO + a and no change
in the other collective coordinates. Alternatively, one can say that the interval x xo is an

invariant of the translations; the instanton field configuration does not depend on and xo
separately, hut on invariant combinations

Passing to supersymmetry, the transformation generated by exp(—iQe) is the simplest
to deal with, i.e.

—÷ + e. (62.24)

The other moduli stay intact.
For supertranslations with the parameter we act with exp(—i on the

configuration ck,

=
(62 25)

Our goal is to move to the rightmost position, since when acts on
the original anti-instanton solution it produces unity. On the way we get the
various commutators listed in Eq. (62 16) For instance, the first nontrivial commutator
that we encounter is QOol. This commutator produces P. which effectively shifts xo
by —4i005. Proceeding further in this way we arrive at the following results [78] for the
supersymmetric transformations of the moduli:

= =

= = —4if3a (62 26)

= +

where we have introduced the rotation matrix Q, defined as

= exp . (62.27)

This definition of the rotation matrix Q corresponds to the rotation ofspin-l/2 objects.
Once the transformation laws for the instanton moduli are established, one can construct

invariant combinations of these moduli It is easy to verify that such invariants are

& fi2F(p). (62.28)

where F(p) is an arbitrary function ofp.
A priori, one might have expected that the above invariants would appear in the quantum

corrections to the instanton measure. In fact, the transformation properties of the collective
coordinates under the chiral U( 1) symmetry preclude this possibility. The chiral charges of
all fields are given in Section 57. In terms of the collective coordinates, the chiral charges
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and are unity while those ofx0 and p are zero. This means that the invariants (62.28)
are chiral nonsinglets and cannot appear in the corrections to the measure.

The chiral U(1) symmetry is anomalous. For SU(2)gaugc it has a nonanomalous dis-
crete subgroup Z4, however (see Section 57). This subgroup is sufficient to disallow the
invariants (62.28) nonperturhatively.

A different type of invarianis is built from the superspace coordinates and the instanton
moduli. An example from nonsupersymmetrie instanton calculus is the interval x —
which is invariant under translations. Now it is time to elevate this notion to superspace.

The Iirst invariant of this type is evidently

(0 — (62 29)

Furthermore, xi does not change under translations or under the part of the supertrans-
formations generated by Qa. It does change, however, under transformations. Using
Eqs. (48 7) and (62 26) one can built a combination of 0 and x1 that is invariant,

a F=
I

Oø)a + (xj
I

. (62.30)
p J

The superfield Tr W2 given in Eq. (62.19) can be used as a cheek It can be presented as
follows:

. (6231)

Although the first factor is invariant, the ratio (xe. — x0)2/p2 is not. Its variation is pro-
portional to 9, however, therefore the product (62.31) is invariant (the factor 02 acts as
(S(0))

62.6 The measure in moduli space

Now that the appropriate collective coordinates have been introduced, we come to an
important ingredient of superinstanton calculus the inslanton or the formula
for integration in the space of the collective coordinates. The general procedure for obtain-
ing the measure is well known; it is based on a path integral representation. In terms
of a mode expansion this representation reduces to an integral over the coefficients of
the mode expansion The integration measure splits into two factors, integrals over the
zero and nonzero mode coefficients Only the zero mode coefficients are related to the
moduli.

We will follow the route pioneered by 't Ilooft [79]. In the one-loop approximation the
functional integral, say, over the scalar field can he written as

[dct(L2 +
(62 32)

[ detL2 j
where is a differential operator appearing in the expansion of the Lagrangian near the
given background in the quadratic approximation, L2 = —V2 The numerator is due to
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ultraviolet regularization. We will use the Pauli Villars regularization there is no alter-
native in instanton calculations. The mass term of the regulator fields is Mpv. Each given
eigenmode of L2 with eigenvaluc E2 contributes For a scalar field there are no
zero cigenvalucs. However, for vector and spinor fields zero modes do exist: the set of zero
modes corresponds to the set of moduli, generically denoted in this section as For the

bosonic zero modes the factor 1/c (which, of course, explodes at e —* 0) is replaced by
an integral over the corresponding collective coordinate up to a normalization factor
Similarly, for the fermion zero mode —÷ see the discussion below.

The zero modes can be obtained by differentiating the field 6,9; over the collec-
tive coordinates ,j, at a generic point in the space of the instanton moduli. In the instanton
problem, = The derivatives differ from the corresponding
zero modes by a normalization factor. It is these normalization factors that determine the
measure:

= (62.33)

where the norm is defined as the square root of the integral over The superscripts
b and f indicate the bosonic and fermionic collective coordinates, respectively. Note that
we have also included exp(—S) in the measure (the instanton action S = 8ir2/g2). In the

expression above it is implied that the iero modes are orthogonal. If this is not the case,
which often happens in practice, the measure is given by a more general formula.

= fl [Ber
/2

(62.34)

_____________

01/f dllk

General
where Ber stands for the Berezinian (superdeterminant). The normalization of the fields is

form u/a .

fixed by the requirement that their kinetic terms are canonical.
I pause here to make a remark regarding the fermion part of the measure. The fermion

part of the Lagrangian is i) For the mode expansion of the field it is convenient
to use the Hermitian operator

= L2 A = e2A. (62.35)

The operator determining the A modes is

= L2 A = e2A. (62.36)

The operators and are not identical

In the anti-instanton background the operator L2 has four zero modes, discussed above,
while L2 has none As far as the nonzero modes are concerned, they are degenerate and are
related as follows:

(6237)

Taking into account the relations above, we find that the modes with a given e appear
in the mode decomposition of the fermion part of the action, in the form efd4x.&2. For
a given mode A2 = vanishes, literally speaking. However, there are two modes,
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A(1) and A(2), for each E and in fact it is the product X(i)A(2) that enters. This consideration
provides us with a definition of the norm matrix for the fermion zero modes, namely

f (62.38)

which should he used in calculating the Berezinian

The norm factors depend on generally speaking. Equation (62.34) gives the measure

at any point in the instanton moduli space. Thus, (62.34) conceptually solves the problem
of constructing the measure.

In practice, the measure turns out to be simple at certain points on the moduli space.
For instance, instanton calculus always starts from a purely bosonic instanton. Then, to
reconstruct the measure everywhere on the instanton moduli space one can apply the exact

symmetries of the theory; by exact, I mean those symmetries that arc preserved at the
quantum level, i.e. the Poincaré symmetries plus supersymmetry, in the case at hand, rather
than the full supcrconformal group As we will see, this is sufficient to obtain the full
measure in supersymmetric gluodynamics but not in theories with matter For nonsuper-
symmetric Yang—Mills theories, the instanton measure was found in [79]. After a brief
summary of't Hoofi's construction, we will add the fermion part specific to supersymmetric

iron si/jon /0 gI uodynamics.

Translation.s The translational zero modes are obtained by differentiating the instanton
normalized
field field over where performs the numeration of the modes, there are four of

them The factor l/g reflects the transition to the canonically normaliied field, a require-
ment mentioned after Eq. (62.34) Up to a sign, differentiation over (xo)0 is the same as

differentiation over x12. The field = g fl obtained in this way does not satisfy the

gauge condition = 0. Therefore, it must be supplemented by a gauge transformation,

= In the case at hand the gauge function = As a result, the
translational zero modes take the form

= DVA0) (62 39)

Note that now the gauge condition is satisfied. The norm of each translational mode is
obviously

Dilatation. The dilatational zero mode is

= = = (62.40)
g dp gp g

The gauge condition is not broken by the differentiation over p.
The orientation zero modes look like a particular gauge transformation of

AV [79],

= (62.41)

Here the spinor notation for color is used and the gauge function A has the form

= (UthUT)° = (62.42)
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where

=

_______

(62.43)
+ P2

and the are three orientation parameters It is easy to check that Eqs. (62.41), (62.42) do

indeed produce the normali/ed tero modes, satisfying the condition = 0. The gauge

function (62.42) presents special gauge transformations that arc absent in the topologically

trivial sector
This description of the procedure that leads to the occurrence of the as the orientation

collective coordinates is rather sketchy. We will return to the geometrical meaning of these

coordinates in Section 62 8, after we have introduced the matter lields in the fundamental
representation.

Note that the matrix U in (62 43) satisfies the equation

V2U&=0, (6244)

where the undotted index of U is understood as the color index. Correspondingly. the
operator V in Eq. (62.44) acts as the covariant derivative in the fundamental representation

Equation (62.44) will be exploited below when we are considering matter fields in the
fundamental representation. Note also that

V2A=O. (6245)

This construction building a "string" from several matrices U — can be extended to
arbitrary representations ofSU(2). The representation with spin j is obtained by multiplying
2j matrices U in a manner analogous to that exhibited in Eq. (62.42).

Calculating V1A explicitly, we arrive at the following expression for the orientation
modes and their norms

— I - —
62 46— X —

Supersvmmeiric modes. We started discussing these modes in Section 62.1:

I
32ir2

= , I = (62.47)
g g

Up to a numerical matrix, the supersymmetric modes coincide with the translational modes.

There are four translational modes and two supersymmetrie modes. The factor 2, the ratio
of the numbers of the bosonic and fermionic modes, reflects the difference in the numbers
of spin components. This is, of course, a natural consequence of supersymmetry.

Superconjhrmal modes. These modes were also briefly discussed in Section 62. I.

LA 2 2
I 4y8) / ut7r p 0= X(2)) = 4o)

The superconformal modes have the form x G, the same as that for the orientational and
dilatational modes. Again we have four bosonic and two fermionic modes.

The relevant normalitation factors, as well as the accompanying factors from the regulator

fields, are collected for all modes in Table 10.8. Assembling all factors together we get
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Table 10 8 The contribution of the zero modes to the instatiton measure The notatIon is as follows 4 T

stands for the four translational modes 1 for the one dilatational mode 3 GCIUOr the three modes

associated with the orientations (the global color rotations, the group volume is included), 255 for the two

supersymmetric gluino modes 2 SC for the two superconformal gluino modes and 2 MF for the two matter

fermion zero modes S

Boson modes Fermion modes

4T 2SS —*

ID -÷ S112 2SC —*

3GCR 2MF —*

the measure for a specilic point in moduli space. near the original bosonic anhi-instanton

solution (62.5) we have

2 2= ., (Mpv)6 ( ) (62.49)
\ /

I low does this measure transform under the exact symmetries of the theory? First, let
us check the supersymmetry transformations (62.26) They imply that d4x0 and are

invariant. For the last two differentials,

dp2 dp2l I — II + (62.50)

so that their product is invariant too.
The only noninvariance in the measure (62 49) is that under the SIJ(2)R Lorenti

rotation generated by It is clear that, for a generic instanton orientation the differ-

ential is replaced by the SU(2) group measure d3QSL(2) where G is the
determinant ofthe Killing metric on the group SU(2) and the matrix f� defined in Eq. (62 27)
is a general element of the group In fact, this determinant is a part of the Berevinian in the
general expression (62.34). The SU(2) group is compact: an integral over all orientations
yields the volume of the group,62 which is equal to 8jr2 Performing this integration we

Ins/union I arrive at the linal result for the instanton measure in supersymmetric gluodynamics with

measure in SU(2)gaugc symmetry:
SYM ]

S(J(2)
= I

d290 (62 51)

Note that the regulator mass can be viewed as a complex parameter. It arose from

the regularization of the operator (62.35), which has a certain chirality.

52 Actually, the group of instanton orientations is 0(3) = SU(2)/Z2 rather than StJ(2) This distinction is
unimportant for the algebra hut it is important fOr the group volume
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62.7 Including matter: supersymmetric QCD with one flavor

Now we will extend the analysis of the previous sections to include matter A particular
model to be considered is SU(2) SQCD with one flavor (two subflavors); see Section 58.

In the Fliggs phase the instanton configuration is an approximate solution. A manifestation
of this fact is the p dependence of the classical action [79]. The solution becomes exact in
the limit p —* 0. For future applications only this limit is of importance, as we will see
later. A new feature of theories with matter is the occurrence of extra fcrmionic zero modes
in the matter sector, which gives rise to additional collective coordinates. Supersymmetry
provides a geometrical meaning for these collective coordinates.

As above, we start from a bosonic field con figuration and apply supersymmetry to build
the full instanton orbit In this way we find a realization of supersymmetry in the instanton
moduli space.

We already know that classically SQCD with one flavor has a one-dimensional D-flat
direction,

— —)vae — ? . )vaC j
where v is an arbitrary complex parameter, the vacuum expectation value of the squark
fields Here a is the color index while j is the subflavor index; a, f = 1,2. The color and
flavor indices get entangled, even in the topologically trivial sector, although in a rather
trivial manner.

What changes occur in the instanton background? The equation for the scalar field
becomes

2 i a a= 0, V,, = (62.53)

Its solution in the anti-instanton background (62.5) has the form

xc'
= = . (62 54)

I

Asymptotically, at x Do,

xc'
—+ A1, (If (62.55)

i.e. the configuration is gauge equivalent to the flat vacuum (62.52). Note that the equation
for the field 0 is the same With the boundary conditions (62.52) the solution is

= F = F

_______

(62.56)

To generate the full instanton orbit, with all collective coordinates switched on, we again
apply the generators of the superconformal group to the field configuration cD0, which now
presents a set of superfields, V0. and The bosonic components arc given in Eqs.
(62 5), (62 54), and (62.56), the fermionic components vanish. The superconformal group
is still the symmetry group of the classical equations. Unlike SUSY gluodynamics, now,
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at i' 0, all generators act nontrivially. At first glance we might suspect that we need to
introduce 16 + 8 collective coordinates.

In fact, some ofthe generators act nontrivially even in a flat (i.e. vacuum

with i' 0. For example, the action of exp(i Ra) changes the phase of u. Since we want to
consider a theory with the given vacuum state such a transformation should he excluded from

the set generating the instanton collective coordinates. [his situation is rather general [80];

see Section 62 8.

As a result, the only new collective coordinates to be added are conjugate to Qa. The
differential operators Q&. defined in Eq. (48.l4),63 annihilate V0 (modulo a supergaugc

transformation) and Qo. They act nontrivially on Qo. producing the 't Hooft zero modes of
the matter fermions,

= (JL =
2

(62.57)
/ (x, + p2)3t2

_________

I recall that the superscript of Qo is the color index while the subscript stands for the
11w t Hoot! subflavor, and they are entangled with the Lorent, spinor index of the supercharge Note that

mode
only the left-handed matter fermion fields have zero modes, as in the case of the gluino. We

explained,
(62 57) see how the 't I looft zero modes get a geometrical interpretation through

It is natural to call the corresponding fermionic coordinates The supersymmetry
transformations shift them by

In order to determine the action of supersymmetry in the expanded moduli space let us
write down the generalized shift operator,

V(xo,90, p) = e'vo elMweiDIfb
. (62.58)

Here new Grassmann coordinates conjugate to are introduced. Repeating the
procedure described in Section 62.5 but now including we obtain the supersymmetry
transformations of the moduli. They are the same as in Eq. (62 26) but with the addition of
the transformations i.e.

= (c?). (62.59)

At linear order in the fermionie coordinates the SUSY transformation of is the same as

that but the former contains nonlinear terms. A combination that transforms linearly,
exactly as 0, is

=(°[l (6260)

The variable 6o joins the set {xO, } describing the superinstanton center.

A more straightforward way to introduce the collective coordinate is to use a different

ordering in the shift operator V,

V(xo, flinv. thinv, Pinv) = . (62.61)

ftc supcrcharges and the matter superfields are denoted by the same letter Q It is hoped that this unfortunate
coincidence will cause no confusion The indices help us to work Out what is meant in a given context For
supercharges we usually indicate the spinorial indices, using (Ireck letters from the beginning of the alphabet
I he matter superfields carry the flavor indices (the Latin letters) I lowever. Qo and Qo. with subscript 0.
represent the starting purely bosonic configuration of the matter superfields
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Table 10 9 The R charges of the Instanton collective coordinates

Coordinates 00

Rcharges I 1 1 —1 0 0

Needless to say, this reshuffling changes the definition of the other collective coordinates
With the ordering (62.61) it is clear that 9, and 9, respectively,
while the other moduli are superinvariants. the invarianis of supersymmetry transforma-

Super- tions. For this reason we have indicated them by the subscript mv. The relation between the
!nt'ar/an/ two sets of the collective coordinates is as follows:
tflOdiili —

p2 = p2 II +4i = -- (62.62)
rn1'.

I — 4i (fi9o)

= +

Let us emphasize that all these superinvariants, built from the instanton moduli, are due to
introduction of the coordinate conjugate to Q.

We recall that in the theory with matter there is a nonanomalous R symmetry, see Section
58 We did not introduce the corresponding collective coordinate because it is not new in
relation to the moduli of the flat vacua. Nevertheless, it is instructive to consider the R
charges of the collective coordinates. We have collected these charges in Table 109.

From this table it can be seen that the only invariant with a vanishing R charge is

This fact has a drastic impact. In supersymmetric gluodynamics no combination ofmoduli
was invariant under both supersymmetry and U(l)R. This fact was used, in particular, in
constructing the instanton measure; the expression for the measure comes out unambigu-
ously. In a theory with matter, generally speaking, corrections to the instanton measure
proportional to powers of can emerge. And they do emerge, although all terms
beyond the leading term arc accompanied by powers of the coupling constant

Let us now pass to the invariants constructed from the coordinates in the superspace
and the moduli. Since the set transfirms in the same way as the superspace
coordinates such invariants are the same as those built from two points in the
superspace, namely

= (xj + 4i(9 (9o)&, 9 9(i, 9— 91) (62.63)

All other invariants can be obtained by combining the sets of equations (62 63) and (62 62).
For instance, the invariant combination where

= — XQ)a& + (62.64)
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which frequently appears in applications, can be rewritten in such a form

= (62.65)
pinv

One can exploit these invariants to generate immediately various superfields with collec-
tive coordinates switched on, starling from the original bosonic anti-instanton conliguration.

For example [75],

4

Tr
p

(x2 + p2)4

Q in ihc' -
inslunron The difference between and xi. — x0 is unimportant in Tr W2 because of the factor 02.
fIeld Thus, the superfield Tr W2 remains intact: the matter fields do not alter the result for Tr W2

obtained in SUSY gluodynamics. The difference between i and XL is very important,
however, in the superlield Q2. Indeed, putting Oo = = 0 and expanding Eq. (62.66) in

we recover, in the linear approximation, the same 't 1 looft zero modes as in Eq. (62.57):

=
2 2 2

(62.67)
I(x —xo) +p ] /

Note that the superlield 1 contains a fermion component if 0. What is
the meaning of this fermion field? (We keep in mind that the Dirac equation for has no

zero modes ) The origin of this fermion field is the Yukawa interaction generating

a source term in the classical equation for i,lr, namely,

62.8 Orientation collective coordinates as Lorentz

SU(2)R rotations

_________

In this section we focus on the orientation collective coordinates in an attempt to explain
Cf 5e lion theirorigin in the most transparent manner The presentation below is adapted from 180]. The

main technical problem with the introduction of orientations is the necessity of untangling
them from the nonphysical gauge degrees of freedom. The introduction of matter is the
most straightforward way to make this untangling transparent.

First, we define a gauge invariant vector field W11

=
, (62.68)

where f, are the SU(2) (sub)flavor indices, is the lowest component of the superfield
and the color indices are suppressed In the flat vacuum (58.11) the field coincides

with the gauge field (in the unitary gauge).
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The field What are the symmetries of the flat vacuum9 They obviously include the Lorentz
is not to SU(2)L x SU(2)R group. In addition, the vacuum is invariant under flavor SU(2) rotations

hecon/iiced Indeed, although is not invariant under the multiplication by the unitary matrix
wit/i f f
supergauge this noninvariance is compensated by a rotation in the gauge SU(2) group. Another way
strength to see this is to observe that the only modulus field in the model at hand is a flavor

singlet.

For the instanton configuration, see (62.5) for and (62 54) for the field

reduces to

= 2i
(x2 ± p2)2

. (62.69)

The next task is to examine the impact of SU(2)/XSIJ(2)RXSU(2)flasor rotations on
It can be seen immediately that Eq. (62 69) is invariant under the action of SU(2)j.

It is also invariant under simultaneous rotations from SU(2)R and SIJ(2)flavor. Thus, only

one SU(2) acts on nontrivially. We can choose it to he the SU(2)R subgroup of the
Lorcntz group. This explains why we introduced the orientation coordinates through

Note that the scalar fields play an auxiliary role in the construction presented; they allow
one to introduce a relative orientation. At the end one can take the limit i' 0 (the unbroken
phase).

Another comment relates to higher groups. Extra orientation coordinates describe the
orientation of the instanton SU(2) within the given gauge group. Considering the theory in
the Higgs regime allows one again to perform the analysis in a gauge-invariant manner. The
crucial difference, however, is that the extra orientations, unlike the three SU(2) orientations,
are not related to exact symmetries of the theory in the lliggs phase. Generally speaking,
the classical action becomes dependent on the extra orientations [80]

62.9 The instanton measure in the one-flavor model

The approximate nature of the instanton configuration at pi 0 implies that the classical
action is p-dependent. From 't Ilooft's calculation [79] it is well known that in the limit
pt —* Owe have for the action (Section 21.12.1)

8jr2 87r2 2 1 2
—s— + 4ir 1v1p . (62.70)

The coefficient of is twice as large as in the 't llooft ease because there are two scalar
(squark) fields in the model at hand, as compared with the one scalar doublet in 't Ilooft's

Derivation of calculation Let us recall that the term (which is often referred to in the literature as
the i/too/i the 't llooft term) is entirely due to a surface contribution in the action,
term,
Section 2/12

= d4x + i)c

= (62.71)
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Since the 'ti looft term is saturated on the large sphere, the question of a possible ambi-
guity in its calculation immediately comes to mind. Indeed, what would happen if from
the very beginning one used in the bosonic Lagrangian a kinetic term rather than

Alternatively, perhaps one could start from an arbitrary linear combination of
these two kinetic terms; in fact, such a linear combination appears naturally in supersym-
metric theories deriving from f Q These questions are fully legitimate. In Section
62.10 we demonstrate that the result quoted in Eq. (62.70) is unambiguous and correct: it
is substantiated by a dedicated analysis.

The term is obtained for the purely bosonic field configuration. For nonvan-
ishing fermion fields an additional contribution to the action comes from the Yukawa term

We could have calculated this term by substituting the classical field and the zero
modes for and However, it is much easier to find the answer indirectly, by using the
superinvariance of the action. Since (see Eq (62 62)) is the only appropriate invariant
that can be constructed from the moduli, the action at 0 and 0 becomes

—i-- (62.72)

To obtain the full instanton measure we proceed in the same way as in Section 62.6 In
addition to the term in the classical action, the change is due to the extra integration
over From the general formula (62.34) we infer that this brings in an extra power of

and a normali,ation factor that can be read off from the expression (62.67). Overall,
the extra integration takes the form (see Table 10.8),

8m2i2p2 = Mpv
d2Oo. (62.73)

Note that the supertransformations (62.26) and (62.59) leave this combination invariant.
Note also that the 't Hooft zero modes are chiral. it is I/,,2 that appears rather than
The instanton measure "remembers" the phase of the vacuum expectation value of the
scalar field. As we will see shortly, this is extremely important for recovering correct chiral
properties for the instanton-induced superpotentials

Combining the d290 integration with the previous result one arrives at

-, 2 2f87n\ ,' 8jr
/Lonc_tlavor

= 2HJr4?2
cxp — I"I

P 4 2 2 2x—rd x0d (6274)
p

This measure is explicitly invariant under supertransformations. Indeed, dp2/p2 reduces

to up to a subtlety at the singular point p2 = 0, to be discussed later.
Let us recall that the expression (62.74) is obtained under the assumption that the param-

eter I and so accounts for the zero- and first-order terms in the expansion of the
action in this parameter Summing up the higher orders leads to some function
in the exponent.
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62.10 Verification of the 't Hooft term

In the previous section we mentioned the ambiguity in the 't I looft term due to its surface

nature. Discussion of the surface terms calls for careful consideration of the boundary con-
ditions however, there is an alternative route via the scattering amplitude technique 181j;
calculation of the scattering amplitude takes care of the correct boundary conditions
automatically

As a simple example let us consider the nonsupersymmetric SIJ(2) model with one Higgs
doublet Our task is to demonstrate that the instanton-induced effective interaction of
the field is

= f expj — HP] } (62 75)

where dfL is the instanton measure of the model Note that this includes, in particular. the

factor exp(—2Jr2p21r12).

We want to compare two alternative calculations of a particular amplitude one based

on the instanton calculus and the other based on the effective Lagrangian (62.75) Let us
start from the emission of one physical lliggs particle by a given instanton with collective
coordinates fixed. The interpolating field a fir the physical I liggs can be defined as

a(x) = l
(62.76)

The Lagrangian (62.75) implies that the emission amplitude A is equal to

A = . (62.77)

Let us now calculate the expectation value of a(x) in the instanton background. In the
leading (classical) approximation,

I r— 21 HI p2

] + 2
(62 78)

Taking x p we find that

2
(62.79)

4m x

The first factor is the emission amplitude A and the second factor is the free particle
propagator.

Thus, the effective Lagrangian (62 75) is verified in the order linear in a To verify the
exponentiation it is sufficient to show the factori,ation of the amplitude fir the emission
of an arbitrary number of a particles. In the classical approximation this factori7ation is
obvious.

62.11 (ancelation of the quantum corrections to the measure

So far, our analysis ofthe instanton measure has been in essence classical. Strictly speaking,

though, it would be better to call it semiclassical Indeed, let us not Ibrget that calculation
of the pre-exponent is related to the one-loop corrections. In our case the pre-exponcnt is
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given by an integral over the collective coordinates. In nonsupersymmetric theories the pre-

exponent is not exhausted by this integration the nonzero modes contribute as well. Here

we will show that the nonzero modes cancel out in SUSY theories Moreover, in the unbroken

phase the cancelation of the nonzero modes persists to any order in perturbation theory and

even beyond, i.e. nonperturbatively. Thus, we will obtain the extension of the F term
nonrenormalization theorem [43] to the instanton background. The specific feature of this
background, responsible for the extension, is the preservation of half the supersymmetry.
Note that in the Higgs phase the statement ofcancelation is also valid in terms of zero order

and of first order in the parameter

_______

In the first loop the cancelation is fairly obvious. Indeed, in supersymmetric gluodynamics
lh,s /S the differential operator L2 defining the mode expansion has the same thrm, see Eq. (62 35),
the non.e,v for both the gluon and gluino fields,
niodev

cancel =

= (62.80)

The residual supersymmetry (generated by Q&) is reflected in L2 in the absence of free
dotted indices. Therefore, ifthe boundary conditions respect the residual supersymmetry—

which we assume to be the case the cigenvalucs and eigenfunctions are the same aa

(/112 and For the field the relevant operator is = where

= . (62.81)

l'his equation shows64 that the modes ofA coincide with those of the scalar field in the

same representation of the gauge group,

= (62.82)

Moreover. all nonzero modes are expressible in terms of (this nice feature was noted

in [82]). I'his is evident for and X2. The nonzero modes of a and are given by

= = = . (62.83)
WI? (on

Thus, the integration over a produces I for each given eigenvalue. The integration over

and A produces The balance is restored by the contribution of the scalar ghosts, which

provides the remaining
The same cancelation is extended to the matter sector. In every supermultiplet each

mode of the scalar field is accompanied by two modes in and see Eq. (62.83).

Correspondingly, one obtains for each eigenvalue.

From the above one-loop discussion it is clear that the cancelation is due to boson
fermion pairing enforced by the residual supcrsymrnetry of the instanton background. This
same supersymmetry guarantees cancelation in higher 1oops. On general symmetry grounds

corrections, ifpresent, could not he functions of the collective coordinates it has been shown

previously that no appropriate invariants exist. Therefore, the only possibility left is a purely
numerical series in powers of g

(A
I he equahty D expioits the fact that = 0 tbr the
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In fact, not even this type of series appears. Indeed, let us consider the two-loop super-
graph in the instanton background. It was presented in Fig. 10.1 in Section 51, where each
line is to he understood as the gluon or gluino Green's function in the instanton background
field. This graph has two vertices. Its contribution is equal to the integral over the super-
coordinates of both vertices, i.e. {x,8,9} and {x',O',O'}, respectively. lfwe integrate over
the supercoordinatcs of the second vertex and over the coordinates x and 6 (but not 0 I) of
the first vertex then the graph can be presented as the integral fd2O F(6). The function
F is invariant under simultaneous supertransformations of 0 and the instanton collective
coordinates. As was shown in Section 62.5, in supersymmetric gluodynamics there are
no invariants containing 6. Therefore, the function F(9) can only be a constant, thus the
integration over 9 yields iero [83].

The proof above is a version of arguments based on the residual supersymmetry. Indeed,
no invariant can he built from 9 because there is no collective coordinate The absence of

is, in turn, a consequence of the residual supersymmetry. The introduction of matter in the
Higgs phase changes the situation At v 0 no residual supersymmetry survives. In terms
of the collective coordinates this is reflected in the emergence Correspondingly, the
function F(9) becomes a function of the invariant 9 (see Eq (62.63)), and the integral
does not vanish.

Therefore, in theories with matter, in the I liggs phase the instanton does acquire cor-
rections. however, these corrections vanish [84] in the limit —÷ 0 Technically, the
invariant above containing 9 disappears at small n because is proportional to I

Summari7ing, the instanton measure acquires no quantum corrections in SUSY gluody-
namics or in the unbroken phase, in the presence of matter. In the Higgs phase, corrections
start with the terms

An important comment is in order here regarding the discussion above. Our proofassumes
that there exists a supersymmetric ultraviolet regularization of the theory. At one-loop level
the Pauli—Villars regulators do the job. In higher loops the regulariiation is achieved by
a combination of the Villars regulators and higher-derivative terms. We do not use
this regulariLation explicitly, rather, we rely on the theorem that it exists. This is all we
need. As for infrared regularization, it is provided by the instanton field itself. Indeed, at
fixed collective coordinates all eigenvalues are nonvanishing. The iero modes should not
he included in the set when the collective coordinates are fixed.

63 Affleck—Dine—Seiberg superpotential

The stage is set, and we are ready to apply the formalism outlined above in concrete problems

ihe ADS that arise in super-Yang—Mills theories. In this section we star! by discussing applications
vuperpolen- of instanton calculus that are of practical interest. Our first problem is a calculation of the
tial IS U Affleck—Dine—Seiberg superpotential in one-flavor SQCD.
crucial
element

The classical structure of SQCD, with gauge group SU(2) and one Ilavor, was discussed
in Section 58. The model has one modulus,

in

____________

(63.1)



flavor = (Mpv)5.
Zg4

=

529 63 Affleck—Dine—Seiberg superpotential

I,,cianton
measure in

=1
one-flavor

LSQcD

In the absence of a superpotential all vacua with different are degenerate. The degen-

eracy is not lifted to any finite order of perturbation theory. As shown below it is lifted
nonperturbatively [65] by an instanton-generated superpotential W( 1).

Far from the origin of the moduli space, where A, the gauge SEJ(2) is spon-
taneously broken, the theory is in the Higgs regime, and the gauge bosons are heavy In
addition the gauge coupling is small, so that a quasiclassical treatment is reliable. At weak
coupling the leading nonperturbative contribution is due to instantons. Thus, our task is to

find the instanton-induced effects.
The exact R invariance of the model (Section 58) is sufficient to establish the functional

form of the effective superpotential W(ct)

A5one-flavor (63 2)

where the power of D is determined by its R charge = I; see the I? charge of in

Table 10.4, Section 58) and the power of A is fixed by dimensional considerations. Here
we have introduced the notation 65

(63.3)

To see that one instanton induces this superpotential, we consider an instanton transition

in a background field weakly depending on the superspace coordinates. To this
end one generalizes the result (62.74), which assumes that = v at distances much larger

than p. to a variable superfield c1:

= (63.4)

There exist many alternative ways to verify that this generali7ation is correct. For instance,
one could calculate the propagator of the quantum part = v + using a constant

background = in the measure; see Section 62.10 for more details.

The effective superpotential is obtained by integrating over p, and Since these

variables enter the measure only through at first glance the integral would seem to he

zero; indeed, changing the variable p2 to makes the integrand independent and

The integral does not vanish, however. The loophole is due to the singularity at = 0.
To resolve the singularity let us integrate first over the fermionic variables For an arbitrary

function

F f = 16 F(p2 = 0). (63.5)

The integration over p2 was performed by integrating by parts twice. It can be assumed that

F(p2 —s oc) = 0. It can be seen that the result depends only on the zero-sue instantons.
In other words,

(63.6)

I he 7 factor of the matter fields is introduced below in Eq II)
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The instanton-generated superpotential is

= one flavor
(63 7)

T/ieADS
-

vuperpoien- The result presented in Eq (63 7) bears a topological nature: it does not depend on the
hal particular form of the intcgrand since the integral is determined by the value of the

integrand at p2 = 0, the integrand is given by the exponent only at small p2. No matter
how it behaves as a function ofp2. the formula for the superpotential is the same provided
that the integration over p2 is convergent at large p2.

Technically, the saturation at p2 = 0 makes the calculation self-consistent (remember,
at p2 = 0 the instanton solution becomes exact in the Higgs phase) and explains why the
result (63.7) acquires no perturbative corrections in higher orders

We see that in the model at hand the instanton does indeed generate a superpotential
that lills the vacuum degeneracy. (This superpotential bears the name ofAffleck, l)ine, and
Seiberg, ADS for short ) This result is exact both perlurhatit'ely and nonpeuturhatit'e/v.

In the absence of a tree-level superpotential the induced superpotential leads to a run-
away vacuum the lowest energy state is achieved at an infinite value of One can

stabilize the theory by adding the mass term to the classical superpotential The total
superpotential then takes the form

= + (638)

One can trace the origin of the second term to the anomaly in (59.44) in the original full
theory (i e. the theory before the gauge fields are integrated out).

Determining the critical points of the ADS superpotential we find two supersymmetric
vacua at

'A5 1/2

= ± ( (63 9)
in /

Now, with the A l)S superpotential in hand, we are able to calculate the gluino condensate

using the Konishi relation (59.32) (see Section 59.5.1), which, in the present case, implies
that

(TrX2)

/2 [me
1i/2

= ±16m ±l6ir
[ Zg4

. (63.10)

Our convention for the 7 factors of the matter lields is as follows

= Zj d2 + + H.c] (63.11)

Ihen the bare quark mass is given by

The (63.12)
(fr/k'fld('/l( e

7

a! the gluino Therefore, the gluino condensate dependence on /nhare is holomorphic. In fact its square root

dependence on mharc is an exact statement [60]. It follows from an extended R symmetry
''

ho/ama,—

p/ik
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that requires to rotate with R charge +4 (see the last column in Table 104, Section
58) Given that the R charge of X2 is +2, the exact law X2 ensues immediately.

This allows one to pass to large mhare, where the matter field can be viewed as one of
the regulators. Setting mhare = we return to supersymmetric gluodynamics, recov-
ering Eq (57.7) considered in Section There we passed from SU(2) to SU(N) with
arbitrary N.

In addition to its holomorphic dependence on the gluino condensate depends
holomorphically on the regulator mass M. Regarding the gauge coupling, the factor 1 /g2
in the exponent can and must be complcxified according to Eq (56.27). but in the pre-
exponential factor it is Reg2 that enters. This is the so-called holomorphic anomaly [85].

64 Novikov—Shifman—Vainshtein—Zakharov fi function

The exact results obtained above, in conjunction with renormalizahility. can be converted
into exact relations for the f3 functions, usually referred to as the Novikov Shifman—
Vainshtein-Zakharov (NSVZ) fi functions.

64.1 Exact function in supersymmetric gluodynamics

Consider first supersymmetric gluodynamics. The gauge group G can be arbitrary. The
gluino condensate (57.7) is a physically measurable quantity. As such, it must be expressible

through a combination ofparameters the bare coupling constant and the ultraviolet cutoff-

that is cutoff independent. The renormaliiability of the theory implies that the ultraviolet
cutoff Mi'v must conspire with the bare coupling g to make the gluino condensate expression

independent of Mi'v. In other words, g should be understood as a function g(Mpv) such
that the combination entering the gluino condensate (57 7) does not depend on Mpv. Let

us write it as follows

r
I

1'( 1 8 2 1

I I exp I I = const, (64.1)
[g2(Mpv)J L g2(Mpv)j

where I have replaced the parameter N in (57.7), relevant for StJ(N)gaUgc. by T(;. making

this expression valid for arbitrary gauge group G.
That the lefi-hand side of (64.1) must he independent of gives the law for the

NSV7P)I
running of the gauge coupling. = g2(p)/(4m) (in the Pauli—Villars scheme). The

supersitn- result can he formulated, of course, in terms of the exact fi function. Taking the logarithm

metric and differentiating with respect to In Mpv, we arrive at

da(Mt'v) =
(I

—

I

(642)
dlnMpv 2ir 2ir

In the derivation above we have assumed that both the gauge coupling g and the Pauli Vil lars

regulator mass are real.

We ako learn that the ultraviolet cutofl appearing in Section 57 must he identified with
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64.2 Theories with matter

First, let us return to Eq. (63.10), which is valid in SU(2) SQCD with one flavor (two
subflavors) This expression implies that

in
= eonst. (64.3)

Lg

Here in is the physical (s)quark mass, and as such is Mpv-independent. At the same time, the
bare coupling g and the Z factor do depend on Mi'v. Taking the logarithm of the left-hand
side, differentiating with respect to In and using the fact that the anomalous dimension
of the ith flavor can be defined as

dIn Z,
, (644)

d In

we arrive at
a23x2—(l—y)

(64.5)
2ir I — a/.ir I — 2a/27r

The second equality here is arranged to reveal the nature of the various coefficients, making

NSVZ 1n
- possible an easy transition from SU(2)gauge and one flavor to an arbitrary gauge group G

SQCI) and an arbitrary set of flavors. To this end we note that TSU(2) = 2 and = I and

arbitraiy compare Eq. (64.5) with the general expressions (59.38) and (64.2). The following NSVZ
super- formula ensues:67
Yukawa

8

dMpv) =
[3 TG — — 2/i)] (I (64.6)

A few explanatory remarks are in order with regard to this formula The matter fields are
in an arbitrary representation R. This representation can be reducible, so that R =
The sum in (64.6) run over all irreducible representations, or, equivalently, over all flavors
Resides the gauge interaction, the matter fields can have arbitrary (self-)interactions through
super-Yukawa terms, i.e. an arbitrary renormalizable superpotential is allowed Such a
superpotential would not show up explicitly in the NSVZ formula (64.6) It would be
hidden in the anomalous dimensions, which certainly do depend on the presence or absence
of a superpotential. In contradistinction to the pure gauge case, Eq. (64.6) does not perse
lix the running of the gauge coupling; rather, it expresses the running of the gauge coupling
via the anomalous dimensions of the matter fields (64.4). The denominator in Eq. (64.6) is
due to the holomorphic anomaly [85] mentioned in passing in Section 63

It is instructive to examine how the general formula (64.6) works in some particular cases.
Let us start from theories with extended supersymmetry, = 2. The simplest such theory
can be presented as = I theory containing one matter field in the adjoint representation
(which enters the same extended J'/ = 2 supermultiplet as the gluon field; see Section 61)
Therefore, its Z factor equals I /g2 and y equals /3/a. In addition, we can allow for some

67
I he relation between the NSV7 /1 function and standard perturbative calculations based on dimensional
reduction is discussed in c g [86]
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number ofmatter hypermultiplets in arbitrary color representations (remembering that every
hypermultiplet consists of two Al = I chiral superfields). The JV = 2 supersymmetry leads

to Z = 1 for all hypermultiplets. Indeed, for Al = 2 the Kähler potential and, hence, the
kinetic term of the matter fields are in one-to-one correspondence with the superpotential.
The latter is not renormalized perturbatively owing to the Al = 1 supersymmetry Hence,
the Kahler potential for the hypermultiplets is not renormali,ed either, implying that Z =

Taking into account these facts, we can derive from Eq. (64.6) the following gauge
coupling ft function

a2r 1
= ———I I

. (647)
i J

here the summation runs over the Al = 2 matter hypermultiplets This result proves that
the ft function is one-loop in Al = 2 theories.

We can now make one step further, passing to Al = 4. In terms of Al = 2 this the-
ory corresponds to one matter hypermultiplet in the adjoint representation. Substituting

= into Eq. (647) produces a vanishing ft function. Thus theAl = 4 theory
is finite.

In fact Eq. (64.7) shows that the class of finite theories is much wider. Any Al = 2
theory whose matter hypermultiplets the condition 2T(; >J = 0 is finite
An example is provided by the hypermultiplets in the fundamental representation.

65 The Witten index

Determining
the number The spontaneous breaking of supersymmetry is a rather subtle issue. As we already know,

0/ the order parameter is the vacuum energy Supersymmetry is spontaneously broken if and
metric only if the vacuum energy is strictly higher than zero The presence of a Goldstino is

___] a clear-cut signature of this spontaneous breaking. Though weakly coupled theories are
usually amenable to solution this is not the case for strongly coupled theories, in which it
is typically very hard (if possible at all) to establish directly the positivity of the vacuum
energy or the Goldstino existence and its coupling to the supercurrent. Even in weakly
coupled theories it may happen that the supersymmetry is unbroken to any finite order in
perturbation theory but an exponentially small shift of the vacuum energy is induced by
nonperturbative effects (e.g. instantons)

Therefore, it is highly desirable to develop a method which could tell us beforehand
that this or that given theory has an exact/v vanishing ground state energy and, therefore,

under no circumstances can be considered as a candidate for spontaneous supersymmetry

breaking. Such a method was devised by Witten [59], who suggested that one should define

an index (now known as Witten's index) that, for each supersymmetric theory, counts the
number of supersymmetric vacuum states.

When mathematicians and physicists speak of an index they mean a quantity (usually
integer-valued) that does not change under any continuous deformation of the parameters
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defining the object under consideration. Thus, we arc dealing with a topological character-
istic. An index well-known to theoretical physicists for many years is the Dirac operator
index. Supersymmetry allows one to introduce an index technically defined as

Iw = Tr(—l)1 (—I)' a). (65 1)

where the sum runs over all physical states of the theory under consideration and F is the
fermion number operator. To discretizc the spectrum one can think of the theory as being
formulated in a large box; this is a routine procedure in many texts on quantum field theory

Why is (65.1) an

In any supersymmetric theory there are several conserved supercharges. One can always

deFine a linear combination Q such that Qt = Q and H = 2Q2, where H is the Harniltonian

of the system. We will restrict ourselves to the sector of hubert space with vanishing total

spatial momentum, 1' = 0. This can be done without loss of generality.

Since Q2 = II, any state with vanishing energy must nullify upon the action of Q, i.e
Qia, =o) = 0. If E > 0, however, then the action of Q on a bosonie state h) produces a
fermionic state f) with the same energy and vice versa,68

Qib) = QIf) (652)

where both states are normalized to unity, (bib) = = I. Thus, all positive energy
states arc subject to this boson—fermion degeneracy, a fact that we have already discussed
more than once. Owing to this degeneracy the Witten index actually reduces to

= (65.3)

where and are the numbers ofbosonic and fermionic /ero-energy states, respec-

tively; the zero-energy states (vacua) need not come in pairs. (Moreover, in more than two
dimensions in the infinite-volume limit all vacua are bosonic in theories with a mass gap.)

We still have to answer the questions why the Witten index is independ of continuous
deformations of the parameters of the theory and which particular deformations can he
considered as continuous.

The (discretized) spectrum of a supersymmetric theory is symbolically depicted in
Fig. 10.3. In this figure there are four zero-energy states, three bosonic and one fermionie,

implying that tw = 2. What happens when we vary the parameters of the theory. such as
the box volume, the mass terms in the Lagrangian, the coupling constants, etc." Under such

deformations the states of the system breathe, they can come to or leave zero As long as
the I lamiltonian is supersymmetric, however, once a bosonic state, say, descends to zero it

must be accompanied by its fermionic eounterpartner, so that 'w does not change. And vice
versa, the lifting of states from zero can occur only in boson fermion pairs (Fig. 10 4) Thus,

as was realized by Wittcn [59], 1w is indeed invariant under any continuous deformation
of the theory.

65 ihe set and t) is by no means restricted to one-particle states it includes all states ol the theory I he

fermion number of the States 15 even, while that ofthe /) states is odd
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A possible pattern for the spectrum of a supersymmetric theory The closed circles indicate bosonic states, with even

fermion number, while the crosses indicate fermion states, with odd fermion number.
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The spectrum of Fig. 103 "breathes" as a result of parameter deformations. Depicted is the uplift of two states from

zero. Once a state leaves zero, so — of necessity — does its degenerate superpartner.

A continuous deformation, what does that mean? Gradually changing the volume of a
"large" box (I e. making it smaller) is a continuous procedure. Changing the values of
parameters in front of various terms in the Lagrangian is a continuous procedure too.
Adding mass terms to those theories where they are allowed is a continuous deformation of

the theory. Indeed, the mass terms arc quadratic in the fields and are thus of the same order

as the kinetic terms. However, adding terms of higher orders than those already present in

the Lagrangian is potentially a discontinuous deformation: "extra" vacua can come in from
infinity. If the superpotential is, say, quadratic in the fields then adding a cubic term will

change /w

If Iw 0 then the theory has at least /w zero-energy states. The existence ofa zero-energy

vacuum state is the necessary and sufficient condition for a supersymmetry to be realized
linearly, i.e. to stay unbroken Thus, in search of dynamical supersymmetry breaking one
should focus on Iw = 0 theories.

Now when we know that 1w is invariant under continuous deformations, we can take
advantage of this and deform supersymmetric theories as we see fit (without losing the
supersymmetry) in order to simplify them to an extent such that a reliable calculation of
the /ero-energy states becomes possible.
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Table 10 10 The dual Coxeter number (equal to one half the Dynkin index) for various groups

Group SU(N) SO(N) Sp(2N) G2 F4 E6 E7 E8

TG N N—2 N+l 4 9 12 18 30

65.1 Witten's index in supe r-Yang—Mills theories

Witten's index was first calculated for super-Yang Mills theories with arbitrary Lie groups,
without matter. Its value is

= (65.4)

The values of TG for various semi-simple Lie groups arc collected in Table 10.10 In theories

where the gauge group is a product of semi-simple groups, G = G1 x G7 x . , Witten's

index is given by

= 'G1 X '62 X ... (65.5)

Two alternative calculations of 1w are known in the literature. The first is the original
calculation of Witten, who deformed the theory by putting it into a finite three-dimensional
volume V = L3. The length L is such that the coupling a(L) is weak, a(L) << I. The

field-theoretical problem of counting the number ofzero-encrgy states becomes, in the limit
I. —÷ 0, a quantum-mechanical problem of counting the gluon and gluino zero modes In
practice, the problem is still quite tricky because of the subtleties associated with quantum

mechanics on group spaces.

The story has a dramatic development. The result obtained in the original paper in [59]
was /w = r + I, where r stands for the rank of the group. For the unitary and simplectic
groups r + 1 coincides with T(;. Flowever, for the orthogonal groups (starting from SO(7))
and all exceptional groups, r + 1 is smaller than TG. The overlooked zero-energy states in

the SO(N) quantum mechanics of the zero modes were found by the same author 15 years

later! (See [87]). Further useful comments can be found in [88], where additional states in
the exceptional groups were exhibited.

An alternative calculation of /w [60, 89] resorts to another deformation, which, in a
sense, is an opposite extreme. Adding heavy matter fields, in the fundamental representation

(with quadratic superpotential), to super-Yang—Mills theories obviously does not change
the Witten index of the latter, since heavy matter has no impact on the zero-energy states In

the limit of a very large mass parameter one can integrate out all heavy matter fields, thus
returning to the original super-Yang- Mills theory. On the other hand, /w stays intact under
variations of the mass parameters. Therefore, without changing Iw one can make the mass

parameters small (but nonvanishing) in such a way that the theory becomes completely
Higgsed and weakly coupled. Moreover, for a certain ratio of the mass parameters the
pattern of the gauge symmetry breaking is hierarchical. e.g.

SLJ(N) —* SU(N I) ... —* nothing. (65.6)

Witten

index in

super— Yang—

Mills
theories with
arbitrary

hiral
matter
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In this weakly coupled theory everything is calculable. In particular, one can find the vacuum
states and count them. This was done in [60, 89]. As mentioned, the gluino condensate is
a convenient indicator of the vacua it takes distinct values in the various vacua.69 The

(7 Section gluino condensate (XA) was calculated exactly in [60,89]; the result is multiple-valued,

k = 0,1 T(; — I. (65.7)

All vacuum states are, of course, bosonic, implying that lw = TG.
The crucial element of the index analysis is the assumption that no vacuum state runs away

to infinity, in the space of fields, in the process of parameter deformation. For instance, in
Witten's analysis [59] it was tacitly assumed that at L oc no fields develop infinitely large
expectation values. An analysis based on Higgsing [60,89] confirms this assumption, at least

in theories with fundamental matter Generally speaking, if the theory under consideration
has flat (or nearly flat) directions then it can develop asymptotically large expectation values

of certain operators in the process of parameter deformation, so that the calculation of /w
will be contaminated. If vacua characterized by infinitely large expectation values exist,
they are referred to as run-away vacua.

65.2 Non-gauge theories

In Wess—Zumino models with polynomial superpotentials, Witten's index is determined by
the number of solutions of the equation

aw—=0. (65.8)

Each solution corresponds to a vacuum. Supersymmetry cannot be spontaneously broken
since, in the general case, there are no massless fermions in the Wess—Zumino models that

could become Goldstinos. If W is a polynomial of nth order, it is clear that

Iwn—i. (65.9)

In particular, in the renormalizable case, W is cubic and Iw = 2. That we have two vacua
in this case was discussed in Section 49.4.

The Wess—Zumino model, being very simple, presents a good pedagogical example in

which one can trace the property of the volume independence of the Witten index, as well
as its independence of the mass parameter in the superpotential. In appendix section 69.5 at

the end of Chapter 10 1 calculate, as an exercise, the Witten index for cubic superpolentials

in the limits L —* 0 and m 0. At L —* 0 the problem reduces to a quantum-mechanical
one, since we can completely ignore the i-dependence of all fields, keeping only the time
dependence. We recover Iw 2 in this limit.

The Witten index for supersymmetric CP(N — 1) models is N. In particular, in the CP( I)

model !w 2 In Section 55.3.6, wherea mass deformation was studied, we saw that

Actually, using the gluino condensate as an order parameter was suggesled by Wittcn [59]. he reali7ed that
there was a mismatch for orthogonal groups
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this model has two vacua, at S3 = ± I. Similar mass deformations can be constructed for
CP(N — I) Witten's original derivation [591 was carried out in the L —÷ 0 limit

66 Soft versus hard explicit violations of supersymmetry

Many models of supersymmctry breaking reduce, at low energies, to explicit
supersymmetry-breaking terms in a generic renormal izable super-Yang—Mi I Is theory
(56.26). Renormali7ability of the theory implies that the superpotential is a polynomial
which is at most cubic in the chiral superfields. In such theories there are no quadratic
ultraviolet divergences in loops, in spite of the presence of spin-0 and spin-I fields.70 Only
logarithmic divergences occur. In introducing explicit supersymmetry-breaking terms, we
want to preserve this property.

Terms that keep all ultraviolet loop divergences purely logarithmic are referred to as soft
supersymmetry-breaking terms, as opposed to hard breaking, which does induce quadratic

divergences By loops I mean radiative corrections to the various terms in the effective
Lagrangian. We will not discuss the impact of explicit supersymmetry breaking on radiative

corrections to the vacuum energy density. Needless to say, the latter no longer vanish when

explicit supersymmetry breaking is switched on.

The problem of cataloging the soft terms was solved by (Jirardello and (Irisaru [90]
Out of a large set of terms explicitly breaking supersymmetry. very few are soft. Below I
present a full list of such terms and briefly outline the logic of the analysis of Girardello
and Grisaru.

Before starting our discussion the reader is advised to revisit Section 49.11 In that
subsection we introduced auxiliary nondynamical "spurion" superfields, whose lowest com-

ponents coincided with various couplings, to prove complexffication and holomorphy. Now
we will use a similar device to derive the possible soft terms. Unlike in Section 49.11, the
spurion superfields will be endowed with nonvanishing last components, D terms for gen-

eral superlields and F terms for chiral superfields This will make explicit supersymmetry
breaking look spontaneous. The advantage of this construction is obvious — as far as ultra-

violet divergences are concerned, it allows one to carry out all calculations as if the theory

were supersymmetric. Only at the very end, when an effective Lagrangian is obtained at

_____________

the desired loop order, can one substitute D, F 0 in the spurion lields.
No quadra/ic The limitations imposed on the generic super-Yang—Mills Lagrangian mentioned above
divergences imply that only four classes of spurion-containing terms are possible,
arise from
these terms r

= J
d29 TrW2 + ll.c , (66.1)

r2=fd46zQevQ. (662)

70 We wifl not consider here theories with the Fayet Iliopouios term, in which there may be subtieties
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= + lIe., (66.3)

= + ll.c., (664)

where are chiral superlields while Z is a general superlield. At the end we must set

i=l,2,3,
(665)

Z=DO-9,
All spurion fields are dimensionless and gauge invariant They can carry flavor indices,
however In particular, if the gauge group in the theory under consideration is actually a
product ofgauge groups, we will have several gauge kinetic terms and can take the form

f d20 ('i i Tr

By the same token the symbolic notation used in (66.3) must be understood as

and so on. At first sight it might seem that other relevant operators exist that do not belong
to the list above, for instance However, this is not the case. In particular,
the operator just mentioned reduces to fd2e Q2 const x fd2O Q2, which
is superinvariant. It does not introduce supersymmetry breaking.

Substituting ('66.5,), we see that Li becomes the gaugino mass term. L2 and Li become
the ma.', s terms/or the sea/ar components of the chiral superfields (the elements of the mass
matrix,), of type and mq2, respectively, while L4 generates cubic interactions, between
the sea/ar components, of a specialfhrm

Now it is time to explain why other possible supersymmetry breaking terms are in fact
unsuitable. Let us first add (66.1) —(66 4) to the original Lagrangian at a high normalization
point (i e. at an ultraviolet cutoff) and then let the theory evolve down, calculating the
effective Lagrangian at a current normalization point The additional terms

as well as the Z term in (66.2) generate polynomial terms in the effective Lagrangian. Since
the initial supersymmetric theory per se does not have quadratic divergences, we must focus
only on terms in the effective Lagrangian that are proportional to powers Of 'Ji.2.i and/or /
in addition to powers of other fields present in theory. (Terms that contain only and/or
Z, without other fields, are relevant only to a vacuum energy calculation and will not be
considered here

Let us examine the possible impact of(66. I )—(66 4) on the effective Lagrangian. In search
of quadratic divergences we can limit ourselves to induced terms of dimension less than
those in (66.1) (66.4); other terms are either convergent or diverge only logarithmically It
is obvious that the induced terms to be analyzed must be gauge and Lorentz invariant.

In the case of £2 only one such term exists, namely

f ZQ0, (66.6)
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where Qo is a chiral superfield.
The integrand has mass dimension I. It can emerge in loops only if the theory at hand

contains, among other fields, a gauge-invariant chiral supertield Qo Then dimensional
counting tells us that the coefficient in front of (66.6) must be linearly divergent. But there
are no linear divergences in four-dimensional field theory. This means that the term (66.6)
can appear only multiplied by some mass parameter of the theory having a logarithmic
divergence.

Now let us pass to Integrals over a chiral subspaee of the type fd2O 172(...) do
not appear in perturbation theory (see Section 51). A new divergence could be introduced
through

f d"fI '12Q0 or fd49 '12'72Q0 (66.7)

but, if so, it is a logarithmic divergence for the same reason as above.
The term (66. 1) generates a number of induced terms in the effective Lagrangian, for

instance those similar to (66.7), namely,

f d49 Qo or f Qo. (66.8)

Formally speaking, on purely dimensional grounds there is a linear divergence in (66.8)
but in fact the corresponding coefficients are at most logarithmically divergent. All other
induced terms are either clearly logarithmically divergent or convergent

The same assertions are valid with regard to £4.
It is instructive to consider examples of supersymmetry-breaking terms that do not pre-

serve the logarithmic nature of loop divergences, i.e. they arc hard. For instance, what would
happen if supersymmetry were broken explicitly through a mass term of the matter fermion
field of the type mi/i2 + ll.c.? If the field belongs to a gauge-invariant chiral superfield
Qo, in superfield language the operator from which mi/i2 is generated is

(669)

where the background factor Z was defined in (66.5) and is a constant with the dimension
of mass. The mass dimension of the integrand here is 3; thus it is higher than the normal
dimension of D terms, 2. This means that the operator (66.9) will mix with fd49 ZQ0,
with a quadratically divergent coefficient. The same is true with regard to, say,

an operator which gives rise to supersymmetty-breaking q3 terms in the Lagrangian under
consideration. Their structure is different from that in (66.4).

Note, however, that the operator similar to (66.9) in supersymmetric QCD,

I
Jd4OZVaQVaQ. (66 10)

will not lead to quadratic divergences since there are no gauge-invariant matter superfields
in the Lagrangian of supersymmetric QCI), and, correspondingly, no mixing with f Q.
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However, the term (66.10) can mix with

f Z(QCVQ +

The formal degree of divergence is linear In fact, it will mix with a logarithmic divergence
in the coefficient.

In summary, gaugino masses and those of scalar matter lields break supersymmetry in
a soft way The quadratic and cubic holomorphic operators ,u2qq and pqqq (and their
complex conjugates), whose structure repeats that of the superpotential, are soft too.

67 Central charges

lor a more
c/eta/led

of
cen ira//v
extended
algehrav and
iheir
implication
vee

Chap/er /1

In Section 49 4 we discussed the Wess Zumino model. It must be admitted that the whole
truth was not told there. Since the model was obtained in a superfleld formalism, the reader
might have tacitly assumed that supcrsymmetry of this model is expressed through the
standard superalgebra (47.4), (47.5). Well . . .this is not the case. In fact, the superalgebra
in the Wcss—Zumino model is centrally extended. This present section is devoted to central
charges. We will become acquainted with them by focusing on the simplest model, a two-
dimensional reduction of the Wess—Zumino model. Reducing from four to two dimensions
will allow us to get rid ofinessential technicalities, which, at this stage, would only blur our
picture of the given phenomenon Reducing the model to two dimensions amounts to saying
that nothing depends on the two spatial coordinates x and v. In addition, instead of four
matrices we will use the two-dimensional gamma matrices defined in Eqs. (45 51)
and (45.52). In two dimensions there is no distinction between dotted and undottcd indices.
since the Lorenti group includes only one transformation the Lorentz boost which acts
in the same way on dotted and undotted spinors. Needless to say, the dimensionally reduced
Wess-Zumino model has four supercharges,just as in four dimensions. From the standpoint
of two dimensions it is an .iV = 2 supersymmetry

We will approach the issue gradually, in two steps.

67.1 Bogomol'nyi completion

Look hack
through
Section 5 5

The Hamiltonian of the Wess—Zumino model can be derived immediately from Eq. (49.1 8).
lfwe limit ourselves to time-independent field configurations and ignore, for the time being,
the fermion degrees of freedom, we obtain an energy functional in the form

Ii 2 aw i2\
(67.1)
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2 f d: Re = 2 Re IW(c = cc) — = —cc)] (67.3)

We see that it depends only on the boundary conditions and in this sense is topological.
Let us consider topologically nontrivial boundary conditions, i.e. at z = —cc the field
resides in OflC vacuum = —nt/2A), and at z = cc in the other = m/2A), see Eq.

(49.23). This is a topologically stable field configuration which, in two dimensions, presents
a kink, a localized object that must be treated as a particle.

Combining (67.2) and (67 3) we conclude that

Ekink > 2 Re [W(: = cx)) — = —cc)]

Equality is achieved if and only if

(67.4)

—=I———l . (67.5)
d: \H)4J

Anticipating that, with positive in and A, the solution will be real and also the values of the
superpotential at the infinities, we can write, instead,

(676)
8z

ekink 2 [W(z = cc) W(: = —cc)] = . (67.7)

The first-order equation (67.6), known as the Bogomol'nyi—Prasad—Sommerfteld (BPS)
equation [91, 92], replaces the classical equation of motion. The latter follows from the
BPS equation hut the converse is not true. In this sense the BPS equation is stronger than
the equation olmotion. lfthe solution of(67.6) with appropriate boundary conditions exists,
the kink is referred to as BPS-saturated (or, sometimes, critical). Then its mass is given by
(67 7). In the case at hand the boundary conditions are

In Ifl

and the solution of (67.6) with these boundary conditions is

m= tanh inc (67.9)
2X

71 In fact, they can he arbitrary complex numbers, generalization to this case is straightfonvard All expressions
given in this section depend crucially on the fact that is real Passing to the complex plane changes
the particular form of these expressions but not the general idea
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where the superpotential W was given in Eq. (49.22) and we will assume for simplicity
that both the parameters, m and A. are real and positive.71

To perform the Bogomol'nyi completion [91] we add and subtract a term that can be
expressed as a full derivative:

= Id: — — . (67.2)
J \ ! i \ J j

PC-.'
Lq (5 1/)

(67.8)
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To understand better the physical meaning of Bogomol'nyi completion in the context of
supersymmetry, let us examine the field supertransformations (48.21) More exactly, we
will focus on the second, which in two dimensions takes the form

= y0
+ y') — E. (67.10)

= E then the condition = 0 is equivalent to Eq. (67.5)72 This means that the
solution presented above preserves a part of supersymmetry. Namely, there are two linear
combination of supercharges that annihilate the kink,

Qi +iQ and (67 II)

On general grounds this should not happen. Indeed, the kink solution breaks translational
invariance. Generally speaking, then, one should expect that all four supercharges are broken

in the case of this solution. In fact, the BPS saturated kink breaks only two out of the four
supercharges,73 i e.

— i

This is possible only if the superalgebra is centrally extended.

67.2 extensions

In the Golfand—Likhtman superalgebra we have = 0; see Eq (47.5). Let us
calculate this anticommutator again, taking into account that, for topologically nontrivial
field configurations. AW W(: = oc) — W(z —oo) 0.

To this end we will need the time component of the supercurrent, which can be extracted

easily from the general expression (59.52) if we discard irrelevant terms, i.e. the first and
third lines, replace the covariant derivative in the second line by an ordinary partial derivative

(there are no gauge fields in the Wess Zumino model), and take into account the fact that
the only derivatives to be retained are a, and In this way we get

=
+ (67.12)

Derisation Next we calculate the anticommutator { } using the canonical commutation relations.
n/the central

It is easy to see that the anticommutators with two other terms vanish. A contribution
charge in the

() +

Lwz model due to {y i/i, y } remains namely,

/ \ aw
) dz

(67.13)

72 Remember that we are considering static. i e time-independent, solutions Moreover * in Lq (67 10) are
two-component spinors with lo,je, indices, in contradistinction with kq (48 22), which contains
Field configurations preserving two out of four supercharges are referred to as 1/2 RI'S saturated If two out
of eight supercharges were preserved, this would he called 1/4 BPS saturation, and soon
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where we have used the fact that F = It is obvious that, for topologically
nontrivial field configurations, 0. Note that the right-hand side is symmetric
in a,f3 as it should be, given the symmetry property of{Qa,

As a result, in the model at hand the superalgebra takes the following (covariant) form.

(67.14)

f
=

where Z is the central charge,

Z=2AW. (6715)

The result for is the complex conjugate of that in Eq. (67.14).

67.3 Central extensions: generalities

If we consider supcralgebras with Al > I and limit ourselves to Lorentz-scalar central
are given in charges then the centrally extended anticommutators take the form
Chapter 1/

= (67 16)

where I, J = I,.. ,J\[. The matrix is obviously antisymmetric in 1,1

67.4 Implications of the central extension

The Golfand Likhtman superalgebra (47.5) implied that the vacuum energy density van-
ishes; the centrally extended superalgebra (67.14), in addition to this, provides us with a new
prediction. The masses of those states on which part of the supercharges is conserved are
"equal" to the central charge.74 To see that this is indeed the case, and (simultaneously) to
outline a general strategy, let us consider a 4 x 4 matrix of all possible anticommutators

= Q;

The word equal is in quotation marks because thk statement requires elarilication. to he provided shortly
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If we limit ourselves to the rest frame (in which P° = M and = 0), this matrix takes
the form

M 0 0 —iZ

o M —iZ 0
(67.18)

o iZ* M 0

iZ* 0 0 M

To make transparent the consequences ensuing from the central extension it is instructive
to cast the matrix into diagonal form To this end we introduce four linear combinations
of the original supcrcharges,

— Qi + —
QI— Q1—

V v (67.19)
— Qj — -+ +

Q2— ,

where the phase a coincides with that of Z*:

a argZ* = —argZ. (67.20)

In the new basis the matrix K takes the form

M—IZI 0 0 0

0 M+IZI 0 0
. (67.21)

0 0 M—IZI 0

0 0 0 M+IZI

If there exist states a) that are annihilated by Qi and then the mass of such states, Ma,

is fixed:

= ZI. (67.22)

In the general case, for arbitrary states,

Bogomol Ma ? I
Z . (67.23)

bound in the
context of The latter inequality is referred to as the Bogomol'nyi bound, while Eq. (67.22) holds if
Supercymme- BPS saturation takes place (more exactly, in the case at hand we are dealing with 1/2 BPS

saturation).

As a matter of fact, there is a fast way of finding the masses of the BPS states, without
carrying out explicit diagonaliLation of the matrix KU. To this end it suffices to calculate
the determinant of KjJ and solve the equation

det(K/J) = 0. (67.24)
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For instance, in our problem, calculating the determinant of the matrix (67 18) is trivial.
yielding

det(K/J) = (M ZD2 (M + ZI)2. (67.25)

Equation (67.22) ensues immediately
In concluding this subsection it is worth noting that if Z is real and positive (as assumed

in Section 67.1) then a' = 0 and the unbroken supercharges Q , coincide with those
found in Eq (67.11), by virtue of the Bogomol'nyi completion This remark prompts us as
to how to carry out the Bogomol'nyi completion for complex values of the central charge.

Exercise

67.1 Derive the Bogomol'nyi bound using a representation similar to (67.2) and assuming
that the central charge Z = 2AW is an arbitrary complex number

68 Long versus short supermultiplets

In this section we will discuss the multiplicity of representations for centrally extended
superalgebras. Rather than performing a general analysis, I will outline the basic idea using

the example of Section 67. Before delving into the topic oflong versus short supermultiplets

the reader is recommended to return to Section 47.6.

The centrally extended superalgebra (67.14), built on four supercharges, can be cast in
all cases into diagonal form, as in Eq. (67.21). The representation multiplicity crucially
depends on whether we are dealing with BPS saturated or nonsaturated (noncritical) states.

Indeed, for noncritical states (i.e. M > Z), normalizing appropriately the supercharges with
tildes, Ql.2, one can write the superalgebra as

} = I I =0,
a, ,6 = 1,2. (68 I)

Repeating the arguments after Eq. (47.23) we conclude that the noncritical supermultiplet
consists of four states, two bosonic and two fermionic.

however, if BPS saturation is achieved (i.e. M = IZD, the corresponding superalgebra
takes a form similar to (47.26).

I =
(68.2)

all other anticommutators vanish. As a result, the supermultiplet is two dimensional: it
includes just one hosonic state and one fermionic. This phenomenon is referred to as mu/li-
p/el shorlening for BPS states. In supersynimetric theories with central charges, two types of
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massive supermultiplets coexist: long multiplets for noncritical states and short multiplets
for BPS saturated states.

Sometimes, the class of short multiplets is further divided into subclasses. An example
in which distinct short multiplets can appear is jV = 2 theory in four dimensions. There
are eight supercharges in such theory. ihe simplest long representation is 16 dimensional.
with eight bosonic and eight fermionic states Half-BPS-saturated massive solitons form a
four-dimensional representation (2+2). lfquarter-BPS-saturated states exist, they will form
a two-dimensional representation (1 + I).

More detaik lfAf > 2 then we have a spectrum of possibilities (even ifwe limit ourselves to Lorent,-
are given scalar central charges). A generic massive = 4 multiplet contains 22A = 256 states,
in /93/ including the helicities +2. Thus, such a theory must include a massive spin-2 particle,

which is impossible in globally supersymmetrie field theories. Short multiplets can contain
k) states, where k = I or 2 (generically, k runs from Ito for even .V). lfk =

then we get the shortest multiplets, with only 2A' = 16 states. This is exactly the number
states in the massless representation. Such BPS multiplets are called ultras hoer. They are

analogs of the massless supermultiplets

69 Appendices

69.1 Supersymmetric CP(N — 1) in gauged formulation
Section 55 4
presenredu Let us outline the construction of the .N = 2 CP(N I) model with twisted masses in the
geometric so-called gauged formulation [94] This formulation is built on an N-plet of complex scalar
formulation

I

= 2
lields n , where i = 1,2,. ., N We will impose the constraint

CP(N—l). + I
I nn = 1 (69.1)

see also
Section .

- This leaves us with 2 N — I real bosonic degrees of freedom. To eliminate the extra degree of

freedom we impose a local U( 1) invariance, n' >n1 (x). To this end we introduce

a gauge field which converts the partial derivative into a covariant derivative,

8,, —* V0 0,, iA,, . (69.2)

The field A0 is auxiliary, it enters the Lagrangian without derivatives. The kinetic term of
the n fields is

2 .2
r = . (69.3)

g0

The superpartner to the field & is an N-plet of complex two-component spinor fields E',

=
- (69.4)
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The auxiliary field has a complex scalar supcrpartner a and a two-component com-

plex spinor superpariner X; both enter without derivatives. The full A1 = 2 symmetric
Lagrangian is

2= 2

{
+ + 2 a — In' 2 + D (InhI2 i)

(a - + (ARe; + ll.c

(69.5)

where the m, are twisted mass parameters. Equation (69.5) is valid in the special ease for
which

N

= 0. (69.6)

Of particular elegance is a special (ZN-symmetric) choice of the parameters namely,

= m I , (69.7)

where m is a single complex parameter. If desired, m can be chosen to be real since its
phase can be hidden in the term. The constraint (69.6) is automatically satisfied. Without
loss of generality m can be assumed to be real and positive. The U(l) gauge symmetry is
built in. This symmetry eliminates one bosonic degree of freedom, leaving us with 2N 2

dynamical bosonic degrees of freedom intrinsic to the CP(N — I) model.
For CP(l) we have N = 2, and the two mass parameters must be chosen as follows:

mi = m. (69.8)

In this case the relations between the fields of the gauge formulation of the model and those

of the 0(3) formulation are given by

SO = (69.9)

In Section 40 we discussed the large-N solution of the nonsupersymmetric CP(N I)
model. It is not difficult to generalize it to include supersymmetry. This can be done both
with or without twisted masses [95, 96]. 1 will briefly outline the solution for vanishing
twisted masses, referring the reader interested in the effect of nonzero twisted mass to

When we switch on .JV = 2 supersymmetry, the auxiliary field acquires superpart-

ners. Its bosonic supcrpartners are the complex field a and the real Lagrange multiplier D
implementing the constraint (69.1 The relevant Lagrangian is obtained from (69 5) by
setting = 0. Assuming a and D to be constant background fields and integrating out the

In comparing this section with Section 40, the reader is warned not lobe confused about the change in notation
In Section 40 the real Lagrange multiplier is i, it parallels D ofthis section There is no analog of the complex
field a with which we are dealing here However, the general strategy is the same
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boson and fermion fields at one loop, and E', respectively, we get the following effective
Lagrangian (a, D):

N ,= + In
A2

+ 1) +

2
I — (69.11)

US' Ng2,/

Minimi7ing the above expression with respect to D and a we arrive at an analog of
Eq (40 7),

N
In =0, In =0, (69.12)

4m A2

implying that in the vacuum

D=0, (69.13)

The phase factor of a cannot be determined from (69.13). We can find it by taking into
account the spontaneous breaking of the discrete chiral Z2N down to Z2, inherent to the
model at hand;76 we conclude that the theory has N vacua at

/2irik\
Wjjie,is a = A exp

N ), k = 0,. . , N — 1, (69.14)

index in

CP(N — I) is in full accord with Witten's index. All these vacua are supersymmetric (i.e. the vacuum
N See energy vanishes). The vacuum degeneracy we observe here is in contradistinction with the
Section nonsupersymmetric version of the model; see Section 40.3. This has crucial consequences.

Namely, the charged fields, such as n', arc confined in the nonsupersymmetric model, while
supersymmetry liberates them. This is easy to understand ifyou look at Fig. 9.32: the energy

densities in vacuum I "outside" and vacuum 2 "inside" are now the same. Technically,
deconfinement occurs because the formerly massless photon acquires a nonvanishing mass

from the mixing of Im a and F* [95]. The mass of the n quantum is A and that of the
photon is 2A The mixing is related to the chiral anomaly in two dimensions; see Chapter 8.
Therefore, at distances I/A the attraction between n and ñ (or their superpartners) is
screened; their interaction falls off exponentially at large distances.

69.2 Moduli space of vacua in supersymmetric QED

Here, I give a solution of the problem discussed in Section 49.10. This problem obviously
has U( I) axial symmetry. The two-dimensional hyperboloid is a surface described by the
equation

— a(x2 + v2) = b, (69.15)

76 This is explained in great detail in [95] I//nt the remnant at the cv/nnieiry broken doon to Z2N
Ii?? SlWitOfl
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Two-dimensional hyperboloid.

(p =

r

the metric (49.82) implies, on the one hand, the following expression for the interval

dc2
I

dp2 + da2Il+p2

z

The surface in Fig. 10.5 is described by a function z(r), with no a dependence.

where a and b are positive constants, sec Fig. 10.5. It is convenient to pass to polar coordi-

nates in the xy plane We will introduce r = + y2 and the polar angle a. Then for the

hyperboloid (69 15), we have (Fig. 10.6)

=
(69.16)

r—÷ oo.

We will assume that the surface corresponding to the metric (49 82) is described by a
function z(r), to be determined below For simplicity we will set E = 4, although this is
inessential to the argument. lf(p is parametrized as

(69.17)

(69.18)
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On the other hand, an interval on a surface is given in general by

ilv2 =dr2 [i + +r2da2. (69.19)

Comparing the last terms in Eqs. (69.1 8) and (69.19) we can deduce that

r = (69.20)

Calculating dr in terms of dp and comparing the result with the first term in (69.19) we
find dz'/dr and, hence, z(r) up to a constant,

- (6921)

where ( is an integration constant. We see that if the subleading corrections are neglected
then Eq. (69.21) is compatible with (69 16) when a = 3 and b = 9: then c = 3

69.3 The 0 term in the 0(3) sigma model

Here I present a solution of Exercise 55.6 We start from the observation that

=
[—

+
(I

+
I

+ (69.22)

Now, we multiply the first line by

I — (S3)2
SI + I — S3 = S- +

I + 51

's''2
i +

and split the two terms obtained in this way. We arrive at

= S3 ( — d,, S S + d/, S2 S')
(1

+
I

I )2 + (S2)2) (as' .)52 +

s2 s' + a1s3)]
}.

(69.24)
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In the second line here we can use a chain of relations, e.g.

= S = — (S2)2

(69.25)

and others of this type. In the last transition (in 69.25) we took into account convolution
with

Assembling everything we obtain

=
S 11S . (69.26)

(I

69.4 Hypercurrents at 0

For the geometric current one has (in theories with an arbitrary matter sector)

=

—

TrW2 + Yl D2(Q/eVQi)]

}

, (69.27)

and

= j + Qi

— — I — Tr
W21

+ He., (69 28)

where the are the anomalous dimensions of the matter fields Qj. These expressions arc

more exact than those presented in Eqs. (59 44) and (59.45), in which the terms were

(deliberately) omitted.
The Konishi anomaly stays intact; see Eqs. (59.32) and (59 47). The )-'j terms have no

effect on the Konishi anomaly

69.5 The Witten index in the Wess—Zumino model, in the

quantum-mechanical limit L 0

The problem that I will address here is to find Witten's index for a system described by the
Lagrangian

=
— )2J + + H.c.I, (69 29)

where and F are complex variables, is a two-component (irassmann variable, =
1112) and (111)2 This Lagrangian occurs under the reduction ofthc
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Wess—Zumino model from four to one dimension. The auxiliary variable F enters without
the kinetic term; thus, it can be eliminated via the equations of motion The solution of the
above problem is as follows.

First it is instructive to check that the model (69.29) is indeed supersymmetric and to
write down the corresponding supercharges. We have four supercharges,

Qi (69.30)
(It (It

plus the Hermitian conjugates. Next, using the equations of motion

(69.31)

it is not difficult to check that
d1

= =0. (69.32)

Clearly, the complex-conjugate supercharges are also conserved
The algebra of the supercharges takes the form

{Ql, = {Q2, = 2H (69.33)

(all other commutators vanish). Here H is the ilamiltonian of the system.

H = + + +

2 2 i I'= —I = —l — ill-.

At the next stage we must realize the fermion variables in a matrix representation. In
the problem at hand there are two fermion variables (plus their complex conjugates) The
procedure of constructing the matrix representation ensuring the canonial commutation
relations

= = 0, = (69.34)

is well known, see e.g. [97] The minimal dimension of matrices implementing (69.34) is
4 x 4.

Let us build in the form of a direct product of two 2 x 2 matrices,

V!2

= ® 1,
= a3 ®at (69.35)

where 4(ai + ia2). Then in the matrix representation the expression for the
Hamiltonian reduces to

H = + — [(in + 2gV!)a ® a + H.c.]. (69.36)
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The Hamiltonian acts on wave functions with two "spins."
In the classical approximation (which applies for in/g >. 1) the spin interaction can he

neglected while the potential of the system,

= 1/.12 =

has two minima, at = 0 and at = —rn/g, corresponding to zero energy Furthermore,

Veri/i'iiig as will be seen below, both ground states are of the "boson" type and have no "fermion"
that two partners. We conclude that Witten's index for the system is
degenerate
(supers tin- Iw = 2 (69.37)
iiletrU)
ground Supersymmetry cannot be broken. Because of the supersymmetry, continuous variations in
states m should not affect lw It is instructive to examine how the ground state of the quantum
surl'iveat problem H'4i = E1' continues to be doubly degenerate (at F = 0) in the limit in = 0. In
ii! = 0, It/leO this limit = so that classically there exists only one /ero-energy state.
the dassical .

approxuna- Now we will examine this massless case. Let us choose first the spin state, I f or
I t)

i/on kin, Then the spin part of the llamiltonian (69 36) acting on these states vanishes It is obvious
longer eu//cl that the wave functions corresponding to these spin states are characterized by E > 0.

Indeed. ifthe coordinate part of the wave function is denoted by cl then, with the spin term
switched off, we have

+ > 0.

'Ihus, the wave function of the ground state should have the form

= + (69.38)

Now we take this ansalz, act on it with the supercharges, and require the result to be iero,
Qqj =0.

The Lagrangian (69 29) is invariant under the following translormations

F (69.39)

(In field theory these transformations would correspond to C-parity) Under the transfor-
mations (69.39),

Ql Q2'l' Q2
Qil

Therefore, instead of considering four supercharges, and which must annihilate
the vacuum state it is quite sufficient to keep two.

= + = 0,

These equations, written down in an explicit form, imply that

___________

+= = ) (6940)
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After some reflection it is not difficult to see that the solutions of the system (69.40) are

= X(r), = (69.41)

and

= = X(r), (69 42)

where r and arg while the functions X, Y satisfy the following system of
first-order linear differential equations:

—2gr2Y, Y' — = —2gr2X. (69.43)

The solution is expressible in terms of the McI)onald functions,

-, 2gr3 2X = , Y = r
(—i—),

(69.44)

which fall offexponentially at larger. Thus, we see that there are indeed two ground states,

= —r2Ki 14) 14),
(69.45)

= 14) — 14),

where the argument ol the McDonald function is 2gr3/3 The orthogonality of kli(1) and
is trivially ensured by the angular factor

Finally, we note that both states (69 45) are of the boson type. The states of fermion type

are obtained from these ifone acts with the supercharge operators, and they obviously have

the structure 11) or 14).
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70 Central charges in superalgebras

In this section we will briefly review general issues related to central charges (CCs) iii
superalgebras.

70.1 History

The first superalgebra in four-dimensional field theory was derived by Golfand and
Likhtman [I] in the form

= , = = 0; (70.1)

thus it has no central charges The possible occurrence ofCCs (the elements of the superal-

gebra that commute with all other generators) was first mentioned in an unpublished paper
of Lopuszaiiski and Sohnius [2] where the last two anticommutators were modified to

(70.2)
Look
through The superscripts I, G indicate extended supersymmetry. A more complete description of
Section 67 superalgebras with CCs in quantum field theory was worked out in [3]. The central charge

derived in this paper was = 2 superalgebra in four dimensions, It is

Lorentz scalar.

A few years later, Witten and Olive [4] showed that, in supersymmetric theories with
solitons, the central extension of superalgebras is typical; topological quantum numbers
play the role of central charges.

It was generally understood that superalgebras with (Lorentz-scalar) central charges can

be obtained from superalgebras without central charges in higher-dimensional space—time

by interpreting some of the extra components of the momentum as CCs (see e.g. [5]). When

one compactifies the extra dimensions one obtains an extended supersymmetry; the extra
components of the momentum act as scalar central charges.

Algebraic analysis extending that of [3], carried out in the early l980s (see e.g. [6]),
indicated that the super-Poincaré algebra admits "central charges" of a more general form,
but the dynamical role ofthe additional tensorial charges was not recognized until much later,

when it was finally realized that extensions with Lorentt-noninvariant "central charges"
(such as (I, 0) + (0, 1) or (1/2, 1/2) not only exist but play a very important role in
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Table 111 Forvarying dimensionD the minimal number of supercharges the complex dimension of the

spinortal representation, and the number of additional conditions (i e the Majorana and/or Weyl conditions)

D 2 3 4 5 6 7 8 9 10

VQ (l*)2 2 4 8 8 8 16 16 16

Dim(*)c 2 2 4 4 8 8 16 16 32

No of cond. 2 I I 0 I I I 1 2

the theory ofsupersymmetric solitons. Above, I have put central charges in quotation marks
because or or other Lorentz-noninvariant elements of superalgebras in various
dimensions are not central in the strict sense: they only commute with and Pfl. not

with Lorent7 rotations since they carry Lorentz indices. They are associated with extended
topological defects such as domain walls or strings and could be called brane charges
Leaving this subtlety aside. I will continue to refer to these elements as central charges,
or, sometimes. tensorial central charges. I want to stress again that the latter originate from
operators other than the energy—momentum operator in higher dimensions.

Central charges that are antisymmetric tensors in various dimensions were introduced
(in the supergravity context, in the presence of p-branes) in [7] (see also [8. 9]) These
CCs are relevant to extended objects of domain-wall type (i.e branes). Their occurrence
in four-dimensional super-Yang—Mills theory, as a quantum anomaly. was first observed
in [101. A general theory of central extensions ofsuperalgebras in three and four dimensions
was discussed in [11]. It is worth noting that central charges that have the I,orent, structure
of Lorentz vectors were not considered in [Ill. This gap was closed in [12].

70.2 Minimal supersymmetry

The minimal number ofsupercharges VQ in various dimensions is given in Table II .1. Two-
dimensional theories with a single supercharge, although algebraically possible, are quite
exotic. In "conventional" models in D = 2 with local interactions the minimal number of
supercharges is 2.

The minimal number of supercharges in Table II .1 is given for a real representation It

is clear that, generally speaking, the maximal possible number ofCCs is determined by the
dimension of the symmetric matrix Qi} of size x VQ, namely,

= VQ(VQ + 1)
(703)

In fact, the D anticommutators have the Lorenti structure ofthc energy—momentum operator
Therefore, up to D central charges could be absorbed in generally speaking In par-

ticular situations this number can be smaller, since although algebraically the corresponding
CCs have the same structure as they are dynamically distinguishable. The point is that
P,, is uniquely defined through the conserved and symmetric energy- momentum tensor of
the theory.
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Additional dynamical and symmetry constraints can diminish further the number of
independent central charges; see Section 70.2.1 below.

The total set ofCCs can be arranged by classifying the CCs with respect to their LorentL
structure. Below I will present this classification lbr D = 2,3, and 4, with special emphasis

on the four-dimensional case In Section 70.3 we will deal with Al = 2 superalgebras

70.2.1 D = 2

Consider two-dimensional theories with two supercharges From the discussion above, on
purely algebraic grounds three CCs are possible one Lorentz scalar, and a two-component
vector

(70.4)

The condition ZR 0 would require the existence of a vector order parameter taking
distinct values in different vacua. Indeed, ifthis CC existed, its current would have the form

= ZR
= f

where AR is the above-mentioned order parameter. However, (AR) 0 would break
the Lorentz invariance and supersymmetry of the vacuum state. This option will not be
considered. Limiting ourselves to supersymmetric vacua we conclude that a single (real)
Lorent7-scalar central charge Z is possible in Al = I theories This central charge is
saturated by kinks

70.2.2 0 = 3

The CC allowed in this case is a Lorentz vector i.e.

= + ZR) (705)

One should arrange ZR to he orthogonal to In fact, this is the scalar central charge of
Section 70.2 I elevated by one dimension Its topological current can be written as

= ZR
= f d2x (70.6)

By an appropriate choice of reference frame. ZR can always be reduced to a real number
times (0,0, 1) This CC is associated with a domain line oriented along the second axis.

Although from the general relation (70.5) it is fairly clear why BPS vortices cannot
appear in theories with two supercharges, it is instructive to discuss this question from a
slightly different standpoint. Vortices in three-dimensional theories are localized objects,
i.e particles (BPS vortices in 2—I dimensions were considered in 113]). The number of
broken translational generators is d, where i/is the solitori's codimension; d = 2 in the case
at hand. Then ai least d supercharges are broken Since we have only two supercharges
in the present case, both must be broken. This simple argument tells us that for a 1/2-
BPS vortex the minimal matching between the bosonic and fermionic iero modes in the
(super)translational sector is one-to-one
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Consider now a putative BPS vortex in a theory with minimal Al = I supersymmetry in
2 + 1 dimensions. Such a configuration would require a world volume description with two
bosonic zero modes but only one fermionic mode. This is not permitted, by the argument
above, and indeed no configuration of this type is known. Vortices always exhibit at least
two fermionic zero modes and can be BPS-saturated only in Al = 2 theories

70.2.3 D=4

Maximally one can have 10 CCs, which are decomposed into Lorentz representations as
(0, l)+(l,0)4

= + Z11), (70.7)

= (708)

= I, (70.9)

where = is a chiral version (see Section 45, Eq. (45.34))

The antisymmetric tensors and are associated with the domain walls and reduce

to a complex number and a spatial vector orthogonal to a domain wall. The (-i, CC Z,L

is a Lorentz vector orthogonal to It is associated with strings (flux tubes) and reduces
to one real number and a three-dimensional unit spatial vector parallel to the string.

70.3 Extended SUSY

In four dimensions one can extend the superalgebra up to Al 4, which corresponds to
16 supercharges Reducing this to lower dimensions, we obtain a rich variety of extended

superalgebras in I) = 3 and 2. In fact, in two dimensions Lorentz invariance provides a
much weaker constraint than in higher dimensions, and one can consider a wider set of
(p,q) superalgebras comprising p + q = 4, 8, or 16 supercharges. We will not pursue a
general solution; instead, we will limit our task to: (i) analysis of the CCs in .A1 = 2 in four
dimensions; (ii) reduction of the minimal SUSY algebra in 1) 4 to D = 2 and 3, i.e. to
the Al = 2 SUSY algebra in those dimensions Thus, in two dimensions we will consider
only the nonchiral Al = (2, 2) case. As should be clear from the discussion above, in the
dimensional reduction the maximal number of CCs in a sense stays intact What changes is
the decomposition into Lorentz and R symmetry irreducible representations.

70.3.1 ThecaseAf' = 2inD=2

Let us focus on the nonchiral Al = (2, 2) case corresponding to the dimensional reduction
oftheAl = 1. D = 4 algebra. The tensorial decomposition is as follows

= + + +

j,j = 1,2. (70.10)
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Here is antisymmetric in 1, J: is while is symmetric and
iraceless. We can discard all vectorial CCs z7 for the same reasons as in Section 70 2.1

Then we are left with two Lorentz singlets which represent the reduction of the
domain-wall charges in I) = 4 and two Lorenti singlets Tr and arising from
P2 and the vortex charge in I) = 3 (see Section 70.3.2). These CCs are saturated by kinks

Summarizing, the (2,2) superalgebra in D = 2 is

= + + 2iy (70.11)

It is instructive to rewrite Eq. (70. Il) in terms of the complex superchargcs and

corresponding to the four-dimensional see Section 70.2.3 Then

I I

= (70.12)

}(Y0)fiy =

ThealgebracontainstwocomplexCCs, ZandZ'. Intermsofcomponcnts = (QR. Qi),
the nonvanishing anticommutators are

{Q,, Q} = 2(H + P), {QR, 2(11 — j)),

+ . +

{Ql.,QR}=21Z,

{Qi' = 2iZ', = (70.13)

These anticommutators exhibit the automorphisni QR Z Z' (see [14]). The
complex CCs 7 and Z' can be readily expressed in terms of real CCs and

I' II 2' zl} + z1'1 z122'(zi +7 Z
2

—i
2

(70.14)

Typically, in a given model either 7 or 7' vanish. A practically important example to
which we will repeatedly turn below is provided by the twisted-mass deformed CP(N — I)

model [15] (Section 55.3.6) The CC Z emerges in this model at the classical level. At the
quantum level it acquires additional anomalous terms [16, 17].

70.3.2 The caseA/' = 2inD=3

The superalgebra in this ease can be decomposed into Lorentz and R symmetry tensorial

structures as follows:

=2(y" (70.15)

where all the CCs above are real. The maximal set of 10 CCs enters as a triplet of space—

time vectors and a singlet The singlet CC is associated with vortices (or lumps)
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and corresponds to the reduction of the -i-) charge or the fourth component of the
momentum vector in I) = 4 The triplet zf/ is decomposed into an R symmetry singlet
algebraically indistinguishable from the momentum, and atraceless symmetric combination

The former is equivalent to the vectorial charge in the iV = 1 algebra, while can

be reduced to a complex number and vectors specifying the orientation We see that these
are the direct reduction of the (0, 1) and (1, 0) wall charges in I)=4. They are saturated

by domain lines.

70.3.3 Extended supersymmetry (eight supercharges) in D = 4

The complete algebraic analysis of all tensorial central charges in this problem is analogous

to the previous cases and is rather straightforward. With eight supercharges the maximal
number of CCs is 36. The dynamical aspect is less developed only a modest fraction
of the above 36 CCs are known to be nontrivially reali7ed in the models studied in the
literature. We will limit ourselves to a few remarks regarding the well-established CCs We

use a complex (holoniorphic) representation of the supercharges. Then the supercharges are

labeled as follows:

y,d' = 1,2, F,G = 1,2 (70.16)

On general grounds one can write

G 11-61} =

2 + (; /

Here the are four vectorial CCs (16 components altogether) while
- jIG}and its complex conjugate are (1,0) and (0, I) CCs Since the matrix is symmetric

with respect to F and G there are three flavor components. while the total number of
components residing in (I, 0) and (0, 1) CCs is 1 8. Finally, there are two scalar CCs, Z

andZ. -

Dynamically the above CCs can he described as follows The scalar CCs Z and Z are
saturated by monopoles or dyons. One vectorial CC ZR (with the additional condition

= 0) is saturated [18] by an Abrikosov—Nielsen—Olesen string (ANO) [19]. A (1. 0)
CC with F = G is saturated by domain walls [20]

Let us briefly discuss the Lorentz-scalar CCs in Eq. (70.1 7), which are saturated by
monopoles or dyons They will be referred to as monopole CCs. A rather dramatic story is
associated with them. historically they were the first to be introduced within the framework
of an extended fiur-dimensional superalgebra [2,3]. On the dynamical side, they appeared
as the first example ofthe "topological charge central charge" relation revealed by Witten

and Olive in their pioneering paper [4]. Twenty years later, the JV = 2 model, where these
CCs first appeared. was solved by Seiberg and Witten [2 1,22] and the exact masses of the

BPS-saturated monopoles or dyons were found No direct comparison with the operator
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expression for the CCs was carried out, however In [23] it was noted that for the Seiberg—
Witten formula to be valid, a boson-term anomaly should exist in the monopole CCs Even
before 1231 a fermion-term anomaly was identified 120], which plays a crucial role [24] for

monopoles in the lliggs regime (i.e confined monopoles).

70.4 Which supersymmetric solitons will be considered

The term was introduced in the 1960s but scientific research on solitons had
Scott-
Russell started much earlier, in the nineteenth century, when a Scottish engineer, John Scott-Russell.

overt of observed a large solitary wave in a canal near Edinburgh
a We are already familiar with a few topologically stable (topological for short) solitons,

such as:

(i) kinks in D = I + I (when elevated to I) = I + 3 they represent domain walls);
(ii) vortices in D = I + 2 (when elevated to D = I + 3 they represent strings or flux

tubes);

(iii) magnetic monopoles in 1) = I + 3.

In the three eases above the topologically stable solutions have been known since the I 930s,

I 950s, and I 970s, respectively Then it was shown that all these solitons can he embedded

in supersymmetrie theories [25] To this end one adds an appropriate fermion sector and, if
necessary, expands the boson sector.

The presence of fermions leads to a variety of novel physical phenomena inherent to
BPS-saturated solitons.

Now we will explain why supersymmetric solitons are especially interesting. We will
start with the simplest model one (real) scalar field in two dimensions plus the minimal set

of superpariners.

71 Al = 1: supersymmetric kinks

Look The embedding of bosonic models supporting kinks in = I supersymmetric models in
through two dimensions was first discussed in [4,26]. Occasional remarks about kinks in models
Chapter 2, with four supereharges of the type found in Wess—Zumino models [27] appeared in the

literature of the l980s but they went unnoticed. The question which caused much interest
and debate was that ofquantum corrections to the BPS kink mass in two-dimensional models

with .N = I supersymmetry. By now this question has been completely solved [28]. We
will go through its solution in this section.

71.1 ThecaseD=1+landAI= 1

The simplest BPS-saturated soliton in two dimensions is a kink of a special type. In this
subsection we will consider the simplest supersymmetrie model in I) = I + I that admits
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solitons. We met this model in Section 55.3.1. Its Lagrangian is

2 a2w
[a1 (71.1)

where is a real scalar field, is a Majorana spinor, and

), (71.2)

with real. Needless to say, the gamma matrices for the model must be chosen to he in

the Majorana representation. A convenient choice is

= y1 = (71.3)

where a23 are the Pauli matrices. (Warning this is in contradistinction wit/i Section 45.2,
-, in which we defined the y matrices in two dimensions in the hiral representation ) For
the
potential future reference we will introduce a matrix, y = y y = Moreover,

related to the =

tialhv The supeipotential function is, in principle, arbitrary. The model (71.1) with any
= is supersymmetric provided that W' vanishes at some value The

- points fj where

are called critical. As is seen from Eq. (71 .1), they correspond to vanishing energy density,

=0. (714)
2

The critical points are the classical minima of the potential energy the classical vacua

_____________

For our purposes, soliton studies, we require the existence of at least two distinct critical
Superpolv- points in the problem at hand. The kink will interpolate between the two distinct vacua
nomial and Two popular choices of superpotential function are.

vine-
Gordon m2 A

(715)
4/. 3

and

W(Ø) = mi'2 sin . (71.6)

Here m, A, and v are real (positive) parameters. The first model is referred to as superpoly-

nomial (SPM), the second as super-sine-Gordon (SSG). The classical vacua in SPM are
at = We will assume that A/rn << Ito ensure the applicability of a quasi-
classical treatment. This is the weak coupling regime for SPM A kink solution interpolates
between = —m/(2A) at z = and = in/(2A) at z = while an antikink
interpolates between = ni/(2A) and = —rn/(2A). The classical kink solution has
the form

in in:
4o = tanh . (71.7)
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The weak coupling regime in the SSG case is attained for , 1. In the sine-Gordon
model there are infinitely many vacua; they lie at

= "G (71.8)

(423Q
where k is an integer, either positive or negative Correspondingly, there exist solitons
connecting any pair of vacua. In this case we will limit ourselves to consideration of the
"elementary" solitons connecting adjacent vacua. e.g. = ±irv/2,

= varcsin[tanh(mz)] . (71.9)

In 1) = I + I the real scatar field represents one degree of freedom (bosonic) and so
does the two-component Majorana spinor (fermionic). Thus, the number of bosonic and
fermionic degrees of freedom matches, a necessary condition for supersymmetry. One can

Supercurrent show in many different ways that the Lagrangian (71 . I) possesses supersymmetry For

forAl = I in instance, let us consider the supercurrent,
2D aw

(71.10)

On the one hand, this object is linear in the fermion field; therefore, it is obviously fermionic.

On the other hand, it is conserved Indeed,

(71.11)

The first, second, and third terms can be reexpressed by virWe of the equations of motion;
this immediately results in various caneelations. After these cancelations the only term left
in the divergence of the supercurrent is

(71 12)

If one takes into account (i) the fact that the spinor is real and two-component, and (ii)
the Grassmannian nature of 1111,2, one can immediately conclude that the right-hand side in

Eq. (71.12) vanishes.

The supercurrent conservation implies the existence of two conserved charges,1

=fdzJ09=fdz a= 1,2. (71.13)

These supercharges form a doublet with respect to the Lorentz group in 1) = 1 + 1. They
generate supertransfbrmations of the fields, for instance,

[Qo,øj = = (71.14)

and so on. In deriving Eqs. (71.14) we have used the canonical commutation relations

[Ø(t, z), z')] = — z'), z), z')} =
— z') (71 15)

Remember, two-dimensional theones with two conserved supereharges are referred to as =
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Note that by acting with Q on the bosonic field we get a ferm ionic field and vice versa. This
demonstrates, once again, that the supercharges are symmetry generators with a fermion
nature

Given the expression (71.13) for the supercharges and the canonical commutation
relations (71.15) it is not difficult to find the superalgebra

(71.16)

Here is the operator of the total energy and momentum,

= (7l 17)

Energy—

momentum where is the energy—momentum tensor,
tensor

= + — (wI)2] , (71.18)

and 2 is the central charge,

2 = = cc)] — = —oo)I. (7l 19)

The local form of the superalgebra (71 .16) is

= + (71 20)
Loc al torn,
oft/ic where is the conserved topological current,
cupera/gehra

(71.21)

SymmetriLation (antisymmetrization) over the hosonic (fermionic) operators in the products
is implied in the above expressions.

7/ic CC 2
I will pause here to make a comment. Since the CC is the integral of the full derivative, itrep/acec the

topological is independent of the details of the soliton solution and is determined only by the boundary
charges of conditions. To ensure that 2 0 the field must tend to distinct limits at: ±00.
non.super—

sv,nmetric 71.2 Critical (BPS-saturated) kinks
theories

A kink in I) = I + 1 is a particle. Any given soliton solution obviously breaks transla-
tional invariance Since Q, Q} cx P, typically both supercharges are broken on the soliton
solutions.

QaIsOl) 0, = 1,2. (71.22)

I lowever, for certain special kinks one can preserve half the supersymmetry, say,

Qi sol) 0 but Q2Isol) = 0, (7l 23)

or vice versa. Therefore, here we will deal with critical, or BPS-saturated kinks.2

2 More exactly, in the case at hand we are dealing with 1/2-BPS-saturated kinks As already mentioned, BPS
stands for Bogomol'nyi, Prasad, and Sommerfield 129, 301 In fact, these authors considered solitons in a
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A kink must satisfy a first-order differential equation; this fact, as well as the
particular form of the equation, follows from the inspection of Eq. (71.13) or the second
equation in (71 14). Indeed, for static fields = 4(z) the supercharge Qa is proportional
to a matrix

( )
(71.24)

One supercharge vanishes provided that

= ± (71.25)

which can be abbreviated to

= ±W'. (71.26)

The plus and minus signs correspond to a kink and an antikink, respectively Generically,
equations expressing conditions for the vanishing of certain supercharges are called the
BPS equations

The first-order BPS equation (71.26) implies that the kink automatically satisfies the
general second-order equation ofmotion. Indeed, let us differentiate both sides ofEq (71 .26)

with respect to z. Then we get

a = = ±w"

= W"W' = (71.27)

The latter presents the equation of motion for static (time-independent) field configurations.

Not all This is a general feature of supersymmetrie theories: in any theory, compliance with the
solitons are BPS equations entails compliance with the equations of motion.
critical The inverse statement is generally speaking wrong not all solitons that are static solu-

tions of the second-order equations of motion satisfy the BPS equations. However, in the
model at hand, with a single scalar field, the converse is true: in this model, any static solu-
tion of the equation of motion satisfies the BPS equation. This is due to the fact that there
exists an "integral of motion." Indeed, let us reinterpret z as a "time," for a short while. Then
the equation U' = 0 can be reinterpreted as 4 —U' = 0, i.e. the one-dimensional
motion ofa particle ofmass I in a potential The conserved "energy" is U. At
—oc both the "kinetic" and "potential" terms tend to zero. This boundary condition emerges

because the kink solution interpolates between two critical points, the vacua of the model,
while supersymmetry ensures that U(Ø5) = 0. Thus, for the kink configuration we have

= U, implying that 0 =
We have already learned that the BPS saturation in a supersymmetric setting means the

preservation of a part of supcrsymmetry. Now, let us ask why this feature is so precious.

nonsupersymmetric setting They found, however, that undercertain conditions solitons can be described by first-
order differential equations rather than the second-order equations of motion Moreover, under these conditions
the soliton mass was shown to be proportional to the topological charge We understand now that the limiting
models considered in [29] correspond to the hosonic sectors of supersymmetric models [25]
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To answer this question we will have a closer look at the superalgebra (71 16). In the
kink's rest frame it reduces to

(Qi)2 = M + 2, (Q2)2 = M —2, (71 28)

where M is the kink mass. Since Q2 vanishes for the critical kink, we see that

M=Z. (71.29)

Thus, the kink mass is equal to the central charge, a nondynamical quantity that is deter-
mined only by the boundary conditions on the field q5 (more exactly, by the values of the
superpotential in the vacua between which the kink under consideration interpolates).

71.3 The kink mass (classical)

The classical expression for the central charge is given in Eq. (71 .19). (Anticipating a turn
of events, I hasten to add that a quantum anomaly will modify it, see Section 71.7 below.)
Now we will discuss the critical kink mass.

In SPM we have

(71.30)

and, hence,

In3
MSPM =

(71.31)

In the SSG model,

= U W0 = my2 (71.32)

Therefore

MSSG =2m,;2. (71.33)

Kink masses Applicability of the quasiclassical approximation demands that m/X I and i' I.

71.4 Interpretation of the BPS equations. Morse theory

In the model described above we are dealing with a single scalar field Since the BPS
equation is of first order, it can always be integrated by quadratures. Examples of the
solution for two popular choices of superpotential are given in Eqs. (71.7) and (71 .9).

____________

The one-field model is the simplest but certainly not the only model with interesting
Mu//if,eM applications. The generic multifield = I SUSY model of Landau- Ginzburg type has a
generalize-

Lagrangian of the form
lion 0-
(71 1) =

+ —
, (71.34)
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where the superpotential W now depends on ii variables, W = in what follows
a, h will be referred to as "flavor" indices, a, b = I n. Sums over a and b are implied
in Eq (71 .34). The vacua (critical points) of the generic model are determined by the set of
equations

= 0 a = I . . ,n. (71.35)

If one views as a "mountain profile," the critical points are the extremal points of
this profile the minima, maxima, and saddle points. At the critical points the potential
energy.

(aw)2
(71.36)

is minimal vanishes. The kink solution is a trajectory interpolating between

a selected pair of critical points
The BPS equations take the form

aw a=l ...,n. (7137)

For n > I not all solutions of the equations of motion are solutions of the BPS equations,
generally speaking. In this case the critical kinks represent a subclass of all possible
kinks. Needless to say, as a general rule the set of equations (71.37) cannot be integrated
analytically.

A mechanical analogy exists allowing one to use rich intuition that one has from mechani-

cal motion to answer the question whether a solution interpolating between two given critical

points exists Indeed, let us again interpret z as a "time." Then Eq. (71.37) can be read as
follows: the velocity vector is equal to the force (the gradient of the superpotential profile)

This is the equation describing the flow of a very viscous fluid, such as honey One places
a droplet of honey at a given extremum of the profile W and then one asks oneself whether
this droplet will flow into another given extremum of this profile. lfthere is no obstruction
in the form of an abyss or an intermediate extremum, the answer is yes. Otherwise it is no.

Mathematicians have developed an advanced theory regarding gradient flows, called
Morse theory Here I will not go into further details, referring the interested reader to
Milnor's well-known textbook [31]

71.5 Quantization. Zero modes: bosonic and fermionic

So far we have been discussing classical kink solutions. Now we will proceed to quantize the

theory; this will be carried out in the quasiclassical approximation (i.e. at weak coupling).
The quasiclassical quantization procedure is quite straightforward lfthc classical solution

is denoted by then one represents the field as a sum of the classical solution plus small

deviations,

4=4o+x. (71.38)

One then expands and the fermion field in modes of appropriately chosen differ-
ential operators, in such a way as to diagonalize the Hamiltonian. The coefficients in the
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mode expansion arc canonical coordinates, to be quantiíed. The zero modes in the mode
expansion they are associated with the collective coordinates of the kink must be treated

separately. As we will see, for critical solitons in the ground state all noniero modes cancel

(this is a manifestation of the Bose—Fermi cancelation instrinsic to supersymmetric the-
ones).3 In this sense, the quantization of supersymmetrie solitons is simpler than that of
their nonsupersymmetric brethren. We have to deal exclusively with the ,ero modes The
cancelation of the nonzero modes will be discussed in the next subsection.

To define the mode expansion properly we have to discretiie the spectrum. i c. introduce

infrared regulariiation. To this end we place the system in a large spatial box. i.e impose
the boundary conditions at = ±172, where L is a large auxiliary sue (at the very end,
1. —÷ oc). The conditions we will choose are as follows:

W'(/)} = L=+L/2 = 0,

[a, = 0, (71 39)

where denote the components of the spinor The first line is simply a supergeneral-

ivation ofthe BPS equation forthe classical kink solution. The second line is the consequence

of the Dirac equation of motion, satisfies the Dirac equation then there are essentially

no boundary conditions for . Therefore, the second line is not an independent boundary

condition it follows from the first line We will use these boundary conditions for the
construction of modes in the dilThrential operators of second order.

The above choice of boundary conditions is not unique, hut it is particularly convenient
because it is compatible with the residual supersymmetry in the presence of the BPS soliton.

The boundary conditions (71 .39) are consistent with the classical solutions, both for the
spatially constant vacuum configurations and for the kink. In particular, the soliton solution

of (71.7) (I'or the superpolynomial case) or (71.9) (I'or the super-sine-Gordon model)

_____________

satisfies — W' 0 everywhere. Note that the conditions (71 .39) are not periodic
Associated Now, for the mode expansion we will use the second-order Hermitian differential
pairs -

(L2,
operators and L2,

and P. Pt =

P — a- = —d- — . (71.41)

The operator L2 defines the modes of x — and those of the fermion field while
L2 does this job for ifrt. The boundary conditions for are given in Eq. (71.39), fcr x
they follow from the expansion of the first condition in Eq. (71 .39),

— X = 0. (71.42)

Statements contradicting this assertion can be found in the literature quite often People say that "continuum
contributions to the spectral density are asymmetric" or "the densities of the hosonic and fermionic excitations
in the continuum are unequal " This is due to the fact that the boundary conditions they impose on the modes
do not respect the residual supersymmetry If supersymmetry is maintained by the boundary conditions then the
Bose—I ermi eaneelation takes place for each level separately, as we will see shortty
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It would be natural at this point to ask why it is the differential operators and that

are chosen for the mode expansion. In principle, any I Iermitian operator has an orthonormal

set of eigenfunctions. The choice above is singled out because it ensures diagonali7ation.
Indeed, the quadratic form following from the Lagrangian (55.15) for small deviations from
the classical kink solution is

ifd2x(XLX (71.43)

where we have neglected time derivatives and used the fact that = for
the kink under consideration, if the diagonalization is not yet transparent, wait for the
explanatory comment in the next subsection.

tern in

L2
it is easy to verify that there is only one zero mode xo:) for the operator L2. it has the

form

(SPM),
/ cosh2(niz/2)

X0 d- I

(71 44)

(SSG).
cosh(m:)

It is obvious that this zero mode is due to translations. The corresponding collective coor-
dinate zo can he introduced through the substitution : zo in the classical kink
solution Then

Xo
:0)

(71.45)
a 0

The existence of a zero mode for the fermion component which is functionally the
same as that in x (in fact, this is the ,ero mode in P), is due to supersymmetry. The
translational bosonic zero mode entails a fermionic one it is usually referred to as the
"supersymmetric (or supertranslationai) mode"

The operator L2 has no zero modes at all
The translational and supertranslational ,ero modes discussed above imply that the kink

is described by two collective coordinates, its center zo and a fermionic "center" where

= — z0) + nonzero modes, 1112 = 'JXo + nonzero modes, (71.46)

where Xo is the normalized mode obtained from Eq. (71.44) after normalization. The nonzero

modes in Eq. (71.46) are those of the operator 1.2. Regarding it is given by the sum
Gru,ssmann over noniero modes of the operator L2.

Now we are ready to derive a Lagrangian describing the moduli dynamics To this end
we substitute Eqs (71 46) into the original Lagrangian (55.1 5), ignoring the non,ero modes
and assuming that the time dependence enters only through (an adiabatically slow) time
dependence of the moduli Zo and

= —M + f dz + f dz [xo(:)12

(7147)
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where M is the kink mass and the subscript QM emphasizes the fact that the original field
theory is now reduced to the quantum mechanics of the kink moduli. The bosonic part of
this Lagrangian is evident: it corresponds to the free nonrelativistic motion of a particle
with mass M.

A priori one might expect the fermionic part to give rise to a Fermi—Bose doubling.

While generally speaking this is the case, in the simple example at hand there is rio doubling

and the "fermion center" modulus does not manifest itself.
Indeed, the (quasiclassical) quantization of the system amounts to imposing the

commutation and anticommutation relations

(7148)

where p = is the canonical momentum conjugate to These relations mean that

in the quantum dynamics of the soliton moduli co and ij, the operators p and can be

reali,ed as

d
p = = —i , . (71.49)

dzo

(It is clear that we could have chosen = The two choices are physically equivalent.)

Thus, reduces to a constant; the Hamiltonian of the system is then

I d2
(71.50)

The wave function on which this Hamiltonian acts is single-component.
One can obtain the same Hamiltonian by calculating the supercharges. Substituting the

mode expansion into the supercharges (71 .13) we arrive at

Qi .., (71 51)

where 2 is the central change and = HQM — M. (Here the ellipses stand for the omitted

nonzero modes.) The supercharges depend only on the canonical momentum p

(7152)

In the rest frame in which we are working, I Q i, Q2 } 0, the only value of p consistent
with this is p = 0. Thus, for a kink at rest we have Qi = = 0, in full agreement
with the general construction. The representation (71 .52) can be used at nonzero p as well

It reproduces the superalgebra (71.16) in the nonrelativistic limit; p has the meaning of the

total spatial momentum Pi
The conclusion that there is no Fermi—Bose doubling for the supersymmetric kink rests

on the fact that there is only one (real) fermion ,ero mode in the kink background and,
consequently, a single fermionic modulus This is totally counterintuitive and is. in fact, a
manifestation ofan anomaly. We will discuss this issue in more detail later(see Section 71.8).
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71.6 (ancelation of the nonzero modes

Above we have omitted the nonzero modes altogether. Now I want to show that for a kink in
the ground state the effect ofthe bosonic non7ero modes is canceled by that of the fcrmionic
nonzero modes.

For each given nonzero cigenvalue there is one bosonic eigenfunction (in the operator
L2), the same eigenfunction in and one eigenfunction in (that of the operator L2)
with the same eigcnvalue. The operators L2 and L2 have the same spectrum, except for the
iero modes, and their eigenfunctions are related. They can be called associated operators.

Indeed, let be a normalized eigenfunction of L2,

L2Xfl(z) (71.53)

Introduce

= P Xn(Z). (71 54)
con

Then, (z) is a normaliLed eigcnfunction of 1.2 with the same cigenvalue.

L2Xn(Z) = Xn(Z) = w;x,,(z). (71.55)
con con

In turn,

Xn(Z) = (71.56)

The quantization of the nonzero modes is quite standard. Let us denote the Ham iltonian
density by 7-1,

H

Then, in the approximation that is quadratic in the quantum fields x the Hamiltonian density
takes the following form:

7-i —
= + —

W" is evaluated at = 1o We recall that the prime denotes differentiation over

— d2W

The expansions in eigenmodes have the forms

xCv) = Xn(Z) , 11(2(X) = ij,1(r) x,1(z)

n
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Note that the summations do not include the zero mode xo(z). This mode is not present
in ifri at all. As for the expansions of x and the inclusion of the zero mode would
correspond to a shift in the collective coordinates zo and Their quantizalion has been
already considered in the previous section. Here we set zo = 0

The coefficients 0n, tln' and are time-dependent operators Their equal-time commu-
tation relations are determined by the canonical commutators (71.15),

= lhmn. { 17,,,' 11n } = } = 8n,n (71.59)

Thus, the mode decomposition reduces the dynamics of the system under consideration
to the quantum mechanics of an infinite set of supcrsymmetric harmonic oscillators (in
higher orders the oscillators become anharmonic). The ground state of the quantum kink
corresponds to each oscillator in the set being in the ground state.

Constructing the creation and annihilation operators in the standard way, we find the
following nonvanishing expectation values of the bilinears built from the operators a,,,
and in the ground state:

w,, I

= , (b,,)soi = = (71 60)
2 2w,, 2

The expectation values of other bilinears obviously vanish Combining Eqs. (71.57),
(71 58), and (71 60) we get

(sot 1-1(z) — sol) = + W')x012 —
2 2 2w,, 2

,,

— — W1')x,,12J 0. (71.61)
Mode 2w,,

decompo.s i-

lion of the In other words, for the critical kink in the ground state the Hamiltonian density is locally
Ilamiltonian equal to aCW this statement is valid at the level of quantum corrections1
den vity __] The four terms in the braces in Eq. (71.61) are in one-to-one correspondence with the four

terms in Eq. (71.57). Note that in proving the vanishing of the right-hand side of(71 61)
we did not perform integration by parts. The vanishing of the right-hand side of (71.57)

quantum demonstrates explicitly the residual supersymmetry i.e. the conservation of Q2 and the
correction,s fact that M = 2. Equation (71 .61) must be considered as a local version of BPS saturation

a/together
(i.e the conservation of a residual supersymmetry).

M = z M ultiplet shortening guarantees that the equality M = 2 is not corrected in higher orders.

What lessons can one draw from the discussion in the subsection? In the case of the
polynomial model the target space is noncompact, while in the sine-Gordon case it can
he viewed as a compact target manifold In both cases we get the same result a short
(one-dimensional) soliton multiplet fermion parity (further details will be given in
Section 71.8).
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71.7 Anomaly I

We have demonstrated explicitly that the equality between the kink mass M and the central
charge 2 survives at the quantum level. The classical expression for the central charge is
given in Eq. (71.19) Ifone takes proper care of the ultraviolet regularization one can show
[28] that quantum corrections modify Eq. (71.19) Here I will present a simple argument
demonstrating the emergence of an anomalous term in the central charge and discuss its
physical meaning.

To begin with, let us consider ylL where is the supercurrent defined in Eq. (71 .10).
This quantity is related to the supereon formal properties of the model under consideration.
At the classical level,

= 2iW'/fr. (71.62)

Note that the first term in the supercurrent (71.10) gives no contribution in Eq (71 62) due
to the fact that in two dimensions = 0.

The local form of the superalgebra is given in Eq. (71.20) Multiplying Eq. (71.20) by
from the left we get the supertransformation

4 ,
= + y5 = = (J/. (71 63)

-/1
This equation establishes a supersymmetric relation between 1/4 , and and, as

mentioned above, remains valid when quantum corrections are included. But the expressions
for these operators can (and will) change Classically the trace of the energy momentum
tensor is

= (W')2 + , (71 64)

as follows from Eq (71 18). The zero component in the second term in Eq. (71.63)
classically coincides with the density of the central charge, see Eq. (71.21). It can be
seen that the trace of the energy momentum tensor and the density of the central charge
appear in this relation together.

It is well known that, in renormalizable theories with ultraviolet logarithmic divergences,
both the trace of the energy momentum tensor and have anomalies. We will use this
fact, in conjunction with Eq. (71.63), to establish the general form of the anomaly in the
density of the central charge.

To get an idea of this anomaly, it is convenient to use dimensional regulariiation. If
we assume that the number of dimensions D is 2 — E rather than 2, then the first term in
Eq (71.10) generates a nonvanishing contribution to that is proportional to (1)

At the quantum level this operator acquires an ultraviolet logarithm (i.e. a
factor (D 2y in the dimensional regulariLation), so that the factor D 2 cancels and
we are left with an anomalous term in

To do the one-loop calculation, here, as well as in some other instances in this textbook,
we will use the background field technique: we split the field into its background and
quantum parts, and respectively,

(71.65)
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Specifically, for the anomalous term in we obtain

(D — = —(D

= i(D 2)xW"(4 + (7l.66)

where integration by parts has been carried out, and a total derivative term is omitted (on

Anomaly dimensional grounds it vanishes in the limit D = 2). We have also used the equation of
in the motion for the field. The quantum field x then forms a loop and we get, for the anomaly,
vupercurrenl

= i(D —

2(2jr) p-—rn

= (71 67)

The supertransformation of the anomalous term in is

=
+

+ (71.68)

____________

The first term on the right-hand side is the anomaly in the trace of the energy—momentum
Anomaly th tensor and the second term represents the anomaly in the topological current; the corrected

current has the form
topological /
current = (w + —'-- W" . (71.69)

4jr J

Consequently, at the quantum level, after inclusion of the anomaly the central charge
becomes

2= . (71.70)
\ \

71.8 Anomaly II (shortening the supermultiplet down to one state)

In the model under consideration, see Eq. (55 15), the fermion field is real, which implies
that the fermion number is not defined. What is defined, however, is the fermion parity,

G = (— 1) The action of G reduces to that of changing the sign for the fermion operators

but leaving the boson operators intact, for instance,

G = Qa,

G realizes the Z2 symmetry associated with changing the sign of the
fermion fields This symmetry is obvious at the classical level (and, in fact, in any finite
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order of perturbation theory). It is intuitive — it is the symmetry that distinguishes fermion
states from boson states in the model at hand, with Majorana fermions.

Here I will demonstrate (without delving too deep into technicalities) that in the soli-
ton sector the very classilication of states as either bosonic or fermionic is broken The
disappearance of the fermion parity in the BPS soliton sector is a global anomaly [32].

Let us consider the algebra (71.28) in the special case M2 = Z2. Assuming 2 to be

positive we consider the BPS soliton. M Z, for which the supercharge Q2 is trivial,
Q2 = 0. Thus we arc left with a single supercharge realized nontrivially. The algebra
reduces to a single relation,

(Qi)2=22. (71.72)

The irreducible representations of this algebra are one dimensional There are two such
representations,

Qi (71.73)

Fermion i.e. two types of soliton,

goneinthe QiIsol+) = Qilsol (71.74)

SoIlton
It is clear that these two representations are unitarily nonequivalent.

secto,; in the . . . . .

minimal The one-dimensional irreducible representation of supersymmetry implies multiplet

model shortening the short BPS supermultiplet contains only one state while non-BPS super-
(55 /5) multiplets contain two. The possibility of such supershort one-dimensional multiplets was

discounted in the literature for many years This was for a good reason. while the fermion
parity (_1)F is valid in any local field theory based on fermionic and bosonic fields, it
is not defined in the one-dimensional irreducible representation. Indeed, if it were defined
then it would be I for Q i. which would be incompatible with the equations (71 .74). The

only way to recover (_1)F is to have a reducible representation containing both
sol ). Then

Qi (_l)F=ai. (71.75)

Does this mean that a single-state supermultiplet is not a possibility in the local field
theory? As I argued above, in the simplest two-dimensional supersymmetric model (71 .1)

BPS solitons do exist and do reali7e such supershort multiplets that defy (_1)F• These BPS
solitons are neither bosons nor fermions [32]. Needless to say, this is possible only in two

dimensions.

The important point is that short multiplets of BPS states are protected against becoming

non-BPS under small perturbations. Although the overall sign of Qi in the irreducible
representation is not observable, the relative sign is observable. For instance, there are two

types of reducible representations of dimension 2: one is {+,—} (see Eq. (71.75)) and the
other is +} (which is equivalent to {—, —}). In the first case two states can pair up and
leave the BPS bound as soon as appropriate perturbations are introduced. In the second ease

the BPS relation M 2 is "bullet-proof."
To reiterate, the discrete Z2 symmetry G (_1)F discussed above is nothing other than

the change in sign of all fermion fields, i/i This symmetry is seemingly present in

any theory with fermions. How on earth can this symmetry be lost in the soliton sector9
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Technically the loss of G = (— I)' is due to the fact that there is only one (real) fermion

,ero mode for the soliton in the model at hand. Normally, the fermion degrees of freedom
enter in holomorphic pairs { }. In our case, that ofa single fermion iero mode, we have

"half" such a pair. The second fermion zero mode, which would produce the missing half,
turns out to he delocaliLed More exactly, it is not localized on the soliton but, rather, on
the boundary of the "large box" one introduces for quantization (see Section 71.6 above)
For physical measurements made far from the auxiliary box boundary the fermion parity
G is lost, and a supermultiplet consisting of a single state becomes a physical reality In a
sense, the phenomenon is akin to that of charge fractionalization 1331 (Section 9) the total

charge, which includes that concentrated on the box boundaries, is always integer but local

measurements on a Jackiw—Rebbi soliton will yield a fractional charge.

72 Al = 2: kinks in two-dimensional
supersymmetric CP(1) model

also the We are already familiar with the two-dimensional supcrsymmetric CP( I) model from

two Section 55.3.4. The supersymmetry of this model is extended (it is more than minimal).
subsections The model has four conserved supercharges rather than two, as was the case in Section 71.
foliowing Solitons in the )vt = 2 sigma model present a showcase for a variety of intriguing dynamical
Section phenomena. One is charge "irrationalization:" in the presence ofthe term (the topological

term) the U(l) charge of the soliton acquires an extra fl/(2m). This phenomenon was first

'n'tisreci' discovered by Witten [34] in 't Hooft—Polyakov monopoles [35,36] (see Section 15.10).
mass uas The Lagrangian ofthe CP(l) model with twisted mass 1371 was presented in Eqs. (55.65)
iniroduced and (55.55) in Section 55.3. The chiral components of the supercurrent are [17]

= =

ii— = = (72.1)

where the metric G is given in (55.44). The superalgebra generated by the fiur supercharges

is as follows.

{QL, QL} = 2(H + P), IQR QR} = 2(H — P); (722)

QR}=O

{QR, QR} = 0 and H.c., (72.3)

(Qi., Qi..}—0

Qi. } = 2iZ, (Qi. QR} = (72.4)

where (H, P) is the energy—momentum operator,

(H,P)=fdzT°'. i=0,l,
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and is the energy momentum tensor. Moreover, the central charge 2 consists of Iwo
terms - the Noether and topological parts, respectively

2 = 'nqu(i) i fdz (725)

where

qL(I)
(72.6)

= G + —2

and 0 in turn is composed of two parts: the first is canonical while the second is an
anomaly [16,17],

0 = rnh (rn/i + GVJRVJ,), (72.7)

2
h = —i . (72.8)

— — - g x
Re all 1/ia! x
tt'as defIned The second term on the right-hand side in (72.7) vanishes at the classical level. These

(55 anomalies will not be used in what follows. I will quote them here only for the sake of
completeness. Equations (72 4) and (72.5) clearly demonstrate that the very possibility of
introducing twisted masses is due to U( I) symmetry. The model (55.65) is asymptotically
free [38] (see Section 28) The scale parameter of the model is

' 2 / 4m\
= exp ( ——-i- J . (72.9)

\
Our task is to study kinks in this model in a pedagogical setting. which means by default
that the theory must be weakly coupled. The model (55.65) is indeed weakly coupled, still
preserving.iV = 2 supersymmetry, provided thatrn A, which will be assumed. Then the
solitons emerging in this model can and will he treated quasiclassically.

72.1 Symmetry

One can always eliminate the phase ofrn by a chiral rotation ofthe fermion fields. Owing to

the chiral anomaly this will lead to a shift in the vacuum angle 9. In fact, itis the combination

= 9 + 2 arg rn on which the physics depends We will choose in to be real.
With the mass term included the symmetry ofthe model, i.e ofthe target space, is reduced

to a global U( I),

4

e (72.10)
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A meridian slice of the target space sphere (thick solid line).The arrows present the scalar potential (72.11), their

length corresponding to the strength of the potential. The two vacua of the model are shown by the solid circles.

72.2 BPS solitons at the classical level

The target space of the model is S2. The U( 1)-invariant scalar potential term

V = (72.11)

lifts the vacuum degeneracy, leaving us with discrete vacua at the south and north poles of
the sphere (Fig 11.1). 00.

The kink solutions interpolate between these two vacua. Let us focus for definiteness, on
the kink with boundary conditions

—* 0 as z —oc. 4 —+ oo as 00. (72.12)

Consider the following linear combinations of supercharges:

q = = (72.13)

where f3 is the argument of the mass parameter

m = (72.14)

Then

{q, {q,

q and to vanish on the classical solution. Since, for static field
eon figurations,

q = — - +

the vanishing of these two supercharges implies that

= or d-Ø = (72 16)

This is the BPS equation for the sigma model with twisted mass

The BPS equation (72.16) has a number of peculiarities compared to those in the more
familiar Wess—Zumino A1 = 2 models The most important feature is its complexification,
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The soliton solution family. The collective coordinate a in Eq. (72 17) spans the interval 0 a 2jr. For given a

the soliton trajectory on the target space sphere follows a meridian, so that when a varies from 0 to 2ir all meridians

are covered

i e the fact that Eq. (72.16) is holomorphic in 0 The solution of this equation is, of course,
trivial, and can be written as

0(z) (72.17)

Here Zo is the kink center while a is an arbitrary phase. In fact, these two parameters enter

only in the combination mIzo + ia We see that the notion of the kink center also gets
complcxificd.

The physical meaning ofthe modulus a is obvious: there is a continuous family ofsolitons
interpolating between the north and south poles of the target space sphere. This is due to

the tJ( I) symmetry. The soliton trajectory can follow any meridian (Fig 11.2).
It is instructive to derive the BPS equation directly from the (bosonic part of the)

Lagrangian, performing Bogomol'nyi completion:

f = G —

—
[f c'z G( — rnjO)

+ imif dza-h] , (72.18)

Bogonwi mi
where we have assumed to be time independent and used the following identity:

completion

+

Equation (72.16) ensues immediately. In addition, Eq. (72.18) implies that classically the
kink mass is

2imI
M0 = [h(oo) — h(O)] = . (72.19)

g
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The subscript 0 cmphasiies that this result is obtained at the classical level. Quantum
corrections will be considered shortly.

72.3 Quantization of the bosonic moduli

To carry out conventional quasiclassical quantization we assume, as usual, that the moduli

and a in Eq. (72.17) are weakly time dependent, substitute (72.17) into the bosonic
Lagrangian (72.1 8), integrate over z, and thus derive a quantum-mechanical Lagrangian
describing the moduli dynamics,

I -)

= —M0 + +
—

(72.20)

The first term is the classical kink mass and the second describes the free motion of the
kink along the axis. The term in the parentheses is the most interesting, being a reflection
of the term of the original model.

Remember that the variable a is compact. Its very existence is related to the exact
IJ( I) symmetry of the model The energy spectrum corresponding to the dynamics of a
is quantiied. It is not difficult to see that

2Eiai
= 4

qU(l), (7221)

where qu(I) is the U(I) charge of the soliton,

qu(l) = k + , k is an integer. (72.22)

____________

This is where we again encounter charge "irrationalization"(thc Witten effect) the soliton's
The QM U( I) charge is no longer integer in the presence of the term since it is shifted by O/(2m).
Ha,niltonian . . ,

This is the same effect as the shift of the dyon s electric charge by O/(2m) discussed in
and Wit/en

Section 15.10.

A brief comment regarding Eqs. (72 21) and (72.22) is in order here. The dynamics of
the compact modulus a is described by the Ilamiltonian

HQM
= (72.23)

while the canonical momentum conjugate to a is

2
= = (72 24)

2ir

In terms of the canonical momentum the Hamiltonian takes the form

/
HQM = + (72.25)

The eigenfunctions are obviously

'.IJh(a) = , k is an integer, (72 26)

which immediately leads to = + 12
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Let us now calculate the U(1 ) charge ofthe kth state. Starting from Eq (72.6) we arrive at

2 (9 ()

qL(1) = - (Y= —* k+—. (72.27)
2m

as required, cf. Eq (72.22).

72.4 The soliton mass and holomorphy

Taking account of E101 the energy of the "internal motion" the kink mass can be written
as

2 2g I'iil / (9M=—5-+ (k+—
4 \ 22r

r (9

= + (72.28)

Formally, the second equality is approximate, valid only to leading order in the coupling
constant in fact, though, it is exact! We will return to this point later.

The important circumstance to be stressed is that the kink mass depends on a special
combination of the coupling constant and 6, namely,

(72.29)
g

coupling In other words, it is a complexilied coupling constant that enters.
concIwIl It is instructive to pause here and examine the issue of the kink mass from a slightly

different angle. Equation (72 4) tells us that there is a central charge 2 in the anticommutator

(Qi., QR}, which, after omitting the anomaly term in takes the form

. (7230)

Ifthe soliton under consideration is critical and it is its mass must be equal to the absolute

value of 2 This leads us directly to Eq. (72.28). One can say more, however.
Indeed, the factor hg2 in Eq. (72.28) is the bare coupling constant. It is quite clear

that the kink mass, being a physical parameter, should contain the renormalized constant
11g2(ni), after account has been taken of radiative corrections. In other words, switching on

the radiative corrections in 2 replaces the bare l/g2 by the renormalized We will
now derive this result, verifying en route a very important assertion that the dependence

of 2 on the relevant parameters, r and in, is holomorphic.

Omitting the anomaly term is fully ustiled at weak coupling
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Renormalization of h.

We will perform a onc-loop calculation in two steps. First, we rotate the mass parameter
in in such a way as to make it real, in mI. Simultaneously, the 9 angle is replaced by

where

= 9 +2fi (72.31)
One—loop

calculation and the phase was defined in Eqs. (72.13). Next we decompose the field into a classical
017 plus a quantum part:

Then the h part of the central charge Z takes the form

h h +
I —

(72 32)
g

Contracting 34 into a loop (Fig. 11.3) and calculating this loop an easy exercise - we

find that

/2 1

h —+ I In —a (72.33)
2m ln,12 x

Combining this result with Eqs. (72 29) and (72.31) we arrive at

(7234)

(remember that the kink mass M = IZD. A salient feature ofthis formula, to be noted, is the

holomorphic dependence of Z on in and r. Such a holomorphic dependence would be impos-

sible if two or more loops contributed to the renormalization ofh. Thus, h-renormalization
beyond one 1oop must cancel, and it does.5 Note also that the bare coupling in Eq. (72.34)

conspires with the logarithm to replace the bare coupling by that renormali,ed at nil, as

expected.

The analysis carried out above is quasiclassical. It tells us nothing about the possible
occurrence of nonperturbativc terms in Z. In fact, all terms of the type

rM2
I I

, f is an integer,
Lm J

Fermions arc important for this cancelation

à()
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are hilly compatible with holomorphy, they can and do emerge from instantons I I 4J

72.5 Switching on fermions

The nonzero modes are irrelevant for our discussion since, when combined with the boson
non7ero modes, they cancel for critical solitons; the usual story Thus, for our purposes it is

sufficient to focus on the (static) zero modes in the kink background (72 17) The coefficients

in front ofthe fermion zero modes will become (time-dependent) fermion moduli, for which
we are going to build the corresponding quantum mechanics. There are two such moduli,

and

The equations for the fermion zero modes are

I-, \ . in
— — i nile V-'R = 0,

x x
- (72.35)

+ = 0

(plus similar equations for since our operator is Hermitian we do not need to consider
them separately)

It is not difficult to find solution to these equations, either directly or using supersymme-
try. Indeed, since we know the bosonic solution (72.17). its fermionic superpartner and

the fermion ,ero modes are such superpartners is obtained from (72.1 7) by two super-
transformations which act nontrivially on 0, 4. In this way we conclude that the functional
form of the fermion zero mode must coincide with the functional form of the boson solution
(72 17). Concretely.

( ) = ( )
z>) (72 36)

and
— /2

—

( ) = ( i )
(72 37)

Fermion where the numerical factor is introduced to ensure the proper normalization of the quantum-
zero modes

mechanical Lagrangian. Another solution, which asymptotically, at large :, behaves as
must be discarded as non-normalizable.

Now, to perform quasiclassical quantization we follow the standard route: the moduli
are assumed to be time dependent and we derive the quantum mechanics of moduli starting

from the original Lagrangian (55.65). Substituting the kink solution and the fermion zero
modes for one obtains

= (72.38)

In the Ilamiltonian approach the only remnants of the fermion moduli are the anticommu-
tation relations

i,} = I, = 0, ,j} = 0, (72.39)
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which tell us that the wave function is tao-component (i e the kink supermultiplet is two-
dimensional). One can implement Eq. (72.39) by choosing e.g = a.

The fact that there are two critical kink states in the supermultiplet is consistent with the

multiplet shortening in Al = 2. Indeed, in two dimensions the full iV = 2 supermultiplet
must consist of four states; two bosonie and two fermionic. Half-BPS multiplets are short-
ened - they contain twice fewer states than the full supermultiplets: one bosonic and one
fermionie. This is to be contrasted with the single-state kink supermultiplet in the minimal
supersymmetric model of Section 71 The notion of fermion parity remains well defined in
the kink sector of the CP(l) model.

72.6 Combining the bosonic and fermionic moduli

The quantum dynamics of the kink under discussion is summari,ed by the liamiltonian

M0
"QM = (72.40)

acting in the space of iwo-component wave /i,nciions. The variable here is a complexilied

kink center.

(7241)
in

For simplicity, we will set the vacuum angle 0 to 0 for the time being (it will he reinstated
later)

The original field theory with which we are dealing has four conserved supercharges.
Two of them, q and see Eq. (72 13), act trivially in the critical kink sector. In the moduli
quantum mechanics they take the form

q = = (7242)

explicitly demonstrating their vanishing provided that the kink is at rest. The superalgebra

describing the kink quantum mechanics is . qJ = 2HQM. This is simply Witten'sAl =
supersymmetric quantum mechanics [39] (two supercharges) The realization that we are
dealing with is peculiar and distinct from that of Witten. Indeed, the standard quantum
mechanics of Wittcn includes one (real) bosonic degree of freedom and two fermionic,
while we have two bosonic degrees of freedom, xo and x Nevertheless, the superalgebra

remains the same due to the fact that the bosonic coordinate is complexified.
Finally, to conclude this section, let us calculate the U( I) charge of the kink states. We

start from Eq. (72 6), substitute the fermion iero modes, and obtain

Aqtjtii = (7243)

(this is to be added to the bosonic part. Eq. (72.27)). Given that = a and = a we

arrive at Aqu(]) = This means that the U(l) charges of the two kink states in the

To set the scale properly. so that the IJ( )eharge 0! the vacuum state vanishes, one must antlsytnlnctri/e the
current. -

) .,upcr'.cript ( denotes C conjugation Sec Section
15 tO
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supermultiplet split from the value given in Eq (72.27) and become

1 0
k+—+—— and

2 2 2ir

72.7 What happens when one moves to small m?

ako re/erred
to in the
current
literature (Vi
the wall
Correspond-
ing/v people

of the
hall
crossing

Let us ask, in passing, what happens at small rn. Needless to say the small-rn domain
is that of strong coupling. Quasiclassical methods are inapplicable. However, the soliton
mass spectrum was found exactly by Dorey 114] If rn = 0 then there are two degenerate
two-dimensional kink supermultiplets, corresponding to a nonvanishing Cecotti—Fendley
Intriligator—Vafa (CFIV) index [40]. (This index will be discussed in Section 72.8.) These
kink supermultiplets have quantum numbers {q. T } = (0, 1) and (1, 1), respectively. Away
from the point rn = 0 the masses of these states are no longer equal. There is one singu-
lar point, where one of the two kink supermultiplets becomes massless [17]. The region
containing the pointrn = 0 is separated from the quasiclassical region of large rn! by the
curve of marginal stability (CMS), on which an infinite number of other BPS states, visible

quasiclassically, decay; see Fig 11.4. Thus, the infinite tower of {q, T} BPS states existing
in the quasiclassical domain degenerates into just two stable BPS states in the vicinity of
tn = 0.

72.8 The Cecotti—Fendley—Intriligator—Vafa index

To put things into the proper perspective and refresh the reader's memory, I will start with
Witten's index, Iw = Tr(— I)" (a (—I a) (Section 65). This index is defined for

liii

IIV

The curve of marginal stability in CP(1) with twisted mass. We set 4A2 equal to 1. From [17]. The point m2 = —1 is

the so-called Argyres—Douglas point, at which one of the two kink supermultiplets becomes massless.
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I theories in any number of dimensions. Nonvanishing-energy states always come in
boson—fermion pairs and, thus, do not contribute to Iw. Vanishing-energy states, i e vacua,

may or may not be paired. If they are not paired, /w 0, then a supcrsymmetric vacuum

(or vacua) exists, and supersymmetry is not spontaneously broken.
Unfortunately, Witten's index says nothing about massive states which are always paired

Is there an analog of Witten's index which might tell us whether BPS-saturated solitons
exist in the given theory?

An "index" 'CFlV acting as a litmus test for the presence of short multiplets was devised
by Cecotti, Fendley, Intriligator. and Vafa [40] I have put the word index in quotation marks

because icrtv is independent of the I) terms but it may depend on the F terms. Moreover.

it is applicable only to .IV = 2 theories in two dimensions. If 0 then short (i e
BPS-saturated) supermultiplets of kinks are guaranteed to exist. The converse is also true.

We will see this shortly.
If the given two-dimensional theory has two or more supersymmetric vacua, it supports

kinks solitons interpolating between distinct vacua a and h. These kinks may or may not
be BPS-saturated. In the former case they belong to short supermultiplets, in the latter to
long supermultiplets. To reveal the parallel with Witten's index, it should be pointed out that

long supermultiplets arc analogs of massive states while short supermultiplets are analogs
of the vacua.

Loosely speaking,7

'CFIV = Tr[F (1)F] (72.44)

where the trace sum runs over all states with boundary conditions corresponding to inter-
polation between a given pair of vacua, namely a) at z —÷ —oo and b) at z —÷ 00 It is
important that, in = 2 two-dimensional theories, the fermion charge F is well defined.

through although it need not be integer, as we learned from e.g. Section 72 6 Again, loosely speaking,
Section 9 the long four-dimensional supermultiplets whose members have fermion charges f, f + I,

and f + 2 contribute (up to an overall phase)

f — 2(f + 1) + (f +2) = 0.

At the same time, the short two-dimensional multiplets { f, f + I } contribute

f — (f + 1) = —l 0

In particular, in the problem considered in Section 72.7, /criv = —2.
If there are more than two vacua then the CFIV index is a matrix '<th. with ent'ies

depending on the choice of the vacua at : —p ±00 Taking into account the condition of
CPTinvariance8 one can show [40] that the matrix is purely real and antisymmctric.

In fact, this sum should he made convcrgcnt and wcll dcfined through an appropriate regulariiation (The same
is true, though, with regards to Witten's index ) In particular. IR regularization implies discretiiing the spectrum
of excitations in the soliton sector The boundary conditions should be carefully chosen so as not to break
the residual supersymmetry. cf Section 71 5 "Residual" means the half of supersymmetry unbroken on the
BPS-saturated kink
Under CPTthe initial and final vacua interchange. Ia) Ih), and, simultaneously, / — — I
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73 Domain walls

The reader Ls
advised to
return to
Section 5

In four dimensions, domain walls are extended two-dimensional objects. In three dimen-
sions they become domain lines, while in two dimensions they reduce to kinks, considered
in Sections 71 and 72. Alternatively, one can say that the domain walls are obtained by
elevating kinks from two to four dimensions. As in the kink ease the domain wall is a held
configuration of codimension I interpolating between vacuum i and vacuum f with some
transitional domain in the middle (Fig. 11.5).

Critical domain walls in Al = I four-dimensional theories (i.e. theories with four super-
charges) started attracting attention in the 1990s. The very existence of BPS-saturated
domain walls (also known as branes) is due to nonvanishing (1, 0) and (0, 1) central charges;
see Eqs (70.8) and

Early on, domain-well studies were limited to the generalized Wess Zumino model
(Section 49.7) with Lagrangian

r= (73.1)

A field configuration interpolating between two distinct degenerate vacua.

Townsend was the first to note [4!] that "supersymmetric branes," being BPS-saturated, require the existence
of tensorial central charges that are antisymmetric in the Lorent7 indices That the anticommutator
in the four-dimensional Wess—Zumino model contains the (1, 0) central charge is obvious This antieommutator
vanishes, however, in super-Yang--Mills theory at the classical level (Section 73 2) It appears as a result of the
quantum anomaly [101

where is the Kähler potential and stands for a set of chiral superhields. The number
of chiral superfields is arbitrary, but the superpotential W must have at least two critical
points, i e. two vacua. One can achieve BPS saturation provided that the following first-order

Vd V1()
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differential equations [8,42—45]are satisfied:

= (73.2)

where the Kähler metric is given by

=
(73 3)

and is the phase of the (1,0) central charge Z defined in (70 8). The phase depends on

the choice of the vacua between which the given domain wall interpolates,

= arg z = arg [2
( Wvac1 Wvaci)] (73.4)

A useful consequence of the BPS equations is

= fl80 WM2 (73 5)

which entails, in turn, that the domain wall describes a straight line in the W-plane connect-
ing the two vacua (see Eq. (73.28) below and the subsequent comment). Needless to say.
the first-order BPS equation (73.2) guarantees the validity of the second-order equation of
motion. The converse is not true.10

73.1 Domain wall in the minimal Wess—Zumino model

Here we will consider the minimal Wess--Zumino model [47] (Section 49.4), with one chiral
superfield. In components the Lagrangian has the form

= + + + [F W'(Ø) + ii c.] . (73 6)

As usual, F can be eliminated by virtue of the classical equation of motion,

(737)

so that the scalar potential describing the of the field is
I

(73.8)

Ii one limits oneself to renormalizable theories, the superpotential W must be a poly-
nomial function of c1 of power not higher than 3. In the model at hand, with one chiral
superfield. the generic superpotential can be reduced to the following "standard" form:

(73.9)

The quadratic term can be eliminated by a redefinition of the field Moreover, by using
symmetries of the model one can choose the phases of the constants ni and X at will

10 however, if one is dealing with a singk' chiral field then one can prove 14('l that the I3PS equation does
follow from the second-order equation of motion Fhe proof of this assertion is presented in Exercise 55
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The superpotential (73 9) implies two degenerate classical vacua,

(73.10)

These vacua are physically equivalent. This equivalence can be explained by the sponta-
neous breaking of Z2 symmetry, 1 present in the action.

The field configurations interpolating between two degenerate vacua are the domain
walls. They have the following properties: (i) the corresponding solutions are static and
depend only on one spatial coordinate. (ii) they are topologically stable and indestructible

once a wall is created it cannot disappear. Assume for definiteness that the wall lies in
the plane. This is the geometry that we will keep in mind throughout our discussion.
Then the wall solution depends only on :. Since the wall extends indefinitely in the
vv plane, its energy is infinite. However, the wall tension the energy per unit area

= is finite, in principle measurable, and has a clear-cut physical meaning.
The wall solution of the classical equations of motion superficially looks very similar to

that of the kink,

= (73.11)

Note, however, that the parameters in and are not assumed to be real; the field is complex

in the four-dimensional Wess—Zumino model. A remarkable feature of this solution is that it

preserves half the supersymmetry, in much the same way as the kink considered in Section
71. The difference is that 1/2 BPS in the two-dimensional model meant one supercharge,
now it means two supercharges.

The supertransformations of the fields are

= + . (73.12)

The domain wall we are considering is purely bosonic, i/i = 0. Moreover, the BPS equation
is

F = (73.13)

where, in the case at hand,

in3
(73 14)

and F = Equation (73.13) is a first-order differential equation. The solution
quoted in (73 II) satisfies both (73.13) and the boundary conditions.

The reason for the occurrence of the phase factor on thc right-hand side of
Eq. (73.13) will become clear shortly. Note that no analog of this phase factor exists in the
two-dimensional I problem with which we dealt in Section 71. There was only a sign

ambiguity. two choices of sign were possible, corresponding to a kink or an antikink.
lfthe BPS equation is satisfied then the second supertransformation in Eq. (73 12) reduces

to

+ (73.15)
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The right-hand side of (73.15) vanishes provided that

=
. (73 16)

This leaves up to two supertransformations (out of four) that do not act on the domain wall
(alternatively it is often said that they act trivially), as we set out to show.

Now let us calculate the wall tension. To this end, we perform Bogomol'nyi completion
for the energy functional,

dz + H.c.) + + b'
2]

, (73 17)

where is assumed to depend only on z. The second term on the right-hand side is non-
negative its minimal value is zero. The first term, being a full derivative, depends only
on the boundary conditions for at z = ±00.

Equation (73.17) implies that E 2 AW). Bogomol'nyi completion can be
performed with any 'i; however, the strongest bound is achieved when AW is real
This explains the emergence of the phase factor (73 4) in the BPS equations. In the model
at hand, to make e"1 AW real we have to choose according to Eq (73.14)

When the energy functional is written in the form (73.17), it is perfectly obvious that
the absolute minimum is achieved provided that the BPS equation (73.13) is satisfied. In
fact, Bogomol'nyi completion provides us with an alternative way of deriving the BPS
equations. Then the result for the minimum of the energy functional, i.e. the wall tension

is

= , (73.18)

where the topological charge 2 is defined as

2 = = 00))— = —oo))I = 3A2•
(73 19)

An explanatory comment is in order here In the present problem the extension of the
superalgebra is tensoria!, with Lorentz structure (1, 0) + (0, 1):

I
= —4 2, j = —4 2, (73.20)

where

= (73.21)

is the wall area tensor. Equation (73.20) is primary, while Eq (73.19) is a reduction of
(73.20) in which the tensorial structure is separated and discarded.

The expressions for the two supercharges that annihilate the wall are

= el — e l1i/2E Qa (73.22)
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where

ilwj = (73.23)

is the unit vector proportional to the wall's 4-momentum only its time component
is nonvanishing in the wall's rest frame. The subalgebra of these "residual" (unbroken)
supercharges in the rest frame is

(73.24)

The existence of the subalgebra (73.24) immediately proves that the wall tension is equal

to the central charge 2. Indeed, Qlwall) = 0 implies that 7k,, — = 0 This equality is
valid both to any order in perturbation theory and nonperturbatively.

From the nonrenormalization theorem for the superpotential 147,48] (Section 51) we

can infer in addition that the central charge 2 is not renormalized. This is in contradistinc-
tion with the situation in the two-dimensional model of Section 71 The fact that in four
dimensions there are more conserved supercharges than in two turns out to he crucial. As a

consequence, the result

8 m3= (73.25)

for the wall tension is exact [45].
Nonrenor- . .

malizul ion of The wall tension is a physical parameter and, as such, should be expressible in terms

of the physical (renormalized) parameters mrcn and Aren. One can easily verify that this is
nonrenor- compatible with the nonrenormalization of Indeed,
malization of 3/'
superpoten- m = Zmren A = L Aren

tial
where the 7 factor comes from the kinetic term. Consequently,

in3

A2 — A2

Thus, the absence ofquantum corrections to Eq (73.25), the renormalizability ofthe theory,
and the nonrenormalization theorem for superpotentials are all intertwined with each other.
In fact, any two of these features imply the third.

What lessons can we draw from the domain-wall example? In centrally extended superal-

gebras the exact relation Evac = 0 is replaced by the exact relation — 21 = 0. Although
this statement is valid both perturbatively and nonperturbatively, it is very instructive to
visualize it as an explicit cancelation between the bosonic and fermionic modes in pertur-
bation theory. The nonrenorn-ialization of 2 is a specific feature of the four-dimensional
Wess-Zumino model. We have seen previously that it does not take place in minimally
supersymmetric models in two dimensions.

73.1.1 Finding the solution to the BPS equation

In the two-dimensional theory considered in Section 71, integrating the first-order BPS
equation (71.25) was trivial. The BPS equation (73.13) presents two equations, one for the
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real part and one for the imaginary part. Nevertheless finding the solution is still trivial; this
is due to the existence of an "integral of motion,"

(im = 0. (73 26)

The proolof the formula is straightforward and is valid in the generic Wess—Zumino model
with arbitrary number of fields. Indeed, differentiating Wand using the BPS equation we
get

a
2

= , (73 27)

which immediately entails Eq. (73 26) The constraint

Im e = eonst (73 28)

can be interpreted as follows: in the complex W plane the domain-wall trajectory is a
straight line.

73.1.2 Living on a wall

What is the fate of two broken supercharges9 As we already know, two out of the four
supercharges annihilate the wall these supersymmetries are preserved in the given wall

background. Two other supercharges are broken: when applied to the wall solution they cre-
ate two fermion ,ero modes. These ,ero modes correspond to a (2+1)-dimensional Majorana

(massless) spinor field y) localized on the wall.
To elucidate the above assertion it is convenient to turn first to the fate of another sym-

metry of the original theory, which is spontaneously broken for each given wall, namely,
translational invariance in the z direction.

ci "en Indeed, each wall solution, e g Eq. (73.11), breaks this invariance. This means that in
fact we must deal with a family of solutions: is a solution, then so is Ø(z — Zo). The

parameter is a collective coordinate, the wall center. People also refer to it as a modulus

(plural moduli) For a static wall zo is a fixed constant.
Assume, however, that the wall bends slightly. The bending should he negligible com-

pared to the wall thickness (which is of order It can be described as an adiabatically

slow dependence of the wall center on t, and v. We will write a slightly bent wall field
configuration as

= — (73.29)

Substituting this field into the original action we arrive at the following effective (2+1)-
dimensional action for the field

= m = 0,1,2 (73.30)

It is clear that (t, x, v) can be viewed as a massless scalar field (called the translational mod-

ulus) that lives on the wall. it is simply a Goldstone field corresponding to the spontaneous
breaking of the translational invariance
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Returning to the two broken supercharges, thcy generate a Majorana (2-f 1)-dimensional

Goldstino field a = 1,2, localized on the wall. The total (21-1)-dimensional
effective action on the wall world volume takes the form

= + (73 31)

theo,i' on the where the ym are the three-dimensional gamma matrices
wall - The effective theory of the moduli fields on the wall's world volume is supersymmetric.

with two conserved supercharges This is the minimal supcrsymmelry in 2 + 1 dimensions
It corresponds to the fact that two out of the four supercharges are conserved.

73.2 D-branes in gauge field theory

The (1,0) central extension in Al = I superalgebra is not seen at the classical level in
supersymmetric gluodynamics. Nevertheless, it exists 1101 as a quantum anomaly The
above central charge is saturated on domain walls that interpolate between vacua with
distinct values of the order parameter, the gluino condensate (XX), labeling N distinct
vacua of super-Yang Mills theory (see Section 57) with gauge group SU(N)

Supersymmetric gluodynamics is described by the Lagrangian (57 1). There is a large
variety of domain walls in supersymmetric gluodynamics. as shown in Fig. 11 .6. Minimal,
or elementary, walls interpolate between vacua a and n + I, while k-walls interpolate
between n and n + k

liii (At)

X X
IS 11111 \ \\III

______________

- (tA)

A

The N vacua for SU(N). The vacua are labeled by the vacuum expectation value (AX) = —6NA3 1k/N),

where k = 0, 1, . . , N 1. The elementary walls interpolate between two neighboring vacua.

A remark in passing Witten interpreted BPS wails in supcrsymmetric gluodynamics as analogs of D-branes
1491 The reason was that their tension scales as N I /g rather than I the later sealing being typical of
solitonic objects (gs is the string constant) Many promising consequences ensued One was the Acharya—Vafa
derivation of the wall world-volume theory [50j Using a wrapped D-brane picture and certain dualities they
identified the k-wall world-volume theory as a (I '2)-dimensional U(k) gauge theory with the field content
of.iV = 2 and the Chem Simons term at level N breakingAl = 2 down to .A( = I Fhis allowed them to
calculate the wall multiplicity, see the end of this subsection
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In Al = 1 gauge theories with arbitrary matter content and superpotentials the general
relation (70.8) takes the form

(73 32)

where

= f (73.33)

is the wall area tensor and [45.51]

I - - 1

— I
TrW2 eVQf) (73.34)

L I ]
cf. Eq (59.44). In (73.34), the action of the symbol A is to take the difference at two
spatial infinities in a direction perpendicular to the surface of the wall. The first term
in the second line presents the gauge anomaly in the central charge The second term
is a total superderivative; therefore, it vanishes after averaging over any supersymmetric
vacuum state and hence, can safely be omitted. The first line presents the classical result, see

Section 59.6. At the classical level Qj Q f) is a total superderivative, this can be seen

from the Konishi anomaly (59.32). If we discard all anomalies and total superderivatives
(just for a short while), we return to Z = 2 A (W), the formula obtained in the Wess—Zumino

model; see Eq. (73 19) At the quantum level, with anomalies included, Qf(aW/aQf)
ceases to be a total superderivativc because of the Konishi anomaly. It is still convenient
to eliminate Qf(aW/aQj) in favor of Tr W2 by virtue of the Konishi relation (59.32). In
this way one arrives at

[ 2Z = 2A W
— 2

Tr W . (73.35)

L
l6m

We see that the superpolential W is amended by the anomaly, in operator form we have

2W—÷ W— TrW . (73.36)
16ir2

Of course, in pure super-Yang—Mills theory only the anomaly term survives
Equation (73.34) implies that in pure gluodynamics (super-Yang Mills theory without

matter) the domain-wall tension is

N 1
r vac/ r vac1

where vaej.f stands for the initial or final vacuum between which the given wall interpolates.

Furthermore, the gluino condensate (Tr was calculated exactly long ago [52].
using the same methods as those which were later advanced and perfected by Scibcrg and

Section Witten in their quest for the dual Meissner effect in Al = 2 (see [21,22]):
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2(Tr X2) = = —6NA3 exp
(27rik)

, k = 0,1 N 1. (73.38)

Here k labels the N distinct vacua of the theory; see Fig. ii .6. The dynamical scale A is
defined in the standard manner, i e. in accordance with [53], in terms of the ultraviolet
parameters (the ultraviolet regulator mass) and (the bare coupling constant):

A3 = exp (73.39)

In each given vacuum the gluino condensate scales with the number of colors as N.
However, the difference in the values of the gluino condensates in two vacua that lie not too

far from each other scales as N0. From Eq (73.37) we can conclude that the wall tension
in supersymmetric gluodynamics satisfies

T N.

Since the string coupling constant gç 1/N, see Section 38.3, T rather than
I Therefore, this is not a "normal" soliton but, rather, a D-brane. (This is the essence
of Witten's argument regarding why the above walls should be considered as analogs of
D-branes)

As mentioned, there is a large variety of walls in supersymmetric gluodynamics as they
can interpolate between vacua with arbitrary values of k. Even if kj = + 1, i.e. the wall
is elementary, in fact we are dealing with several walls, all having the same tension — let
us call them degenerate wa/Is)2 The fact that distinct walls can have the same tension is
specific to supersymmetry. It was discovered in studies of BPS-saturated walls in such

Mu/tip/icily . . .

walls even if their internal structures are different tension degeneracy is a consequence ofofwa//s
interpolating the general law T = ZI.
between the The k-wall multiplicity is
given initial N'
and final Vk =

k'(N I k)'
(73.40)

vacua
For N = 2, only elementary walls exist and v = 2. In a field-theoretic setting, Eq. (73.40)
was derived in [55]. This derivation was based on the fact that the index v is topologically
stable continuous deformations of the theory do not change u. Thus one can add an
appropriate set of matter fields sufficient for the complete Higgsing of supersymmetric
gluodynamics. The domain wall multiplicity in the effective low-energy theory obtained in
this way is the same as in supersymmetric gluodynamics, although the effective low-energy

theory, a Wess—Zumino-type model, is much simpler.

73.3 1/4-BPS saturated domain-wall junctions

If distinct walls can have the same tension, two degenerate domain walls can coexist in one

plane — a new phenomenon discovered in [56]. It is illustrated in Fig. 11.7. Two distinct

12 The first indication on wall degeneracy was obtained in 54], where two degenerate walls were observed in
S(J(2) theory Later, Acharya and Vafa calculated the k-wall multiplicity 50] within the framework of D-brane
and siring formalism



602 Chapter 11 Supersymmetric solitons

\\ill 2

Two distinct degenerate domain walls separated by a wall junction.

degenerate domain walls lie in a plane; the transition domain between wall I and wall 2 is
a domain wall junction (domain line).

Each individual domain wall is 1/2-BPS-saturated. A wall configuration with a junction
line (Fig. 11.7) is 1/4-BPS-saturated.

74 Vortices in D =3 and flux tubes in D = 4

[For in-depth
study dch'e Vortices were among the first examples of topological defects treated in the Bogomol'nyi
into [57/ limit (see e.g. 14,25, 29]). The explicit embedding of the bosonic sector in supersymmetric

models dates back to the I 980s. The three-dimensional Abelian Higgs model is the simplest
model supporting vortices [58j This model has Al = 1 supersymmetry (two supcrcharges)
and thus, according to Section 70.2.2, contains no central charge that could be saturated by
vortices. Hence the vortices discussed in [58] were noncritical. However, BPS-saturated
vortices can and do occur in .IV = 2 three-dimensional models (four supercharges) with a
nonvanishing Fayet—Iliopoulos term [59,60] Such a model can be obtained by dimensional
reduction from four-dimensional Al = I SQED, a model that we discussed in detail in
Section 49.9. We will start by performing such a reduction The bosonic sector of the
model, as well as the bosonic solutions, were considered in Chapter 3.

74.1 Al = 2 SQED in three dimensions

The starting point is SQED, with the Fayet—Iliopoulos term in four dimensions. The
SQED Lagrangian is

r = + H.c.)

+fd4OQe
(74.1)
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where e is the electric coupling constant and Q and Q are chiral matter superlields (with
[Lagrwigian charges ne and respectively). This expression differs from (49.59) in two aspects In

(74.1) we do not assume the electric charge of matter to be I (in units of e), and we set the
matter mass term m equal to 0

In four dimensions the absence of the chiral anomaly in SQED requires the matter
superfields to enter in pairs of opposite charges, e.g.

= (ian + neAp) = (iafl — n(=A,L) if' . (74.2)

Otherwise the theory would he anomalous; the chiral anomaly would render it noninvariant

under gauge transformations. Thus, the minimal matter sector includes two chiral superfields
Q and Q, with charges ne and respectively.

In three dimensions there is no chirality Therefore, one can consider three-dimensional
SQED with a single matter superfield Q, with charge ne. Surprising though it is, this theory

is more complicated than that with two chiral superfields, Q and Q, because of a quantum
anomaly on which we will not dwell here We will limit ourselves to a nonminimal matter
sector, in which both Q and Q are present.

Now we keep the three coordinates, t, x, and z, uncompactified while y x2 is reduced.

The A fter reduction to three dimensions and passing to components (in the Wess Zumino gauge)

charge of Q we arrive at the action in the following form, in three-dimensional notation.

S = f + a)2 +

+ neED + I)

+ + + +

- a2qq — + aifi —

+ ne ifj) + Il.c.] — ne + H.c.] } (74.3)

I lere a is a real scalar field,

U = 11efl2,

A is the photino field, and q, and ii', ifi are matter fields belonging to Q and Q, respectively.

The covariant derivatives were defined in Eq. (74.2). Finally, D is an auxiliary field, the
last component of the superfield V. Eliminating D via the equation of motion we get the
scalar potential

e2 - 2 -
V = (74.4)

We will assume that

(745)
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For our purposes the consideration of BPS-saturated vortices only the Higgs branch is
of importance. Hence we will set a = 0; the field a will play no role in what follows Then
the bosonic sector is essentially the same as considered in Chapter 3, with one exception:
we have two scalar fields q and In the vacuum they are subject to the constraint =

— This demonstrates the existence of a flat direction with complex dimension I

(see Section 49.10). Correspondingly, there are gapless modes a massless modulus and
its superpartner which render the theory ill defined in the infrared. We will discuss this
issue in more detail in Section 74.2. If we choose a generic vacuum belonging to the flat
direction then infinite-length flux tubes with finite tension do not exist [62]. A classical
solution to the BPS equations can be found only at the base of the l-liggs branch, i e. at

= 0 (then qvac = To be in the weak coupling regime requires << I. Up to
gauge transformations, the vacuum qvac = is unique. The fields play a role only
at the level of quantum corrections, in ioops

74.1.1 Central charge

The general form of the centrally extendedAf = 2 superalgebra in I) = 3 was discussed in
Section 70.3.2. The central charge relevant in the problem at hand vortices is given by
the last term in Eq. (70.15). It can be conveniently derived using the complex representation
for supercharges and reducing from D = 4 to D = 3. In four dimensions [12],

{Q0 , = 2 (P,L + , (74.6)

where P,1 is the momentum operator and

Z,1 = flee f d3x SOpvp (8VAP) +... (74.7)

Here ellipses denote full spatial derivatives of currents that fall off exponentially fast at
infinity. Such terms are clearly inessential.

In three dimensions the central charge of interest reduces to P2 + Z2 Thus, in terms of
complex supercharges the appropriate centrally extended algebra takes the form13

I
Q(Qt)yOj=2(POyo+Plyx+P3yz)

fd2x fd2x

(748)
Extended
cuperalgebru where E is the electric field and B is the magnetic field,
in 3D

(74.9)
dx az

In the following expression terms containing equations of motion of the type a (vL — i0) are omitted
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z

Polar coordinates in thex z plane.

The second line in Eq. (74.8) gives the vortex-related central charge. In the problem at hand

the term in the central charge is not renormaliied in loops (see the remark after Eq (51.5))

and neither is the vortex mass.

74.1.2 BPS equations for a vortex

The BPS equations for a vortex were considered in detail in Section 10 3. For completeness,
I will reproduce them here in the notation that we arc using for supersymmetric theories.
The first-order equations describing the ANO vortex in the Bogomol'nyi limit [4,25,29]
take the form

=0, (74.10)

(Vt- + = 0,

with boundary conditions

q e1
ka

as r —÷ 00,

q—*0 as r—+0. (74.11)

Here 'x is the polar angle in the xz plane, while r is the distance from the origin in the same
Cf Section . . .plane (Fig. 11 8). Moreover k is an integer counting the number of windings.

If Eqs. (74.10) are satisfied, the flux of the magnetic field is 27rk (the winding number
determines the quantized magnetic flux), and the k-vortex mass (the string tension) is

Mvortex = . (74.12)

Vortex ,nav The linear dependence of the k-vortex mass on k implies the absence of a potential between
the vortices In the model at hand— with four supercharges - a nonrenormali,ation theorem
protects the central charge (i.e. and Mvonex from renormalization. Equation (74.12) is
exact. For the curious reader, I would like to add that breaking Al = 2 down to Al =



606 Chapter 11 Supersymmetric solitons

in three-dimensional SQED leads to subtle and intriguing effects [62], which cannot be
discussed here

For the elementary k = I vortex it is convenient to introduce two profile functions
and f(r) as follows

/0 I Xfl)
= , A,,(x) = ——F,,,,, [I f(r)J . (74 13)

'1e

IBogoinoinvi The ansatz(74 13) can be substituted into the set ofequations (74.10). It is consistent with
a!zsatz and this set, and we get the following two equations for the profile functions:
equa lion

—— =0, —f4=0, (74.14)rdr dr

with the boundary conditions that are obvious from the form of the ansatz (74.13):

f(oc)=0, (74.15)

= 0, f(0) I . (74 16)

Equations (74 14) with the above boundary conditions can readily be solved numerically
(Section 10 3). The classical solution is BPS-saturated. It has two bosonie zero modes
corresponding to vortex shifts in two spatial dimensions. These modes correspond to two
bosonic collective coordinates describing the vortex center

74.1.3 Fermion zero modes

To complete the quanti/ation procedure we must know the fermion zero modes for the
given classical solution. More precisely, since the solution under consideration is static, we
are interested in the zero-eigenvalue solutions of the static fermion equations, which, thus,
effectively become two rather than three dimensional:

+ = 0 (74.17)

This equation is obtained from (74.3) where we have dropped the terms involving a tilde
(since = 0). The fermion operator is Hermitian implying that every solution for , A}

is accompanied by one for A}.

Since the solution to Eqs (74 10) discussed above is 1/2-BPS, two of the four super-
charges annihilate it while the other two generate the fermion zero modes the superpartners
of the translational modes These are the only normalizable fermion zero modes in
the problem at hand [63]. There are two extra modes, whose normalization diverges
logarithmically.

Side remark. Thi.s situation the logarithmic divergence of the norm is subtle Those

modes whose normalization diverges as powers of the distance obvious/v belong to the
hulk and should not be included in the soluon analysis The norinaliza h/c modes obviously
belong to the soliton and should he included. The logarithmically divergent modes are in
the middle, they require special analysis through an appropriate infrared regularization
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74.1.4 Short versus long representations

The (1+2)-dimensional model under consideration has four supercharges. Thc correspond-
ing regular superrepresentation is four dimensional (i.e. it contains two bosonic and two
fermionic states)

The vortex we are discussing has two fermion zero modes hence, viewed as a particle
in I 2 dimensions, it forms a superdoublet (one bosonic state plus one fermionic). This is
a short multiplet

74.2 Four-dimensional SQED and the ANO string

In this subsection we will discuss .Af = I SQED (four supercharges) in four dimensions
through The Lagrangian is the same as that in Eq. (49.59). We will consider the simplest case.

LSection 49 9 one chiral superfield Q with charge ne and one chiral superlield Q with charge —n(. The

scalar potential can be obtained from Eq. (74.4) by setting a = 0,

v = —

)]2
(74 18)

Just as in three dimensions, we arc dealing here with the Higgs branch of real dimension 2.
In fact, the vacuum manifold can be parametrized by a complex modulus On this Higgs
branch the photon field and superpartncrs form a massive supermultiplet, while and its
superpariners form a massless supermultiplet

As shown in F62], no finite-thickness vortices exist at a generic point on the vacuum
manifold owing to the absence of a mass gap (i.e. the presence of masslcss Higgs exci-
tations). The moduli fields are involved in the solution at the classical level, generating a
logarithmically divergent tail. An infrared regulariialion must be applied to remove this
logarithmic divergence. To this end one can embed SQED in a slightly more complicated
model, which bears the name of the M model [64].

Infrared reg- We now introduce an extra neutral chiral superfield M, which interacts with Q and Q
ularization through the super-Yukawa coupling,
ihmugh the
Mmodel

£M
1

MM + +Hc) . (74.19)

Here Ii is a coupling constant. As we will see shortly the lliggs branch is lifted. This is
probably the simplest = I model that supports BPS-saturated ANO strings without any
infrared problem

The scalar potential (74.18) is now replaced by

VM = k + h + kjMI2 + (74.20)

The vacuum is unique modulo a gauge transformation.

M=0. (7421)

The classical ANO flux-tube solution considered above remains valid as long as we set,
additionally, = M = 0. The string tension is the same, Tstring = (Note that in
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Eq. (74.20) the parameter is defined with factored out) The quanti7ation procedure
is straightforward, since one encounters no infrared problems whatsoever — all particles in
the bulk are massive. In particular there are four normalizable fermion 7ero modes (more

The

oc cirrence details can be found in [181) The string world-sheet theory has two supercharges, although —

a! the chiral remarkably we are not dealing here with the conventional .A1 = I supersymmetry in two
N = (0,2) dimensions but, rather, with the so-called chiral supersymmetryAl = (0,2) [65] This will

____________

not be discussed further here.

74.3 Boojums

There exist a number of gauge theories, weakly coupled in the four-dimensional bulk (and,
thus, fully controllable), which support both BPS walls and BPS flux tubes. A particular
example is Al = 2 SQED with several flavors, and some non-Abelian generalizations In
such theories a U(l) gauge field can be localized on the minimal wall; in addition, they

Section 42 support a BPS wall- string junction. A field-theoretical string does end on a BPS wall,
treats after all! The endpoint of the string on the wall, after Polyakov's dual ization, becomes an
Polvakov s —

dualization electric field source localized on the wall. Norisuke Sakai and David Tong analyzed [66]
generic wall—string configurations. Following condensed matter physicists they called them
boojums. The word "boojum" comes from Lewis Carroll's children's book, the Iluntingof
the Snark. Apparently, it is fun to hunt a snark, but if the snark turns out to be a boojum, you
are in trouble! Condensed matter physicists adopted the name to describe solitonic objects
of the wall string-junction type in helium-3. Furthermore, the boojum tree (Mexico) is the
strangest plant imaginable. For most of the year it is leafless and looks like a giant upturned
turnip. G Sykes found it in 1922 and said, referring to Carroll, "It must be a boojum!" The
Spanish common name for this tree is Cirio, referring to its candle-like appearance.

75 Critical monopoles

75.1 Monopoles and fermions

Critical 't Flooft—Polyakov monopoles emerge in Al = 2 super-Yang—Mills theories. There

are no Al = 1 models with BPS-saturated monopoles since the Al = I theories have
no monopole central charge. The minimal model with a BPS-saturated monopole is the
Al = 2 generalization of supersymmetric gluodynamics, with gauge group SU(2) In terms
ofAl = I superfields it contains one vector superfield in the adjoint describing the gluon
and gluino plus one chiral superfield in the adjoint describing a scalarAl = 2 superpartner
for the gluon and a Weyl spinor. an Al = 2 superpartner for the gluino (Section 61)

The couplings of the fermion fields to the boson fields are of a special form; they are
fixed by Al = 2 supersymmetry. In this section we will focus mostly on effects due to the
adjoint fermions.
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75.1.1 .iV = 2 super-Yang—Mills (without matter)

The Lagrangian of the model can be obtained from Eq. (61 16) by specifying the gauge
group to be SU(2),

= +

+ +

— iSuheDU ähai] (75.1)

= 2 SYM As usual, the D field is auxiliary,

, (752)

and can be eliminated via the equation of motion. There is a flat direction: if the field a is
real then all D terms vanish. If a is chosen to be purely real or purely imaginary and the
fermion fields are ignored then we return to the ()eorgi—Glashow model.

Let us perform a Bogomol'nyi completion of the bosonic part of the Lagrangian (75.1)
for static field configurations. Neglecting all time derivatives and, as usual, setting A0 = 0,

one can write the energy functional as follows:

[fd3x(7_1*a±-i-Diaa)2
/=123.u=123 g g

(753)

where

* I

in =

and the square of the D term (75.2) is omitted the D term vanishes provided a is real,
which we will assume. This assumption also allows us to replace the absolute value in the
first line of (75.3) by the contents of the parentheses. The term in the second line can be
written as an integral over a large sphere,

4fd3xat (rrubaa) = 4 f . (75.4)

Bogomol nyi The Bogomol nyi equations for the monopole are
equations

=0. (75.5)

See Section This coincides with parallel expressions in the Georgi—Glashow model, up to normali7ation.
(The field a is complex, generally speaking, and its kinetic term is normalized differently)
If the Bogomol'nyi equations are satisfied then the monopole mass MM is determined by
the surface term (classically). Assuming that in the "flat" vacuum a° is aligned along the
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third direction and taking into account that in our normalization the magnetic flux is 47r we
obtain

MM = 4m, (75.6)

where is assumed to be real and positive.

75.1.2 Supercurrents and the monopole central charge

A general classification of central charges in = 2 theories in four dimensions was
presented in Section 70.3.3. Here we will briefly discuss the Lorcnti-scalar central charge
Z in the theory (75.1). It is this central charge that is saturated by critical monopoles

The model, being A1 = 2, possesses two conserved supercurrents: see Eq. (61.20). For
convenience, I will quote these supercurrents, including the full derivative terms omitted
in (61.20).

= +

(75.7)

see (61.20) for the notation Classically the commutator of the corresponding supercharges
is

=

f . (75.8)

monopole
central

The central charge L in Eq (75 8) is referred to as the monopole central charge. For

Ilarge BPS-saturated monopoles MM = Z.
The quantum corrections in the monopolc central charge and, hence, in the mass of

BPS-saturated monopoles do not vanish. They were first discussed in [67 in the late
l970s and l980s. The monopole central charge is renormalized at the one-loop level. This
is obviously due to the fact that the corresponding quantum correction must convert the

coupling constant in Eq. (75.8) into a renormalized one The logarithmic renormalizations
of the monopole mass and the gauge coupling constant match. One can readily verify
this. however, there is a residual nonlogarithmic effect, which cannot be obtained from
Eq. (75.8). It was not until 2004 that people realized that the monopole central charge
(75.8) must be supplemented by an anomalous term [24].

To elucidate the point, let us consider [23] the formula for the monopole or dyon mass
obtained in the Seiberg—Witten exact solution [21],

/ a/) \= a — — nm) . (75.9)
a
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where n(,fl are integer electric and magnetic numbers (we will consider here only the
particular cases when either = 0, 1 or n,,, = 0, 1) and

2 M0\aD=ia (75.10)
ir a,

The quasiclassical limit A is implied. The subscript 0 is introduced for clarity to
indicate the bare charge. The renormali7ed coupling constant is defined in terms of the
ultraviolet parameters as follows

(75.11)
aa g

Because of the a lna dependence in (75.10), differs from c1/)/a by a constant
(nonlogarithmic) term, namely,

(7512)

Combining Eqs. (75.9) and (75.12) we get

= a —

—

noi] . (75 13)

This equation does not match the renormalization of Eq (75.8) in the nonlogarithmic part
(i e the term Since the relative weight of the electric and magnetic parts in
Eq. (75.8) is unambiguously determined by g2, the presence of the above nonlogarithmic
term implies that in fact the chiral structure — i obtained at the canonical commutator
level cannot be maintained once the quantum corrections are switched on. This is a quantum
anomaly.

Alas, at the time of completion of this book no direct calculation of the anomalous
contribution in { in operator form has been carried out. However, it is not difficult
to construct it indirectly, using Eq. (75.13) and the close parallel between Al = 2 super-
Yang—Mills theory and the Al = 2 CP(N 1) model with twisted mass in two dimensions, in
which, in essence, the same pu7zlc is solved [17] (In fact this is more than a close parallel. it
is a manifestation ofa 4D—2D correspondence.) The anomalous contribution takes the form

I lanom
= — f dS1E', (75.14)

where

i8 -- —J= ——c-- (al) = (Eu + iBa) (af) (75 15)
Anomaly in 2

a

the S

monopole It should be added to Eq. (75.8). The (1, 0) conversion matrix was defined in
central Section 45 1, in which all the notation pertinent to spinors is collected.t4 In SU(N) theory
charge we would have instead of l/(47r2) in Eq. (75.14).

4 In fact, the bifermion term in 8Zanorn (see the second line in (75 IS)) was calculated in [24] Invoking
the fact that A° is the only color-singlet operator with the appropriate dimension and quantum numbers.

one can unambiguously obtain the coefficient in front of fdS1 Ei without reference to the Seiberg Witten
solution
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Adding the canonical and anomalous terms in f QL. we see that the fluxes generated

by the color-electric and color-magnetic terms are now shifted, untied from each other, by
the nonlogarithmic term in the magnetic part. Normalizing to the electric term, Mw =
we get for the magnetic term

f4ir 2\
(75.16)\g- 7r;

as is necessary for consistency with the exact Seiberg—Wittcn solution

75.1.3 Zero modes for adjoint fermions

Equations for the fermion zero modes can be readily derived from the Lagrangian

= 0,

+ a° = 0, (75.17)

plus the Hermitian conjugates. After a brief reflection we see that there are two complex or
four real zero modes.15 Two solutions are obtained if we substitute

= = a. (75.18)

The other two solutions correspond to the substitution

= = (75.19)

This result is easy to understand. Our starting theory has eight supereharges. The classical

monopole solution is BPS-saturated, implying that four of the eight supereharges annihilate
the solution (these correspond to the Bogomol'nyi equations) while the action of the other
four supercharges produces the fermion zero modes.

Having four real fermion collective coordinates, the monopole supermultiplet is four
dimensional: it includes two bosonic states and two fermionic. (The above counting refers

just to the monopole, without its antimonopole partner. The antimonopole supermultiplet
also includes two bosonic and two fermionic states.) From the standpoint of j\f = 2 super-
symmetry in four dimensions this is a short multiplet. Hence, the monopole states remain
BPS-saturated to all orders in perturbation theory (in fact, the criticality of the monopole
supermultiplet is valid beyond perturbation theory [21,22]).

75.1.4 The monopole supermultiplet: dimension of the BPS representations

As was first noted by Montonen and Olive [70], the states in = 2 model with a small
enough magnetic charge W bosons and monopoles alike are BPS-saturated.16 As a result

the supermultiplets of this model are short. Regular (long) supermultiplets would contain

15 This means that the monopole is described by two complex fermion collective coordinates, or four real ones
16 For instance, in the minimal pure .iV = 2 theory with SIJ(2) gauge group, those states that carry a magnetic

charge greater than I are non-BPS



613 References for Chapter 11

= 16 helicity states while the short ones contain = 4 helicity states, two bosonic
and two fermionic. This is in full accord with the fact that the number of fermion zero modes

in the given monopole solution is four, resulting in a four-dimensional representation of the
supersymmetry algebra. If we combine the particles and antiparticles, as is customary in
field theory, we will have one Dirac spinor on the fermion side of the supermultiplet. This
statement is valid in both cases, that of the monopole supermultiplet and that of W bosons.
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