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Abstract

In this article, we consider the least-squares approach for estimating parameters of a spatial
variogram and establish consistency and asymptotic normality of these estimators under gen-
eral conditions. Large-sample distributions are also established under a spatial regression model
where the sampling design possibly has an in#ll sampling component. These results allow us to
investigate e'ciencies of di4erent least squares variogram-parameter estimators in large samples.
We provide two necessary and su%cient conditions for these estimators to be asymptotically ef-
6cient. It is an interesting consequence of our results that when the number of lags used to de6ne
the estimators is chosen to be equal to the number of variogram parameters to be estimated,
the ordinary least squares estimator, the weighted least squares and the generalized least squares
estimators are all asymptotically e'cient. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Estimation of the covariance function or the variogram, both measures of spatial de-
pendence, is a basic problem in statistical inference for a spatially distributed random
process. Prediction of the process at an unobserved location and con6dence intervals
for underlying population parameters typically require some knowledge of such mea-
sures; in this article we shall concentrate on the variogram. Thus, one needs to be
able to estimate the variogram precisely, either for a parametric spatial model or in
a nonparametric setting. Nonparametric estimation of the variogram function is a dif-
6cult problem, since the resulting estimator must necessarily satisfy the conditional
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negative de6niteness property (cf. Cressie, 1993, p. 86) to be a valid variogram. This
requirement usually leads to complicated and computationally involved nonparametric
estimators of the variogram (cf. Hall et al., 1994; Hall and Patil, 1994). The simpler and
more commonly used nonparametric estimators of the variogram, such as the method of
moments estimator of Matheron (1962) and its robusti6ed versions due to Cressie and
Hawkins (1980) have many desirable properties like, unbiasedness, consistency, etc.,
only in a pointwise sense (i.e., when considered as an estimator of the variogram at a
given lag), but they do not always satisfy the conditional negative de6niteness property.
As a remedy to this problem, a classical approach in the geostatistics literature (cf.
David, 1977; Journel and Huijbregts, 1978; Clark, 1979) has been to 6t a parametric
model of valid variograms to a pointwise nonparametric variogram estimator by min-
imizing a certain distance between the nonparametric estimator and the model-based
variograms at a #nite number of lags. This method produces a valid (conditionally
nonnegative de6nite) variogram estimator. The simplicity and the visual appeal of the
method makes it popular among practitioners. We refer the reader to Cressie (1993,
Chapter 2) for further heuristics, discussion, and examples on variogram model 6tting.
It is clear from the description of the method that the properties of the 6tted vari-

ogram depend on the properties of the nonparametric variogram estimator at the given
lags and on the particular distance function used to 6t the parametric model. Suppose
that 2�∗n(h) is a generic variogram estimator based on a sample of size n and suppose
that {2�(h; �): �∈�} is a valid variogram model, the two of which are to be com-
pared at some given lag vectors hi ; i=1; : : : ; K . The most common choice of distance
function for 6tting the variogram model {2�(h; �): �∈�} is given by

K∑
i=1
(�∗n(hi)− �(hi; �))2; �∈�;

which, when minimized with respect to �, yields the ordinary least squares (OLS)
estimators of the variogram parameter vector �. Other common distance functions
used yield the weighted least squares (WLS) and the generalized least squares (GLS)
estimators. These are de6ned, respectively, as

K∑
i=1

wi(�)(�∗n(hi)− �(hi; �))2

and

g∗n (�)
′	(�)−1g∗n (�);

where wi(�) are nonnegative weight functions, g∗n (�)= (2�
∗
n(h1) − 2�(h1; �); : : : ;

2�∗n(hK) − 2�(hK ; �))′ is the K × 1 vector of di4erences, and 	(�) is the covariance
matrix of g∗n (�). By analogy to the case of estimating regression parameters in a linear
model, the GLS criterion is believed to yield the best 6t. However, an exact expres-
sion for the covariance matrix 	(�) is not very easy to 6nd; even when the generic
variogram estimator 2�∗(·) is the (naive) method of moments estimator of Matheron
(1962), the form of 	(�) is very complicated (cf. Cressie (1985) for the Gaussian
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case). Furthermore, inversion of the matrix 	(�) and minimization of the GLS crite-
rion often prove to be numerically prohibitive.
A compromise between the OLS and the GLS criteria is provided by WLS. Sim-

ulation results of Zimmerman and Zimmerman (1991) show that the WLS approach
compares favorably to the GLS method of variogram model 6tting. Di4erent choices of
the weights have been suggested in the literature by several authors, notably by Cressie
(1985), Zhang et al. (1995), and Genton (1998). The weights suggested by Cressie
(1985) have been used and compared widely with the other weighting proposals mainly
through numerical studies (cf. McBratney and Webster, 1986; Gotway, 1991; Zhang
et al., 1995). However, there does not seem to be any theoretical results dealing with
the large-sample properties and relative e'ciencies of the OLS, GLS, and various WLS
methods. In this paper, we consider a more general least squares method of estimating
variogram parameters (which includes the OLS, WLS and GLS as particular cases),
and develop an asymptotic theory for these estimators. We obtain an expression for the
asymptotic covariance matrix of these estimators which forms the basis for comparing
their e'ciencies in large samples.
Estimation of covariance parameters � has been considered by many authors. Mar-

dia and Marshall (1984) consider a spatial regression model and establish consistency
and asymptotic normality of the maximum likelihood estimator of � under a Gaus-
sian model assumption. Cressie and Lahiri (1993) proved similar properties for the
restricted maximum likelihood estimator of �, also under a Gaussianity assumption.
Stein (1989) considered the minimum norm quadratic estimators (cf. Rao, 1972) of
� and investigated its (consistency) properties under in6ll asymptotic structure (cf.
Cressie, 1993, Chapter 5). Comparison of OLS, WLS, and GLS estimators have been
carried out, mainly through numerical studies, by Cressie (1985), Taylor and Burrough
(1986), Gotway (1991), Zimmerman and Zimmerman (1991), Zhang et al. (1995),
among others.
The main results of the paper show that under very general conditions on the spa-

tial sampling design and the generic variogram estimator 2�∗(h), the least squares
estimators (LSEs) are consistent and asymptotically normal. Furthermore, we prove
that the GLS estimators are asymptotically e'cient among all LSEs in the sense
that the di4erence between the asymptotic covariance matrices of the GLS and any
other LSE is nonpositive de6nite. As a result, we de6ne an LSE of the variogram
parameters to be asymptotically e%cient if its limiting covariance matrix is the same
as that of the GLS estimator. We also establish two necessary and su%cient
conditions for a given least squares estimator to be asymptotically e'cient. Perhaps
somewhat unexpectedly, these results show that under some mild regularity condi-
tions, the OLS and WLS estimators can all be asymptotically e'cient if we choose
the lag vectors suitably. In the special case, when the number of lag vectors used
in the de6nition of the least squares criteria is equal to the number of variogram
parameters to be estimated, the OLS and the WLS (with any set of nonnegative
weights, including the ones suggested in the literature) are asymptotically
e'cient.



68 S.N. Lahiri et al. / Journal of Statistical Planning and Inference 103 (2002) 65–85

The rest of the paper is organized as follows. In Section 2, we de6ne the LSEs of
the variogram parameter �. In Section 3, we present the results on consistency and
asymptotic normality of the LSEs. The issue of large sample e'ciencies of the LSEs
is considered in Section 4. Section 5 contains some concluding remarks on the im-
plications of the results presented. Proofs of the results are given in outline in the
appendix.

2. A class of least squares estimators

Let {Z(s): s∈Rd} be a (possibly nonstationary) random 6eld (r.f.) with

Var(Z(s)− Z(s + h))= 2�(h; �); s; h∈Rd;

where �∈� ⊂ Rq; q¿ 1. The function 2�(h; �) is called the variogram of the process
Z(·). Let {Z(s1); : : : ; Z(sn)} denote the observations on the process Z(·) at sampling
locations s1; : : : ; sn in the sampling region R ⊂ Rd. For h∈Rd, suppose that 2�∗n(h) is
a generic estimator of 2�(h; �). For example, one may take 2�∗n(h) as the method of
moments estimator of Matheron (1962) or the robust estimator of Cressie and Hawkins
(1980). In this section, we de6ne a class of LSEs of � that include the OLS, WLS,
and GLS estimators as special cases. Let {h1; : : : ; hK} be a 6nite set of lag vectors
in Rd such that the variogram estimator 2�∗n(hi) is de6ned for all i=1; : : : ; K . Write
g∗n (�)= (2�

∗
n(h1)− 2�(h1; �); : : : ; 2�∗n(hK)− 2�(hK ; �))′. Let V (�) be a K × K positive

de6nite matrix that possibly depends on the covariance parameter � (and also on n).
Then the LSE of � corresponding to the weight matrix V (·) is de6ned as

�̂n;V =argmin{g∗n (�)′V (�)g∗n (�): �∈�}: (2.1)

For notational simplicity, when there is no chance of confusion, we will drop V
from the subscripts of �̂n;V and write it as �̂n. Note that for V (�) ≡ IK , the iden-
tity matrix of order K , the corresponding LSE �̂n; I is the OLS estimator of �. Sim-
ilarly, when V (�)=W (�) ≡ diag(!1(�); : : : ; !K (�)) for some nonnegative weights
!1(�); : : : ; !K (�), the LSE �̂n;W is a WLS estimator of �. And with V (�)=	(�)−1

where 	(�) is the K × K (asymptotic) covariance matrix of (2�∗n(h1); : : : ; 2�
∗
n(hK))

′,
the LSE �̂n;	−1 is the GLS estimator of �.
In the next section, we give conditions that ensure consistency and asymptotic

normality of �̂n;V for a general positive de6nite (p.d.) matrix V (�).

3. Asymptotic distribution of LSEs

For clarity of exposition, in Section 3.1 we 6rst present the results on �̂n;V under
some general conditions on 2�∗n . Su'cient conditions guaranteeing these properties
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under a spatial linear regression model and under certain spatial designs are given in
Section 3.2.

3.1. Results under general conditions

Consistency and asymptotic normality of the LSEs are essentially determined by
the corresponding large sample properties of the generic variogram estimator 2�∗n . In
this section we establish consistency and asymptotic normality of �̂n;V , assuming these
general large sample properties of the nonparametric variogram estimator 2�∗(h). For
proving the results, we assume the following regularity conditions on the variogram
model 2�(h; �) and the weight matrix V (�).
Conditions

(C.1) For any �¿ 0, there exists a �¿ 0 such that inf{∑K
i=1(2�(hi; �1)− 2�(hi; �2))2:

||�1 − �2||¿ �}¿�.
(C.2) (i) sup{�(h; �): h∈Rd; �∈�}¡∞.

(ii) �(h; �) has continuous partial derivatives of order s(¿ 0) with respect to �.
(C.3) (i) V (�) is positive de6nite for all �∈� and sup{||V (�)||+ ||V (�)−1||: �∈�}

¡∞.
(ii) V (�) is r-times (r¿ 0) continuously di4erentiable on �,

where s; r¿ 0 are speci6ed in the statements of the results below.

Note that Condition (C.1) implies that

(C.1)′
∑K

i=1(2�(hi; �1)− 2�(hi; �2))2¿ 0

for all �1 �= �2, which is a form of an identi6ability condition on the variogram model
2�(h; �). This weaker condition requires that the choice of the lag vectors {h1; : : : ; hK}
be such that for any two distinct values of the variogram parameter, the variogram must
take on distinct values for at least one of the lag vectors h1; : : : ; hK . In other words, the
variograms 2�(h; �1) and 2�(h; �2) for any �1 �= �2 can be distinguished by considering
their values at h= h1; : : : ; hK . Given a variogram model, it is very easy to choose
such sets of lag vectors. When the parameter space � is compact, then Condition
(C.1)′ combined with the continuity condition on 2�(h; �) in Condition (C.2) implies
(C.1).
Conditions (C.2)(ii) and (C.3)(ii) are smoothness conditions, which can be veri6ed

directly for a given variogram model and a given weight matrix V (�). For consistency
of the LSEs, we only need to assume continuity of the functions �(h; �) and V (�) in
�. This will be speci6ed by setting s= r=0 in Conditions (C.2)(ii) and C.3(ii). For
proving asymptotic normality, we need to assume di4erentiability of �(h; �) and V (�),
which will be speci6ed by setting s= r=1 in Conditions (C.2)(ii) and C.3(ii). Note
that in view of the continuity of �(h; �) and V (�), Conditions (C.2)(i) and (C.3)(i)
both hold if the parameter space � is compact.



70 S.N. Lahiri et al. / Journal of Statistical Planning and Inference 103 (2002) 65–85

Throughout this section, we shall denote the true value of the parameter by �0. The
6rst result establishes consistency of the LSE �̂n;V :

Theorem 3.1. Assume that Conditions (C:1); (C:2); and (C:3) hold with s= r=0.

(i) Suppose that; under �= �0;

2�∗n(hi)− 2�(hi; �0)→ 0 as n → ∞; a:s:; (3.1)

for i=1; : : : ; K . Then;

�̂n;V → �0 as n → ∞; a:s:

(ii) If; instead of almost sure convergence; (3:1) holds in probability; then �̂n;V →p �0
as n → ∞.

Thus, it follows that under the regularity Conditions (C.1)–(C.3), the LSE �̂n;V
is (strongly) consistent for � whenever the generic variogram estimator 2�∗n(h) is
(strongly) consistent for 2�(h; �) at h= h1; : : : ; hK . Since most commonly used vari-
ogram estimators are pointwise consistent, one can use any of these to de6ne the LSEs
of � and thus obtain consistent estimators of �. In Section 3.2, we give explicit condi-
tions on the process Z(·) that ensure consistency of the method of moments variogram
estimator under di4erent spatial-sampling schemes. Hence, one can choose the generic
variogram estimator 2�∗n(·) to be the method of moment estimator(MME) in applying
Theorem 3.1.
Next, we consider the large-sample distributions of the LSEs under general condi-

tions on the generic variogram estimator 2�∗n(h). To that end, let gj(�) be the K × 1
vector of partial derivatives of �(h1; �); : : : ; �(hK ; �) with respect to the jth coordi-
nate �j of �, i.e. gj(�0)= ((@=@�j)�(h1; �0); : : : ; (@=@�j)�(hK ; �0))′; 16 j6 q. Also, let
�(�0)= (−2g1(�0); : : : ;−2gq(�0)), which is a matrix of dimension K × q. Then, we
have the following result.

Theorem 3.2. Assume that Conditions (C:1)–(C:3) hold with s=1 and r=1. Also;
suppose that there exists a sequence of constants {an}n¿1 such that an → ∞ as
n → ∞ and

ang∗n (�0)
d→N(0; 	(�0)) (3.2)

for some nonsingular matrix 	(�0). If; in addition the K × q matrix �(�0) is of rank
q; then

an(�̂n;V − �0) d→N(0; 	V (�0))

as n → ∞; where

	V (�0)=B(�0)�(�0)′V (�0)	(�0)V (�0)�(�0)B(�0) (3.3)

and

B(�0)= (�(�0)′V (�0)�(�0))−1:
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Theorem 3.2 shows that the LSE �̂n;V is asymptotically normal with the same scal-
ing constant an that yields the asymptotic normal distribution for the nonparametric
variogram estimator 2�∗n(h). In general, the order of an depends on the generic var-
iogram estimator as well as the spatial sampling design that generates the sampling
locations s1; : : : ; sn. For samples taken on the integer lattice in Rd, it is typically of the
order n1=2. However, other normalizing constants are possible if the spatial sampling
design is stochastic or if it has an in6ll component. In the next section, we develop
the theory further under speci6c model assumptions and under some speci6c spatial
sampling designs.

3.2. Results under spatial regression models

3.2.1. Background
For this section, we suppose that the observed spatial process {Z(s): s∈Rd} is

speci6ed by a spatial linear regression model,

Z(s)= f (s)′� + �(s); (3.4)

where f (·) is a known function, � is the p × 1 vector of regression parameters and
�(·) is an intrinsically stationary r.f. with

E(�(s))= 0

and

Var(�(s)− �(s + h))= 2�(h; �);

s; h∈Rd. Here, � is the vector of covariance parameters taking values in � ⊂ Rq; q¿ 1.
Note that 2�(h; �)=Var(Z(s)− Z(s + h)) for all s; h∈Rd, so that 2�(h; �) is also the
variogram of the observed process Z(·). In line with the main thrust of the paper, we
shall concentrate on investigating consistency and asymptotic normality of the LSEs of
the covariance parameter vector �, treating � here as a parameter of secondary interest.
Since the mean structure of the observed process Z(·) involves the unknown regres-

sion parameter �, generic (nonparametric) estimators of the variogram are typically
de6ned after suitable mean adjustments. To that end, let �̂n be an estimator of �.
De6ne the residuals �̂(si)=Z(si) − f (si)′�̂n; i=1; : : : ; n. We shall consider the LSEs
de6ned by relation (2.1) with the following choice of the generic variogram estimator:

2�̂n(h)= |Nn(h)|−1
∑

(si ;sj)∈Nn(h)
|�̂(si)− �̂(sj)|2; (3.5)

where Nn(h) is the set of pairs (si ; sj) of data sites in the sampling region Rn such
that ||si − sj||= h and where for a 6nite set A, |A| denotes the size of A. Note that
2�̂n(·) is a version of the method of moments estimator (MME) of 2�(·; ·), proposed
by Matheron (1962).
It is well known (cf. Cressie, 1993, Chapters 5 and 7) that for spatial data, there
are di4erent types of asymptotic frameworks for studying large sample behaviors of
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estimators. Most often, one assumes that the sampling sites s1; : : : ; sn come from the
integer lattice Zd and that the sampling region Rn is a d-dimensional rectangle of the
form [1; n1]×· · ·× [1; nd] for some integers n1; : : : ; nd. Here we look at a slightly more
general framework allowing the sampling region Rn to have more general shapes and
the sampling sites to lie on a grid that allows in6ll sampling (cf. Cressie 1993, Chapter
5) of the process Z(·). To that end, let R0 be an open subset of (−1=2; 1=2]d containing
the origin and let {#n} be a sequence of positive real numbers such that #n → ∞ as
n → ∞. We regard R0 as a ‘prototype’ of the sampling region Rn and assume that it
is obtained by “inRating” the set R0 by a scaling factor #n, i.e.,

Rn= #nR0:

Since the origin is assumed to lie in R0, the shape of Rn remains the same for dif-
ferent values of n. This formulation allows the sampling region to have a wide range
of shapes, encompassing common convex subsets of Rd, such as spheres, ellipsoids,
polyhedrons, as well as certain nonconvex regions (in Rd), such as star-shaped sets.
(Recall that a set A ⊂ Rd is called star-shaped if for any x∈A, the line segment
joining x to the origin lies in A.) The latter class of sets may have fairly irregular
boundaries.
To illustrate the applicability of the general results of the previous section, we con-

sider two di4erent types of asymptotic frameworks and obtain the asymptotic distri-
bution of the LSEs under each. Let �1; : : : ; �d be positive real numbers and let % be
the d× d diagonal matrix with diagonal elements �1; : : : ; �d. The sampling designs we
consider in this paper are based on the transformed integer lattice Zd, de6ned by

Zd = {Ti: i∈Zd}
= {(�1i1; : : : ; �did)′: i∈Zd}: (3.6)

Thus, the lattice Zd has an increment �i in the ith direction, 16 i6d. For the 6rst one,
we assume that the random process Z(s) is observed at the sampling sites {s1; : : : ; sn}
de6ned by

{s1; : : : ; sn}= {s: s∈Zd ∩ Rn}: (3.7)

In this case, the points s1; : : : ; sNn are separated by a distance larger than or equal to
�0 ≡ min{�1; : : : ; �d} for all n and the sampling region Rn grows to Rd eventually.
Following the terminology of Cressie (1993), we call this a pure-increasing-domain
asymptotic framework. Note that the sample size n under this framework satis6es the
relation

n ∼ |%−1R0|#dn ; (3.8)

where |A| denotes the volume (i.e., the Lebesgue measure) of a Borel set A ⊂ Rd with
nonzero volume and for any two sequences {rn} and {tn} of positive real numbers,
we write rn ∼ tn if rn=tn → 1 as n → ∞.
For the second asymptotic framework, we let the sampling region Rn become un-

bounded with sample size, but at the same time we allow ‘in6lling’, that is, we allow
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any given subregion of the sampling region Rn to be 6lled in with an increasing density
of sampling sites. To that end, let hn be a sequence of positive real numbers such that
hn ↓ 0 as n → ∞. We assume that the sampling sites {s1; : : : ; sn} are now given by
the points on the scaled lattice hnZd that lie in the sampling region Rn, that is,

{s1; : : : ; sn}= {s: s∈ hnZd ∩ Rn}:
The scaled lattice hnZd becomes 6ner for larger values of n and thus 6lls in any

given region of Rd (speci6cally, Rn) with an increasing density. We shall refer to it
as a mixed-increasing-domain asymptotic structure (since it has an in6ll component).
The sample size n in this case satis6es the growth condition

n ∼ |%−1R0|#dnh−d
n ; (3.9)

which is of a larger order of magnitude than the volume of Rn, given by |R0|#dn . A
similar sampling framework has been adopted by Hall and Patil (1994) in the context
of nonparametric estimation of the covariance function of a spatial process, and also by
Lahiri et al. (1999) for studying the asymptotic distribution of the empirical predictor
of a spatial cumulative distribution function.

3.2.2. Assumptions and main results
We need to introduce some notation at this point. For any set T ⊂ Rd, let F�(T ) ≡

)¡�(s): s∈T ¿ denote the )-6eld generated by the variables {�(s): s∈T}.
For x=(x1; : : : ; xd)′ ∈Rd, let |x| ≡ |x1| + · · · + |xd| and ||x|| ≡ (x21 + · · · + x2d)

1=2,
respectively denote the ‘1 and ‘2 norms on Rd. For any two subsets T1 and T2 of Rd,
de6ne d(T1; T2)= inf{|x − s|: x∈T1; s∈T2}: Then, the strong-mixing coe'cient for
the r.f. Z(·) is de6ned as

+(a; b) ≡ sup{+̃(T1; T2): d(T1; T2)¿ a; |T1|6 b; |T2|6 b}; (3.10)

a¿ 0; b¿ 0, where the supremum is taken over rectangles T1; T2 in Rd, and

+̃(T1; T2) ≡ sup{|P(A ∩ B)− P(A)P(B)|: A∈F�(T1); B∈F�(T2)};
T1; T2 ⊂ Rd. Finally, recall that for any Borel set A ⊂ Rd; |A| denotes the volume
(i.e., the Lebesgue measure of A if A has nonzero volume and |A| denotes the size of
A if A is a 6nite set.
For proving the results of this section, we shall assume the following conditions.
Conditions

(C.4) For any sequence of positive real numbers {tn} with tn → 0 as n → ∞, the
number of cubes of the form (i + (0; 1]d)tn that intersect both R0 and Rc0 is
O(td−1n ) as n → ∞.

(C.5) E|�(0)|4+� ¡∞ and for all a¿ 1; b¿ 1, +(a; b)6Ca−01b02 for some 0¡�6 4,
C¿ 0; 01¿ (4 + �)d=�; and 06 02¡01=d.

(C.6) sup{||f (s)− f (s + h)||: s∈Rd} 6C(h)¡∞ for all h∈Rd.
(C.7) #dn ||�̂n − �||4 = op(1).
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Condition (C.4) on the prototype set R0 is assumed to avoid pathological cases. It
implies that the number of “boundary” sampling sites in the sampling region Rn is
negligible compared to the total number of sampling sites. This condition holds for all
regions Rn of practical interest. Sherman and Carlstein (1994) consider a rich subclass
of such regions in the plane (i.e., d=2), which consists of Borel sets in R2 with
boundaries delineated by closed recti6able curves of 6nite lengths.
Condition (C.5) is a moment and mixing condition on the r.f. {Z(·)}, used for

establishing the asymptotic normality of the MME. Since the MME is de6ned in terms
of the squared di4erences (�(si) − �(sj))2, we need to assume the existence of the
(2 + c)th moment of the variables (�(si) − �(sj))2 for some c¿ 0; Condition (C.5)
guarantees this. Condition (C.6) is a condition on the growth rate of the function
f (s) and is satis6ed if, for example, f (s) is bounded or if f (s) is HVolder continuous.
In particular, it holds for the case f (s)= s where the coordinates of the sampling
sites are directly used as covariates. We use Condition (C.6) only for h= h1; : : : ; hK ,
corresponding to the lag vectors h1; : : : ; hK used to de6ne the LSEs.
Condition (C.7) requires the generic estimator �̂n to converge to the regression

parameter vector � at a rate faster than #−d=4
n . Indeed, Condition (C.7) on the

estimator �̂n holds under both asymptotic structures, described in Section 3.1, if one
takes �̂n to be the (ordinary) LSE of � given by

�̂n;OLS = (X
′
nXn)−1X′

nZn;

where Xn is the n×p matrix with ith row f (si), i=1; : : : ; n and Zn=(Z(s1); : : : ; Z(sn))′

is the vector of observations. It can be shown (cf. Lemma A.1 in the appendix) that
under the regularity Condition (C.4) and the moment and mixing Condition (C.5),

E�0 ||�̂n;OLS − �||2 =O(#−d
n )

as n → ∞ for either of the asymptotic frameworks, which trivially implies (C.7).
With the notation and conditions above, we are now ready to state the main results

of this section. The 6rst result concerns the large sample properties of the LSEs under
the pure-increasing-domain asymptotic structure.

Theorem 3.3. Assume that Conditions (C:4)–(C:7) hold. Then; for any h1; : : : ;
hK ∈ Zd (K #xed);

n1=2(2�̂n(h1)− 2�(h1; �0); : : : ; 2�̂n(hK)− 2�(hK ; �0))′ →d N(0; 	1(�0));

where the (i; j)th element of 	1(�0) is given by

(	1(�0))ij =
∑
i∈Zd

Cov�0 ((�(0)− �(hi))2; (�(Ti)− �(Ti + hj))2); 16 i; j6K:

Corollary 3.1. Assume that Conditions (C:1)–(C:7) hold with r=1= s in Conditions
(C:2) and (C:3). Then;

n1=2(�̂n;V − �0)→d N(0; 	V (�0))

as n → ∞; where 	V (�0) is given by (3:3) with 	(�0) replaced by 	1(�0).
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Thus, in the pure-increasing-domain case, the LSEs are asymptotically normal with
the usual scaling, viz., an= n1=2. Next, we consider the mixed-increasing-domain case
where the sampling scheme also has an in6ll component. The following results show
that a smaller scaling constant is appropriate in this case.

Theorem 3.4. Assume that Conditions (C:4)–(C:7) hold. Suppose that h1; : : : ; hK ∈Rd
are such that hi ∈ hnZd for i=1; : : : ; K and n¿ 1. Then;

n1=2hd=2n (2�̂n(h1)− 2�(h1; �0); : : : ; 2�̂n(hK)− 2�(hK ; �0))′ d→N(0; 	2(�0));

where the (i; j)th element of 	2(�0) is given by

(	2(�0))ij =
(

d∏
k=1

�k

)−1 ∫
Rd
Cov�0 ((�(0)− �(hi))2; (�(s)− �(s + hj))2) ds:

The condition on the lag vectors h1; : : : ; hK in Theorem 3.4 simply ensures that
the variogram estimator 2�̂(h) is well de6ned for h= h1; : : : ; hK . In particular, this
condition holds if h−1n is an integer and the vectors {hi} are of the form Tii for some
i1; : : : ; iK ∈Zd. The next result deals with the LSE �̂n;V under the mixed-increasing-
domain asymptotic framework.

Corollary 3.2. Assume that Conditions (C:1)–(C:7) hold with r=1= s in Conditions
(C:2) and (C:3). Then;

n1=2hd=2n (�̂n;V − �0) d→N(0; 	V (�0))

as n → ∞; where 	V (�0) is given by (3:3) with 	(�0) replaced by 	2(�0).

Thus, it follows that in the mixed-increasing-domain case, the LSEs �̂n;V have a
slower rate of convergence, viz., Op(n1=2h

d=2
n ), to the true parameter �0 than that for

the pure-increasing-domain case. The main reason behind this is that in#ll sampling
of the spatial process Z(·) leads to strong dependence among the resulting observa-
tions and the total amount of information contained in a sample of size n under the
mixed-increasing-domain case is equivalent to the information contained in a sample
of size nhdn under the pure-increasing-domain case. This is a situation that is somewhat
similar to the case of long-range dependent data, where the sample mean of n obser-
vations converges to the population mean (say, in probability) at a rate slower than
n−1=2 (cf. Beran, 1994; Hall, 1997). Thus, Corollary 3.2 gives the limit distribution of
the LSE �̂n;V in presence of what could be considered a type of long-range spatial
dependence in the data.

4. Asymptotic e#ciency

In this section, we compare the relative e'ciencies of di4erent LSEs of � in large
samples under the general set up of Section 3.1. Thus, we do not make any speci6c
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assumptions on the model generating the process Z(·), and=or on the choice of the
generic variogram estimator �∗n , and=or on the asymptotic framework as in Section 3.2.
Under the general set up of Section 3.1, Theorem 3.2 provides an expression for the

asymptotic covariance matrix of the LSEs, which forms the basis of our large sample
comparison of the e'ciency of the estimators �̂n;V for di4erent choices of the weighting
matrix V (�). We begin by formally de6ning an asymptotically e'cient sequence of
LSEs of the covariance parameter vector �. Let P ≡ {V (·): V (·) satis#es Condition
(C.3) with r=1}. Then, we say that the LSE �̂n;V0 is asymptotically e%cient among
the class of LSEs {�̂n;V : V ∈P} at � if 	V (�)−	V0 (�) is nonnegative de6nite (n.n.d.)
for all V ∈P: Note that this de6nition is equivalent to requiring that for any linear
parametric function ‘′�, the asymptotic variance of the estimator ‘′�̂n;V0 is the smallest
among all estimators in the class {‘′�̂n;V : V ∈P}.
The following theorem gives two characterizations of the LSEs �̂n;V that are

asymptotically optimal.

Theorem 4.1. Assume that 	V (�) is as in the statement of Theorem 3:2 and that the
matrix �(�) is of rank q for some �∈�. Then;

(i) 	V (�)− (�(�)′	(�)−1�(�))−1 is n.n.d.
(ii) Let A2(�) be a (K − q) × K matrix such that the columns of A2(�)′ form a

basis for the orthogonal complement of the column space of �(�). Then 	V (�)=
(�(�)′	(�)−1�(�))−1 if and only if

(A0(�)′V (�)A0(�))−1(A0(�)′V (�)A1(�))

= (A0(�)′	(�)−1A0(�))−1(A0(�)′	(�)−1A1(�));

where the matrices A0(�) and A1(�) are; respectively; of orders K × q and K ×
(K−q) and are de#ned by [A0(�) : A1(�)] ≡ [�(�) :A2(�)′]

′−1. The matrix A0(�)
is given by A0(�)=�(�)(�(�)′�(�))−1 and the matrix A1(�) satis#es the relation
A1(�)A2(�)= I − A0(�)�(�)′.

(iii) 	V (�)= (�(�)′	(�)−1�(�))−1 if and only if there exists an arbitrary q×q ma-
trix R(�) such that V (�)�(�)=	(�)−1�(�)R(�).

Theorem 4.1 shows that the GLS estimator is asymptotically e'cient within the
class P of LSEs �̂n;V . Furthermore, it provides two equivalent characterizations of all
asymptotically e'cient LSEs of �. For a class of linear regression models with corre-
lated (time-series) error variables, Grenander (1954) obtained necessary and su'cient
conditions for the OLS estimator of the regression parameter vector to be asymptot-
ically e'cient. His conditions are stated in terms of the spectral density of the error
process and the limiting matrix function of lag-products of the design vectors. In com-
parison, here the necessary and su'cient condition for any LSE of � is expressed
in terms of the limiting covariance matrix of the generic variogram estimator only at
the lags h1; : : : ; hK . Indeed, one can think of the problem of estimating the covariance
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parameter � as a nonlinear regression problem, that is

2�∗n(hi)= 2�(hi; �) + �i; i=1; : : : ; K;

where the error variables �i=2�∗n(hi)−2�(hi; �), for i=1; : : : ; K , are correlated and are
approximately multivariate normal with mean zero and covariance matrix a−2n 	(�).
Since in our treatment the number K of lag-vectors remains the same for all n,
the problem of characterizing e'ciency of di4erent LSEs is more similar to that
of a 6xed-sample size regression problem than Grenander’s (1954) framework where
the number of observations satisfying the linear regression structure grows to in6n-
ity. This is also evident from the form of (iii) in Theorem 4.1 which is similar
to the necessary and su'cient condition for the OLS estimator of the regression
parameter to be e'cient in Aitken’s formulation of the linear model (cf. Zyskind,
1967).
Next, we consider some of the implications of Theorem 4.1. Suppose that the Con-

ditions of Theorem 3.2 hold for some V (�) and that K = q. Then, the matrix �(�)
is nonsingular, and the necessary and su'cient condition of part (iii) of the theorem
holds with R(�)=�(�)−1	(�)V (�)�(�) for any weighting matrix V (�). Hence, for
K = q,

	V (�)= (�(�)′	(�)−1�(�))−1

for all V (�). Therefore, by part (i), the estimator �̂n;V is asymptotically e'cient for
every choice of the weighting matrix V (�). As a result, the OLS, WLS and GLS
estimators of � have the same asymptotic relative e'ciency and are all asymptotically
optimal within the class P.
The case K ¿q is more complicated. In this case, the OLS, WLS, and GLS estima-

tors may have di4erent asymptotic relative e'ciencies. As is the case with determining
the e'ciency of the OLS estimator of the regression parameter in a linear regression
model, veri6cation of these conditions is generally not very easy. However, we make
the following observation for the WLS estimators of variogram parameters, which cor-
respond to a diagonal weighting matrix. From Theorems 3.3 and 3.4, it follows that
the limiting covariance matrix 	(�) of the variogram estimators 2�̂n(h1); : : : ; 2�̂n(hK) is
typically a nondiagonal matrix. Indeed, 	(�) is not diagonal even in the case where
the error variables �(s) are independent and identically distributed and there is no spa-
tial dependence in the error process (cf. Genton, 1998). As a consequence, in view of
the form of the necessary and su'cient conditions in parts (ii) and (iii) of Theorem
4.1, it appears that the OLS or a WLS estimator of the variogram parameter � with a
diagonal weighting matrix would typically not be e'cient in the K ¿q case.

5. Conclusions

In this paper, we give results for the asymptotic distribution and asymptotic e'-
ciency of LSEs of the variogram parameter � under very general conditions. It fol-
lows from Theorem 3.2 that under mild regularity conditions, the rate of convergence
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of di4erent LSEs is identical to that of the generic variogram estimator 2�∗(·). This
common rate may vary according to the spatial sampling designs leading to di4erent
asymptotic structures (such as the pure increasing domain and the mixed increasing
domain structures considered in Section 3.2). Nonetheless, the GLS estimator remains
asymptotically e'cient among all LSEs of � under any such spatial sampling design,
provided the mild conditions of Theorem 3.2 are satis6ed.
A second 6nding of the paper is the asymptotic e'ciency of the OLS estimator of �

in the K = q case. In choosing a particular least squares criterion for variogram model
6tting, a practitioner needs to balance computational e'ciency with the e'ciency of the
estimation method. Results of the paper for the K = q case show that for the problem
at hand, one does not have to sacri6ce computational e'ciency for e'cient estimation
(and vice versa), from a large-sample point of view. However, one needs to exercise
caution with this choice if the sample size n is not large or if there are reasons to
believe that the parameter values are close to the boundary of the parameter space,
which may a4ect the quality of large-sample approximation.

Appendix

In order to prove the results stated in the main body of the paper, we need to
introduce some more notation. For any r × s matrix B, let C(B) denote the column
space of B and let C(B)⊥ denote the orthogonal complement of C(B). For notational
simplicity, we will write �̂n;V = �̂n. Let C(·); C1; C2; : : : denote positive constants that
depend only on their arguments (if any), but not on n. For two sequences of real
numbers {tn} and {rn}, we write tn�rn if rn=o(tn) as n → ∞. Let e1; : : : ; eq form
the standard basis for Rq. Unless otherwise indicated, limits in order symbols O(·) and
o(·) are taken by letting n → ∞.

Proof of Theorem 3.1. We prove the result assuming (3.1) holds almost surely. Let
g(�)= (2�(h1; �0)− 2�(h1; �); : : : ; 2�(hK ; �0)− 2�(hK ; �))′;

Q(�)= g(�)′V (�)g(�)

and

Q∗
n (�)= g

∗
n (�)

′V (�)g∗n (�):

Under the hypotheses of Theorem 3.1, it follows that Q(�) is strictly positive on
� \ {�0}, and Q(�0)= 0. Thus, Q(�) has a unique minimum at �0.
Next, note that Conditions (C:2) and (3:1) imply that, with probability one,

%∗
n ≡ sup{|Q∗

n (�)− Q(�)|: �∈�} → 0 as n → ∞: (A.1)

Fix a sample point such that (A.1) holds and suppose, if possible, that �̂n 9 �0 as
n → ∞ for this sample point. Then, there exists �¿ 0 and a subsequence {mn} such
that

||�̂mn − �0||¿ � for all n¿ 1:
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Hence, noting that Q(�0)= 0,

Q∗
mn
(�̂mn)− Q∗

mn
(�0)¿Q(�̂mn)− Q(�0)− 2%∗

mn

¿ inf{Q(�): ||� − �0||¿�} − 2%∗
mn
¿ 0

for all n¿ n0, for some n0¿ 1. This contradicts the de6nition of �̂n as the minimizer
of Q∗

n (�), proving Theorem 3.1 in the case where (3.1) holds almost surely. When
(3.1) holds in probability, then given any subsequence {n′}, there is a further subse-
quence {n′′} of {n′} along which (3.1) holds almost surely. Hence, one may recast
the argument above to prove Theorem 3.1. We omit the details.

Proof of Theorem 3.2. Let vij(�) denote the (i; j) component of V (�); 16 i; j6K ,
and let vij‘(�)= @vij(�)=@�‘ denote the partial derivative of vij(�) with respect to �‘,
16 ‘6 q. Since �̂n minimizes the function g∗n (�)

′V (�)g∗n (�), it satis6es the equations

0 =
@
@�‘
(g∗n (�)

′V (�)g∗n (�))
∣∣∣∣
�=�̂n

=
K∑
i=1

K∑
j=1

vij‘(�̂n)g∗ni(�̂n)g
∗
nj(�̂n)

+
K∑
i=1

K∑
j=1

vij(�̂n)(−2�‘(hi; �̂n))g∗nj(�̂n)

+
K∑
i=1

K∑
j=1

vij(�̂n)(−2�‘(hj; �̂n))g∗ni(�̂n);

16 ‘6 q, where g∗ni(�) denotes the ith component of g
∗
n(�) and �‘(·; �)= @�(·; �)=@�‘.

Hence, by a one-term Taylor series expansion of g∗n(�̂n) around �0 in the last two
terms, we obtain

K∑
i=1

K∑
j=1

vij(�̂n)(−2�‘(hi; �̂n))

×
q∑

a=1

[∫ 1

0
−2�a(hj; u�0 + (1− u)�̂n) du

]
(�̂n − �0)′ea

+
K∑
i=1

K∑
j=1

vij(�̂n)(−2�‘(hj; �̂n))

×
q∑

a=1

[∫ 1

0
−2�a(hi; u�0 + (1− u)�̂n) du

]
(�̂n − �0)′ea
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=−
K∑
i=1

K∑
j=1

vij‘(�̂n)g∗ni(�̂n)g
∗
nj(�̂n)

−
K∑
i=1

K∑
j=1

vij(�̂n)(−2�‘(hi; �̂n))g∗nj(�0)

−
K∑
i=1

K∑
j=1

vij(�̂n)(−2�‘(hj; �̂n))g∗ni(�0);

16‘6 q. It is not di'cult to see that the set of q equations above can be rewritten as

(�(�̂n)′V (�̂n)�∗
n )(�̂n − �0)=− �(�̂n)′V (�̂n)g∗n (�0)−

1
2

q∑
‘=1
g∗n (�̂n)

′V‘(�̂n)g∗n (�̂n)e‘;

where �∗
n =

∫ 1
0 �(u�0 + (1 − u)�̂n) du and V‘(�) is the K × K matrix of 6rst-order

partial derivatives vij‘(�), 16 i; j6K; 16 ‘6 q.
Now, expanding g∗n(�̂n) around �0 in the last term and rearranging terms, we obtain

(�(�̂n)′V (�̂n)�∗
n + R∗

n)(�̂n − �0) =−�(�̂n)′V (�̂n)g∗n (�0)

−1
2

q∑
‘=1
g∗n (�0)

′V‘(�̂n)g∗n (�0)e‘

−
q∑

‘=1
g∗n (�0)

′V‘(�̂n)�∗
n (�̂n − �0)e‘;

where R∗
n is the K×q matrix with ‘th row given by 1

2 (�̂n−�0)′�n∗′V‘(�̂n)�∗
n ; 16‘6K .

Since �̂n is a consistent estimator of � and the matrices V (�); �(�) are continuous in
�, Theorem 3.2 follows from (3.2) and Slutsky’s Theorem.

Lemma A.1. Let {Y (s): s∈Rd} be a stationary random #eld with EY (0)= 0 and
autocovariance function )(s) ≡ EY (0)Y (s); s∈Rd. Suppose E|Y (0)|2+� ¡∞
and +(a; b) 6Ca−01b02 ; a¿ 1; b¿ 1 for some 0¡�6 2; C ¿ 0; 01¿ (2 + �)d=�
and 06 02¡01=d; where the strong mixing coe%cient +(·; ·) of Y (·) is de#ned by
replacing �(·) with Y (·) in (3:10). Let !n(·) :Rd → R be deterministic functions
satisfying sup{!n(s): s∈Rd}=O(1) as n → ∞:
(1) Under the pure-increasing-domain asymptotic structure;

n−1=2
n∑
i=1

Y (si)
d→N
(
0;
∑
i∈Zd

)(Ti)

)
;

E
(

n∑
i=1

!n(si)Y (si)
)2
=O(#dn) as n → ∞:
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(2) Under the mixed-increasing-domain asymptotic structure;

(nh−d
n )

−1=2 n∑
i=1

Y (si)→ N

(
0;
(

d∏
i=1

�i

)−1 ∫
Rd
)(s) ds

)
;

Var
(

n∑
i=1

!n(si)Y (si)
)
=O(nh−d

n ) as n → ∞:

Proof. Let +1(t) ≡ t−01 ; t ¿ 1. Note that for 0¡�6 2; 01¿ 2d and hence,∫
t2d−1+1(t) dt¡∞. Therefore, f1(t) ≡ td

∫ t
1 y

2d−1+1(y)dy ∼ C(01; d)td and f−1
1 (t) ∼

C(01; d)t1=d as t → ∞. This implies that [f−1
1 (t)]

d=[t+1(f−1
1 (t))] ∼ C(01; d)t01=d.

Hence, the result follows from Proposition 4:1, the proof of Theorem 4.1, and Theorem
4:3 of Lahiri (2000).

Proof of Theorem 3.3. By the Cramer–Wold device, it is enough to show that for any
a ≡ (an; : : : ; aK)′ ∈RK ; Tn=

∑K
i=1 n

1=2ai(2�̂n(hi) − 2�(hi; �0)) →d N(0; a′	1(�0)a) as
n → ∞. Fix a∈RK and de6ne

T1n= n1=2
K∑
k=1

ak

{
|Nn(hk)|−1

∑
Nn(hk )

|�(si)− �(sj)|2 − 2�(hk ; �0)
}

and

T2n= n1=2
K∑
k=1

ak

{
n−1

n∑
i=1

|�(si)− �(si + hk)|2 − 2�(hk ; �0)
}
:

Note that for any h ≡ T i0 ∈Zd 6xed, |Nn(h)| ≡ |{(si ; sj): 16 i; j6 n; si − sj = h}|
= n(1 + o(1)) as n → ∞, by Condition (C:4). Hence, by Condition (C:6),

|T1n − Tn|6 n1=2
K∑
k=1

|ak |
|Nn(hk)|

∑
(si ;sj)∈Nn(hk )

|(�̂(si)− �̂(sj))2 − (�(si)− �(sj))2|

6C1n1=2
K∑
k=1

|ak |{2||�̂n − �|| ||Ekn||+ ||�̂n − �||2C(hk)};

where Ekn= |N (hk)|−1
∑
(si ;sj)∈Nn(hk ) {(f(si) − f(sj))(�(si) − �(sj))}. By Lemma A.1,

E�0 ||Ekn||2 =O(n−1) for all 16 k6K . Hence, it follows that

|T1n − Tn|=op(1): (A.2)

Next write Jkn= {(si ; si + hk): si ∈Rn; si + hk �∈ Rn}; Yk(si)= (�(si) − �(si + hk))2

− 2�(hk ; �0); 16 k6K . Thus, Jkn= {(si ; si + hk): 16 i6 n} \ Nn(hk), the set
of all pairs (si ; sj) with si − sj = hk but where only si lies in Rn. Clearly, Jkn ⊂
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{(T i;T i +hk): Ti∈Rn\(#n−||hk||)R0}. Note that by Condition (C:4), the set Rn\(#n−
‖hk‖)R0 can be covered by O(#(d−1)n ) cubes of the form 2||hk ||(0; 1]d+ i; i∈Zd. Since
each such cube can contain at most

∏d
i=1(2||hk ||�−1i + 1) points from the grid Zd,

the size of the set Jkn is O(#
(d−1)
n ), as n → ∞. Hence, by Condition (C:5), the

Cauchy–Schwarz inequality and Lemma A.1,

E|T1n − T2n|6 n1=2
K∑
k=1

|ak |
{∣∣n−1 − |Nn(hi)|−1

∣∣E ∣∣∣∣ n∑
i=1

Yk(si)
∣∣∣∣

+ |Nn(hi)|−1E
∣∣∣∣∣ ∑
si ;si+hk∈Jkn

Yk(si)

∣∣∣∣∣
}

6C2n1=2
K∑
k=1

|ak |

|n− |Nn(hk)|| n−2

(
E
(

n∑
i=1

Y (si)
)2)1=2

+ n−1
{ ∑
s∈Zd

|Jkn||Cov(Yk(0); Yk(s))|
}1=2

6C3
K∑
k=1

|ak |
[
n−1 |n− |Nk(hk)||+ n−1=2|Jkn|1=2

]
→ 0 as n → ∞:

Finally, by Lemma A.1, as n → ∞,
T2n

d→N(0; a′	1(�0)a);
proving the theorem.

Proof of Corollary 3.1. Follows from Theorems 3.2 and 3.3.

Proof of Theorem 3.4. Similar to the proof of Theorem 3.3. We omit the details.

Proof of Corollary 3.2. Follows from Theorem 3.2 and Theorem 3.4.

Proof of Theorem 4.1. For notational simplicity, we will drop the argument � in the
matrices appearing in the proof of this theorem. Let A be the K ×K matrix de6ned by

A−1 =

[
�′

A2

]
; (A.3)

where A2 is a (K−q)×K matrix such that the columns of A2 constitute an orthonormal
basis of C(�)⊥. Write D=�′�. Then, it follows that

�=A

[
D

0

]
: (A.4)
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Next, partition A′VA and A−1	(A−1)′ as

A′VA=

[ WV 11 WV 12

WV 21 WV 22

]

and

A−1	(A−1)′=

[ W	11 W	12

W	21 W	22

]
≡ W	;

where W	11 and WV 11 are of order q× q. Then, it is easy to check that �′V�=D WV 11D,
and that D and WV 11 are positive de6nite (p.d.). Hence,

	V = (D−1 WV
−1
11 D

−1)

[
D

0

]′
A′V	V ′A

[
D

0

]
(D−1 WV 11D−1)

=D−1 WV
−1
11

[
Iq

0

]′
(A′VA)(A−1	A−1′)(A′VA)

[
Iq

0

]
WV
−1
11 D

−1

=D−1 WV
−1
11 [ WV 11 : WV 12](A

−1	A−1′)

[ WV 11
WV 21

]
WV
−1
11 D

−1

=D−1[ W	11 + WV
−1
11
WV 12 W	21 + W	12 WV 21 WV

−1
11 + WV

−1
11
WV 12 W	22 WV 21 WV

−1
11 ]D

−1:

Since D is nonsingular and does not depend on the weighting matrix V (·), it is enough
to consider the expression inside the square brackets to determine an optimal V (·). Note
that this is equivalent to choosing a q×(K−q) matrix B such that for each x∈Rq\{0},

Hx(B) ≡ x′[ W	11 + B W	22B′ + B W	21 + (B W	21)′]x (A.5)

is minimized. Fix x∈Rq \ {0}. Clearly, we may write Hx(B) as

Hx(B)=

(
x

B′x

)′
W	

(
x

B′x

)
:

Next note that as x �= 0,

{B′x: B is a q× (K − q) matrix}=RK−q:

Hence, it follows that minimizing Hx(B) over the class of q × (K − q) matrices is
equivalent to minimizing the quadratic form(

x

y

)′
W	

(
x

y

)
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over y∈RK−q. Let B′
1 = [Iq : 0] be of dimension q × K . Then, by Result 1.f.1(ii) of

Rao (1973), it follows that

inf
y∈RK−q

(
x

y

)′
W	

(
x

y

)
= inf
z∈RK ;B′

1z=x
z′ W	z

= x′(B′
1
W	
−1
B1)−1x; (A.6)

where the in6mum is attained (uniquely) at z0 = W	
−1
B1(B′

1
W	
−1
B1)−1x. Since (A.6)

must hold for all x∈Rq \ {0}, the optimal covariance matrix is given by a choice of
V (·) for which

	V =D−1(B′
1
W	
−1
B1)−1D−1

=


[D

0

]′
(A−1	A−1′)−1

[
D

0

]
−1

= ((A−1�)′(A′	−1A)(A−1�))−1

= (�′	−1�)−1:

Furthermore, by the uniqueness of z0 in (A.6), any such V (·) must satisfy
(x′ :x′( WV

−1
11
WV 12))= z′0 for all x∈Rq \ {0}

⇔ (Iq : WV
−1
11
WV 12)= (B′

1
W	
−1
B1)−1B′

1
W	
−1

⇔ WV
−1
11
WV 12 = (B′

1
W	
−1
B1)−1B′

1
W	
−1
B2;

where B′
2 = [0 : IK−q] is of dimension (K − q)× K . Note that by de6nition, AB1 =A0

and AB2 =A1. Hence the condition above reduces to

[A′
0VA0]

−1[A′
0VA1]= [A

′
0	

−1A0]−1[A′
0	

−1A1]:

To show that A0 =�(�′�)−1, note that from (A.3),

�= A

[
D

0

]

= A0D

= A0(�′�):

Next, using the de6nitions of A0; A1; A2 and the identity AA−1 = IK , we can conclude
that A1A2 = IK − A0�′. This completes the proofs of parts (i) and (ii). Part (iii) is
easily derived from the fact,

	V − (�′	−1�)−1 =BX ′W ′[I − X (X ′X )−1X ′]WXB; (A.7)

where X =	−1=2� and W =	1=2V	1=2. Identity (A.7) and the symmetry of V now
implies the equivalence of (ii) and (iii). This completes the proof of Theorem 4.1.
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