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Abstract 
A general two-dimensional random walk is considered with a barrier along 

the y-axis. Absorption probabilities are derived when the barrier is absorbing, 
and when it is semi-reflecting. 
IMBEDDED ONE-DIMENSIONAL RANDOM WALK; ULTIMATE ABSORPTION PROB- 
ABILITIES 

1. Introduction 

Consider a particle P executing a random walk on a simple two-dimensional 
integer lattice, each step being of unit length in one of the four mutually per- 
pendicular directions with probabilities independent of the position of P in the 
lattice. Thus if the particle is at the point (x, y), 

Pr ((x, y) 4(x + 1, y)} = pl > 0, 

(1) Pr ((x, y) 4(x - 1, y)} = q1 > 0, 

Pr ((x, y) 4(x, y + 1)} = p2 > 0, 

Pr {(x, y) 4(x, y - 1)} = q, > 0, 
where 

Pi + q1 + P2 + q2 = 1. 

We will start P at (d, 0), where d is a positive integer, in the presence of a pure 
absorbing barrier along the y-axis, and study the walk at instants of change of 
x-position of the particle; between such instants we will examine the change in 
y-position. This approach will allow us to find the probabilities of ultimate 
absorption at points (0,j) along the barrier. These probabilities have been derived, 
using different methods, by Barnett ([1] and [2]), and McCrea and Whipple ([4]). 

Now, by replacing the absorbing barrier with a semi-reflecting barrier, and 
using the same approach, we will derive the probabilities of ultimate absorption 
at points (0,j) along the barrier. The semi-reflecting barrier is described by a 
coefficient of reflection r (0 < r < 1). 
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If P hits the barrier at (0,j) then at the next step 
P is reflected to (1,j) with probability r, 

(2) P is absorbed at (0,j) with probability (1 - r). 

This problem originated from a study of the way that sewerage, released from 
an outlet pipe some distance out to sea, was washed up onto the shore. It was 
found that the shore line acted as a semi-reflecting barrier. 

2. Pure absorbing barrier 

Return briefly to the one-dimensional random walk where 

Pr{•x 
-+ x + 1} = po, 

(3) 
Pr{x - x - 1} =qo = 1 - po, 

and where there is an absorbing barrier at x = 0. Let our particle start at x = d, 
where d > 0. 

Let No be the number of steps to absorption. (Note that if Po > qo, the proba- 
bility of absorption is less than 1, and so No is a degenerate random variable.) 
Then 

00 

Pd(Z) Z" Pr(No = n) 
n1l 

(qod I - [1 - 

4PoqoZ2]-- 

i" 

(4) (Po)( 2qoZ 

Equation (4) can be found in Cox and Miller ([3], p. 37). 
Let us now consider the two-dimensional random walk given by (1). It can be 

easily seen that if we look at the walk at the instants of change of x-position, 
then we have an imbedded one-dimensional random walk given by (3) with 

Po = Pt/(Pv + q1), qo = q11(P1 + q1). If between such instants, we examine 
the change in y-position, we find that the change S(N) is given by 

S(N) = 0 for N = 0, 
(5) 

(5) S(N) = X + ... + XN for N>0, 

where N is a random variable with a geometric distribution such that 

Pr(success) = p, + q2, 

Pr (failure) = pi + q1, 

i.e., 

Pr(N = n) = (p2 + qz)"(Pl + q1), 
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A two-dimensional random walk with a partially reflecting barrier 201 

and X,X2, X"" 
are mutually independent and identically distributed as X, where 

X + 1 w.p. p2/(p2, + q,), 

- 1 w.p. q,2/(p, + q2). 

Define T(Z) 
=- 

(Zs(N). Then 

T(Z) = -(F(ZSm/N = n)) 

= 
P2 

Z+ 
2 Z-1 (P2 +q2)(P1 

+ q1) 
(6) n=O\p + q2 P2+ q2 / 

(Pi + q1)Z 
Z - p2Z2 - q2 

provided J 
p2Z + q2Z-1 < 1. 

Let M be the number of horizontal steps P takes during the walk, and let D 
be the final vertical displacement of P just before absorption. Then 

D = S + S2 + + SM 

where S, S2, 
'*" 

are mutually independent and identically distributed as S(N) 
in (5). 

So, if 

CO 

(7) Gd(Z) - ZkPr(D = k), 
k= -- 

then it can be seen that 

(8) Gd(Z) = P,(T(Z)). 

At this point we find it is convenient to let 

P1 = pe , q1 = pe- , 
(9) 

P2 = )e7, q2 = Ae-Y. 

It can be easily shown that given (pq, P, P2,q2) as in (1), then we can find a 
unique (1,p, y, 6) in terms of pi q, P2, q2. Thus from (4) and (9), P/(Z) in its new 
form is, 

(10) PZ) = e 
+ e22 

Z 2 
_ 

) 
e2 

and T(Z) is from (6) and (9), 

(11) T(Z) = 2pcosh3[ e7Z - .(e7Z)2 - 
" 
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Then from (8), (10) and (11), 

(12) Gd(Z) = e-6d{f(Z)- [(f(Z)) - 1]l}" 

provided 

(13) I)eYZ + e-YZ-'I < 1, 

where f(Z) = (1 - )[eYZ + (eYZ)- ])/2p. 

Thus from (12) and (13), we see that G,(Z) is regular in the complex plane in 
an annulus about Z = 0. We can thus represent G,(Z) as the Laurent series 

,- 
oo Zkek, where 

1 f G_(Z') 
(14) ek 

-2ti 
(Z')k + 

1i dZ' 

for ' any closed (counterclockwise) contour which is in the annulus and encloses 
Z = 0. One such ' is the unit circle I Z = 1. (Notice Z = e'0 satisfies (13)). 

Uniqueness of the Laurent series, and (7) and (14) tell us that a , the probability 
P is absorbed at (0,j) , is given by 

ai = 
f 

e-ijoGd(e'0)dO, 

which from (12) is 

(15) a = r-1 exp(yj - 6d) (cosjO)ed?dO, j = 0, + 1, + 2, --., 

where k is the smallest root of 2), cos 0 + 2p cosh 4 = 1. Expression (15) is given 
explicitly in Barnett [2] and implicitly by direct generating function methods 
in Barnett [1]. It also appears in McCrea and Whipple [41 for pl = q, = P2 

-1 =q2 = 4- 

It is of interest also to extract the total probability of ever being absorbed. 
This is Gd(1). From (8), 

Gd(1)= Pd(T(1))= Pd(1) 

( 
(q1/p,)d, 

qt < Pi, 

1, qr > 01, 

i.e., e 
- 26d -6 6 

(16 
ee < e, 

(16) G4(1) = 
1, e- ) e . 

3. Semi-reflecting barrier 
Recall that the semi-reflecting barrier along the y-axis is described from (2), 

by a co-efficient of reflection r (0 ? r < 1). Let E be the final vertical displace- 
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A two-dimensional random walk with a partially reflecting barrier 203 

ment of P just before absorption. Let A,(k) denote the event {P visits the barrier 
(n + 1) times; it is reflected n times and is absorbed at (0, k) at the (n + l)th 
time) 

Then, 

{E = k} = U A,(k) 
n=O 

and 

(17) Pr(E = k) = 1 Pr(A,(k)). n=O 

Now the event A,(k) can be further decomposed into the (n + 1) successive 
visits to the barrier. If' we again look at the two-dimensional random walk as an 
imbedded one-dimensional random walk in the horizontal direction, with random 
vertical increments according to (5), we arrive at, 

Pr(A,(k))= ... Pr R+ Sy+--.+ 
U =k 

mo=1 m=1 m=1 j1 j=1 j=1 

(18) 

x Pr(Mo = mo)Pr(M1 = m1)---Pr(M, = m,)r"(1 - r), 

where 

Mo is distributed as M in Section 2; 

and 

M1, M2 --" 
are mutually independent and identically distributed 

as M in Section 2, with d = 1; 

and 

R1, R2, .---., S, S2, *, U1, U2, 
'" 

are mutually independent and 

identically distributed as S(N) in (5); 

and 

the R,'s, St's, --., 
Us's, M,'s are all mutually independent. 

Expression (18) comes from considering P as executing Mo + M1 + -- + M, 
horizontal steps before absorption, and thus allowing P to have Mo + M1 + 

?* 
+ M, vertical increments according to (5). 

Now define F(Z) by, 

(19) F(Z) - 
. 

ZkPr(E = k). 
k- -oo 
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Then, from (17), (18) and (19), 
00 

F(Z) = 1 Gd(Z)(G,(Z))"r"(1 - r) 
n=0O 

(20) (20) = (1 - r)Gd(Z)/(1 - rG1(Z)) 

provided 
(21) p2Z + q2Z-' < 1 and IZ 

? 1. 

Expression (19) tells us that the co-efficient of Z' in (20) will give us by, the prob- 
ability of being ultimately absorbed at (0,j). To extract this, again expand in 
a Laurent Series. Integrating (20) around the unit circle (notice e'0 satisfies (21)), 
we get, 

b= e-iJ?F(e'e)dO 

o(22) 

(cosjO)ed' (22) - '(1 - r) exp (yj 
- d) dj, j = 

0, + 1, ? 2, ". 

where 4 is the smallest root of 

2.cos 
+ 2p cosh = 1. 

Notice in the case where r = 0, we have 
bj 

= a , where a, is given in (15) as the 
probability of absorption at (0,j) in the presence of a pure absorbing barrier. 
Also if q1 1 pi, the probability of ultimate absorption, F (1), is equal to 1. 

If q1 < pit, 
(1 

- 
r)(qj/p1)d 

F(1) = < 1. 1 - r(q1/p1) 

It should also be noted that we can easily show that if we consider the more 
general walk, 

Pr {(x, y) - (x +- 1, y)} = p' > 0, 

Pr{(x,y)-, (x- 1,y)} = q; > 0, 

Pr ((x, y) -+ (x, y + 1)} = 
p2 

> 0, 

Pr ((x, y) -+ (x, y - 1)) = q > 0, 

Pr {(x, y) - (x, y)} = s, 

where p' + q' + p' + 
q2 

+ s = 1, and if this walk has the same relative 
drifts as our original walk, i.e., 

P' = cp1, q' = cq1, 

p = cp2, q2 
= cq,, 
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A two-dimensional random walk with a partially reflecting barrier 205 

where c is a constant which in fact must equal (1 - s), then the probabilities of 
ultimate absorption given by (15) and (22) are unchanged. 
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