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ABSTRACT
Too much carbon dioxide (CO2) in the atmosphere is a threat to long-term sustainability of Earth’s ecosys-
tem. Atmospheric CO2 is a leading greenhouse gas that has increased to levels not seen since the middle
Pliocene (approximately 3.6 million years ago). One of the US National Aeronautics Space Administration’s
(NASA) remote sensing missions is the Orbiting Carbon Observatory-2, whose principal science objective
is to estimate the global geographic distribution of CO2 sources and sinks at Earth’s surface, through time.
This starts with raw radiances (Level 1), moves on to retrievals of the atmospheric state (Level 2), fromwhich
maps of gap-filled and de-noised geophysical variables and their uncertainties are made (Level 3). With
the aid of a model of transport in the atmosphere, CO2 fluxes (Level 4) can be obtained from Level 2 data
directly or possibly through Level 3. Decisions about how to mitigate or manage CO2 could be thought of
as Level 5. Hierarchical statistical modeling is used to qualify and quantify the uncertainties at each level.
Supplementary materials for this article are available online.

1. Introduction

Cosmologically, Earth is a small, insignificant speck in a vast
universe that began with the Big Bang. To we Homo sapiens,
it is the only habitable planet within reach, although we have
been looking up for millennia, trying to figure out our place in
space, making small steps out and sending probes out even fur-
ther. Earth is our “mother ship” for the foreseeable future, and
this article is about a mission to our own planet.

To sustain our voyage through space, we need to know the
state of our ship. For example, we need to look for stress frac-
tures, overheating, energy sources, and in the absence of certain
repairs we need to project its future state. If we want a sound
ship, we need to establish long-term maintenance protocols, we
need to monitor the ship’s integrity, and we need to repair com-
ponents that are broken.However, we carry no blueprints for the
ship, just the scientific knowledge that has accumulated in our
libraries and research laboratories.

Gravity is a ratherweak force in nature, but it has kept our sci-
entific investigations close to Earth for thousands of years. Only
in the last 50 years have we been able to pack enough explosive
material into a rocket and escape.Once out, we can look downor
up, and the US National Aeronautics and Space Administration
(NASA) and other space agencies around the world have been
doing both. This article is about the role of statistical science in
one of NASA’s missions to “look down” at Earth from space and
remotely sense its state.
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“If you can’t measure it, you can’t manage it” is part of NASA’s
press releases when they describe their remote sensing mis-
sions. Of particular interest here is looking down through the
atmosphere from the Orbiting Carbon Observatory-2 (OCO-2)
satellite that carries an instrument sensitive enough to count
(i.e., measure) the carbon dioxide (CO2) molecules in a column
that extends from Earth’s surface to the satellite. NASA has
initiated this mission because CO2 is a leading greenhouse
gas that is accumulating rapidly in Earth’s atmosphere, largely
due to human activity (IPCC 2014, Working Group I, chap.
6). The primary science objective of the OCO-2 mission is
to estimate the global geographic distribution of CO2 sources
and sinks, through time, from which mitigation strategies may
ultimately lead to atmospheric-carbon balance. Crisp et al.
(2004) described the concept and the goals that underlie the
Orbiting Carbon Observatory missions.

This article focuses on satellite remote sensing of atmo-
spheric CO2 and its goal to understand where at Earth’s surface
this important greenhouse gas comes from and where it goes
to in the carbon cycle. I claim no science breakthroughs in
that regard, but I show how statistical science is or should
be embedded in each level of any remote sensing mission,
from the radiances measured by the instrument at a sounding
(Level 1), to the state of the atmosphere at measurement loca-
tions (Level 2), to “gap-filled” and “de-noised” global maps of
important components of the atmospheric state (Level 3), to
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Figure . Simplified schematic of theglobal carbon cycle. Numbers represent reservoirmass, also called “carbon stocks”in PgC ( PgC= 15 gC) andannual carbonexchange
fluxes (in PgC yr−1). Black numbers and arrows indicate reservoir mass and exchange fluxes estimated for the time prior to the Industrial Era, about  (Credit: IPCC ,
Working Group I, Ch. , Fig. . and its caption, redacted).

the provenance (i.e., sources and sinks) of those components
(Level 4) obtained from previous levels. I have proposed in the
final section a new level (Level 5), where policy decisions are
made based on knowledge (and the degree of certainty in that
knowledge), learned from the previous four levels.

Carbon is the fourth most abundant element in the universe.
Earth’s carbon cycle is a closed system, with carbon moving in
and out of a number of pools; see Figure 1 and Le Quéré et al.
(2013). In the atmospheric pool, carbon bonds with oxygen to
give CO2. In the form of coal, oil, and gas that remains in the
ground, carbon causes no harm. Once extracted and burned as
a fossil fuel, it powers much of the human activity on our planet
but leaves an excess of CO2 in the atmospheric pool that is not
reabsorbed, and it is a major driver of climate change.

Imagine the Earth system as a set of juggler’s clubs, with
one of them the carbon club. In preindustrial times, there was
balance in the carbon club; about as much carbon was being
removed from the atmosphere as was being added. However, the
carbon club is becoming unbalanced. In the first decade of this
century, the net yearly increase of atmospheric CO2 was about 4
Gigatonnes (Gt) of carbon (1 Gt of carbon = 1 PgC = 1015 gC).

Odorless, tasteless, and invisible, CO2 is one of a number of
greenhouse gases that trap heat and increase Earth’s surface tem-
perature (Aarhenius 1896; IPCC 2014, Working Group I, chap.
6). The 2014 IPCC Report estimates that in the first decade of
this century 8–9 Gt of carbon per year came from human activ-
ity in the form of fossil-fuel burning, cement production, and
land-use change. Some of that carbon is taken up by the oceans
and terrestrial ecosystems (e.g., photosynthesis). In economic
terms, this is a story of spending (CO2 emissions) and saving

(CO2 absorption). Every year, the budget is in debt to the tune
of 4Gt of carbon in the atmosphere; achieving a balanced budget
will require spending less and saving more.

Atmospheric transport homogenizes high or low CO2 con-
centrations caused by sources and sinks at Earth’s surface. This
happens relatively quickly, within about 3 months in each hemi-
sphere. Since CO2 is a long-lived gas, much of what is being
sensed represents background gas that may date back even as far
as several thousand years. (Of 100 new molecules emitted into
Earth’s atmosphere, about 50 molecules will be removed within
30 years, about 30 molecules will be removed within a few cen-
turies, and the remaining 20 or so molecules may still be in the
atmosphere after a few thousand years.) It is the anomalies from
this background that hold considerable interest for carbon-cycle
scientists.

Yearly increases of atmospheric CO2 at the NOAA Mauna
Loa Observatory, Hawaii, have typically been about 2 parts per
million (ppm) since 2000, where atmospheric CO2 is measured
as a mole fraction (in parts per million). For the years 2015 and
2016, this has accelerated to 3 ppm (NOAA Global Monitoring
Division 2017). In 2015, atmospheric CO2 officially reached 400
ppm (NOAANews 2016), a 40% increase when compared to the
approximately 280 ppm of CO2 in the atmosphere around 1850
(at the beginning of the industrial period). From paleoclimate
data, the last time atmospheric CO2 reached 400 ppm on Earth
was about 3.6million years ago, in themiddle Pliocene, at a time
when Homo sapiens had not yet arrived (Brigham-Grette et al.
2013).

Other clubs are spinning too, such as aerosols and clouds,
and all these clubs point to a warmer and drier future (IPCC
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2014, Synthesis Report). This juggling act, that trades off
economic well-being, jobs, and growth (and the fossil fuels
needed to power them) with climate change, is high risk. The
carbon club might already have been dropped, and the planet
may need more than the COP21 Paris agreement, reached in
December 2015, to give Homo sapiens and the myriad other
species living together on Earth a sustainable future.

It is essential to understand the motion of these spinning
clubs, and it requires a careful characterization of what we know
(the physical processes) and what we do not know (the uncer-
tainty). As an aside, handling the “known unknowns” in this
problem is hard enough, but it is a much harder problem to
account for the “unknown unknowns.” Statistical science shows
how to combine the physical and the statistical unknowns into a
hierarchical physical-statistical model (see the editorial by Kuh-
nert 2014), and how to go from observations to information to
knowledge (e.g., Cressie and Wikle 2011, p. 6).

Quantification of uncertainty through conditional probabil-
ities is fundamental to this hierarchical approach. Probabil-
ity theory has a coherent set of rules resulting in a scale-free
quantification of uncertainty. In particular, Bayes’ Rule is the
workhorse of hierarchical physical-statistical modeling and its
associated uncertainty quantification. But where is the proba-
bility space and what is the sample size suggested by the “Blue
Marble” shown in Figure 1 of the supplemental material? My
answer to this is that probabilities come from the amount of
uncertainty/certainty in our libraries, research laboratories, and
measuring instruments, as assessed by the scientist or the sci-
ence team. And while the theory of multiverses (Greene 2011)
is conceptually appealing, the real sources of replication are time
and space.

If governments are the stewards of the commons, then
government scientific organizations have a responsibility for
providing observations in their sphere of influence, including
the environmental commons. For example, NASA launched the
OCO-2 instrument in July 2014 to look down at Earth andmea-
sure CO2 in its atmosphere (see Figure 2 of the supplemental
material); the US National Oceanic and Atmospheric Admin-
istration (NOAA) provides in situ (e.g., tall towers, Mauna Loa
Observatory) and flask CO2 measurements that are used along-
side aircraft or satellite campaigns; Australia’s Commonwealth
Scientific and Industrial Research Organisation (CSIRO) has a
monitoring station at Cape Grim, Tasmania that is crucial for
measuring greenhouse gases (including CO2) in clean air com-
ing over the Southern Ocean; and the Total Carbon Column
Observing Network (TCCON) consists of about 30 fixed, land-
based sites around the world that look up with spectrometers
and take high-quality measurements every few minutes during
the day when the sun can be viewed directly and brightly.

Figure 2 shows seasonally corrected CO2 values (in ppm)
measured at NOAA’s Mauna Loa, Hawaii observatory over the
past 60 years. The observatory is on top of a 4170 m peak on the
island ofHawaii, removed from the usual anthropogenic sources
of CO2. It is a sobering graphic that indicates a more than lin-
ear rate of increase of carbon in the atmospheric pool (NOAA
Global Monitoring Division 2017).

In this article, I shall present statistical methodology for
remote sensing data, and I use theOCO-2mission and its search
for the geographic distribution of sources and sinks of CO2
as a leading example. (OCO-2 is NASA’s first mission devoted

Figure . Monthly mean atmospheric CO2 (ppm) at the NOAAMauna Loa Observa-
tory, Hawaii. The smooth line represents seasonally corrected data (Credit: Scripps
Institution of Oceanography and NOAA Earth System Research Laboratory).

entirely to the study of Earth’s atmospheric CO2.) Atmospheric
inversion of CO2 transport to obtain surface fluxes, or the
slightly mis-named but shorter, “CO2 flux inversion,” is the
recovery of the surface flux field of CO2 (i.e., sources and sinks)
from data that represent an indirect measure of it (e.g., atmo-
spheric CO2 data in ppm). Flux inversion of tracer gases is an
inverse problem that is hard (e.g., Chevallier 2015), but solving
it for CO2 is essential for developing smart mitigation strategies
designed to restore balance to the carbon club. Future genera-
tions are depending on our generation to take action!

In Section 2, the first two levels (Level 1 and Level 2) of
data and inference (radiances and atmospheric states) are pre-
sented. Section 3 presents a computationally fast way to pro-
duce Level 3 data and inferences; in this section, Level 2 data are
gap-filled and smoothed (i.e., spatial and spatio-temporal global
maps are produced, with quantified uncertainties). Flux inver-
sion is presented in Section 4; fluxes are estimated using com-
putational algorithms that are, at their core, statistical (Wikle
and Berliner 2007). Section 5 contains a discussion of promising
avenues of statistical research, including the creation of a new
level, Level 5, where information from the previous levels is used
to make management and mitigation decisions in the presence
of uncertainty. Throughout, I shall emphasize the uncertainties
in the measurements and the models that cascade from Level 1
through to Level 5.

2. Calibrated Radiances (Level 1) and Atmospheric
States (Level 2)

The OCO-2 satellite flies at an altitude of about 700 km, makes
14 pole-to-pole orbits in a day, and has a global repeat cycle of
16 days. Further, it has a small retrieval-footprint size of approx-
imately 3 km2 on Earth’s surface when the instrument is aimed
to look directly below the satellite (i.e., a nadir view). Conse-
quently, there is a lot of fine-resolution spatial and temporal
satellite data available to potentially track the passage of CO2
molecules from their flux fields, during the 3months or so before
they become indistinguishable from background; see Section 4
for further discussion. There is also a lot of missing data due to
the OCO-2 instrument’s passive reliance on reflected sunlight
fromEarth’s surface. “Missingness” is typically caused by clouds,
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Figure . Radiances (L data) for a single sounding as a function of wavelength (in microns) on the horizontal axis: Three bands are featured, the O2 A-band (top), the weak
CO2 band (middle), and the strong CO2 band (bottom). This first-light sounding was taken on  August  (Credit: NASA/JPL-Caltech).

dust, nighttime, and a high solar zenith angle. The presence of
any one of these factors results in a low (or zero) signal-to-noise
ratio (SNR), and either a retrieval is not reported at all or it is
reported with a high level of warning.

The OCO-2 satellite has a single instrument on board that
incorporates three high-resolution spectrometers. These make
coincident measurements of reflected sunlight in three bands in
the near-infrared: the molecular oxygen (O2) A-band is around
0.76 microns, the weak CO2 band is around 1.61 microns, and
the strong CO2 band is around 2.06 microns. Each band has
1016 spectral elements, although some are masked out in the
retrieval, resulting in an approximately 2200-dimensional vec-
tor for each OCO-2 sounding.

On the sunlit side of the orbit, there are potentially about
106 soundings per day but, in reality, only about 7% result in a
retrieval of their respective atmospheric states. These retrievals
have uncertainty due to measurement error. Clearly, counting
CO2 molecules frommeasurements of the energy absorbed dur-
ing reflected light’s 700 km (or more) passage from an uneven
and diverse surface up to the OCO-2 satellite, will be subject to
error. That is, the data are “noisy.”

At each sounding made by the OCO-2 instrument, the Level
1 (L1) procedure takes raw data numbers from the three spec-
trometers referred to above and converts them into calibrated
radiances. The approximately 2200-dimensional vector of radi-
ances is denoted below as Y, and geolocation information is
attached to Y. An example of L1 data (radiances) from the three
calibrated bands is given in Figure 3.

In what follows, I describe the L2 analysis (i.e., statistical
prediction) that is done for all soundings where radiances Y are
available. Many variables may be retrieved; of particular interest
for OCO-2 is a vector of 20 CO2 values at 20 geopotential
heights in the atmospheric column. When the SNR is too low,
there is no detectable signal from Earth’s surface and hence no
retrieval. In the extreme case, where there is cloud cover or it is
nighttime, the SNR is zero. Even when radiances are obtained
at L1, the algorithm that produces the L2 retrieval may not con-
verge or may give a nonphysical result. In the case of OCO-2, an
additional feature of the L2 data product (Version 7) is that each
retrieved vector of predicted CO2 values (and other characteris-
tics of the atmospheric column, such as surface pressure) comes
with a “warn-level” and quality flags that allow the data-user to
filter out potentially nonrepresentative observations (Mandrake
et al. 2015). For example, in this article, I do not use any L2
data whose warn-levels are over 14, as recommended by the
OCO-2 L2 algorithm team. Up to October 2017, Version 7 was
the official OCO-2 L2 data product; at the time of writing this
revision, Version 8 had just been released.

The OCO-2 team has developed a retrieval algorithm that is
physical-statistical in its approach (OCO-2 Level 2 Full Physics
Retrieval ATBD 2014). It is usually called a Bayesian retrieval
but, as will be seen below, that terminology can be misleading.
Consider a sounding where a retrieval was successful. The
approximately 2200 radiances for that sounding form the vector
Y. It is assumed that Y is the result of a physical forward model
F that transforms the state X to a “true” set of spectra, F(X).
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However, measurements are not perfect, and hence the data
vector Y has errors associated with it.

For notational reasons that will become obvious below, Y is
considered to be an nε-dimensional vector. The forward model
(equivalently the data model in a physical-statistical model) is

Y = F(X) + ε, (1)

where F is known and nonlinear; X is the state vector to be
predicted; ε ∼ Gau(0, Sε ) represents additive Gaussian mea-
surement error independent of X; and Sε is a known nε × nε

covariance matrix (OCO-2 Level 2 Full Physics Retrieval ATBD
2014). Since the L1 data are derived from photon counts, the
assumption of additivemeasurement error in (1)might not hold,
although I amnot aware that an alternativemodel to (1) has been
tried for OCO-2 L1 data.

The choice of the contents of the state vector X is made by
the satellite’s L2 algorithm team, and it depends on the physics
approximations made in the forward model. In fact, one can
imagine an “ideal” forward function FI , where FI physically
relates the “ideal” state vector XI (of huge dimensionality) to
noiseless radiances YI . That is, the forward equation is YI =
FI(XI ).

In reality, the state variables that can be retrieved make up
a subvector X of much smaller dimension than XI . For nota-
tional reasons that will become obvious below, the dimension
of X is denoted as nα . In earlier versions of the algorithm, nα

was over 100 (Miller et al. 2007), and at launch in July 2014 it
was on the order of 50, changing slightly depending on whether
the retrieval was over land or over ocean (OCO-2 Level 2 Full
Physics Retrieval ATBD 2014). Present in all these versions has
been 20 CO2 values corresponding to 20 geopotential heights in
the atmospheric column between the surface and the satellite.
Non-CO2 values that are important for a successful retrieval of
the CO2 values are surface pressure and aerosols.

Now, any approximate physics used to reduce XI to X results
in an error in the forward equation. This could be captured by
a deterministic-bias or a random-effect component, which is
often called systematic error in the remote sensing literature.
Generally, it is absorbed into ε in the forward model given by
(1). Not distinguishing this “misspecification” component from
the rest of εmaymake little practical difference when retrieving
X, but it could make a real difference to statistical measures of
uncertainty in the retrievals (Hobbs et al. 2017).

The problem of solving for X from Equation (1) is ill-posed
(Rodgers 2000). A hierarchical physical-statistical model that
puts a probability distribution (i.e., a process model) on the
atmospheric state X allows a regularized solution to be found.
Calling this distribution a prior is commonplace (e.g., Rodgers
2000), however this implies only two levels in the hierarchical
statisticalmodel, whereas there should in fact be three. The prior
is traditionally used to describe the distribution of the param-
eters present in the distributions at the first two levels of the
hierarchy. Hence, the retrieval methodology is not Bayesian, but
it is hierarchical. Much work still needs to be done to account
for uncertainty in the parameters (Section 5). Whether the
approach is seen as regularization or as hierarchical statistical
modeling, the same L2-retrieval algorithm is obtained, but the
interpretation for uncertainty quantification of the retrieval can

be very different since different assumptions are made about the
underlying probability model.

2.1. Optimal Retrievals for a Linear ForwardModel

The contents of this section involve standard material from lin-
ear models and can be found in the supplemental material.

2.2. Retrievals for a Nonlinear ForwardModel Using
Optimal Estimation

Assume that the forward model F(X) is nonlinear in the state X
but that the errors ε and α are still jointly independent Gaussian
random vectors. Further, assume that all parameters necessary
for retrieval are known. Then the predictive distribution, [X|Y],
is no longer Gaussian due to the nonlinearity of F:

−2 ln[X|Y] = (Y − F(X))′S−1
ε (Y − F(X))

+ (X − Xα )′S−1
α (X − Xα ) + c.

Optimal estimation (Rodgers 2000) considers this as a cost
function to be minimized, which is equivalent to obtaining the
maximum a posteriori (MAP) predictor of the state X. Now it
is straightforward to see that the term due to the state equa-
tion, (X − Xα )′S−1

α (X − Xα ), can equivalently be interpreted
as a regularization term for solving an ill-posed problem (e.g.,
Tikhonov 1963).

Define the Jacobian matrix,

K(x) ≡ ∂F(x)
∂x

, (2)

which is amatrix of order nε × nα . Hence, the optimal predictor
X̂ thatmaximizes the predictive distribution, [X|Y], is a solution
to the following equation in x

− K(x)′S−1
ε (Y − F(x)) + S−1

α (x − Xα ) = 0 , (3)

and similar to the linear case in Section 2.1, F(·), K(·), Sε , Xα ,
and Sα are assumed known. Solving this equation is a numerical
problem, where in practice both accuracy and computing time
are important considerations.

Rodgers (2000) set out various numerical approaches to solv-
ing (3), which is a system of nα equations in nα unknowns in x.
The question of whether the convergence is to a solution that
exists or, if it does, whether a global maximum (and not a local
maximumor aminimumor a saddle point) is obtained, has been
given very little attention within the L2-retrieval literature.

Consider the general vector equation, g(x) = 0; then the
Newton iteration scheme is

x�+1 = x� −
{

∂g(x)
∂x

∣∣∣∣
x=x�

}−1

g(x�).

In the L2-retrieval problem, g(x) = −K(x)′S−1
ε (Y −

F(x)) + S−1
α (x − Xα ). By dropping second derivatives of

F(x), one obtains ∂g(x)/∂x � S−1
α + K(x)′S−1

ε K(x), which
gives the Gauss–Newton iteration scheme,

x�+1 = x� + {
S−1

α + K′
�S

−1
ε K�

}−1

× [
K′

�S
−1
ε (Y − F(x�)) − S−1

α (x� − Xα )
]
, (4)



JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION 157

where K� ≡ K(x�). A typical choice for the starting value x0 in
the iteration isXα , the mean of the atmospheric state (called the
prior mean in optimal estimation).

The Gauss–Newton iteration scheme can be unstable, so
OCO-2’s L2 algorithm (Connor et al. 2008; O’Dell et al. 2012;
Crisp et al. 2012) uses a Levenberg–Marquardt modification
(Levenberg 1944; Marquardt 1963)

x�+1 = x� + {
(1 + γ�)S−1

α + K′
�S

−1
ε K�

}−1

× [
K′

�S
−1
ε (Y − F(x�)) − S−1

α (x� − Xα )
]
. (5)

Notice that the inflation factor, 1 + γ�, is allowed to depend on
�; rules for the choice of {γ�} and for declaring convergence can
be found in OCO-2 Level 2 Full Physics Retrieval ATBD (2014).
If � = �∗ is the iteration where convergence is declared, then the
retrieved state is X̂ = x�∗ , for the sounding under consideration.

2.3. Bias and Variance-Covariance Properties of the
Retrieval Error

The retrieval error (equivalently, prediction error) is X̂ − X;
then the bias is E(X̂ − X) = E(X̂) − E(X), and the mean
squared prediction error (MSPE) matrix is E((X̂ − X)

(X̂ − X)′). When the bias is 0, cov(X̂ − X) is the MSPE
matrix. Otherwise, using suggestive notation, cov(X̂ − X) =
MSPE − (bias)(bias)′, and it is this matrix, not MSPE, that
should be used when constructing prediction intervals for the
elements of X (Zammit-Mangion, Cressie, and Shumack 2018).
The book by Rodgers (2000) has a section on Error Analysis,
which it approaches largely from a numerical-sensitivity view-
point. Taking a statistical viewpoint emphasizes the first two
moments of the prediction error, X̂ − X.

Where relationships are nonlinear, the well-known “delta
method” (based on Taylor-series expansions, e.g., Meyer 1975,
chap. 10) gives approximate (to leading orders) biases and
MSPEs of the predictors. For example, the error analysis by
Rodgers (2000) implies that X̂ has approximately zero bias,
that is, E(X̂ − X) � 0. That this approximation may not be not
achievable all that often is demonstrated by Hobbs et al. (2017).
Approximations to the bias of X̂ that take into account the Tay-
lor series’ second-order terms are given in Cressie et al. (2016),
andMCMC-basedmoments are given by Tamminen andKyrola
(2001) and Tamminen (2004).

In what is to follow, I give the leading-order delta-method
approximations to the first two moments of X̂ − X. Recall the
nonlinear data model, Y = F(X) + ε, where ε ∼ Gau(0, Sε );
the processmodel,X = Xα + α, whereα ∼ Gau(0, Sα ); and the
nε × nα Jacobian matrix, written out more completely

K(x) ≡ ∂F(x)
∂x

≡
(

∂Fi(x)
∂x j

: i = 1, . . . , nε; j = 1, . . . , nα

)
.

(6)

Just as for the linear forward model, there are two additional
matrices that have important interpretations in the L2 retrieval:
The nα × nε gain matrix is

G(x) ≡ {S−1
α + K(x)′S−1

ε K(x)}−1K(x)′S−1
ε , (7)

and the nα × nα averaging kernel matrix is

A(x) ≡ G(x)K(x). (8)

From (4), G(·) given by (7) represents a relationship between
retrieval and data, namely, X̂ = Xα + G(X̂)(Y − F(Xα )) +
“remainder.”When F is linear,G is constant and the “remainder”
term is zero. A relationship between retrieval and true state is,
X̂ = Xα + A(X̂)(X − Xα ) + “remainder,” where A(·) is given
by (8). When F is linear,A is constant and the “remainder” term
is Gε.

If the mean of the atmospheric state, Xα , is the linearization
point of the delta method, then to leading order, the bias vector
� 0, that is,E(X̂) � E(X) = Xα . Further, theMSPEmatrix� Ŝ,
where the matrix Ŝ can be expressed in three equivalent ways:

Ŝ = {
S−1

α + K′S−1
ε K

}−1
, (9)

Ŝ = A
{
K′S−1

ε K
}−1

, (10)

Ŝ = (A − I)Sα(A − I)′ + GSεG′; (11)

for convenience, dependence ofK,G, andA onX has been sup-
pressed, but see the next paragraph.

Up to this point, the leading-order delta method agrees with
the error analysis given by Rodgers (2000). As noted above, the
formulas for Ŝ (given above as (9), (10), or (11)) still depend on
the true stateX. Common practice (OCO-2 Level 2 Full Physics
Retrieval ATBD 2014) has substituted in X = X̂ to obtain a
statistic, since X̂ is the best predictor of the state. However, this
ignores the variability in X̂ and results in an improper use of
the delta method that compromises the leading-order approxi-
mation to the MSPE matrix. Instead, putting X = Xα (or some
other value that is not data dependent, such as a linearization
point) in (9), (10), or (11) yields a valid approximation obtained
from the delta method.

2.4. Bias andMSPE of X̂CO2

The geophysical quantity XCO2 is defined as an average of CO2
in an atmospheric column with base given by the footprint of
the instrument. In what follows in this section, I emphasize the
spatio-temporal locations of the retrievals, in preparation for
Section 3. Consider the ith retrieval in a batch of many, at a
sounding located at si on the geoid and at time ti. The retrieval
X̂(si; ti) contains a 20-dimensional subvector, X̂

CO2
(si; ti), cor-

responding to the retrievedCO2 values at 20 pressure levels from
the sounding taken at location (si; ti). Then X̂CO2(si; ti) ≡
(hPWV(si; ti))′X̂CO2

(si; ti), where the pressure weighting vec-
tor, hPWV(·), is obtained from numerical quadrature (Connor
et al. 2008) and generally depends on local specific humidity
and acceleration due to gravity (O’Dell et al. 2012). For ease of
notation, we temporarily drop the pressure weighting vector’s
dependence on si and ti. Now pad hPWV with zeroes to obtain
h = ((hPWV)′, 0′)′, and therefore

X̂CO2(si; ti) = h′X̂(si; ti). (12)

Hence, X̂CO2(si; ti) is a retrieval of the state variable,
XCO2(si; ti) ≡ h′X(si; ti).
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Figure . Measurements of XCO (ppm) during the period – August , a full repeat cycle of the OCO- satellite (Credit: David Crisp, JPL-Caltech).

From Section 2.3, E(X̂(si; ti)) � E(X(si; ti)) = Xα(si; ti), so
that

E(X̂CO2(si; ti)) � E(XCO2(si; ti)) = h′Xα(si; ti). (13)

Importantly, XCO2(si; ti) is random because the true state,
X(si; ti), is random. Consequently, the prediction error,
X̂CO2(si; ti) − XCO2(si; ti), derives its randomness from
both its components. Further application of the delta method
yields the following approximation to the MSPE,

E(X̂CO2(si; ti) − XCO2(si; ti))2 � h′Ŝ(si; ti)h, (14)

where Ŝ(si; ti) is the MSPE matrix given by (9) and obtained at
the same time as the retrieval X̂(si; ti) is obtained from (5); and
the spatio-temporal location (si; ti) is now explicitly written into
the notation.

The accuracy of the approximations (13) and (14) are inves-
tigated by Hobbs et al. (2017) through a computer experiment
that uses a realistic surrogate model for states of the atmosphere
and errors in the radiances. The article also separates out the true
model’s means and variances/covariances from those of a (mis-
specified) working model and looks at the consequences of this
on the XCO2 predictor’s bias andMSPE (under the truemodel);
see also Section 5. Its overall conclusion is that there are situa-
tions where the unbiasedness approximation given in (13) is not
achieved and that the MSPE approximation given in (14) is an
underestimate, often considerably so. Connor et al. (2016) car-
ried out a similar study, where the emphasis was on a complete
error budget for OCO-2’s operational algorithm.

Ground-based calibration/validation is essential for any
instrument, but it is particularly important for one located on
a small satellite where any modification to the hardware is not
possible; von Clarmann (2006) discussed various approaches.
The ground-based TCCON stations (e.g., Wunch et al. 2011),
of which there are about 30 around the globe, play an extremely
important role in calibration/validation for the OCO-2mission.
On occasions, the instrument is targeted at TCCON sites.When
the L2 data coming directly from theOCO-2 retrieval algorithm
are plotted against the corresponding TCCON data, they gen-
erally do not line up all that well. Calibration involves a series
of adjustments to the original L2 data that are based inter alia
on the footprint index, the difference between the retrieved and
the a priori surface pressure; the relative abundance of coarse

aerosols; and residual covariability (Osterman et al. 2016). The
calibration procedures are described byWunch et al. (2017), and
the final step uses target-mode OCO-2 data, where the instru-
ment is pointed at various TCCON sites at different times of
the year. Thus, both OCO-2 and the more accurate TCCON
instruments are measuring column-averaged CO2 (XCO2) for
the same atmosphere. A statistical interpretation, including effi-
cient statistical inference, of this final step of the calibration of
OCO-2 data with TCCON data is given by Zhang, Cressie, and
Wunch (2017).

Individual retrievals of XCO2 over a period of 16 days are
shown in Figure 4. It is not obvious from this figure, but an anal-
ysis of residuals shows different biases, depending on the mode
of the measurement. A “glint” measurement occurs when the
instrument is pointed at the location on Earth’s surface of maxi-
mum reflectance of sunlight, and recall that a “nadir” measure-
ment occurs when the instrument is pointing directly below the
satellite. Land nadir, Land glint, Ocean glint (Ocean nadir’s SNR
is too low) have quite different biases in the Version-7 L2 data
that may cause problems with flux inversion (Section 4).

Although the L2 algorithm works on a sounding-by-
sounding basis, Figure 4 suggests that when soundings are
nearby (in space and time), a joint retrieval based on L1 data
from those nearby soundings would result in more efficient
inferences. This joint-retrieval approach has not been tried to
my knowledge, but its formulation would go along the following
lines: The data are {Y(si; ti)} in a spatio-temporal neighborhood
N(s0; t0). The state is {X(u; v ) : (u; v ) ∈ N(s0; t0)}, which is a
multivariate spatio-temporal process on N(s0; t0). In principle,
Bayes’ Rule yields the predictive distribution of the state given
the data. Hence, with a spatio-temporal model that incorpo-
rates dimension reduction (e.g., see Section 3), a joint-retrieval
approach offers an attractive way to “borrow strength” and
obtain more precise retrievals {X̂CO2(u; v ) : (u; v ) ∈ N(s; t )}
than the usual one-at-a-time approach. Nguyen, Cressie, and
Braverman (2017) demonstrated the efficacy of this strategy in
a similar prediction problem where borrowing strength occurs
across two instruments.

3. Filtering Out Noise and Filling in Gaps (Level 3)

The remote sensing problem that I have described above can
be put into a spatial-statistics setting (e.g., Cressie 1993) or a
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spatio-temporal-statistics setting (e.g., Cressie andWikle 2011).
A “snapshot” of remote sensing data may be on a time scale of a
day, or of a complete cycle of the satellite (16 days for OCO-2),
or longer or shorter. The accumulation of data during this time
period may be treated as a purely spatial dataset, denoted below
as Yd , or it might be indexed by t , the mid-point of the time
period, inwhich case I denote it asYd(t ). Consequently, {Yd(t ) :
t = 1, . . . ,T} represents a spatio-temporal dataset whose statis-
tical dependence across time can be modeled. Later in this sec-
tion, it is seen how both spatial and temporal dependence can
be captured using a geostatistical model, which is then used for
kriging (i.e., for filling in gaps and filtering out noise).

Consider the spatial setting first; here, the remote sensing
data are

Yd ≡ (Y (s1), . . . ,Y (sn))′, (15)

where DO ≡ {s1, . . . , sn} are the observation locations. In (15),
I have suppressed the exact “time stamp” by writing Y (si; ti) as
Y (si), although it is known to the data analyst that all these time
stamps fall within a prespecified compact time period.

An example of a spatial datumY (si) is the column-averaged
XCO2 measurement, X̂CO2(si), taken by the OCO-2 satellite
at location si ∈ DO ⊂ D, where D is the domain of interest. In
remote sensing of the whole globe, D is Earth’s surface, hence-
forth called the geoid. Sometimes there are regions that are either
not relevant to the study or are permanently devoid of data.
Regions that are devoid of OCO-2 data are in high latitudes. In
this case, I am reluctant to extrapolate, soD becomes a sub-geoid
andmaps are made on the sub-geoid given by the convex hull of
the observation locations DO. For different time periods in the
year, the sub-geoid will change, since soundings at high latitudes
in the respective winter seasons have low SNR caused by a high
solar zenith angle.

In what follows, the geoid is tessellated into Basic Areal Units
(BAUs); see Nguyen, Cressie, and Braverman (2012) for further
discussion of the BAU approach to doing spatial statistics. Pro-
ducing Level 3 (L3) data for theOCO-2mission amounts to pro-
viding column-averaged CO2 (XCO2) values for every BAU in
the (sub-)geoid. There are nonstochastic ways of doing this (e.g.,
nearest-neighbor interpolation), which do not provide a statisti-
cal measure of uncertainty with each predicted value, and there
are stochastic ways that do (e.g., kriging).

In this section, I describe how to obtain L3 data by krig-
ing (i.e., optimal spatial prediction), where the measurements
of XCO2 are noisy and (spatially and temporally) incomplete.
Recall from Section 2 that no L2 data from OCO-2 with warn
levels over 14 will be used. Critically, for kriging, the uncer-
tainty of the prediction is quantified and that uncertainty is the
smallest possible (i.e., in addition to the L3 map, there is a sec-
ond map, of prediction standard errors). Generally, L3 data are
generated based on need, by individuals or research teams that
wish to illustrate a particular phenomenon with a gap-filled, de-
noised map. There are manymethods available, such as nearest-
neighbor interpolation, splines, and kriging. Bradley, Cressie,
and Shi (2016) made a careful comparison of a number of meth-
ods for producing L3 maps, based on both accuracy and com-
puting time, and they use the CO2 data from the AIRS remote
sensing instrument to train and validate the methods. Kriging

based on reduced-rank spatial models emerges as one of the best
options. The L3 maps shown on the OCO-2 website (OCO-2
2017) are a version of kriging, although the spatial statistical
model and the prediction standard error maps are not given
there. In what is to follow in this section, kriging (a stochas-
tic method) and in particular Fixed Rank Kriging (Cressie and
Johannesson 2006, 2008), is emphasized because of its statistical
and computational efficiency for creating L3 maps.

3.1. Optimal Spatial Prediction (Kriging)

The contents of this section involve standard spatial statistical
methodology and can be found in the supplemental material.

3.2. The Spatial Random Effects (SRE)Model

The contents of this section are mainly review in nature and can
be found in the supplemental material.

3.3. Fixed Rank Kriging (FRK)

Cressie and Johannesson (2006, 2008) developed a special type
of kriging that uses the SRE model’s covariance function given
by (14) of the supplemental material; they called it Fixed Rank
Kriging (FRK) to emphasize the fixed rank r of a covariance-
matrix-valued parameter Kη in the SRE model. We notate the
optimal (kriging) predictor as

X̃ (s)FRK, (16)

which is given by (9) of the supplemental material with the for-
mula for �Yd given by (16) of the supplemental material, and
the formula cX (s)′ = �(s)′Kη� + σ 2

ν (I(s = si) : i = 1, . . . , n)

substituted in. The kriging variance is equally important and is
given by

(σ (s)FRK)2 ≡ �(s)′Kη�(s) + σ 2
ν − c′

X (s)�−1
Yd cX (s), (17)

again with the formulas above substituted in. The FRK standard
error, {σ (s)FRK : s ∈ D}, is mapped along with the FRK predic-
tor, {X̃ (s)FRK : s ∈ D}.

The notation is now in place to show how FRK can be imple-
mented on daily measurements of XCO2 (the column-averaged
CO2 values) over time. Recall that on any one day, the polar-
orbiting OCO-2 satellite makes 14 orbits and collects data only
on the daylight side of the orbit, since it is a passive sensor that
uses sunlight reflected from Earth’s surface. Figure 4 shows a
superposition of all retrievals over a period of 16 days. A color-
coded dot, coded for the number of ppm, is given at the loca-
tion of each retrieval and, because of the resolution of the fig-
ure, there is some overstriking. Nevertheless, the impression of
incomplete and noisy data (e.g., over the Amazon basin and
equatorial Africa) is a proper one. Level 3 attempts to extract the
complete signal in the presence of this “noise” and “missingness.”

Maps of the FRK predictor and the FRK standard error for
every day of 2015 based on OCO-2’s measurements of XCO2
have been computed and are presented in the supplemental
material. To incorporate temporal dependence, consider time as
an extra (special) dimension. Then FRK is carried out in the
higher-dimensional space, geoid × {days of the year}. As an
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aside, kriging of remote sensing data using geostatistical meth-
ods that are not of reduced rank can be found inter alia in Ham-
merling, Michalak, and Kawa (2012), Zeng et al. (2013, 2017),
and Wantanabe et al. (2015).

Recall that while XCO2 is the true column-averaged mole-
fraction of CO2 from surface to satellite, X̂CO2 is an estimate
(or prediction) of it from the satellite data, which is an impor-
tant distinction that has often been blurred in the remote sensing
literature. At location s and day t , define the L2 datumY (s; t ) ≡
X̂CO2(s; t ) and, because of the availability of L1 geolocation
data, there is no ambiguity in this spatio-temporal labeling.
Likewise, recall that X (s; t ) is the true XCO2 value at spatio-
temporal location (s; t ). Inwhat follows, FRKwas used to obtain
daily (t = 1, . . . , 365) FRK-prediction maps {X (s; t )FRK : s ∈
sub-geoid} during calendar year 2015, using spatio-temporal
OCO-2 L2 data from overlapping windows of 16 days. Associ-
ated maps of FRK standard errors were also obtained.

For each day t in 2015, a spatial model equal to latitu-
dinal trend (i.e., covariates f1(s) ≡ 1 and f2(s) ≡ lat(s) were
used) plus a spatial random effects (SRE) model, was fitted to
data at space-time locations within the 16-day window cen-
tered at day t . The parameters β, Kη, and σ 2

ν were estimated
in the R package FRK for each day using the EM algorithm.
The measurement-error variance σ 2

ξ was obtained in a manner
described by Zammit-Mangion, Cressie, and Shumack (2018).

The spatio-temporal covariance function for FRK depends
on an SRE model which, in this spatio-temporal setting, is built
from a tensor product of spatial basis functions and temporal
basis functions (Zammit-Mangion and Cressie 2017). For each
16-day window, 396 bisquare spatial basis functions at three
resolutions and 13 single-resolution bisquare temporal basis
functions were used, resulting in r = 5148 spatio-temporal

basis functions, {�qr(·) : q = 1, . . . , 396, r = 1, . . . , 13}. The
basis-function coefficients are denoted {ηqr}. Within each reso-
lution, the coefficients (but not the process X (·)) were assumed
to be exponentially correlated, separably in space and time,
and they were assumed to be independent across resolutions.
Suppose that �qr(·) has spatio-temporal center (sq; tr). Then
for the given day t , the model,

cov(ηqr, ηq′r′ ) = σ 2 exp{−‖sq − sq′ ‖/θs} exp{−|tr − tr′ |/θt},

was fitted using L2 data on those days inside the 16-day window
centered at t . It should be emphasized that the SRE model for
δ(·) (see (5) in the supplemental material) will always result
in a nonseparable spatio-temporal model; it is the random
coefficients that have been modeled as separable.

The FRK package is available on CRAN (Zammit-Mangion
2017). Using the FRK package, the same L2 data were used to
predict X (s; t ) ≡ XCO2(s; t ) with X̃ (s; t )FRK, and to provide
the FRK standard errors, σ (s)FRK, for all s ∈ sub-geoid, on each
given day t ∈ {1, . . . , 365}. The computations were repeated for
each day t of the year.

These daily predictions were carried out on 30,000 hexagons
(approximately 150 km resolution) from an ISEAhexagonal grid
(described in Section 3.4) covering the region of interest (which
recall I have called a sub-geoid) and can be viewed on YouTube
at: https://www.youtube.com/watch?v=KXId_dBuHoU; it is also
available in the supplemental material. Recall that the sub-geoid
is a function of season, where the high northern latitudes are cut
off in January (boreal winter) and the high southern latitudes are
cut off in July (austral winter) due to low SNRs in those regions
at that time of the year. The end frame of the video is given
in Figure 5 and corresponds to 31 December 2015. Notice the

Figure. Fixed rank kriging (FRK) of daily XCOdata fromOCO- in . Time is addedas anextradimension; then theSREmodel is spatio-temporal, definedongeoid×time
(days).

https://www.youtube.com/watch?v=KXId_dBuHoU
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strong plume over China in the FRK-prediction map, which the
FRK-standard-error map confirms is signal.

There is an opportunity to do more, based on the mode
the instrument was operating under when the retrieval was
obtained. Recall that these modes are “Land nadir,” “Land glint,”
and “Ocean glint.” Indicator functions for these modes will be
included in future spatial and spatio-temporal data models for
kriging.

Recall from Section 2.4 the discussion of ground-based
calibration/validation using TCCON data. TCCON data can
also be used as a validation tool for FRK. Since FRK gives daily
predictions of XCO2 at every location on the sub-geoid, one
can choose the location of a TCCON site and compare a daily
measurement with the corresponding FRK daily prediction. For
illustration, I have chosen the Lamont, Oklahoma TCCON site,
whose location is s0 = (36.604N, 97.486W ). Then theTCCON
site’s average in a 60-min. window, centered on the local crossing
time of the satellite over the site on a given day, is compared to
X̃ (s0)FRK on the same day. Notice that it is not required to have
targetedOCO-2 data at the TCCON site to construct this valida-
tion plot, and these plots can be made for all TCCON locations
simultaneously provided there are data in the 16-day window
for FRK to be implemented. Figure 4 of the supplemental mate-
rial shows a validation plot of the FRK predictions (L3 data)
and their uncertainties (FRK standard errors) against the corre-
sponding TCCON data over a period of 2 years. A more careful,
spatial validation would recognize the different spatial supports
of the two variables in the figure (Tadić and Michalak 2016).

3.4. Equal-Area Hexagonal Grid

The contents of this section are mainly review in nature and can
be found in the supplemental material.

4. Sources and Sinks (Fluxes) of CO2 (Level 4)

In the previous sections, I have discussed data arising from the
OCO-2 satellite in a sequence of levels, fromL1 to L2 to L3. Level
4 (L4), in this context of inferring flux fields, typically incor-
porates L2 data with a model for atmospheric transport, which
yields estimates of CO2 fluxes at Earth’s surface. Up to now, L3
data (denoted here as {X̃(s) : s ∈ D}) have not been used for flux
inversion to obtain L4 data (i.e., fluxes), although it is clear from
Section 3 that they are functions of the L2 data, Yd . At the end
of this section, I discuss the computational advantages of using
an SRE model and its basis-function coefficients (that result in
FRK at L3) instead of using L2 data.

The principal science objective of the Orbiting Carbon
Observatory (OCO) missions is to obtain a global geographic
distribution of sources and sinks (i.e., fluxes) at Earth’s surface
through time. The OCO-2 instrument does not measure fluxes
directly, rather it measures the consequence of atmospheric
transport on those fluxes that results in a spatio-temporal field
of CO2 mole fractions (in ppm); the field is spatially indexed by
latitude, longitude, and geopotential height (i.e., pressure lev-
els) and temporally indexed by UTC (Coordinated Universal
Time). Measurements of that field are not regularly distributed
in the four-dimensional space, being determined first by the

orbit geometry as a function of time, and then by the atmo-
spheric and surface conditions that may or may not result in a
reliable retrieval from the OCO-2 instrument.

Recall from Section 2 that a retrieval of the atmospheric
state, in a column of the atmosphere with base given by the
OCO-2 satellite’s footprint at (si; ti), results in an approximately
50-dimensional vector that includes CO2 values (in ppm) at 20
different pressure levels. This vector, X̂(si; ti), yields a poor pre-
dictor of any individual CO2 value, so the OCO-2 Science Team
has focused their attention on inferring the column-averaged
CO2 value, XCO2(si; ti), which is estimated with X̂CO2(si; ti)
given by (12), a pressure-weighted average of the 20 individ-
ual retrieved CO2 values (Crisp et al. 2012). Recall that the L2
data are Yd ≡ (X̂CO2(s1; t1), . . . , X̂CO2(sn; tn))′. More gener-
ally, the vector Yd could be augmented with surface air-sample
measurements or TCCON data or remote sensing data of other
geophysical variables that correlate with CO2 (e.g., Palmer et al.
2006; Chevallier et al. 2011).

I shall now describe how the problem of predicting flux fields
is traditionally addressed. Generally, data-assimilation schemes
are implemented to invert spatio-temporal measurements of
column averages,Yd , to obtain an estimate of a flux field,X f , for
a given time period (Rayner and O’Brien 2001; Law et al. 2003;
Houweling et al. 2004; Michalak, Bruhwiler, and Tans 2004;
Peters et al. 2005; Baker, Doney, and Schimel 2006; Chevallier
2007; Feng et al. 2009; Gourdji et al. 2010; Schuh et al. 2010;
Miller, Michalak, and Levi 2014). This is an inverse problem in
the sense that the quantity of interest,X f , is not beingmeasured,
but a related quantity obtained from a forward equation involv-
ing atmospheric transport is being measured. It is obviously not
easy to take noisy measurements of a projected field after atmo-
spheric transport and unscramble them back to the emission or
absorption of CO2 at Earth’s surface (Enting 2002). Moreover,
the flux field is dynamic, and recall that CO2 is a long-lived gas,
which means that the CO2 molecules being observed by the
satellite have different ages (Fung et al. 2005; Le Quéré et al.
2009). It helps to think of a baseline of atmospheric CO2 that
is changing with time (generally, it is increasing) and consists
of all the longest-lived up to recently lived CO2 molecules. The
CO2 from a source on Earth’s surface is mixed in its respective
hemisphere in about 3 months, allowing the possibility of
tracking recently emitted molecules back to their sources.

Define the true XCO2 field as Xp, where “p” stands for pro-
cess (which here is a spatial process defined on the geoid), and
assume that the data model is

Yd|Xp ∼ Gau(Xd:p,�d:p), (18)

where “d : p” stands for “process evaluated at the data locations,”
and recall that “d” stands for “(spatial) data.” It is important to
emphasize that �d:p is a conditional covariance matrix, �d:p =
cov(Yd|Xp) = cov(Yd|Xd:p), which is assumed to be diagonal
sincemeasurement errors are typically statistically independent.

The flux field, X f , which is a vector of dimension prede-
termined by the flux-field resolution, is related to Xp through
the transportation of molecules in the atmosphere. Integrated
through the time period of interest, the first part of the process
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model assumes that

Xp = μp + BpX f . (19)

At the data points, Xd:p = μd:p + Bd:pX f , where μd:p is the
appropriate subvector of the mean vector μp, and Bd:p is the
appropriate submatrix of the transportmatrixBp.We assume no
error associated with (19); there are a number of ways to incor-
porate transport error, for which we refer the reader to Zammit-
Mangion, Cressie, and Ganesan (2016) and references therein.

The second part of the process model characterizes the
uncertainty in the flux field, X f , with a multivariate Gaussian
probability distribution,

X f ∼ Gau(μ f ,� f ), (20)

where the mean μ f is obtained from physically motivated
numerical models and “inventories” of CO2 fluxes. Examples
include the air-sea CO2 exchange model by Takahashi et al.
(2002), biospheric fluxes from the CASA model (Randerson
et al. 1997), wildfire sources from GFED (Van der Werf et al.
2010), and fossil-fuel emission inventories from EDGAR (Joint
Research Centre of the European Commission (JRC) and the
Netherlands Environmental Assessment Agency (PBL) 2011).
The prior covariance matrix, � f , typically assumes indepen-
dence across the different flux components, although Peters
et al. (2005) and Chevallier (2007) discussed modeling spatio-
temporal correlations and spatial correlations, respectively.

Now write (18), (19), and (20) in the form of conditional
probability distributions, [Yd|Xp,�d:p], [Xp|X f ,μp,Bp], and
[X f |μ f ,� f ], respectively, where from (19) [Xp|X f ,μp,Bp] is
degenerate atμp + BpX f . (Notice that it is no longer degenerate
when transport error is included.) Thus, the joint distribution of
Yd , Xp, and X f is equal to the product of the three distributions
listed just above, and the predictive distribution of the unknown
(true) XCO2processXp and the unknown (true) flux fieldX f is

[Xp,X f |Yd] ∝ [Yd|Xp][Xp|X f ][X f ], (21)

where dependence on the parameters is suppressed for
simplicity.

Assuming the distributions on the right-hand side of (21) are
Gaussian and that the atmospheric transport is given by (19), the
predictive distribution of X f is obtained from,

−log([X f |Yd]) ∝ (Yd − μd:p − Bd:pX f )
′�−1

d:p

× (Yd − μd:p − Bd:pX f ) + (X f − μ f )
′�−1

f (X f − μ f ). (22)

Minimization of (22) with respect to X f yields the maximum
a posteriori (MAP) predictor, X̂ f . As was seen in Section 2 in
a different context, the effect of the second term in (22) could
be viewed as a regularization of the overfitting that would occur
if only the first term were minimized (Engelen, Denning, and
Gurney 2002).

TheMAPpredictor is optimal for a 0–1 loss function, namely,
a loss of 1 is incurred should a predictor X̂ f contain even one
pixel that is different from that of the trueX f . No loss is incurred
if and only if X̂ f = X f (i.e., equality at all pixels). From this
point of view, the MAP predictor could be seen as coming from
a rather unrealistic loss function. Different loss functions yield
different predictors. For example, the popular squared-error loss

function yields the optimal predictor, X̃ f ≡ E(X f |Yd ), but that
can be quite different from the predictor X̂ f when distributions
are non-Gaussian. (Whendistributions areGaussian, X̂ f = X̃ f .)
In such settings (e.g., for the greenhouse gas methane), X̂ f is
biased and it does not minimize the mean squared prediction
error, which may be undesirable properties for the predictor
to have. Under squared error loss and Gaussian distributions,
the minimized predictive expected loss is the predictive vari-
ance, var(X f |Yd ). The predictive variance has been traditionally
used for uncertainty quantification, even when the flux field is
obtained from theMAP predictor and theminimized predictive
expected loss is no longer the predictive variance. Other mea-
sures of uncertainty obtained from summaries of the predictive
distribution may be better.

Flux inversion is certainly a Big Data problem, given the
size of the dataset Yd and potentially the size of the flux field
X f . To make progress computationally, some form of dimen-
sion reduction is needed, and here I propose one based on the
basis-function coefficients in the SRE model that result in the
L3 kriging predictor, X̃ (·)FRK, given by (6). Spatial variability
is quantified by the kriging variance given by (10) of the sup-
plemental material, and an under-appreciated property is that
the kriging covariances are also available. That is, if X̃ (s) and
X̃ (u) are the kriging predictors at locations s and u, respectively,
then not only are the kriging variances, E(X̃ (s) − X (s))2 =
E(var(X (s)|Yd )) and E(X̃ (u) − X (u))2 = E(var(X (u)|Yd )),
available, but so too are the kriging covariances, E((X̃ (s) −
X (s))(X̃ (u) − X (u))) = E(cov(X (s),X (u)|Yd )).While this is
true for global kriging methods such as FRK, local kriging
methods discussed in Section 3.1 do not have access to cross-
dependencies because they are not based on a coherent proba-
bility measure that quantifies the uncertainties jointly.

Define the L3 data (i.e., the kriging predictors given by (9) of
the supplemental material),

X̃p ≡ (X̃ (u1), . . . , X̃ (uN ))′, (23)

where recall that the true XCO2 field is Xp ≡
(X (u1), . . . ,X (uN ))′; then the MSPE matrix of X̃p is

Mp ≡ E((X̃p − Xp)(X̃p − Xp)
′) = E(cov(Xp|Yd )). (24)

This formula does not generalize in a non-Gaussian setting to
the MSPE of the corresponding vector of MAP predictors, X̂p.
Finally, note that (24) simplifies in the Gaussian setting toMp =
cov(Xp|Yd ), since [Xp|Yd] is not a function of Yd .

Consequently, the N-dimensional vector X̃p (L3 data) could
be used for CO2 flux inversion and the result compared to tra-
ditional flux inversions using the n-dimensional vector Yd (L2
data). This viewpoint, that X̃p be thought of as data, could be
seen as a preprocessing step applied to the data Yd . Many geo-
physical datasets go through this type of preprocessing before
they are released to the public (e.g., tropical Pacific sea surface
temperatures, or SSTs, available from the Climate Modelling
Branch of NOAA, which preprocesses the original SST data
using the Reynolds and Smith optimum-interpolation-version-
2 algorithm; see NOAA 2016). A referee commented that this
has been considered by others and found to be impractical for
computational reasons. However, using a dimension-reduced
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version of kriging such as Fixed Rank Kriging (FRK) opens up
new opportunities. Any matrix inverses in FRK depend only on
the inverse of the fixed-rankmatrices given in (17) of the supple-
mental material, and hence FRK computations are very fast. In
practice, all parameters are estimated from the original data,Yd ,
and substituted into the kriging equations; see the discussion of
“Case 1” in Section 5.

One snag is that the “data” X̃p are “too” smooth, in the sense
that cov(X̃p|Xp) may be singular, causing technical difficulties
with any flux inversion based on X̃p. Adding white noise to X̃p,
not unlike the SIMEX approach by Cook and Stefanski (1994),
is a possible resolution of the problem and is under investiga-
tion. The scientific interpretation of this is to add back fine-scale
variation (but not measurement error) that FRK has removed
because of its optimality as a spatial predictor.

If the goal is making inferences at L4, perhaps there is a
direct route from L1 to L4. Engelen, Serrar, and Chevallier
(2009) discussed how planetary-boundary-layer (i.e., near sur-
face) inferences might be made directly from L1 data. However,
using aircraft validation data, their results were not encouraging.

The hidden flux field X f is potentially a high-dimensional
vector that may or may not be at the same resolution as the
predicted XCO2 field, X̃p. For computational purposes, X f will
probably require dimension reduction too; hence an SREmodel
of its spatial variability could be posited and used to motivate
the SRE model that results in FRK at L3.

5. Discussion

It takes a large village of scientists and engineers to put an instru-
ment into orbit and then turn the resulting spatio-temporal
field of photon counts into knowledge about the Earth system.
Knowledge about CO2 has very recently been enhanced in a
special issue in Science (Smith 2017), which is made up of five
articles that are concerned principally with L4 inferences from
OCO-2 data.

In this section, I consider some parts of the OCO-2 mission
where statistical science has an important role to play, including
the critical step from “knowledge” to “decisions.”

Data Fusion

OCO-2 is not the only satellite that is remotely sensing atmo-
spheric CO2. For example, Japan’s GOSAT instrument (Kuze
et al. 2009) served the OCO-2 Science Team well as they pre-
pared their L2-retrieval algorithm using GOSAT’s L1 radiances;
NASA’s AIRS instrument (Chahine et al. 2005) on the Aqua
satellite measures CO2 sensitivity in the mid-troposphere;
and China’s TanSat, launched in December 2016, is a recent
satellite mission to measure CO2. Since these satellites and,
for that matter, TCCON (Wunch et al. 2011) and in situ and
aircraft programs are all observing parts of the same unknown
spatio-temporal field of CO2 mole fractions in ppm, it is natural
to try to combine information from two or more sources of
data. These might also be combined with a chemistry-transport
model such as GEOS-Chem (acmg.seas.harvard.edu/geos).
Once again, conditional probabilities capture the uncertainties
in data, in models, and in the common atmospheric state.

Then a hierarchical statistical model binds them together into
a coherent joint probability distribution. Bayes’ rule produces
a predictive distribution of the common state given all sources
of data, including output from models. For example, Figure 7
of the supplemental material shows the footprints and orbit
geometries of OCO-2 and AIRS; note that the dots given
in the figure are not proportional to the footprint sizes to cap-
ture the small footprints of OCO-2. Statistical data fusion is the
name given to optimal prediction where several sources of data
are used. In a series of articles, Nguyen, Cressie, and Braverman
(2012); Nguyen et al. (2014); Nguyen, Cressie, and Braverman
(2017) have shown how to do this data fusion using hierarchical
statistical modeling in a spatial-only setting, a spatio-temporal
setting, and a multivariate spatial setting.

Model Misspecification

A generic hierarchical statistical model for data Y and pro-
cess X relies heavily on parametric assumptions about the data
model, [Y|X], and the process model, [X]; implicit in the nota-
tion throughout this article is that both of these probability dis-
tributions are conditional on fixed (and in reality unknown)
parameters θ.

To simplify this discussion of model misspecification, I shall
suppress the presence of θ. (Dealing with the uncertainty in the
parameters is deferred until later in this section.) Sometimes
model assumptions are made for convenience, leaving doubt
about the veracity of inferences. For example, the parameters
that define E(X) or cov(X) might be chosen so that the opti-
mal predictor X̂ is more influenced by the data Y than by the
mean of the process X. That choice may be called a “Working
Model (WM),” and (conditional) probability distributionsmight
be quite different from those of the “True Model (TM)” that
reflect the actual variability of the state. Consequently, what is
an optimal predictor under the WM, notated X̂WM , is probably
sub-optimal under the TM.

A clear-eyed approach to handle this is to recognize that
X̂WM is a given function of the data Y, so one should sim-
ply calculate the first two moments of the prediction error,
X̂WM − X, under the TM. In obvious notation, the bias of X̂WM
is Bias ≡ ETM(X̂WM − X) = ETM(X̂WM − ETM(X|Y)), and this
is not necessarily zero. The MSPE matrix of X̂WM is

MSPE ≡ ETM((X̂WM − X)(X̂WM − X)′)
= covTM(X̂WM − X) + (Bias)(Bias)′

= covTM(X̂WM − ETM(X|Y))

+ETM(covTM(X|Y)) + (Bias)(Bias)′.

Consequently, the uncertainty quantification that puts the
MSPE matrix of X̂WM equal to EWM(covWM(X|Y)), is in gen-
eral incorrect, yet this is part of the L2 algorithm (OCO-2
Level 2 Full Physics Retrieval ATBD 2014). When the WM
coincides with the TM, X̂WM = ETM(X|Y); hence Bias = 0 and
MSPE = ETM(covTM(X|Y)), coinciding with the specifications
in the OCO-2 Level 2 ATBD.
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Non-Gaussian Spatial Models

Geophysical data are not always continuous, symmetric, and
bell-shaped, for example, presence or absence of cloud cover is
a binary variable, or the fraction of cloud cover over a given
area is a bounded variable. Spatial statistics for such very large
datasets has recently been demonstrated through the use of a
generalized linear model for [Y|X] and a Gaussian SRE model
that is used to define [X] (Sengupta and Cressie 2013; Sengupta
et al. 2016). In this spatial hierarchical statistical model, statisti-
cal inference is achieved through the EM algorithm to estimate
the model’s parameters, followed by “plug-in” MCMC to pre-
dict the unknown states. Non-Gaussian random fields can also
be posited directly for [X]; see, for example, Zammit-Mangion,
Cressie, and Ganesan (2016) and Xu and Genton (2017).

BayesianModels

Parametric statistical models of the sort used in retrievals (L2),
mapping (L3), and flux inversion (L4) have parameters, and
these require as much thought as do models for [Y|X] and [X];
in this article, parameters are notated generically as θ. There
are several cases: Case 0 (θ is known), Case 1 (θ is fixed but
unknown), and Case 2 (θ is unknown and random). In the lat-
ter case, specification of a (prior) distribution for θ leads to a
fully Bayesian analysis. This article has mostly described infer-
ences under Case 1, where θ is estimated with θ̂ and substituted
into the predictive distribution, [X|Y]. In going from L1 to L2,
I know of no publications where Case 2 is presented. For L3,
fully Bayesian inference (Case 2) is given for global mapping
of mid-tropospheric CO2 from AIRS CO2 retrievals (Katzfuss
and Cressie 2012), but I know of no publications where Case
2 is presented for OCO-2 data. For L4, Lunt et al. (2016) and
Zammit-Mangion, Cressie, and Ganesan (2016) presented Case
2 for methane flux inversion; again, I know of no publications
where Case 2 is presented for CO2 flux inversion from OCO-2
data.

Decision-Making in the Presence of Uncertainty

In this article, I have shown how a cascade of uncertainties prop-
agate from Levels 1–4, to what I would like to call Level 5 (L5),
a level where management and policy decisions are made. The
hierarchical statisticalmodeling approach can provide the struc-
ture for the first four levels, and the same is true for L5.Of central
interest for flux inversion is the predictive distribution, [X f |Yd].
Decision theory (e.g., Berger 1985) provides a structure to say
whichX f should be chosen as the optimal predictor of CO2 flux
in the presence of uncertainty. Very simplistically, consider a set
of actions {a1, a2, . . .} and a utility functionU , which is a “bal-
ance sheet” of costs and benefits that depend on the true fluxX f
and an action a taken by the decision-maker; hence, write it as
U (X f , a). This allows action a1 to be compared to action a2 for
each flux field; see Figure 6. The action with the highest utility
is preferred.

Some flux fields are probabilistically more likely than others,
and here the presence of the predictive distribution is critical.
In our personal decision-making, we weigh up cost-benefit

Figure . For the left panel and the right panel, each map represents a possible
value of the flux field Xf ; the stack of maps shows the sample space. Two actions,
a1 (left panel) and a2 (right panel), are compared on each map Xf using utility U,
and for a given map the action with the highest utility is preferred (Credit: Timothy
Stough, JPL-Caltech and Ben Maloney, University of Wollongong).

(utility) and risk (probability) and take an action. If the proba-
bility of a circumstance is high, and its utility is very negative, we
should take evasive action! But what do we decide to do when
things are less clear-cut? The approach taken in decision theory
is to multiply the utility times the predictive probability and add
everything up. That is, consider the predictive expected utility,∫

U (X f , a)[X f |Yd] dX f , (25)

which is E(U (X f , a)|Yd ). Decisions (actions) with large
predictive expected utilities are preferred. The opti-
mal decision is to take action a1 in preference to a2 if
E(U (X f , a1)|Yd ) > E(U (X f , a2)|Yd ); that is, the best decision
maximizes the predictive expected utility. Note that the set of
all possible utilities,U (X f , a), have not changed; I have simply
used the posterior distribution to weight the possible flux fields
and varied the action a until an optimal action is found.

When making complex societal decisions, the utility will not
be a scalar but will be a vector of different aspects of the prob-
lem (e.g., jobs and growth, price of electricity, air quality, wild-
fires), for which a complete ordering is not possible. This is
why economists build indices such as the Consumer Price Index
(CPI), but it is not so straightforward to construct indices when
there are many stakeholders. Much more research is needed
to translate a management question into an appropriate utility
function or functions. Can the following question be answered
about the planet’s future? If 100 of the world’s cities contain-
ing between one and two million people were to double their
carbon footprint in the next 10 years, what actions need to
be taken to keep Earth’s temperature increase below the 2◦C
threshold?

In a nonprobabilistic setting, Steinitz (2012) addressed how
one canmake decisions with different utility functions from dif-
ferent stakeholders. He asks a sequence of six questions: How
should the study area be described? How does the study area
operate? Is the current study area working well? How might the
study area be altered?What differencesmight the changes cause?
How should the study area be changed? Statisticians have put
considerable effort into answering the first three questions in
the presence of uncertainty, but the last three have not yet been
explored inways that would allow decision theory to account for
complex human reasoning and interactions.

Building multivariate utility functions and then optimizing
them is a challenging twenty-first-century problem. An area of
experimental design has tackled multivariate optimization with
notions of A-optimality, D-optimality, and E-optimality (Kiefer
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1975). Eidsvik, Mukerji, and Bhattacharjya (2015) offered an
alternate approach to decision-making through the concept of
Value of Information (VOI); as with the use of utility functions,
its implementation is faced with a number of practical chal-
lenges.

Mission CO2ntrol

The science and technology (including statistical science) dis-
cussed in this article is addressing one of the grand challenges
of this century: Climate change. Looking for clues to it leads to
CO2 as a prime suspect, particularly anthropogenic sources of it
that are causing an imbalance in the absorption and emission of
CO2 at Earth’s surface (IPCC 2014, Synthesis Report).

The immediate problem to solve is to find out where CO2
is coming from and going to (and how much), and then to
control it. However, economics and politics are critical com-
ponents that should be recognized. McKibben (2012) sum-
marized the Carbon Tracker Initiative from Investor Watch
(www.carbontracker.org) in terms of three numbers:

� 2◦ Celsius (3.6◦ Fahrenheit) thresh-
old of temperature increase beyond pre-
industrial temperatures: So far, Earth has experienced
more than a 0.9◦C increase beyond pre-industrial temper-
atures. Should this agreed-upon increase of 2◦C in fact be
lower?

� 565Gt: This is an estimate of the amount of CO2 that could
be released into the atmosphere and, with an 80%probabil-
ity, the temperature increase will be below the 2◦C thresh-
old. At current rates of emission, 2◦C will be attained by
mid-century. If fossil-fuel emissions decrease, when will
the threshold be reached? If fossil-fuel emissions stopped
tomorrow, will the threshold still be reached?

� 2795 Gt: Amount of CO2 potential contained in all the
proven coal, oil, and gas reserves of fossil-fuel companies
(about five times the second number, of 565 Gt). Since
fossil fuels only have value when they are used to create
energy, is it likely that the companies will volunteer to leave
their reserves of fossil fuel in the ground?

Based on this study, it would appear that at current levels of
anthropogenic CO2 emissions, adaptation strategies to global
warming must be well in place around the middle of the cen-
tury. Early mitigation efforts to address the causes of climate
change is a better way to go. These include replacing fossil fuel
with renewable energy (e.g., Bevan 2012), sequestering carbon
in trees and soil (e.g., Mackey 2014), and pursuing the so-called
“third way” (e.g., Flannery 2015). Treaties that are stronger than
the COP21 agreement will likely be needed to decrease the CO2
sources (i.e., spend less) and enhance the CO2 sinks (i.e., save
more), and treaty compliances will need to be monitored.

The leading front for all this policy-making, nationally and
internationally, is flux-field prediction of CO2 (and of other
greenhouse gases). Remote sensing data such as from OCO-
2, along with chemical transport models, emission inventories,
and in situ measurements are all critical components of this
endeavor.

To channel NASA, it could be said that “if you don’t under-
stand it, you can’t control it.” Letting the carbon club spin out of

control will have catastrophic consequences for the state of our
planet and all who travel in her. The OCO-2 mission is trying to
“understand it” so that we Homo sapiens can “control it.”

Supplementary Materials

Supplementary material is provided for Section 2.1 (Optimal
retrievals for a linear forward model), Section 3.1 (Optimal spa-
tial prediction), Section 3.2 (The spatial random effects model),
and Section 3.4 (Equal-area hexagonal grid).
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1. Introduction

I congratulate Professor Cressie on a timely, thought provok-
ing article that provides insight into the challenges associated
with analyzing and interpreting complex, multi-scale, spatio-
temporal data. Not only does Cressie do an exceptional job of
outlining the statistical science necessary to interpret remote
sensing data capturing atmospheric CO2, he does a great job
illustrating the application and the importance of monitor-
ing the changes in CO2. This is timely given the recent work
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by Raftery et al. (2017), which now has questioned the pub-
lished Intergovernmental Panel on Climate Change (IPCC) pro-
jections. Through this recently published, high profile article,
Raftery et al. (2017) demonstrated using statistical methodolo-
gies, namely, a Bayesian hierarchical model (BHM), how the
projection of a less than 2 degree warming by 2100 is unlikely.
The authors were able to highlight modeling scenarios driven
by CO2, which did not include the IPCC extreme cases through
“prediction validation experiments” using a “fully statistical
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Figure . The five levels of data and inference as proposed by Cressie.

model.” Therefore, highlighting the importance of a statistical
scientist’s role in the whole climate change debate.

Cressie, in his exposé of computationally efficient method-
ologies that encompass physical-statistical modeling, inter-
polation/infilling, optimal estimation and approximations,
dimension reduction, prediction and uncertainty for dealing
with gigabytes of data acquired from NASA’s OCO-2 satellite,
outlines five levels of “data and inference” which I have captured
graphically through Figure 1. Although very much looking like
a rocket cartoon, this figure demonstrates the processes needed
for “blast off,” that is, going from the raw data (satellite sensing)
to calibration, retrieval, identifying sources and sinks, and
prediction to the ever challenging and somewhat controversial
exercise—decision-making—with the latter the ultimate goal
for the statistical scientist. Embedded within all the chambers of
the rocket are statistical methodologies and approximations that
can computationally tackle large, messy, and complex data aris-
ing from remote sensing imagery. Accompanying all of this is
uncertainty. Uncertainty is something inherent in the modeling
that statistical scientists perform but it does not get the attention
that it deserves. Figure 1 shows the uncertainty in the measure-
ments that cascade upward through the different chambers (or
levels) that are captured in the final prediction at the top, where
the decisions are made. However, the decision-making does not
stop there. As statistical scientists, we should not be handing
over the results from our complex modeling to decision-makers
for them to interpret on their own. It should be a two-way
communication process. One that is considered in an adaptive
framework, which involves the communication of the modeled
predictions in the face of the uncertainty, in a language that

decision-makers can interpret. The decisions need to be evalu-
ated to determine if they are effective. This can be challenging,
especially when the error is large, the processes are highly vari-
able and when the time frame for determining impact is short.
To account for the variability and increase the certainty in future
predictions, scientists often resort to the collection ofmore data.
However, sometimes collecting more information is not the
answer. As Maslin (2013) pointed out more data does not nec-
essarily mean that we can quantify things with greater accuracy
anddefend ourmodels better.Wemay just need to communicate
the uncertainties in a way that is much more meaningful to the
decision-maker to seek understanding, uptake and adoption.

As Cressie highlighted in his discussion paper, NASA is
famous for saying, “If you can’t measure it, you can’t manage it.”
I would like to propose that “If you can’t model a realization of
what the real world looks like with some form of certainty, you
can’t manage it effectively.” The key to this sentence is being able
to “manage it effectively.” Decision-making in the face of uncer-
taintywhich is expressed through Level 5 of Cressie’smanuscript
and Figure 1 is a recent hot topic in the scientific literature. It
has been an important discussion piece and group activity at an
Australia “Think Tank” at the Australian Academy of Sciences,
which resulted in a report with recommendations (Academy of
Science 2017). It has also generated some heated discussions
in an online Australian academic article in “The Conversation”
(Quigley et al. 2017). A recent article by Dudo and Besley (2016)
also explored how scientists engage with the public and policy
makers. Although the survey conducted was narrowly focused,
they did identify that most scientists communicate to defend
their work, which could end up with adverse results in terms of
science–citizen relationships (Dudo and Besley 2016) irrespec-
tive of what their end goal was. There is an increasing focus on
communicating our modeling prowess with policy makers and
the like, however, as outlined inQuigley et al. (2017) there needs
to be some published examples on when this has been effective.
Until this happens, scientists are in a state of flux—unable to dis-
cern what works andwhat is effective. Until the gap in being able
to communicate our scientific findings closes to something that
is acceptable to the decision-makers, we will not see any changes
to some of the more controversial scientific debates happening
among us and this includes “Mission CO2ntrol.”

2. Level 5—Informing Policy

I would like to focus on “Level 5” in Figure 1, which is targeted
at the policy maker and point out that the decision-maker
could also encompass a much broader group of people ranging
from farmers, investors, bankers, health professionals, water
quality specialists, and even the general public depending on the
application space being considered. The approach that Cressie
proposed is in the context of decision theory (Berger 1985) or
Statistical Decision Theory (SDT), which I will restate here.
Given the predictive distribution, [Xf |Yd], where Xf represents
the flux field and Yd represents the measurements of CO2 and
a utility function, U (Xf , a) that considers a set of alternative
actions {a1, a2, . . .} we can calculate the expected utility

E(U (Xf , a)|Yd ) =
∫

U (Xf , a)[Xf |Yd]dXf
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and determine the action that results in the maximum benefit
or the smallest loss depending on how the utility function is
defined. This approach requires the decision-maker to attribute
their decisions to: (1) the statistical results or probabilities from
a model of the process under consideration, given prior beliefs
regarding the system, and (2) a loss function, that summarizes
the consequences from particular choices. The construction of
the utility function is the key to the decision-making and there
have been a number of proposed methods (Berger 1985). As
the methodology is heavily embedded within the statistics and
mathematics literatures, this is an approach that has not been
readily adopted by decision-makers from applied disciplines. In
ecology however, SDTmethods implemented within a Bayesian
paradigm have been promoted by Wolfson, Kadane, and Small
(1996) and more recently through the work by Williams and
Hooten (2016) to hopefully achieve interest within the ecolog-
ical community. An alternative approach that has been a focus
in the fields of health economics (Oostenbrink et al. 2008) and
ecology (Maxwell et al. 2015) is the “Expected value of perfect
information” or EVPI. Using this approach, alternative deci-
sions are compared through simulations of varying parameters
of a model that controls the uncertainty based on the price or
value one is willing to pay to gain access to perfect information
(Clemen 1996). More formally this approach can be expressed
as

EVPI = Eθ {max [NB(θ, a)]} − max {Eθ [NB(θ, a)]}
which looks at the difference between the expected value of the
maximum net benefits (NB) under perfect information for the
set of decisions, a and model parameters, θ and the maximum
of the average expected net benefits using current information.
The approach relies on simulations of a “reality” with a chang-
ing parameter space to capture and control for the uncertainty
present in the model and the uncertainty a decision-maker is
willing to accept.

Despite the various approaches to decision-making, there
is a human and social dimension to this process that some-
times gets overlooked. First, in the context of the statistical sci-
entist, the decision-maker needs to understand what has been
modeled and what the outputs from a model represent. Sec-
ond, the decision-maker needs to understand what impact a
specific decision they make will have on their choice of action.
Therefore constructing a decision-theoretic tool that can allow
the decision-maker to understand the effect their decision has
on the processes being modeled is quite empowering. Further-
more, this type of approach makes the decision-maker feel like
they have an integral role in the modeling and decision-making
process. Without uptake and adoption of methodologies and
processes, the need for statistical science goes somewhat unno-
ticed. As Maslin (2013) pointed out, some of this occurs due

to the complexity of the models statistical scientists develop
and the way in which these are communicated to decision-
makers. Often the lack of communication results in a lack in
engagement. The work by Kuhnert et al. (2017) used the Great
Barrier Reef as an example to illustrate how better decisions
could be made if the predictions and uncertainties from com-
plex models were presented more simply and communicated
in more palatable ways such as exceedance probabilities. As
Cressie pointed out, more research is required, but not just in
the development of multivariate utility functions and their opti-
mizations. There also needs to be a strategy for uptake amongst
decision-makers.
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We commend Noel Cressie for his thorough treatment of the
relationships among remote sensing data, global CO2 estimates,
and criteria for policy decisions. Cressie’s hierarchical view
of quantitative scientific inquiry includes layers for (1) data
models and data assimilation, (2) scientific processes, and (3)
physically meaningful parameters that govern those processes.
His uncertainty-infused hierarchical model not only provides a
physically meaningful approach for understanding CO2 and the
factors that affect climate policy, but it also provides a template
for the role of statistics in science broadly. That is, Cressie care-
fully illustrates the many ways in which research is benefited by
the perspective and expertise of statisticians who are intellectu-
ally engaged in a multi-faceted scientific problem.

In this brief discussion, we will consider two features related
to the statistician’s broader goal of decision-making within a
complex network-based model. First, we discuss issues that are
central to the assimilation of disparate sources of data, including
the use of output from computer experiments, the elicitation of
prior information, and the incorporation of uncertainties when
creating statistical products such as the global CO2 estimates
described by Cressie. Second, we discuss the need for statisti-
cal work in the modeling of uncertainty-infused network-based
systems that incorporate interrelated physical, social, political,
and economic impacts and feedbacks as they relate to climate
change.

1. Data Assimilation

While we hate to be purveyors of the overly simplified “V’s” of
modern big data nomenclature, we proceed with the comment
that the variety and veracity of the data sources having impacts
on climate assessments are well documented by Cressie in this
comprehensive approach. While mention is made of the variety
of computational models which are essentially codified expert
opinion, a strong case can be made for inclusion of such models
as part of prior distribution formulation.

Cressie points out the appropriateness of a full decision
theoretical formulation of the climate change problem. While
utility functions are elicitable, the metrics upon which they are
based—and reconciliation of those metrics with measurables—
are not nearly so transparent. In the discussion section, Cressie
wisely proposes a decision theoretical approach (Berger 1985)
to the uncertainty quantification inference problem associated
with Level 5 assessment. We appreciate the need to simplify

CONTACT William F. Christensen william@stat.byu.edu and reese@stat.byu.edu Department of Statistics, Brigham Young University, Provo, UT .
Color versions of one or more of the figures in the article can be found online atwww.tandfonline.com/r/JASA.

that treatment because of the difficulty of the utility function
specification, but we add our voice to strongly advocate for a
serious treatment of a decision theoretical formulation to the
problem. As stated, the gap between principled discussion of
the use of the decision theoretical approach and application to
the climate change impact of CO2 increase is substantial.

The hierarchical specifications advocated by Cressie are
meaningful and have physical interpretation. One obvious issue
that plays a pivotal role in the pressing inferential question is
the degree to which the uncertainty in the hierarchical model is
adequately quantified. The author clearly points out the plug-in
nature of the predictions and associated uncertainties, as cur-
rently used in the mission. Drawing on Cressie’s analogy of jug-
gling multiple clubs, it seems that keeping those clubs in motion
would be particularly sensitive to uncertainties! Ghanem,
Higdon, and Owhadi (2017) provided pure Bayesian and alter-
native uncertainty quantification techniques to appropriately
account for parameter uncertainties. While serious attention
to uncertainty quantification, including proper accounting
for parameter uncertainty, is likely to improve the statistical
justification for the approach taken by Cressie, we suspect
that this addition to the models proposed will only strengthen
the scientific case for serious attention to the juggling club
of CO2.

2. Accounting for Uncertainty in Network-Based
Systems

The NASA model described by Cressie employs multiple lev-
els of data, beginning with radiances measured at a sounding
(Level 1) and proceeding to the level consisting of flux-field
maps (Level 4). To these four levels, Cressie adds a fifth level
of data wherein policy decisions can be made using data-based
outputs from the previous levels. This hierarchical model incor-
porates and propagates uncertainty from Level 1 through Level
5 in a manner that Maslin (2013) called “cascading uncertainty”
(see also Hillerbrand and Ghil 2008). Cressie’s approach is thus
a quantum leap forward when compared to naive approaches of
yesteryear that might have used the mean of Level 1 to inform
Level 2, the mean of Level 2 to inform Level 3, etc. For a sys-
tem like Cressie’s, the outcomes of, for example, Level 3 will not
directly impact the outcomes at Level 1 beyond the fact that
higher-level data products might be used to calibrate models
for lower-level data. Thus, given the hierarchical structure of
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Figure . Schematic illustrating of the complex network of impacts and feedbacks among factors affecting climate change (from Moss et al. (), photo montage by
Alexandre Keshavjee, WMO, used with permission).

the NASA model, the cascading uncertainty view described by
Cressie is perhaps the optimal approach for the problem.

Here, we consider the steps beyond Level 5, wherein the dis-
tribution of outputs of Level 5 will not be used further down
the cascade, but as inputs to several interrelated models associ-
ated with climate change. For example, spatio-temporal maps of
CO2 levels may be used as inputs to models predicting temper-
ature change and ocean acidity. Outputs from these models will
be used to predict precipitation and extreme weather events, but
will also be used as feedbacks to the models predicting changes
in CO2 levels. Thus, the problem becomes not cascading uncer-
tainty, but dispersed uncertainty. This notion is touched upon
but not fully explored by Moss et al. (2008), where a “paral-
lel approach” is proposed as a step forward from the existing
paradigm of the “sequential approach” (which is roughly equiv-
alent to the cascading uncertainty of Maslin 2013).

An excellent illustration of this network-of-models scenario
comes from the cover of the report by Moss et al. (2008),
published by the Intergovernmental Panel on Climate Change.
Figure 1 reproduces this illustration. Although the figure is only
a cartoon representation of the complexity of the multi-faceted
climate change system, it speaks to the difficulty of addressing
substantive questions related to the characterization and abate-
ment of climate change. As physicists, atmospheric scientists,
and climate scientists can attest, the climate system is itself a
complex network for interconnected sources, sinks, and feed-
back loops. These components have admirably been integrated
into regional climate models and even general circulation mod-
els (GCMs), the latter incorporating ocean/land/atmosphere
connections. However, climate change abatement will require

not only the comprehensive, self-contained science and math-
ematics of the GCM, but a still broader approach that captures
at least the level of complexity illustrated in Figure 1.

Although there has been some success in Integrated Assess-
ment Models (Janetos et al. 2009; Elliott et al. 2010; Hib-
bard and Janetos 2013; Elliott and Fullerton 2014), it is not
likely that any self-contained computer model will be expan-
sive enough to account for all the interdepencies and feed-
backs between economic, geo-political, societal, and scientific
factors. Hence, there will always be a need for scientists and
policy makers to fuse many distinct component-level mod-
els together. Similar to Cressie’s role in the modeling of CO2,
the statistician is uniquely equipped to provide leadership in
the fusion of multiple distinct models within an Integrated
Assessment Model. To understand the distribution of possi-
ble societal outcomes associated with a given climate change
abatement strategy, this network-of-models must account for
both the uncertainties within component-level models (e.g.,
uncertainty about temperature changes or behavioral effects
within a social network) and uncertainties between component-
level models (e.g., uncertainty about the effect of temper-
ature change on individual behaviors within a social net-
work). With such a network of models, one could approach
the ultimate goal of evaluating competing environmental poli-
cies or strategies by modeling their impacts on economies,
societal behaviors, ecosystems, atmospheric greenhouse gas
levels, consumption, and political change. Dr. Cressie points
out that “future generations are depending on our genera-
tion to take action.” Statisticians are uniquely positioned to
contribute.
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ABSTRACT
Based on the measurements of the OCO-2 satellite, Noel Cressie addresses a particularly hard challenge for
Earth observation, arguably an extreme case in remote sensing. He is one of the very fewwho has expertise
in most of the processing chain and his article brilliantly discusses the diverse underlying statistical chal-
lenges. In this comment, we provide a complementary view of the topic to qualify its prospects as drawn
by N. Cressie at the end of his article. We first summarize the motivation of OCO-2-type programs; we then
expose the corresponding challenges before discussing the prospects.

1. A New Large International ClimateMitigation Effort

As rightly explained by the author, remote sensing of CO2 from
space is attempting to meet an increasing demand for informa-
tion on the main drivers of climate change. Its stated ambition
is to contribute both to the understanding of biogeochemical
cycles (understanding the mechanisms underlying carbon
sources and sinks to anticipate climate change), and to the
monitoring of regulatory policies for the fluxes of these gases
(quantifying the sinks to preserve and strengthen them, quan-
tifying sources to regulate them and to monitor the reductions
promised by the states, like the Nationally Determined Con-
tributions of the Paris climate agreement). CO2 measurement
from space is therefore mainly motivated by the Level 4 product
described by the author, not by the concentrations themselves
(the Level 2 product described in the author’s Section 2). This
lack of interest for the Level 2 product in itself is specific to this
field. It implies that the objectives of the satellite missions are
often formulated in terms of Level 4 data (see, e.g., Crisp, Miller,
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and DeCola (2008)) and that fulfilling them relies on a long and
partly uncertain processing chain.

With these objectives, CO2 remote sensing represents a new
large international monitoring effort that will feed even larger
information systems like the Integrated Global Greenhouse Gas
System of the World Meteorological Organization (DeCola and
WMO Secretariat 2017). Current results show an increasingly
active and creative scientific field. The processing chains are
developedwithin a strong international cooperation and a grow-
ing scientific community. They bring together “a large village of
scientists and engineers” in the author’s words. All the challenges
encountered so far have stimulated and renewed the scientific
problems related to the remote sensing of the atmosphere from
space. The challenges remain high since Level 4 products gen-
erated by different groups still diverge strongly according to the
transport model used and according to the assimilated satellite
products (e.g., Houweling et al. 2015). In certain configurations,
the results in some regions of the globe may seem plausible, but
the whole still lacks coherence and, in some cases, realism (e.g.,
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Reuter et al. 2017). Actually, a series of systematic errors have
been identified, but not quantified, in the satellite processing
chain, as explained in the next section.

2. Little Tolerance for Systematic Errors

Within a year, the variations of XCO2 in space and time are
usually smaller than the XCO2 background value by two orders
of magnitude or less. XCO2 therefore requires exceptionally
fine detection capabilities and processing quality. The large
data volume offered by satellites rapidly renders random errors
harmless for the estimation of surface fluxes from the concen-
trations, but systematic errors in the column measurements are
hardly tolerated (Chevallier, Bréon, and Rayner 2007). In the
case of intense emissions (e.g., large fossil fuel power plants),
CO2 plumes can be relatively dense, but anthropogenic emis-
sions are better known than natural fluxes and bringing new
knowledge leads to higher requirements. The interpretation of
the measured spectra is penalized by errors in spectroscopic
models and other variables that affect the spectrum Y (the
non-CO2 values in the state vector X, like concentrations of
other gaseous or aerosol species, or surface properties). Unfor-
tunately, many of them are systematic, at least for a given region
of the globe and time of the year. The empirical calibration
procedure of the Level-2 product (described at the end of the
author’s Section 2) already reveals significant systematic errors
in the direct XCO2 retrievals (i.e., the outcome of the process
described in the author’s Equation (4)). Some of them depend
on variables that are themselves correlated with surface fluxes
(Wunch et al. 2011), penalizing signal analysis. This is the case
for surface albedo, which can be related to a change in the type
of source or sink (e.g., low albedo on forests, CO2 sinks, and
strong on urbanized areas, CO2 emitters). The dependence
of systematic errors on the characteristics of the scene also
disturbs the monitoring of the emission plumes during their
dispersion.

The lack of tolerance for systematic errors also applies to the
transport modelsBp that simulate these columns to estimate the
fluxes afterwards. It is difficult to quantify their uncertainty, but
numerical intercomparison exercises suggest significant sensi-
tivity of the recovered fluxes to the characteristics of the under-
lying transport models (e.g., Houweling et al. 2010). Some
approaches combine XCO2 retrievals with observations about
the carbon cycle of different types, like column-averages of car-
bon monoxide concentrations or indices of vegetation activity
(e.g., Rayner, Utembe, and Crowell 2014; MacBean et al. 2016).
They require coupling the transport model Bp with (uncertain)
flux-process models, that themselves significantly increase the
error budget and its systematic part (Kuppel, Chevallier, and
Peylin 2013; Ammoura et al. 2016). In this case, complexity may
bemoved around (e.g., from estimating unknownCO2 emission
fluxes to estimating unknown emission ratios of CO over CO2)
but not necessarily reduced. The situation is different when
XCO2 retrievals are combined with direct observations of atmo-
spheric transport (typically pressure or wind measurements) if
they donot require the addition of a newphysicalmodel. Indeed,
such measurements reduce the error budget of atmospheric
inversion without counter effects (e.g., Lauvaux et al. 2016).

3. Discussion

In this context, it may be too early to guess the actual per-
formance of Level 4 products when they reach maturity and
whether they can really form the basis of a CO2 Monitoring
and Verification System for climate policy like in the author’s
argument. N. Cressie quotes NASA’s “if you can’t measure it, you
can’t manage it”, but this line does not imply by itself that carbon
fluxes will be best monitored from space (given possible techno-
logical improvement of the surface measurements, as illustrated
by Wu et al. (2016)). In order not to lose time in this strategic
domain, space agencies in the US, Japan, China, France, and
the UK are proactive and prepare for the best. Indeed, the
current satellites described in the author’s Section 5 should be
followed within the next five years by about five missions. Most
of these missions include technological improvements or novel
measurement concepts. More improvements are under study
for application in the following decade, for instance based on
spectro-imagery (e.g., European Commission 2015).

Ultimately, statistics provide the scientific basis for assessing
the utility of the satellite products with respect to possible
applications, to guide users and to help measurement agencies
to design future systems. However, given current difficulties
explained in Section 3, a specific and essential contribution
from statistics to these missions is identifying and quantifying
systematic errors in existing products at all levels to remove
them and ideally to attribute them to an origin. These biases
may depend on one or several geophysical variables among
many, like the non-CO2 values in X. They may be found in
the misfits between these products and other measurements or
between these products and appropriate model simulations that
have distinct patterns of systematic errors. N. Cressie touches
this question throughout his text, in particular in a paragraph
about calibration in Section 2.4, but it is hoped that future
reviews of the use of statistics in this domain can give it the
central viewpoint based on significant future progress.

Some of the systematic errors come from inappropriate
balance between the weights of each information piece in the
end result (i.e., within Level 4). This is challenging because the
corresponding information flow, which is spread over the globe
and over the years along spectral channels, soundings and a
series of (uncertain) physical models, is massive and heteroge-
neous. The statistical hypotheses are usually not even consistent
throughout the various product levels (Chevallier 2015). Rank-
ing the information content gets more complex when the
Level 4 product includes data other than the measurements
from a given satellite, like surface air sample measurements or
data from other satellites, because it involves more expertise
and more aspects of the transport models. Uncertainty in the
corresponding parametric statistical models hampers progress,
which suggests moving toward what the author calls Case 2,
where the parameters θ of the statistical model are explicitly
unknown and random. Additionally, the statistical models
themselves, usually normal distributions, are not fit for all input
data. Case 2 should also try to improve them, for instance to
introduce positivity constraints for some of the fluxes like the
emissions from fossil fuel burning, while leaving natural fluxes
free to reach reasonable negative values. Even within fossil fuel
fluxes, the statistical characterization may differ, like between
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road traffic and point sources from industry. The statistical
tools used for quality assurance in the inversion systems also
need to consistently evolve.

The question of the statistical models encloses that of the
effective dimension of the inference problem. If we follow the
argument brought by N. Cressie in Sections 3 and 4, it may
well be that the number of independent pieces of relevant
information conveyed by the measurements is relatively small
(r � n in the author’s Section 3.2), which would put a focus
on appropriate dimension reduction methods and on the pro-
cessing techniques that benefit from them. In contrast, we may
also imagine that the effective dimension of the real inverse
problem is large. This is actually our analysis after consider-
ing the amount of prior information that is fed to the pro-
cessing chain. A large dimension would then put a focus on
new data processing paradigms that would address complex-
ity directly to find the optimal estimate efficiently. As a prac-
tical example of the current research needs, Case 2 would
ideally allow ranking, in terms of statistical optimality, N.
Cressie’s approach for Level 3 products, which yields smooth
XCO2 fields (see the author’s Figure 5), and our own approach,
which yields discontinuous XCO2 fields (see Figures 3 and 4 in
Chevallier et al. 2017).

Assigning error statistics becomes particularly problematic
if we extend the processing chain to policy decisions about CO2
management (Level 5, as defined in the author’s last section).
Policy decisions are not only informed by facts (e.g., Level 4),
but also by ethics, values and beliefs. Weighing these is more a
matter of choice than of statistics. For the last level of the pro-
cessing chain, the statistician has to make way for the citizen,
who will ultimately judge whether all “Missions CO2ntrol” were
worth the investment.
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1. Introduction

Carbon dioxide (CO2) is one of the major greenhouse gases
in the Earth’s atmosphere. With global warming and climate
change being urgent issues, the mapping of CO2 sources and
sinks through time is essential, and satellites offer raw mea-
surements of CO2 at various spatial and temporal resolutions.
Noël Cressie has provided a very informative overview of the
statistical methodology needed for the analysis of data from the
Orbiting CarbonObservatory 2 (OCO-2) satellite and discussed
the statisticians’ role in the study of carbon dioxide molecules in
the atmosphere. The strength of the article is its comprehensive
review and commentary on satellite remote sensing of CO2. At
each level of the remote sensing mission, the author shared real
experiences and examples. In the last section of the discussion
article (DA), he commented on future directions of statistical
science for CO2 including statistical models and decision-
making under uncertainty. We extend the discussion of two
points from a modeling side: non-Gaussian spatial models and
nonstationary covariance functions on the sphere.

2. Beyond Gaussian Random Fields

Statistical inference and predictions for spatial data are often
based on Gaussian random fields. Since CO2 is a long-lived gas
with sources and sinks, and a central-limit-type result for the
column-averaged CO2 (XCO2) values at different pressure lev-
els makes it close to Gaussian, the proposed model in the DA
is well suited for XCO2. The Gaussian assumption simplifies
the structure of spatial models and facilitates statistical predic-
tions, yet it is not always supported by data on a global scale. For
instance for methane, which is a relatively short-lived gas with
sources, the author and collaborators relaxed this assumption by
using a non-Gaussian model, such as the log-normal (Zammit-
Mangion et al. 2015) or Box-Cox (Zammit-Mangion, Cressie,
and Ganesan 2016) spatial random fields. As mentioned in the
discussion section of the DA, geophysical data are not always
symmetric and bell-shaped, therefore non-Gaussian distribu-
tions may bring further improvements to the models.

One simple yet flexible way to construct non-Gaussian
random fields is to use Tukey g-and-h distributions (Tukey
1977), which can approximate many distributions, such as Stu-
dent’s t , Cauchy, and Weibull distributions (Xu and Genton
2015). Tukey’s g-and-h transformation function is τg,h(z) =
g−1{exp(gz) − 1} exp(hz2/2), where z ∈ R, g ∈ R, and τg,h(z)
is strictly monotone when h ≥ 0. If Z ∼ N(0, 1), thenY = ξ +
CONTACT Marc G. Genton Marc.Genton@kaust.edu.sa Statistics Program, King Abdullah University of Science and Technology, Thuwal, -, Saudi Arabia.

ωτg,h(Z) is said to have a Tukey g-and-h distribution. Here, ξ is a
location parameter, ω is a scale parameter, g controls the skew-
ness (i.e., g > 0 and g < 0 make the distribution right-skewed
and left-skewed, respectively), and h governs the tail behavior.
In a similar fashion, a general Tukey g-and-h randomfield,Y (s),
can be defined (Xu and Genton 2017) asY (s) = ξ + X(s)�β +
ωτg,h{Z(s)}, where X(s) represents the observed covariates at
location s and Z(s) is a standard Gaussian random field, with
E{Z(s)} = 0 and var{Z(s)} = 1. For h = 0, Y (s) is essentially a
log-normal randomfield used by Zammit-Mangion et al. (2015)
for methane. For more detailed properties about the Tukey g-
and-h random field, such as its spatial mean and covariance
function needed for kriging, see Xu and Genton (2017).

A significant advantage of Tukey g-and-h random fields is
that they provide very flexible marginal distributions, allowing
skewness and heavy tails to be adjusted. Moreover, if Z(s) pos-
sesses properties such as second-order stationarity,mean-square
continuity, and mean-square differentiability, then τg,h{Z(s)},
h < 1/2, also retains such properties. This can lead to useful
spatial dependence structures and second-order moments that
are tailored to a particular application. Model inference can be
performed similarly to the case of trans-Gaussian randomfields,
but for Tukey g-and-h random fields, which form a new class of
trans-Gaussian random fields, the most suitable transformation
for the dataset is estimated along with model parameters. One
challenge in evaluating the likelihood function is that numerical
evaluation can be slow for large datasets because the reciprocal
transformation τ−1

g,h (·) does not have a closed form. To address
this problem, Xu andGenton (2015, 2017) proposed a computa-
tionally efficient estimation method based on an approximated
likelihood. A limitation of transformed Gaussian random fields
is that the underlying dependence structure is still described by
a Gaussian copula that lacks tail dependence and has a symmet-
ric reflection regarding the joint dependence structure between
the variables. Spatial and spatio-temporal random fields with
flexible non-Gaussian copula structures have been proposed by
Krupskii, Huser, and Genton (2018) and Krupskii and Genton
(2017).

3. Nonstationary CovarianceModels on the Sphere

In the DA, there is a comment that the spatial random effects
model has a spatially nonstationary covariance function that
holds equally well on the surface of the sphere. Here, we dis-
cuss some other works that developed nonstationary covariance
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models for global processes on the surface of a sphere. In a recent
review, Jeong, Jun, and Genton (2017) described a few available
models that incorporate different construction approaches,
such as differential operators (Jun and Stein 2007; Jun 2011,
2014), spherical harmonic representation (Stein 2007), stochas-
tic partial differential equations (SPDE) (Lindgren, Rue, and
Lindström 2011; Bolin and Lindgren 2011), kernel convolution
(Heaton et al. 2014), and deformation approaches (Das 2000).

As a particular type of optimal spatial prediction for large
datasets, the fixed rank kriging technique uses a covariance
function that depends on a spatial random effects model
(Cressie and Johannesson 2008) to fill in gaps in global maps
of XCO2 measurements. This approach is computationally
efficient regarding CPU time and memory storage (Bradley,
Cressie, and Shi 2015, 2016). Regarding scalable algorithms,
the nested SPDE models (Bolin and Lindgren 2011) are addi-
tionally appropriate for modeling global data. This class of
models possesses desirable properties of the Markov random
field framework, such as fast computation, adaptable exten-
sions to nonstationarity, and applicability to general smooth
manifolds. The nested SPDE models introduce nonstationarity
via directional derivatives similar to Jun and Stein (2008), are
computationally efficient via the Hilbert space approximation,
hence are an appealing choice for large datasets.

For regularly spaced data in typical climate model outputs,
multi-step spectrum models (Castruccio and Stein 2013; Cas-
truccio andGenton 2014, 2016, 2018) are an option for inference
on the full dataset. This spectrum approach generalizes axially
symmetric processes so that they are nonstationarity and have
a flexible structure in the spectral domain while maintaining
positive definiteness of the covariance functions. In particular,
the multi-step spectrum model was designed to consider non-
stationary covariance models across longitudes and to allow
analysis of very large datasets by evaluating the likelihood with
parallel and distributed computing. Castruccio and Guinness
(2017) and Jeong et al. (2018) showed how these models can be
coupled with a land/ocean indicator andmountain ranges in the
evolutionary spectrum. Since data from orbiting satellites have a
particular observational location structure, the implementation
of the above spectrum procedure on a non-gridded structure
may be problematic. In this case, an interpolated likelihood
approach could leverage on spectral methods (Horrell and Stein
2015).

Given the ubiquity of big data in complex data structures
such as satellite measurements evolving in space and time,
computational methods for massive datasets have drawn a lot
of attention in recent years; see Sun, Li, and Genton (2012) and
Bradley, Cressie, and Shi (2016) for reviews. The dimension-
reduction approaches that have been proposed for dealing with
large datasets may lead to a loss of information when the spatial
range is moderate to large, making them inadequate for space-
time analysis (Stein 2014). However, there is continued demand
for computationally efficient methodologies that can handle
massive datasets. Algorithms from other disciplines are appeal-
ing, for example, one can consider approximations through
parallel Cholesky decompositions of H-matrices (Hackbusch
1999, 2015) on different architectures (Litvinenko et al. 2017)
and the integration of high-performance computing in exact

likelihood inference and kriging (Abdulah et al. 2017) to handle
large covariance matrices.
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I would like to thank all discussants, Petra Kuhnert (KU),
William Christensen and Shane Reese (CR), Marc Genton and
Jaehong Jeong (GJ), Frédéric Chevallier and François-Marie
Bréon (CB), for the time and energy they put into reading my
discussion article and then enriching it with their comments.
Remote sensing is a complicated endeavor whose overriding
objective is to provide a “birds-eye-view” of natural processes
(thinkweather or sea-ice cover), anthropogenic processes (think
land-cover change or fossil-fuel burning), and their interaction
(think atmospheric CO2).

Given the investment NASA has made in the Orbiting Car-
bon Observatory (OCO) missions, which is upward of a billion
dollars, it is clear that the agency believes CO2 is a fundamental
component of Earth’s climate: if there is too little of it, we
freeze; if there is too much of it, we overheat. Historical records,
ground-based measurements sparsely distributed around the
globe and, more recently, remote sensing data support the
hypothesis that we are rapidly (over decades, not centuries)
moving into the “too much” regime.

KU and CR have made some deep and important comments
about Level 5 (decision-making) and how to get there. The sug-
gestion by KU to use an approach that gives the decision-maker
an integral role in the choice of alternative decisions and simu-
lation settings will facilitate the transition from lower levels to
Level 5.

Although NASA does not formally refer to a level beyond
their Levels 1–4, they are actively engaging with users of their

CONTACT Noel Cressie ncressie@uow.edu.au National Institute for Applied Statistics Research Australia, School of Mathematics and Applied Statistics, University
of Wollongong, Australia.

data. For example, the solar-induced fluorescence (SIF) data
from OCO-2 has a demonstrable benefit to the US Depart-
ment of Agriculture’s National Agricultural Statistics Service.
That agency makes crop forecasts in the late spring and sum-
mer, traditionally from surveying farmers but now they are ini-
tiating programs that use current technology such as remote
sensing from drones, aircraft, and satellites. Based on these fore-
casts, important decisions are made about grain export quo-
tas and domestic food security. Uncertainty quantification is an
essential part of Level 5; for example, margins of error from
farmer surveys need to be fused with prediction standard errors
from remote sensing to make wise decisions about such things
as government-subsidized loans to farmers and crop-insurance
premiums.

As CR point out, the questions are many and not simple,
the processes are multivariate and interact in a space-time cube,
the uncertainties are distributed, and the data are “Big”! There
may be a certain amount of exhaustion by the time Level 4 is
reached and, in spite of this, I have suggested adding another
level! So why not let deep-learning approaches make the jump
from Level 1 to Level 4? I think this could be dangerous because
the estimates and forecasts from a trained neural network do
not generally come with a quantification of uncertainty. And
because it is not a stretch to imagine that this will be followed
quickly by a jump from Level 1 to Level 5 without regard for
the uncertainties that are so critical for making wise decisions.
An encouraging development in the UK is a growing network
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called “M2D” (Models to Decisions) that puts uncertainty quan-
tification at the forefront of model-informed decision making
(https://blogs.exeter.ac.uk/models2decisions/).

GJ’s presentation of non-Gaussian random fields may prove
useful for flux inversion of other important greenhouse gases,
such as methane. Remotely sensed and in situ methane data are
skewed with long right tails, for which Gaussian assumptions
should not be used. However, carbon dioxide is a long-lived
gas in the atmosphere with both sources and sinks, making the
Gaussian assumptions that I use in the article appropriate.

GJ go on to give a more complete discussion of non-
stationary covariance functions on the sphere than I gave.
In the article, I focused on the properties of the dimension-
reduced spatial random effects (SRE) model, including its
non-stationarity, its statistical validity, and its computational
efficiency due to the dimension reduction. However, their
comment that dimension-reduction approaches may lead
to a loss of information when the spatial range is moderate
to large, is based on a misreading of Stein (2014), who pre-
sented a series of vignettes in one-dimensional space that
concentrated on the likelihood and estimation of parameters
under the SRE model; see Bradley, Cressie, and Shi (2015).
Consequently, Stein was concerned mainly with the marginal
distribution of the data, not of the predictive distribution,
whose first moment yields the FRK predictor and whose sec-
ond moment yields the FRK prediction variance. A limitation
found in a stochastic model does not necessarily affect the
validity and efficiency of its associated predictor, here FRK
(Bradley, Cressie, and Shi 2015; Zammit-Mangion and Cressie
2017).

CB have got to the nub of statistical modeling for remote
sensing data and, more generally, for spatio-temporal data. The
two types of error, “systematic error” and “random error,” can
be distinguished by their behavior under aggregation:

� An error is a random error if the average of a collection of
n of them has variability that decreases to zero like 1/n, as
n becomes large.

� An error is a systematic error if the average of a collection
of n of them has variability that does not decrease to zero,
as n becomes large.

Thesemight be considered “verbal working definitions,” but a
statistical scientist looks at these and tries to find an appropriate
probability model. The ones I give below can be used as building
blocks for complex parts of a hierarchical statistical model, and
they have parameters that can be interpreted and estimated from
data at different levels. Often the most difficult part of modeling
is to knowwhich errors are ofwhich type andhow to group them
together to carry out statistical inference.

For “random error,” the obvious probability model is: Let
ε1, . . . , εn be independent and identically distributed (iid) ran-
dom variables with mean 0 and variance σ 2

ε . Now aggregate: the
average, ε ≡ (

∑n
i=1 εi)/n, has variability that can be quantified

by var(ε). A simple calculation yields E(ε) = 0 and var(ε) =
σ 2

ε /n = E(ε2), which decreases to zero like 1/n. As CB point
out, in a “data rich” situation and with enough aggregation, ran-
dom errors can be annihilated (using a law of large numbers that
has ε converging, in a well specified sense, to E(ε1) = 0). Now,
the independence assumption between the {εi} can be relaxed to
some degree, and it can be shown that var(ε) still decreases like

1/n (Cressie 1993). However, there is a point at which strong
spatial and/or temporal dependence can make the errors look
more systematic than random (Morris and Ebey 1984).

For “systematic error,” an obvious probability model is the
random-effects model: let e1, . . . , en be written as

ei = γ + εi ; i = 1, . . . , n,

where γ is a random variable with E(γ ) = 0 and var(γ ) =
σ 2

γ > 0; and {εi : i = 1, . . . , n} are as before (iid with mean
zero and variance σ 2

ε ). Then, the average, e ≡ (
∑n

i=1 ei)/n, has
E(e) = 0 and

var(e) = σ 2
γ + σ 2

ε /n = E(e2),

which does not decrease to zero as n becomes large. This sta-
tistical model has another property, namely constant intra-class
covariances. That is,

cov(ei, e j) = σ 2
γ ; i �= j

which, depending on the context, may or may not be seen by
geophysicists as desirable. However, relaxing the independence
assumption between the {εi} as suggested above, also relaxes the
constant-covariance result. Zhang, Cressie, and Wunch (2017)
used spatial dependence in the {εi} and an additive random
effect γ as part of optimal straight line fitting of target-mode
OCO-2 data to their corresponding TCCON data.

A slight modification of the random-error model can yield
what looks like systematic error, as follows: let {εi : i = 1, . . . , n}
be iid with mean με and variance σ 2

ε . Then, E(ε) = με and
var(ε) = σ 2

ε /n. If the variability measure, E((·)2), is used in
place of var(·), then

E(ε2) = μ2
ε + σ 2

ε /n,

which does not decrease to zero as n becomes large, provided
με �= 0.When an error has mean zero, its variance is equal to its
expectation squared. Hence, if the latter variability measure is
used, and a non-zero mean με goes unrecognized, the presence
of a systematic error can be observed.

When the variability measure used is the variance, one
obtains var(ε) = σ 2

ε /n, although there is no contradiction with
the previous result: In remote sensing, errors are often prediction
errors, such as

εi ≡ X̂CO2i − XCO2i ; i = 1, . . . , n,

and indeed they might not have mean με equal to zero. Cressie
et al. (2016) andHobbs et al. (2017) have evaluatedμε under dif-
ferent physical conditions of the atmosphere and under different
(mis)specifications of the processmodel given in Section 2 ofmy
article; they findmany instances whenμε �= 0 (e.g., when atmo-
spheric aerosols are present). Hence, an unaccounted-for bias,
με , is a possible source of systematic error, but there are other
sources as well.

A furthermodification of the random-errormodel is to allow
{εi} to be independent but not identically distributed, through
unequal error means, {με,i}. Then, it is easy to see that

E(ε2) = (με)
2 + σ 2

ε /n,

where με ≡ (
∑n

i=1 με,i)/n. Again, this does not decrease as n
becomes large, provided με �= 0.

https://blogs.exeter.ac.uk/models2decisions/
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Up to now, the error means {με,i} have been assumed
deterministic. But there are not enough degrees of freedom to
estimate n different biases {με,i}, as well as the variance σ 2

ε . A
powerful way to model the n individual components {με,i} is to
assume exchangeability instead of independence of the errors
{εi} (Spiegelhalter, Abrams, and Myles 2004, Section 3.17). For
illustration, we assume Gaussian-distributed random variables,
where exchangeability assumes that, conditional onM,

με,i ∼ Gau(M, σ 2
μ) ; i = 1, . . . , n,

are iid, and that

M ∼ Gau
(
0, σ 2

M
)
.

Then, using iterated expectation and variance formulas,

E(με) = (E(E(με|M)) = E(M) = 0
var(με) = var(E(με|M)) + E(var(με|M))

= var(M) + E
(
σ 2

μ/n
) = σ 2

M + σ 2
μ/n,

which could also be obtained from a random-effects model
for {με,i}. Note that this calculation does not rely on Gaussian
assumptions, and it is easy to see that in general, E(ε) = 0 and

var(ε) = var(με) + σ 2
ε /n = σ 2

M + (
σ 2

μ + σ 2
ε

)
/n = E(ε2),

which does not decrease to zero as n becomes large, unlessM is
degenerate at 0.

In conclusion, there are many ways to obtain systematic
errors, and which one (or more) should be used will depend
on how errors like {X̂CO2i − XCO2i} are modeled and how the
variability is measured. The laws of probability do not change,
but it takes a correct application of statistical science to achieve
proper uncertainty quantification.

CB has identified dealing with “systematic errors” as critical;
I agree. The statistical models that deal with them might not be
obvious to a geophysicist but they will be to a statistical scien-
tist. Thus, statisticians have a key role to play in science teams,
providing statistical models of errors from which accurate and
precise predictions (with valid prediction standard errors) can
be obtained.

CBpoint out that the L3maps given in Section 3 are smoother
than the L3 maps given in Chevallier et al. (2017). It is not
clear to me why “smoothness” should be used as a criterion to
choose between L3 products. If a poll were conducted to esti-
mate how states would vote in a U.S. presidential election, it is
well accepted that the percentages reported would not be exactly
equal to the true percentages (on the date the poll was taken).
“Margins of error” are given by pollsters, and a state’s true value
is within a confidence interval with a given probability (often
95%). A stochastically determined L3map is the same: any krig-
ing estimate, X̂CO2(s), has a kriging standard error associated
with it, and a prediction interval is constructed so that the true
value, XCO2(s), is within the interval with probability 95%.

This criterion is sometimes called coverage (of the true
value). A basic property of all stochastic L3 products is that
they should have good coverage: That is, the probability that
XCO2(s) belongs to the product’s nominal 95% prediction
interval, should be close to 0.95. Smoothness of L3 maps is a
property of optimal predictors, as Zammit-Mangion, Cressie,

and Shumack (2018) show. As the optimality criteria change, so
the optimal predictor’s smoothness changes. To choose an L3
map of a predictor based on how smooth it appears to be, could
be viewed as indirectly choosing the criteria under which the
predictor is optimal. Instead, one should choose the criteria first,
then optimize with respect to them, incorporate uncertainties,
and finally use (approximate) coverage as a “ticket of entry” to
the class of valid predictors. From among a collection of valid
predictors, the L3 map of choice will be the one that has the
best prediction properties (e.g., Bradley, Cressie, and Shi 2016).
With my colleagues, I have written about this under the rubric
of a common task framework (CTF); see Wikle et al. (2017).
Thus, the FRK L3 maps in my article should be compared to the
L3 maps of Chevallier et al. (2017) within a CTF, not according
to their smoothness.

My concluding comments on CB’s insightful discussion are
that we need to get both the physics right and the statistics right.
However, many fewer science resources (as distinct from the
hardware resources) have been devoted to statistical science.
Some inter-disciplinary researchers have seen the importance of
having a statistician on their team: the recent article by Benestad
et al. (2017) makes the case forcefully in climate science. My
article and this Rejoinder is meant to showcase how critical
it is to include statistical science in grand challenges such as
controlling the planet’s atmospheric carbon.
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