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Advanced Quantum Field Theory

Example Sheet 2

Please email me with any comments about these problems, particularly if you

spot an error. Problems with an asterisk (∗) may be more difficult.

1. Furry’s theorem states that 〈0|T
{
Ãµ1(k1) · · · Ãµn(kn)

}
|0〉 = 0 when n is odd. It is a

consequence of charge conjugation invariance.

(a) In scalar QED, charge conjugation swaps φ and φ̄. How must the photon field Aµ
transform if the action is to be invariant?

(b) Prove Furry’s theorem using the path integral.

(c) Does Furry’s theorem hold for off–shell photons with kµk
µ 6= 0?

(d) Prove Furry’s theorem in QED.

2. In the Lorenz gauge ∂µAµ = 0, the classical equation of motion for the photon that

follows from the QED action is �Aµ = ejµ = eψ̄γµψ.

(a) Obtain the Dyson–Schwinger equation

�(x)〈Aµ(x)Aν(y)ψ(x1)ψ̄(x2)〉 = e〈jµ(x)Aν(y)ψ(x1)ψ̄(x2)〉−δ4(x−y) δµν〈ψ(x1)ψ̄(x2)〉

for the photon in the quantum theory. What is the corresponding equation for the

electron?

(b) Use the Dyson–Schwinger equation to related the QED correlation function 〈jµ(x)ψ(x1)ψ̄(x2)〉
to the exact electron–photon vertex function.

(c) Assuming the path integral measure is invariant, show that the Ward identity

pµM
µ(p, k1, k2) = M0(k1 + p, k2)−M0(k1, k2 − p) (0.1)

obtained in lectures implies that the exact electron–photon vertex obeys

pµ〈Ãµ(p)ψ(k1)ψ̄(k2)〉 = 0

when the electrons are on–shell, whether or not p2 = 0. What is the significance

of this result?
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3. Suppose that an action involving N real scalar fields φi is invariant under global SO(N)

rotations of the different scalars. Show that the corresponding charges obey the so(N)

algebra [Q̂a, Q̂b] = if cabQ̂c.

4. Show that under the redefinition gi → g′i(gj) of the couplings of a theory at scale Λ, the

β-functions transform as

βi → β′i =
∂g′i
∂gj

βj .

Show that in a theory with a single coupling g, the first two terms in the β–function

β(g) = ag3 + cg5 +O(g7) are invariant under any coupling constant redefinition of the

form g → g′ = g + O(g3). Show that it is possible to choose this redefinition so as to

remove all terms except these first two.

5. In a theory with a single coupling g with β(g) = −ag3 − bg5 +O(g7), solve the Callan–

Symanzik equation for the running coupling to find

1

g2
= a ln

Λ2

µ2
+
b

a
ln

(
ln

Λ2

µ2

)
+O(1/ ln(Λ2/µ2)) ,

or equivalently

µ2 = Λ2 e
− 1

ag2 (ag2)−
b
a
(
1 +O(g2)

)
.

Now suppose that g′ = g + cg3 + O(g5). Show that g′2 can be expresssed in terms of

µ′2 as above, where ln(µ′2/µ2) = c/b.

6. Let ψi denote a (fermionic) Dirac spinor field transforming in the fundamental represen-

tation of a U(N) gauge group, and let ψ̄j denote the Dirac conjugate spinor transforming

in the antifundamental. Let (Aµ)ij denote the gauge field for this interaction. Write

down all possible U(N) gauge invariant local operators involving these fields that are

relevant or marginal in the cases where the space–time has dimension d = 4, d = 3 and

d = 2.

7. Consider a four dimensional theory whose only couplings are a mass parameter m2 and

a marginally relevant coupling g.

(a) Write down generic expressions for the β-functions in such a theory to lowest

non–trivial order. (You should be able to identify the values of the classical contri-

butions to the β-functions, and the sign of the leading–order quantum correction

to β(g).)

(b) Sketch the RG flows for this theory.

(c) Suppose that g(Λ′) = 0.1 when the cut–off Λ′ is fixed at 105 GeV. If m2(Λ′) is

measured to be 100 GeV, what value of m2(Λ) would be needed at the higher scale

Λ = 1019 GeV?
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(d) Suppose you changed your value of m2(Λ) by one part in 1020. What would be

the change in m2(Λ′)?
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