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The analysis of a spatial point pattern is often involved with looking for spatial structure, 
such as clustering or regularity in the points (or events). For example, it is of biological 
interest to characterize the pattern of tree locations in a forest. This has traditionally been 
done using global summaries, such as the K-function or its differential, the product density 
function. In this article, we define a local version of the product density function for each 
event, derived under a definition of a local indicator of spatial association (LISA). These 
product density LISA functions can then be grouped into bundles of similar functions 
using multivariate hierarchical clustering techniques. The bundles can then be visualized 
by a replotting of the data, obtained via classical multidimensional scaling of the statistical 
distances between functions. Thus, we propose a different way of looking for structure 
based on how an event relates to nearby events. We apply this method to a point pattern 
of pine saplings in a Finnish forest and show remarkable, heretofore undiscovered, spatial 
structure in the data. 

Key Words: Homogeneous Poisson process; Kernel density; K-function; Multidimen- 
sional scaling; Palm processes. 

1. INTRODUCTION 

Spatial pattern can tell a lot about how a community of plants has evolved over time. 
Often the dynamics of the process are lost because one typically only has spatial data taken 
at a snapshot in time; for an exception, see the article by Rathbun and Cressie (1994). In this 
article, we consider the number N(A) (= 126) and the locations {x, X2, ..., XN(A)} of 
pine saplings in a bounded region A, where A is a 10-m x 10-m square region of a Finnish 
forest. The data were supplied by Antti Penttinen and Dietrich Stoyan and are mapped in 
Stoyan and Stoyan (1994, p. 287) (see also Fig. 1; Appendix B gives the numerical values). 
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Figure 1. Locations of 126 Pine Saplings in a 10-m x 10-m Region in a Finnish Forest. 

Making sense of such data is an enormously challenging problem, which is why ecol- 

ogists have turned to statistical methodology, in particular point-process theory, to aid them 

(e.g., Pielou 1977). One thinks of a spatial point pattern as a realization of a spatial point 
process (over the region A in two-dimensional Euclidean space IR2). There are many sta- 
tistical tools available for analyzing such point patterns (e.g., Ripley 1981; Diggle 1983; 
Upton and Fingleton 1985; Cressie 1993), but most of them look at global properties aver- 

aged over spatial locations. In particular, Stoyan and others advocate tree-location modeling 
through estimation of the pair correlation function and the related product density function 

(e.g., Stoyan, Kendall, and Mecke 1987; Stoyan and Stoyan 1994; Penttinen, Stoyan, and 
Henttonen 1992). In what is to follow, we analyze the contributions of individual events, in 
the point pattern, based on the product density function. 

Figure 2 shows a plot of a global measure of clustering for the Finnish pine sapling 
locations, namely the estimated product density function. Its computational formula is 

given in Section 2; what is interesting from the plot is that the pine saplings tend to cluster 
at distances out to about 1 m. But are there subregions of A where the pattern behaves 

differently? 
We answer this question by defining local components of the product density function, 

each component corresponding to an event in the point pattern. These local indicators of 

spatial association (LISAs) can be averaged to obtain the global product density function 

(again see Section 2 for the computational formulas). More generally, LISAs can be con- 
sidered for any global measure of spatial association (Anselin 1995). Figure 3 shows the 

plots of all 126 LISAs at key interevent distances, with the global average from Figure 2 
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Figure 2. Global Product Density Function /e(t) for Locations of the 126 Pine Saplings Shown 
in Figure 1. The vertical lines correspond to distances at the end points, the two local minima, 
and the two local maxima of eF (t). 

superimposed. Like LISAs can be bundled together and interpreted as corresponding to 
events that show similar clustering behavior (see Section 3). 

Definitions, notation, and theoretical properties can be found in Section 2. Derivations 
of theoretical properties are given in Appendix A. Section 3 defines the statistical distance 
function used to bundle together like LISAs; based on the statistical distance function, we 
obtain a multidimensional scaling of the observed point pattern. Results are given for the 
Finnish pine data, which show remarkable, heretofore undiscovered, spatial structure in the 
pine saplings' locations. Section 4 contains concluding remarks. 

2. POINT PROCESSES, PRODUCT 
DENSITY FUNCTIONS, AND LISAS 

Consider a planar point process N observed in a region A C IR2 of area v(A) = a and 
recall that N(A) is the number of points of the process appearing in region A. For stationary 
and isotropic point processes in the plane with intensity A, the K-function (Ripley 1977) is 
defined by 

AK(t) _ E[N(b(, t)\ {0) I 0 E N], t > 0, 

where b(0, t) is a disk of radius t centered at zero. The quantity K(t) provides an interpretable 
measure of the spatial-dependence structure of the point process. In particular, A2 aK(t) is 

I 
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Figure 3. Product Density LISA Functions for the n = 126 Pine Saplings Evaluated at the 
Distances Given in Figure 2. The superimposed solid line is the global product density function, 
also given in Figure 2. 

the expected number of ordered pairs of events in the observation region A with pairwise 
distance less than or equal to t. The K-function is a cumulative function, and investigaton 
of its differential leads to another interpretable function called the product density function, 
defined by 

p(t) 2 ,t t > 0 (2.1) 

(Stoyan et al. 1987, p. 120). When estimated from data {Xl, X2,.. ., XN(A)}, the empirical 
product density function, p(t), provides a description of the density of interevent distances 
in an observed point pattern. For example, high values of p(t) for small t indicate a global 
overabundance of short interevent distances (i.e., clustering in the data). In this article, 
we shall provide local analyses of spatial point patterns based on the spatial-dependence 
measure (2.1). 

2.1 ESTIMATING THE PRODUCT DENSITY FUNCTION 

Several interevent distance estimates of both the K-function and the product density 
function have been proposed (Ripley 1976; Ohser and Stoyan 1981; Fiksel 1988; Collins 
1995), and all provide a global measure of the covariance structure by summing over the 
contributions from each event observed from a spatial point pattern. In this article, we 
concentrate on local statistics described by Anselin (1995), called local indicators of spatial 
association (LISAs). Getis and Franklin (1987) described the usefulness of a local version 
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of the K-function, while we consider here a local version of the product density function. An 
individual LISA product density function, p(i) (t), should reveal the extent of the contribution 
of the event xi to the global estimate p(t) and may provide a further description of structure 
in the data (e.g, determining events with similar local structure through statistical distance 
measures between the individual LISA functions). We present here the general formulation 
of an interevent distance estimate for the global product density function and then extend it 
to LISA functions. 

2.2 LISA FUNCTIONS FROM GLOBAL ESTIMATES 

According to (2.1), an estimate for the product density function follows from a kernel 
estimate of A2K'(t)/(27rt) (Stoyan 1987). A global kernel density estimate of A2K'(t) 
(ignoring edge effects) takes the basic form of a smoothed histogram, i.e., 

n 

A2K'(t) - a-lE E f(lxi - xj ll - t), t > e > 0, (2.2) 
i=l j7i 

for n = N(A) and {xl,..., Xn} observed in a region A C R2 of area a, where llx - ull 
denotes the Euclidean distance between x and u. Here f, is a kernel function analogous to 
the kernel functions used for estimation of probability densities (e.g., Silverman 1986, p. 
15) and e is a bandwidth, the choice of which will be guided by the results of Fiksel (1988) 
and Collins (1995). 

The kernel function provides weights that determine the contribution of each interevent 
distance to the density estimate at any distance t. Notice that it is indexed by a bandwidth e 
such that larger e provide a smoother estimate of the product density function. To be precise, 
fe(s) = (1/e)f(s/e), and in this article, the kernel function fe is positive, has bounded 
support [-e, e], integrates to one, and is even. In the analysis given in Section 3, we shall 
use the Epanechnikov kernel function (e.g., Silverman 1986, p. 42), 

{-f- E2 for-e<s<e, 
fE(s) = 4{ 4 1 for-_ < (2.3) 

0, otherwise, 

and kernel bandwidth e = (51/2/10)A-1/2 = (51/2/10)al/2n-1/2, as introduced by 
Fiksel (1988) and continued by Doguwa (1989), Stoyan, Bertram, and Wendrock (1993), 
and Collins (1995) in their work on estimators of the global product density function. In 
further refinements, we would possibly use a variable bandwidth (see Stoyan and Stoyan 
1996). 

Analogous to the construction of histograms for univariate data, the kernel density 
estimate is built by assigning high weight to interevent distances falling into the bin of 
width 2e centered at t. For the kernel estimate of the product density, the bin associated 
with the point xi gives positive weight to the interevent distances between xi and any other 
observed points Xj, where t - e < Ilxi - xj II < t + E (and t > e). Ignoring edge effects, a 
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Figure 4. Example of a Bin for Bandwidth e Containing All Points xj Within E of a Distance t 
From the Point xi. 

bin is just the region between the two circles of radius t + e and t - e centered at xi, and 
hence it has area 47rte. A typical bin is illustrated by the shaded annulus in Figure 4. 

In this article, we consider the development of a LISA function for the contribution of 
an event xi to the global kernel density estimate of the product density function, 

pE(t) = 2ta E E fE xi - - t), t > > 0, (2.4) 
i=1 j-i 

derived from (2.1) and (2.2). For the moment, we ignore edge effects; they are accounted 
for properly in Section 2.3. A product density LISA function can be constructed in the same 
manner as the global estimate (2.4), and it is similar in many ways to the notion of individual 
functions found in Stoyan and Stoyan (1994, p. 290) and the second-order neighborhood 
analysis for K-functions described in Getis and Franklin (1987). Stoyan and Stoyan (1994) 
suggest the use of individual functions to identify points that are different from the normal 
points in the pattern. Getis and Franklin (1987) use local versions of the K-function to show 
that points can exhibit different patterns when examined at different scales of analysis. Here 
we examine a product density LISA function at several scales simultaneously and develop 
an algorithm to identify points with similar neighborhood structure across various scales. 

We begin by considering local features of the K-function. For example, define 

{AK(t)}(i) = E[N(b(xi,t)\{xi}) l xi e N], t > 0, 

as the expected number of extra events with distance from xi less than or equal to t. The 
expectation is conditional on observing xi C N and is calculated with respect to the reduced 
Palm measure (Stoyan et al. 1987, p. 113). Analogous to (2.2), a kernel density estimate 
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for the quantity {AK'(t)}(i) is 

{AK'(t)}(i = f (lxi - xjll- t), t > e > 0. (2.5) 
jAi 

Now, for a homogenous Poisson process, we see that (n - 1)/a provides an unbiased 
estimator for A under the reduced Palm process, N}I, since this process has the same 
probability distribution as the original process, N (Stoyan et al. 1987, p. 114). In particular, 
E![N(B)] - E[N} (B)] = E[N(B)] = Av(B) for Borel sets B C A, where the notation 
E! [-] implies expectation with respect to the reduced Palm measure. 

Combining the kernel estimate (2.5) with the estimate A = (n - 1)/a of the intensity, 
we obtain 

A{AK'(t)}(i) = (n- l)a-1 fe(llxi - xjl - t), t > e > 0, 
jii 

which provides a kernel density estimate for the derivative {A2 K' (t)} (), t > 0. By analogy 
with the formulation of the global product density estimate (2.4), a localized version of the 
empirical product density function is given by 

2(t) = 
2a t fe(llxi - Xjll - t), t >? > 0. 
n-i 

P'(t) = 2rrtal^ E - 5ii- 11- t>e>o0 (2.6) 

For fixed t, pi) (t) satisfies the operational definition of a LISA statistic as set out 
by Anselin (1995) since the sum of the individual product density LISA functions is 
proportional to the global function at fixed t, i.e., 

i=1 

2.3 EDGE EFFECTS 

Thus far, we have ignored edge effects in the development of a product density LISA 
function. Clearly, for xi observed near the border of the observation region A, the product 
density LISA function (2.6) will underestimate the contribution of xi to the global product 
density function. To investigate the effect of edges on the distribution of the product density 
LISA function, consider its expected value for a homogeneous Poisson process with intensity 
A. Conditional on observing an event at xi, the expectation can be calculated with respect 
to the reduced Palm process N}i, i.e., for t > e > 0, 

E![ I)]= 2t E (N(A) -1) fE(lxi - j -t) 
2irrta j#i 

E= 27,t E {n 
- 1) , fE (11 ( - mj11 - t) l N(A) = n 

= 1 E![(N(A) - 1)2]- fE(llx - - t)dx 2rrta a A 
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A2 + (A/a) ft-+-e = 2 (t/ ]__ f,(s - t) x li9b(xi, s) n Alds, 
2r Jt-E 

where l9b(xi, s) n Al gives the length of the perimeter of the circle of radius s centered 
at xi that is contained in the region A. Here we use the fact that, for a homogeneous 
Poisson process, conditional on observing N(A) = n points and a point at xi, the events 
x, ... xi_1, xi+,..., xn are independent and identically distributed uniformly on A. 
Also note that, with respect to the reduced Palm process N i, the random variable N(A) - 1 
is Poisson with mean Xa, so that E![(N(A) - 1)2] = A2a2 + Aa. 

In the spirit of Ripley's (1976) isotropic edge correction for the K-function, 

( ) 27r= ia E E Iab(xi- xi f ( n A l i - xj 11-t) t > E > 0O i (=2-7rta E lab(x~, Ilxi - xj II) n Al 1 =2 j 2i 
is an edge-corrected global estimate of the product density. Other types of edge corrections 
are given in Fiksel (1988). The corresponding edge-corrected product density LISA 
functions are 

p~'i ) n -i 2rIIx - 
It2 () 27)rta lb(x, jIx - xj ) l n Al fE(Ixi - j- t > >, (2.7) iOb(ii, Ii - j) n A 

for xi E A and i = 1,..., n. These are plotted, with p (t) superimposed, in Figure 3. They 
have expected value 

A2 + (A/a) ft+E 2irs 
E![(i(t)]= 2 t ib(xs)Af(s-t) x IOb(x, s)nAlds 

A2 + (A/a) Jt+6 
- 2irt ]E 22rsf,(s - t)ds 

= A2 + (A/a) 

for a homogenous Poisson process. Note that this same result follows should there be no 
edge-effect correction since then we have \9b(xi, s) nA = 27rs. Thus, regardless of whether 
xi is near the border of A or not, (2.7) has the same expectation and hence the edge effects 
have been accounted for. 

2.4 VARIANCES AND COVARIANCES 

The variance of the edge-corrected product density LISA function (2.7) can be writ- 
ten as 

vr i A3 + 3A2/a + A/a2 ft+ 2rs2f2(s - t) + 3(/a + A/a2) (28) var,![)i)(t)]= 2rt2 l ̂ ^d^ /a+s (.8 var!L~PE 
/ 

2wJ-t2 ia_b(xi, s) n AI+ 2/a2) (2.8) 

for t > e > 0 (see Appendix A). Similarly, the covariance between estimators of the product 
density LISA function observed at two distinct values, t2 > tl > e > 0, is calculated to be 

COV! [P) 
(tl),/) (t2)] 

= A3 A(2a )2tt 2 g(xi, x,tl)g(xi,, t2)dx + 3(3/a + A2/a2), (2.9) (21)2tt2A 
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where 

g(x, Y, t) 27rlX 
- 

yl f(llx - yll - t). (2.10) lOb(x, IIx - yllI) n AI 

To obtain an estimator of the variance (2.8) and covariance (2.9) from data, replace A by its 
unbiased (with respect to the reduced Palm process NI) estimator, A = (n - 1)/a. 

The covariance between estimators of product density LISA functions for two distinct 
events, xi and xe, from a homogeneous Poisson process is 

atl t2-COV () ),)(t)] 

A/a ) + /a -g(xi,xe,ti) g(xe,xi,t2)- 

A3 + 5A2/a + 2A/a2 2 

+ (2r)2tt2 9(xi, x, t)g(x, x, t2)dx 

+ 3A3/a + 5A2/a2 (2.11) 

(see Appendix A). Here calculations are conditional on observing both xi and xe, i.e., 
expectations are taken with respect to the doubly reduced Palm process N xe. Note that, 
if lxi - xell > (max(tl, t2) + E), all terms involving g(-) are zero and (2.11) simplifies to 
3A3/a + 5A2/a2. 

We will also make use of the covariance between pi) (tl) and (i) (2), conditional on 
observing both xi and another event xe. Note that this is different from (2.9) since now we 
calculate expectations with respect to the doubly reduced Palm process N! x, just as we 
did in (2.11). This covariance takes the form 

S2ii = COV!! ei)(tl), (E (t2 

Aa A2/a -g(xi,xe,tl) g(xi,xe, t2) 
(27r)2tlt2 r ) tl t2 

A3 + 5A2/a + 2A/a2 / 
+ (27r)2tt2 g (xi,x, tl)g(xi, , t2)dx 

(27r)2tlt2 JA 

+ 3A3/a + 52/a2. (2.12) 

In both (2.11) and (2.12), replace A by A = (n - 2)/a (the unbiased estimator of A 
with respect to the doubly reduced Palm process N! x) to obtain an estimator of the 
covariances from data. Similarly, A2 is estimated unbiasedly by (n - 2)(n - 3)/a, while 
(n - 2)(n - 3)(n - 4)/a is unbiased for A3. 

The two-dimensional integral appearing in the covariance in Equation (2.11) is 
evaluated numerically by simple Monte Carlo integration, where M points {xm} are 
randomly sampled uniformly in the domain of the integrand. We define h(x) = 

g(xi,x,tl)g(xe,x, t2); then the integral is estimated by the empirical average of the 
integrand, namely (1/M) Emi h(xm), multiplied by the area of the domain. A similar 
procedure yields the two-dimensional integral in (2.12). 
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From evaluations of (2.8)-(2.12), we find that the variance of pi) (t) decreases as 
t increases and is larger for events xi close to the edge of the region of observation. The 
covariance between (i)t (tl) and p() (t2) is large when the events xi and xe are close together 
and decreases to the constant 3A3/a + 5A2/a2 when llxi - xell > (max(ti, t2) + e). 

3. BUNDLING OF LISA FUNCTIONS 
For each event xi, we observe the vector 

Y/ (i -- i (t2)i, i..., t , i=l ., , Yi [?()P?t ***v?(t i = )(t1,... n 

of product density LISA functions, i.e., the data are multivariate observations at each of n 
observed locations in the point pattern. A bundle of LISA functions will consist of a set of 
similar vectors from among {Yi: i = 1,..., n}. Given a measure of the distance between 
any two such vectors, we can create a symmetric matrix of distances, identify bundles 
via hierarchical clustering, and then visualize the bundles using classical multidimensional 
scaling (Johnson and Wicher 1992). 

3.1 HIERARCHICAL CLUSTERING AND MULTIDIMENSIONAL SCALING 

For two events, xi and xe, define the distance between their observed vectors Yi and 
Ye as follows: 

die = [Yi - Ye]T [Yi - Ye], (3.1) 

where Eie is the covariance matrix for the vector [Yi - Ye]. Using Equations (2.11) and 
(2.12), the kth diagonal element of Eie (corresponding to the value tk) is given by 

var!! [()(tk)- ( 
)(tk)] 

= tktk + ttk _ 20tktk 

- (2r 2 [g(xi, e, tk) - g(xe, xi, tk)]2 

A3 + 5A2/a + 2A/a2 , , , , + (2tk )2 A [g(xi, X, tk) - g(xe, x, tk)]2dx, (3.2) 
(27tk)2 JA 

and an off-diagonal element (for distinct values tk and tm) can be written as 

cov,! [()(tk) 
- ) (t , ((i (tm)-) (tm)] 

= tktm t tktm _tktm -ii - O t i ? - i 

= / a)2/tkt [g(Xi, Xe, tk) - g(e, Xi, tk)] x [g(xi, X, tm) - g(xe, i, tm)] 
(21r)2tktm 

A3 + 5A2/a + 2A/a2 
(27r)2tktm 

X [g(xi, X, tk) - g(x, x, tk)] X [g(xi,X, tm) - g(x, , tm)]dx. (3.3) 
JA 
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The covariance-matrix elements in Equations (3.2) and (3.3) can be estimated from data 
using A = (n - 2)/a as an unbiased estimator of A for a homogeneous Poisson process, 
conditional upon observing events at locations xi and xe. Again, (n - 2)(n - 3)/a and 
(n - 2)(n - 3)(n - 4)/a are unbiased for A2 and A3, respectively. 

For data from a stationary and isotropic (but not necessarily homogeneous Poisson) 
point process, we shall continue to use (3.1), (3.2), and (3.3) to define distances between 
two product density LISA functions. For nearby events xi and xi, we would expect Yi and 
Ye to be highly correlated, and this normalization will provide an appropriate reduction of 
the measurement of distance between the two vectors. 

Now let D be the n x n symmetric matrix of statistical distances dif calculated as 
in (3.1). In the example that follows in Section 3.2, we use S-Plus functions hclust and 
cmdscale (Venables and Ripley 1994), respectively, to identify bundles via hierarchical 
clustering and to visualize those bundles via classical multidimensional scaling. 

3.2 FINNISH PINE SAPLINGS 

Having gained understanding of how to interpret this new exploratory tool of product 
density LISA functions, we return to the data set of pine saplings in a Finnish forest, 
introduced in Section 1 (see Figure 1; Appendix B gives the numerical values). It is 
interesting to see if bundles of LISA functions can be interpreted ecologically (e.g., in 
terms of a covariate, such as tree diameter) or if the multidimensional scaling according to 
statistical distance (3.1) gives rise to interesting patterns. 

A plot of the (global) product density estimate p(t) appears in Figure 2. As was 
observed in Section 1, this function is high at small t-values, indicating that the event 
data form a clustered point pattern. We evaluated individual LISA functions at six t-values 
derived from extreme behavior of the global product density function: the two endpoints, 
the two largest local maxima, and the two smallest local minima as marked on Figure 2. 
The LISAs were first introduced in Section 1, their formula is given by (2.7), and they are 
plotted in Figure 3. 

The result of using the hierarchical clustering S-Plus function hclust is given in 
Figure 5, and Figure 6 illustrates how using the multidimensional scaling S-Plus function 
cmdscale on product density LISA functions can lead us to interesting subpatterns of the 
original pattern. From Figure 6(a), it is remarkable that, after multidimensional scaling, 
virtually all of the points lie on a one-dimensional straight line. On the new scale, nature 
has been extraordinarily orderly! Consider now the bundle of 14 points labeled as X by 
hclust in Figure 5 and featured in Figure 6(a). In the original point pattern, these 14 events 
are contained in several different large spatial clusters (see Fig. 6(b)). Figure 7 demonstrates 
how the average of the 14 product density LISA functions differs from the global average. 
The high values of the product density LISA functions at small distances indicate that points 
in this bundle have neighbors that are much closer than average. 

Note that, for the point pattern of Finnish pine saplings, we have further covariate 
information, namely the diameter of the pine saplings truncated to whole centimeters 
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Figure 5. Hierarchical Clustering Tree for the n = 126 Product Density LISA Functions Shown 
in Figure 3. One cluster, labeled with X, is featured. 
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Figure 6. (a) Two-Dimensional Plot Obtained From cmdscale, the Multidimensional Scaling 
Function in S-Plus. The bundle of 14 LISA functions labeled with X in Figure 5, corresponding 
to 14 pine saplings, is featured in the plot. (b) Original point pattern of Figure 1, featuring the 
locations of the same 14 saplings as were featured in Figure 6(a). 
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Figure 7. Average Product Density LISA Functions. The dashed line is the average of the 14 
functions in the bundle featured in Figure 6, whereas the solid line is the global product density 
function (given in Fig. 2). 

(Appendix B). Figure 8 contrasts the distribution of diameters among the 14 bundled pine 
saplings with the other 112 pine saplings. We see that, of the 14 bundled points, 9 (64%) 
have a diameter of 1 cm. This is quite a different behavior than the more even distribution of 
the other 112 tree diameters and provides a clue for further investigation. Thus, we propose 
that this exploratory method of bundling and rescaling of events by their product density 
LISA functions can sometimes be used to enhance understanding of the etiology of the 
pattern. 

4. CONCLUDING REMARKS 
We believe that the methodology presented in this article is immediately useful in 

the following sense. The analysis of bundles of product density LISA functions is clearly 
examining a very different kind of event interaction in a point pattern than previous global 
statistics have; i.e., we have extended the scope of available exploratory tools for spatial 
data analysis. 

Application of the exploratory method described in this article is straightforward. 
However, the reader should keep in mind the following caveats and areas for future work on 
this topic. First, we are using hierarchical clustering and classical multidimensional scaling 
developed for independent multivariate observations on spatial data that are dependent, 
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Figure 8. Histogram of the Sapling Diameters for the 14 Saplings in the Bundle Featured in 
Figure 5 Compared With Histogram of the Remaining 112 Sapling Diameters Not in the Bundle. 

with some adjustment for the dependence through the use of statistical distances (3.1). 
Second, to do that adjustment, we are using covariances calculated assuming a homogeneous 
Poisson process when the point patterns may exhibit clustering or regularity. Finally, our 
choice of bandwidth is a straightforward one that might be improved. The recent work by 
Collins (1995), Stoyan and Stoyan (1996), and Heinrich and Liebscher (1997) on bandwidth 
selection for the global product density function may be relevant to the optimal choice of 
a bandwidth for product density LISA functions. Further research in these areas may lead 
to improved performance of what we consider to be already a most informative tool for the 
exploration of spatial point patterns. 
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APPENDIX A 
The variance (2.8) of the edge-corrected product density LISA (2.7) is calculated as 

follows. First, 

var! [,()(t)] = E! [E{((f )(t))2 I N(a) = n}] - (E! [Pi (t)])2 

- \ i \2 - 

= (2rta)-2E E (n - 1)2 ( (xi,xj,t)) 2 N(A)= n 

- [A2 + A/a]2, (5.1) 
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where g(x, y, t) is given by (2.10). Thus, the first term in (5.1) is 

(2rta)-2E E (n- 1)2 Eg(xi ,Xj,t)2 

+ g(xi, j, t)g(xi, Xk,t) N(A) = n} 
jAi k:i i 

k4j 

= (2rta)-2E![(N(A)- 1)2{(N(A)- 1)E[g(x, X,t)2] 

+ (N(A) - 1)(N(A) - 2)(E[g(x,X, t)])2}], (5.2) 

where X is uniformly distributed on A. Putting together Equations (5.1) and (5.2) and the 
fact that E[g(xi, X, t)] = 27rt/a, we obtain the variance (2.8). 

The calculation of the covariance between estimators of the product density LISA function 
observed at two distinct values, t2 > tl > e > 0, proceeds as follows. Consider 

COV! [t(i)(tl),()(t2)] 
= E!! [9(i)(tl) X ())(t2)] 

- E, [i ()(tl)] x E! [ ()(t2)] , 

where the expectation E!![-] is conditional on observing the two events xi and xe, i.e., the 
expectation is with respect to the doubly reduced Palm process Nj" e. Note that, for a 
homogeneous Poisson process, E!! [N(A) - 2] = Aa, so that, conditional on observing two 
points of the process, (n - 2)/a is an unbiased estimator for A. 

Now 

E! [)(t) =A2+ 2A/a+ 2tl g(xi,x,tl), PE 2Jrt, xi, ti)i 

and a similar expression holds for E!! [p) (t2)], where g(-) is given by (2.10). Further, 

E!! [/i)(tl)X ( )(t2)] = A4 + 7A3/a + 92/a2 

A2 + 3A/a + 1/a2 + (27r)2tlt2 g(xi,e, tl)g(x, i,t2) 

A3 + 5A2/a + 2A/a2 -g(xi, x, tl) g(xe, xi, t2) + + 
27r tl t2 

A3+ 5A2/a + 2A/a2 (t 
+ (27r)2tlt2 9(Xi,x,t1)g(xi,x,t2)dx. (27r)2tlt2 JA 

Hence, the covariance expression (2.11) follows. 

APPENDIX B 
The Finnish pine sapling data appear below as provided by Antti Penttinen and Dietrich 

Stoyan. The X and Y coordinates are in meters, within a 10-m x 10-m square region with 
corers (-5, -8), (5, -8), (5, 2), and (-5, 2). The sapling heights are given in meters and 
the sapling diameters in centimeters (truncated to whole centimeters). 
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Table B.1 

X Y Height 
-1.993875 0.929764 1.70 
-1.019901 0.412069 1.70 
-4.914071 1.985425 1.60 
-4.469962 1.452390 4.10 
-4.303847 0.914821 3.10 
-3.814774 0.810864 4.30 
-3.423515 0.727699 2.30 
-3.130071 0.665325 4.00 
-4.431633 0.781427 5.40 
-0.900000 0.000002 1.80 
-3.899406 0.068074 3.20 
-1.315571 -0.478825 1.30 
-2.499282 -0.716650 3.80 
-2.704594 -0.724686 1.50 
-4.510529 -1.641685 2.10 
-4.134652 -1.504878 3.30 
-4.107759 -1.576808 3.00 
-4.040682 -1.470676 3.20 
-3.174177 -1.218442 1.50 
-3.150349 -2.124924 1.60 
-4.948165 -3.213357 2.10 
-0.565687 -0.565684 1.40 
-3.217394 -2.699698 2.80 
-2.877367 -2.778625 4.00 
-4.027665 -4.973723 1.40 
-4.847309 -7.464154 1.60 
-4.738381 -7.296420 4.00 
-0.391437 -0.580325 1.90 
-3.444492 -5.512302 4.80 
-1.960709 -3.019208 1.60 
-2.225672 -3.561795 3.00 
-0.900005 -1.558843 3.10 
-2.450014 -4.243516 4.40 
-3.102800 -5.597556 2.10 
-3.248244 -5.859941 3.00 
-3.400019 -5.888962 2.40 
-3.286322 -6.180622 1.90 
-3.393688 -6.122327 2.30 
-3.700021 -6.408576 4.80 
-4.600026 -7.967419 1.80 
-1.436497 -3.946704 2.00 
-2.701983 -7.423563 3.50 
-1.941167 -7.244437 3.30 
-1.967049 -7.341030 2.80 
-1.669284 -6.695035 1.65 
-1.475744 -5.918799 2.40 
-1.268229 -4.733033 3.50 
-0.653198 -2.619796 1.00 
-0.711971 -4.037709 3.00 
-1.007178 -5.711882 2.40 
-0.950609 -7.741857 3.40 
-0.721272 -6.862198 0.80 
-0.000024 -7.100000 2.30 
-0.000023 -6.800000 5.00 

Diam 

1 
1 
1 
5 
3 
4 
2 
4 
7 
2 
3 
1 
5 
1 
2 
3 
3 
4 
1 
1 
2 
1 
3 
4 
1 
1 
3 
1 
7 
1 
3 
3 
6 
1 
2 
1 
1 
2 

1 
1 
3 
3 
2 
1 
2 
3 
0 
3 
1 
3 
0 
2 
7 

X Y Height 
0.773485 -7.359465 4.60 
0.637603 -6.066586 1.60 
0.627150 -5.967134 2.30 
0.616698 -5.867682 4.40 
0.595793 -5.668777 3.60 
0.658076 -5.359752 4.90 
0.314927 -1.364119 2.10 
0.774138 -3.104949 1.50 
0.870906 -3.493068 3.00 
1.204589 -3.498423 3.00 
1.530154 -4.443943 3.20 
1.953639 -4.602531 3.20 
1.992711 -4.694582 3.00 
2.031784 -4.786633 3.00 
2.198075 -5.154835 1.90 
2.188075 -5.154835 3.60 
2.237032 -5.024508 3.30 
2.318379 -5.207218 2.40 
3.634487 -7.794261 4.90 
2.323348 -4.763618 2.50 
2.411021 -4.943377 1.60 
4.302621 -6.625516 3.90 
4.106847 -6.572390 4.00 
2.384621 -3.816226 4.20 
1.539145 -1.970033 3.10 
4.719881 -5.828613 1.40 
3.583619 -3.341807 3.80 
2.120918 -1.977804 1.80 
4.457258 -2.678217 2.90 
3.221761 -1.367573 2.20 
3.129711 -1.328499 3.50 
1.933057 -0.820544 3.20 
4.079437 -0.499684 2.10 
4.069437 -0.509684 5.20 
2.757459 -0.486228 3.50 
2.673722 -0.375780 3.90 
2.382109 -0.292498 1.50 
2.696299 -0.141320 0.90 
3.305476 -0.172724 2.80 
3.295476 -0.162724 1.50 
3.595065 -0.188427 2.30 
3.894654 -0.204129 4.00 
4.397319 -0.153579 0.90 
2.490487 0.217889 2.30 
4.881354 0.427063 1.20 
3.366912 0.473188 2.50 
3.862046 0.542775 3.70 
4.159126 0.584527 2.00 
4.037712 0.711957 3.80 
3.325702 0.706899 1.30 
2.934443 0.623735 3.20 
4.733037 1.268212 2.70 
4.698464 1.710100 4.80 
3.296725 1.679764 2.30 

Diam 

5 
1 
1 
3 
2 
6 
1 
1 
3 
3 
3 
3 
2 
2 
1 
3 
3 
1 
7 
2 
1 
7 
4 
4 
3 
1 
4 
1 
2 
1 
3 
3 
1 
6 
3 
5 
4 
0 
2 
1 
1 
4 
0 
2 
1 
2 
3 
1 
4 
0 
3 
2 
5 
2 
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Table B.1 (Cont'd) 

X Y Height Diam X Y Height Diam 

-0.000020 -5.900000 3.60 4 0.670937 0.435711 4.50 6 
0.382026 -7.289998 3.40 3 2.289731 1.430781 1.30 0 
0.350627 -6.690819 4.00 2 0.737237 0.516218 1.30 0 
0.593918 -6.674507 1.50 1 2.374739 1.992640 3.10 3 
0.583918 -6.684507 4.70 4 1.198207 1.845074 4.30 5 
0.575203 -6.574887 5.00 6 0.871423 1.341872 2.10 1 
0.425492 -6.085142 2.80 2 0.618047 1.028600 4.80 6 
0.522912 -5.977170 1.40 1 0.207913 0.978147 2.50 2 
0.783938 -7.458917 2.90 2 -0.139511 1.995128 1.20 0 
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