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Standard test signals, time response of 1st order system, time response of 2nd order system, steady-state 

errors and error constants, effects of additions of poles and zeros to open loop and closed loop system. 

Time domain stability analysis 

Concept of stability of linear systems, effects of location of poles on stability, necessary conditions for 

stability, Routh-Hurwitz stability criteria, relative stability analysis, Root Locus concept, guidelines for 

sketching Root-Locus. 

 

Time Response Analysis 

 

3.1: Standard Test Signals 

For time response studies, some specific input test signals are applied to the control systems. These are 

described below: 

(a) Step Function: 

It is described as sudden application of input signal, and is given by 

 = {   ≥  <  

If K=1 the function is called Unit Step Function. Its 

Laplace transform is given by 

 [u t ] = U S =   / s 

Step function is also called the displacement function. 

 
Figure 2.1.1 Step Function 

 

(b) Ramp Function: 

Ramp function starts from origin and increases or decreases linearly with time as shown in figure. It is 

described as gradual application of input signal, and is given by = { .   ≥  <  

If K=1 the function is called Unit Ramp Function. Its 

Laplace transform is given by 

 [r t ] = R s  =   / s  

Ramp function is also called the Velocity function. 

 
Figure 2.1.2 Ramp Function 

 

(c) Parabolic Function: 
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Ramp function starts from origin and increases or decreases with time as shown in figure. It is described as 

more gradual application of input signal, and is given by = { . /   ≥  <  

If K=1 the function is called Unit Parabolic Function. Its 

Laplace transform is given by 

 [r t ] = R s  =   / s  

Parabolic function is also called the Acceleration 

function. 

 
Figure 2.1.3 Parabolic Function 

(d) Impulse or delta Function: 

In case of Impulse function, the input is applied as a shock for a very short duration. The impulse function is 

given by: = {   =  ≠  

If K=1 the function is called Unit Impulse Function and it 

is denoted by δ t . It s Laplace transform unity. 

 [δ t ]  =   

 

 
Figure 2.1.4 Impulse Function 

 

 

3.2: Time response of first order system: 

A first order control system is one wherein 

highest power of S in the denominator equals 

1. Suppose we have a First Order control 

system as shown in figure 2.2.1. Then the 

transfer function is given by = /+ /  

Or 

 
= +  … . .  

 

 

 

In equation 2.2.1 power of s is one in the denominator term. Hence, the above transfer function is of the 

first order and the system is said to be the first order system. 

Where, 

 C(s) is the Laplace transform of the output signal c(t), 

 R(s) is the Laplace transform of the input signal r(t), and 

 T is the time constant. 

(a) Response of the 1st order system when an Impulse function is applied as input: 

C(s) 

+ 

- 

Figure 2.2.1: System with negative feedback 
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Consider the unit impulse signal as an input to the 

first order system. ie.  r(t)=δ(t) 

Apply Laplace transform on both the sides. R(s)=1 

Substitute, R(s)=1 in  equation 2.2.1. 

 = . +  

 = + /  

Inverse Laplace = −�  

The unit impulse response is shown in the figure 

2.2.2. 

 
Figure 2.2.2 Impulse Response of First Order System 

The unit impulse response,  t  is a  e po e tial de a i g sig al fo  positi e alues of t  a d it is ze o fo  
negative alues of t . 
 

(b) Response of the 1st order system when a unit step function is applied as input: 

Consider the unit step signal as an input to first order system. 

So =  

Apply Laplace transform on both the sides. R s  =  /s 

Consider the equation 2.2.1, and substitute the value of R(s) for unit step input. 

 = + = − += − + /  

 

Fig 2.2.3 Unit step Response of First Order System 

Therefore = − −�  

Error = − = −�  

Steady State 

Error = lim→∞ −� =  

The response of the first order system will be as shown in 

figure 2.2.3 

The value of the unit step response, c(t) is zero at t = 0 and for all negative values of t. It is gradually 

increasing from zero value and finally reaches to one in steady state. So, the steady state value depends 

on the magnitude of the input. 

 

(c) Response of the 1st order system when a unit ramp function is applied as input: 

Consider the unit ramp signal as an input to first order system. 

So =  

Apply Laplace transform on both the sides. R s  =  /s  

 

Consider the equation 2.2.1, and substitute the value of R(s) for unit step input. 

 

 = + = − − + = − + + /  
 

Then = − + −�  
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Therefore Error = − − + −�  
Fig 2.2.4 Unit Ramp Response of First Order System 

or = − −�  

Steady State 

Error = lim→∞ − −� =  

The response of the first order system will be as shown 

in figure 2.2.4 

The value of the unit ramp response, c(t) is zero at t = 0 and for all negative values of t. It is gradually 

increasing from zero value. 

 

3.3: Second 0rder Control System: 

Let us consider a Second Order control system 

as shown in figure 2.3.1. Then the close loop 

transfer function is given by = +  

Or  

= �+ ��+ �+ ��  

 

 

Therefore  

 = �+ �� + �  … . .  

 

Unit Step Response of a Second Order control System: 

For s unit step input r(t) = 1 and R(s) = 1/s. Therefore from equation 2.3.1. 

 = �+ �� + � = �+ �� + � − � �   

Therefore = − + ��+ �� + � − � = − + ��+ �� + ��  �� = � √ − �  

 = − + ��+ �� + �� − ��+ �� + ��   

 = − + ��+ �� + �� − ���� ��+ �� + ��   

Taking the inverse Laplace transform 

 = − −��� �� − ���� −��� ��  … . .  

Since �d = � √ − �  

Therefore = − −���√ − � [√ − � �� + � �� ] … . .  

Substituting � = √ − �  and � = � 

C(s) 

+ 

- 

Figure 2.3.1: A Second Order System 

R(s) 

�+ ��  

 

Downloaded from  be.rgpvnotes.in

Page no: 4 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


 

 = − −���√ − � [ � �� + � �� ]  

 = − −���√ − �   �� + �  … . .  

 Now � = − √ −�� , then  

 = − −���√ − � (�� + − √ − �� )  

 = − −���√ − � (� √ − � + − √ − �� )  … . .  

Where  ξ = Damping ratio of the system 

  ωn = Natural Frequency of oscillation 

  ωd = Damped Frequency of oscillation 

Now, the error is given by =  −  , therefore 

 = − [ − −���√ − � (� √ − � + − √ − �� )] … . .  

 = −���√ − � (� √ − � + − √ − �� )   

The term ξωn = α is called the damping factor or the damping coefficient. 

The steady state value of output is given by = lim→∞ =  

 

Response of a second order system for different values of � 

We know that the transfer function of a second order system is  C sR s = ωns + ξωn + ωn 

Therefore the Characteristics equation is  s + ξωn + ωn =  

Here  ξ = Damping ratio of the system 

  ωn = Natural Frequency of oscillation 

  α = ξωn  = damping factor and  

  ωd = √ − ξ  = Damped Frequency of oscillation 

From the characteristics equation 

  = −ξωn ± jωn√ − ξ = −α ± jωd 

 

Case I  When < � <  

When < ξ <  

(i) Roots of the characteristics equation are complex with negative real part. 

 

(ii) The system is called under damped. 

 

The system is stable and for unit step input, its output will be as shown in figure below. 
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Case II  When � =  

When ξ = , s = ± ωn 

(i) Roots of the characteristics equation will be 

imaginary and conjugate. 

 

(ii) �d = �  

 

(iii) System is un-damped. 

 
The system is marginally stable and for unit step 

input, its output will be as shown. Since the 

damping factor is zero i.e. there will not be any 

damping, therefore system will be un-damped and 

we will get the continuous oscillations in the 

output. 

 
 

Case III When � =  

When ξ = , s = −ωn, −ωn 

(i) Roots of the characteristics equation are equal 

real and negative. 

 

(ii) �d =  

 

(iii) System is critically damped. 

 
The system is stable and for unit step input, its 

output will be as shown. 

 
 

Case IV When � >  
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When ξ > ,  

(i) Roots of the characteristics equation are 

unequal real and negative. 

 

(ii) System is over damped. 

 
The system is stable but response is sluggish i.e. 

large time is taken by the output to reach the 

steady state. For unit step input, its output will be 

as shown. 

 
 

Case V  When − < � <  

When− < ξ < , 

(i) Roots of the characteristics equation are 

complex conjugate with positive real part. 

 

(ii) System is called negatively under damped. 

 
The system is unstable. The amplitude of the 

response increases exponentially. For unit step 

input, its output will be as shown. 

 
 

3.4: System Time Response: 

After applying the excitation at the input terminals of the system, an output is produced at the output 

terminals, which varies with time. The response of a second order system for unit step input is shown in 

figure below: 

 
Figure 2.4.1 Output due to Unit step input Vs. Time 

Following terms may be defined related to the above figure: 

(i) Delay Time (Td):  

The time taken by the system output to reach 50% of its final value is known as delay time. 
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(ii) Rise Time (Tr):  

The time taken by the system output to reach from 10% to 90% of its final value of the output is known as 

rise time. 0% to 100% & 5% to 95% are also used. For over-damped systems 10% to 90% is used. 

 

(iii) Settling Time (Ts):  

The time taken by the system response to settle down and stay within ±2% of its final value is known as 

settling time. 

 

(iv) Peak Time (Tp):  

The time taken by the system response to reach the first maximum value is known as peak time. 

 

(v) Overshoot:  

For a step input the ratio of maximum value of the output to the final value of the output is called the 

overshoot of the system. 

The % overshoot is defined as  % � ℎ = �   ℎ /      ×  

 

(vi) Steady State Error:  

For a step excitation the difference between the desired output and the final value of the output of any 

system is termed as steady state error of the system. 

 

3.5: Analysis of Steady State Error: 

A simple closed loop control system with negative 

feedback is shown in figure 2.5.1. 

From the figure  = −            = −            = −  

Therefore [ + ] =  
 

Figure 2.5.1 A closed loop control system 

 = +  

For unity feedback system, i.e. = , = +  

The  is in laplace domain. The error will be in time domain. 

At steady state = ∞ 

Then steady state error  = lim→∞  

= lim→ = lim→ +  

Hence the steady state error depends upon- 

(1) Type and magnitude of R(s), 

(2) Open loop transfer function G(s)H(S), 

(3) The presence of any non linearity. 

 

G(s) 

H(s) 

C(s) 

R(s) 

B(s) 

E(s) 
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3.6: Static Error Coefficients: 

The difference between the reference input and output in steady state is called steady state error. 

Let we have a unity feedback control system as shown 

The Error function is given by = +  … . .  

 

And Steady State Error = lim→∞ = lim→= lim→ +  … . .  
 

 
Case I When input is unit step i.e. � =  

When =  

Then R =   

From eq. 2.6.2 = lim→ /+ = lim→ + = + lim→ = + �   

Where � = lim→ =  

KP is called static position error coefficient. 

 

Case II When input is unit ramp i.e. � =  

When =  

Then R =   

From eq. 2.6.2 = lim→ /+ = lim→ [ + ] = + lim→ = + �  

Where � = lim→  

Kv is called static velocity error coefficient. 

 

Case III When input is unit parabolic i.e. � = /  

When = /  

Then R =   

From eq. 2.6.2 = lim→ /+ = lim→ [ + ] = + lim→ = + �  

Where � = lim→  

Ka is called static acceleration error coefficient. 

 

 

Time Domain Stability Analysis 

 

3.7: The concept of stability: 

A linear time invariant system is said to be stable if the following two conditions are satisfied: 

(i) For a bounded input, the output should be bounded, & 

(ii) In the absence of the system input, the output should be zero, whatever be the initial conditions. 

 

 

3.8: Effect of location of poles on stability: 

 

Location of poles has a direct effect on stability. The entire s-plane is taken into account and it is divided as 

follows: 

C(s) 

+ 

- 

Figure 2.6.1: A Second Order System 

R(s)  

E(s) 
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(a) Left half-plane (LHP), (b) jω-axis, (c) Right half-plane (RHP) 

Let us consider the following cases: 

 

(a) LHP Poles 

When the poles are located in the left half plane, again there are few possible cases as, the poles are: 

(i) On real axis and simple, 

(ii) On real axis and multiple, 

(iii) Complex conjugates and simple 

For all above three cases, the system is stable. 

 

(b) jω-axis 

When the poles are located on jω-axis, again there are few possible cases as, the poles are: 

(i) On jω-axis and simple, 

(ii) On jω-axis and multiple, 

(iii) At origin, 

(iv) At origin and multiple 

In this case, the pole has zero real part. If the poles are not repeated, the system is called marginally 

stable. If the poles are repeated, the system is unstable. 

 

(c) RHP Poles 

There are few possible cases in which poles lie in the right half plane. 

(i) On real axis and simple 

(ii) On real axis and multiple 

(iii) Complex conjugates and simple 

In all of the three cases, the system will be unstable. 

 

3.9: Necessary Conditions for stability: 

Let the characteristics equation of a system is given by 

 + − + − + ⋯ + − + =   

Then the conditions for any system to be stable are: 

(i) All the coefficients of the characteristics equation must have same sign. 

(ii) All the coefficients of the characteristics equation must be real. 

(iii) All the coefficients of the characteristics equation must be non-zero. 

 

3.10: Routh Hurwitz Stability Criterion: 

Routh-Hurwitz stability criterion is having one necessary condition and one sufficient condition for stability. 

If a  o t ol s ste  does t satisf  the e essa  o ditio , the  we can say that the control system is 

unstable. But, if the control system satisfies the necessary condition, then it may or may not be stable. So, 

the sufficient condition is helpful for knowing whether the control system is stable or not. 

 

Necessary Condition for Routh-Hurwitz Stability 

The necessary condition for any system to be stable is that the coefficients of the characteristic polynomial 

should be positive. This implies that all the roots of the characteristic equation should have negative real 

parts. 

Co side  the ha a te isti  e uatio  of the o de   is - + − + − + ⋯ + − + =  

Note that, there should not be any term missing in the nth order characteristic equation. This means that 

the nth order characteristic equation should not have any coefficient that is of zero value. 

 

Sufficient Condition for Routh-Hurwitz Stability 
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The sufficient condition is that all the elements of the first column of the Routh array should have the same 

sign. This means that all the elements of the first column of the Routh array should be either positive or 

negative. 

 

Routh Array Method 

In this method first the Routh array is formed then the number of sign changes are determined in the first 

column of the Routh Array. The number of sign changes in the first column equal to the number of roots in 

the right half of the s plane. Therefore if sign changes, in the first column means there are roots in the right 

half and therefore the system is unstable. 

 

Procedure to form Routh Array 

Let the transfer function of any system is given by the following equation: 

 = + − + − + ⋯ + − ++ − + − + ⋯ + − +   

Ch’s equation + − + − + ⋯ + − + =   

 

sn b0 b2 b4 b6 

sn-1 b1 b3 b5 b7 

sn-2 = −
 = −

 = −
 … 

sn-3 = −
 = −

 = −
 … 

sn-4 … … … … 

     

s … …   

s0 bn    

 

For the system to be stable the sign in the first column should not be change. If the sign changes in first 

column, then the system is unstable and the number of poles in the right half of the s plane equals the 

number of the sign changes in the first column. 

 

3.11: Root Locus: 

 

Definition:  The root locus is the plot of the roots of system characteristic equation (or the poles of closed-

loop transfer function) as a system parameter (K) is varied. The properties of the root locus are as under: 

 A root locus starts = from the open loop poles and ends = ∞  on either finite open loop 

zero or infinity. 

 The root locus is symmetrical about the real axis. 

 The number of separate branches of the root locus equals either the number of open loop poles or 

the number of open loop zeros, whichever is greater. 

 

Rules for drawing the root locus: 

Following are the rules for constructing a root locus: 
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Rule 1: Find the number of open loop poles=n and open loop 

zeros=m. 

Rule 2: Find and locate poles and zeros on s plane. 

Rule 3: Find the number of root locus ending at  

infinite = n-m. 

Rule 4: Root Locus on real axis: 

If the number of (poles + zeros) to the right of a point on real 

axis are odd then that point lies on the root locus. 

Rule 5: Root locus start from O.L. poles with = , and ends 

either on an O.L. zero or on ∞. 

Rule 6: No. of asymptotes = n-m. 

Asymptotes are the path along with the root locus and it 

moves towards the∞. 

 

Rule 7: Centroid 

It is the point on negative real axis at which the asymptotes converges. It is given by �� = ∑    − ∑    �−  

Rule 8: Angle of Asymptotes 

For > , � = �+ × 0−  where = , , , … − −  

For < , � = �× 0−  where = , , , … − −  

Rule 9: Break away point or break in point 

It is defined as the point at which root locus comes out of the real axis and break in point is defined as the 

point at which root locus enters the real axis. 

To find the breakaway point put 
��� =  

Break away (in) angle (�′  �′ = 8
 

Where r is the number of branches of root locus diverging from the break away (in) point. 

Rule 10: Angle of departure (or arrival) for a complex pole (or zero) 

Angle of departure (or arrival) is the angle at which the root locus leaves (or arrives) a complex pole (or 

zero) 

Angle of departure ф� = = 8 + ∠ ′ = 8 + ∠| |′ 
Where | |′ = | |  = excluding point =  

 

Angle of arrival ф� = = 8 − ∠ ′ = 8 − ∠| |′ 
Where ∠| |′ is the angle of | |  = excluding point =  

Example:1 Draw the root locus of the control system having open loop transfer function = + +  

Solution: 

 

Step 1: The number of open loop poles n=3 located at s=0, -1, -5 and open loop zeros m =0. 

 

Step 2: The number of root locus ending at infinite n − m = − = . 

 

Step3: Root Locus on real axis: 

If the number of (poles + zeros) to the right of a point on real axis are odd then that point lies on the root 

locus. Thus root locus will lie on the real axis as shown below 

Re 

Im 

0 
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To the ight of ze o s= , oot lo us does t 
exist. 

Between s=0 and s=-1, root locus exist. 

Between s=-1 and s=-5, root lo us does t e ist. 
Between s=-5 and = −∞, root locus exist. 

 

Step 4: Number of root locus ending at infinite = − = − =  

 

Step 5: Number of asymptotes  = − = − =  
 

Figure: Root Locus on real axis 

Step 6: Centroid �� = − − −− = −  

Step 7: Angle of Asymptotes � = �+ × 0
 where = , ,  � = , 8 ,  

 

Step 8: Break away point  

To find the breakaway point put 
��� =  

Given  = �+ +  

Then we know the characteristics equation is 

given by + =  + + + =  + + + =  + + + =  = − + +  dds = − + s + =  + s + / =   

after solving s= -3.53, -0.473 

 
Figure: Root Locus on real Axis and Centroid 

Since for s=- .  oot lo us does t e ist o  eal a is, e ill o side  s=-0.473 

 

Step 9: jω C oss o e  

The characteristics equation of the given function is  + + + =  

The outh s a a  ill e as u de   
S3 1 5 

S2 6 K 

S (30-K)/6 0 

S0 K 0 

Therefore the value of K 

 − =  therefore =   

Then A.E. + =  i.e. + =  i.e. + =  i.e. = ± √   
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Therefore the root locus for the given 

function will be as shown in the figure. 

 
Figure: Root Locus 

 

3.12: Effects of additions of poles and zeros to open loop and closed loop system 

The root locus can be shifted in s  pla e by adding the open loop poles and the open loop zeros. If we add 

a pole in the open loop transfer function, then some of root locus branches will move towards right half of 

s  pla e. Be ause of this, the da pi g ratio decreases. Which implies, damped frequency �  increases 

and the time domain specifications like delay time , rise time  and peak time  decrease. 

But, it affects the system stability. 

If we add a zero in the open loop transfer function, then some of root locus branches will move towards 

left half of s  pla e. So, it ill i ease the o t ol system stability. In this case, the damping ratio 

increases. Which implies, damped frequency �  decreases and the time domain specifications like delay 

time , rise time  and peak time  increase. So, based on the requirement, we can include (add) the 

open loop poles or zeros to the transfer function. 
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We hope you find these notes useful. 

You can get previous year question papers at 
https://qp.rgpvnotes.in . 

 
 

If you have any queries or you want to submit your 
study notes please write us at 

rgpvnotes.in@gmail.com 
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