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Discussion 1 - Solutions
Introduction to Game Theory

Testing Definitions

1. * In the game of rock, paper, scissors does it make sense to ask which action is the
best, or does it depend on what you think the other player will do?

It does not make a lot of sense. There is no one action that is always the best, it
depends on what you think the other player will do.

2. * Are a Sudoku and the Rubik’s cube games? What about deciding how much effort
to put on a group project?

A Sudoku and the Rubik’s cube are not properly a game, since there is only one players,
and his/her decisions fully determine payoffs. A more appropriate name would be a
puzzle or a single-agent decision problem. In contrast, the outcome of a group project
not only depends on how much effort you put into it, but also how much effort the rest
of the team puts into it; so it is a game.

3. Give an example of an activity that people typically call a game, but it is really not a
game.

Common examples include: Solitaire, Minesweeper or most video games before the
internet.

4. Give an example of an everyday interaction that despite being very serious can be
studied as a game.

Some famous examples (maybe not so everyday, tough) include wars, buying a used
car, and interrogating two criminals. In a slightly less obvious way, we can also study
as a game the problems of deciding how much to spend on a gift for a loved one,
what to say to persuade voters, or even how to commit to going to the gym and live
a healthier life.

5. * Suppose in a soccer game, there is going to be a penalty kick. Think of this penalty
kick as a game itself and define precisely the sets 〈I, {Ai}i∈I , {ui}i∈I〉.
I = {(g)oalkeeper, (k)icker },
Ag = {When and where and how to move within what is allowed by the rules of the game},
Ak = {When, how to kick the ball, within what is allowed by the rules of the game},

ug(ag, ak) =

{
1; if the ball is stopped from entering the goal
0; otherwise

uk(ag, ak) = 1− ug(ag, ak).

6. What is the difference between a dominated strategy and an action that is not a best
response to the actions of the other players?

A strategy is dominated for player i if there is some other strategy that does better
(derives more utility for player i) in every possible scenario; e.g. for every possible
profile of strategies chosen by the other players. In contrast, a strategy is not a best
response for player i given a particular profile of actions of other players if there is
some other strategy that does better in that scenario.
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Normal Form Games

7. Consider the following game:

Joe

Mike
L M R

U 1, 2 5, 3 3, 1
D 0, 1 2, 0 2, 10

(a) * What is Joe’s highest possible payoff? What should Mike do in order for him
to be able to get this payoff?

His highest payoff is 5. To get it Mike must play M and him play U .

(b) * Is there any dominated strategy for Joe? Is there any dominated strategy for
Mike?

D is dominated for Joe, no strategy is dominated for Mike.

(c) * If both players realize that the other player will never use a dominated strategy,
does any of the strategies become dominated now?

Given that D will never be played, L and R become dominated for Mike.

(d) * What is the Nash equilibrium?

The only profile of strategies that survives the iterated elimination of dominated
strategies. Thus, the Nash Equilibrium (NE) is : NE = {(U,M)}.

8. Consider the following game:

Ana

Jeremiah
A2 B2 C2 D2

A1 3, 3 2, 3 6 , 3 6 , 4
B1 4, 4 7 , 0 2, 1 3, 2
C1 2, 9 1, 5 4, 3 3, 1
D1 5 , 2 2, 0 4, 1 5, 3

(a) * Find the Nash equilibrium by looking at the intersection of best responses.

The box in the right top corner is the only one with both numbers circled, so
NE = {(A1, D2)} (See video for explanation as to why each of these numbers is
circled).

(b) Find the Nash equilibrium using iterated elimination of dominated strategies.

There are a few different ways to get to the same answer, but one way is to
realize that C1 is dominated by A1 (for Ana, obviously). Given that C1 will never
be played, B2 is dominated by D2. Given that B2 will never be played, B1 is
dominated by D1. Given that neither C1, nor B1 will ever be played, both A2

and C2 are dominated by D2. Finally given that Jeremiah will never play A2, B2

or C2, then D1 is dominated by A1. Therefore, the Nash equilibrium must be
the only profile of strategies that survived the iterated elimination of (strictly)
dominated strategies; i.e. NE = {(A1, D2)}
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(c) * Is this a zero-sum game (or a constant-sum)?

No, for example the payoffs in the box on the left top corner add up to 6, but the
ones in the box next to it, add up to 5, so it is not constant-sum game, thus not
a zero-sum game.

(d) * What are the minmax strateges for each player? Are they unique?

For Anna, her min-max strategies are {A1, B1, D1}, for Jeremiah, his min-max
strategy is {A2}.

(e) * If players were to cooperate and then split the surplus, what actions will they
take? What payoff would each player end up with?

Ana will play C1 and Jeremiah will play A2. Since absent of cooperation, they
play the NE with payoffs (6, 4), they will only cooperate if they both are at least
kept indifferent or if they strictly benefit from cooperating. Let’s assume the gains
from cooperation are split evenly, then the payoff of 11 from playing (C1, A2) can
be split such that Ana ends up with 6.5 and Jeremiah with 4.5, both are better
than in the NE.

9. * Consider two countries deciding whether to impose tariffs on each other’s imports. If
trade occurs freely between them, each country receives a payoff of $5 billion dollars.
However, country A is stronger, if they enter a trade war (both imposing tariffs),
country B looses $β billion dollars while country A only looses $2 billion (β > 2).
Unilaterally imposing tariffs cost $1 billion dollars, but imposes a cost to the other
country of $α billion dollars.

(a) * Represent this game in it normal form.

Payoffs in billions of dollars:

A

B
NT T

NT 5, 5 −α,−1
T −1,−α −2,−β

(b) * Suppose α = 5 and β = 3. Find all the Nash equilibria in pure strategies.

A

B
NT T

NT 5 , 5 −5,−1
T −1,−5 -2 , -3

Therefore NE = {(NT,NT ); (T, T )}
(c) Suppose again that β = 3 for what values of α is free trade the only Nash equi-

librium? What is the intuition?

A

B
NT T

NT 5 , 5 −α,−1
T −1,−α −2,−3
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We have that regardless of the value of α, (NT,NT ) is a NE. In order for (T, T )
to not be a Nash equilibrium either of the players must prefer to play NT when
the other player is playing T . Country A prefers to play NT when country B
is playing T so long as α ≤ 2. Similarly, country B prefers to play NT when
country A is playing T so long as α ≤ 3. Therefore, as long as α, (the damage
inflicted on a country when the other country unilaterally imposes tariffs) is no
larger than 3 at least one country will have incentives to deviate from a trade
war and free trade would be the only Nash Equilibrium. In other words, suffices
that, for at least a country, being in trade war is worse than unilaterally receiving
tariffs from the other country, for free trade to be the only predicted outcome.

(d) Find all the Nash equilibria in pure strategies, and the min-max strategies for
these games. If there are multiple Nash equilibria which one do you think is more
likely to occur?

i. There are three players each can choose between (L)eft and (R)ight.

L2 R2

L1 3 , 3 , 3 2 , 0, 2
R1 0, 2 , 2 1, 1, 0

L3

L2 R2

L1 2 , 2 , 0 0, 1, 1
R1 1, 0, 1 1 , 1 , 1

R3

Therefore NE = {(L1, L2, L3); (R1, R2, R3)} One could argue that the first
equilibrium is more likely to occur because it is the equilibrium that every
player prefers. Both L and R are min-max strategies for all three players,
since they have the same worst payoff, namely zero.

Susan

Elinor
Green Blue Red

Green 3, 0 2 , 1 1, 2
Blue 4 ,−1 −1, 4 0, 3
Red 2, 1 1, 2 2 , 1

ii. Therefore, there is no NE in pure strategies. The min-max strategies for Susan
are {Green,Red}, while for Elinor the min-max strategies are {Blue,Red}.

Games with continuous strategies

10. Suppose there is a classroom of teenagers. Each of them is choosing how many selfies
to post daily in their social media. Everyone likes selfies and posting one gives a utility
of 10ni where ni is the number of selfies that student i took in the day. However,
taking too many selfies is frown upon, so people want to take 20% less selfies than

the average. In particular, a student’s utility decreases by
(
ni − (0.8) 1

N−1
∑

j 6=i nj

)2
,

where N is the total number of students in the classroom.

(a) * For simplicity, suppose that ni can be any real number. Write down the utility
function for a typical student (Jose) and find his best response as a function of
the selfies his classmates are taking.
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Lets define n̄−i = 1
N−1

∑
j 6=i nj (which summarizes the actions of all other players),

then the utility of a typical student like Jose is

ui(ni, n̄−i) = 10ni − (ni − (0.8)n̄−i)
2

Its best response is defined by the FOC: 10− 2(n∗i − (0.8)n̄−i) = 0, solving for ni

you get
n∗i (n̄−i) = 5 + (0.8)n̄−i

(b) * Suppose there are 3 other classmates and they are currently taking 3, 5 and 7
selfies, respectively. How many selfies should Jose take?

The average number of selfies of the other classmates is 5, so n̄−i = 5. Plugging
this into the best response function, you get n∗i (5) = 5 + (0.8) · (5) = 9. So Jose
should take 9 selfies.

(c) * Suppose, instead, that all students are best-responding to their classmates.
What is the Nash equilibrium? (Hint: it is ok to guess that they will choose the
same number of selfies in equilibrium and then verify it.)

Comment: In principle, you should find the intersection of all best responses.
In this case, there are 4 students, so the intersection of four best responses (a
system of 4 equations and 4 unknowns). However, this game is symmetric. Every
player’s payoffs depend similarly on their own actions and the actions of others.
It is common practice to guess that in equilibrium all players will choose the
same action. I.e. ni = nj for all i, j and then verify this is indeed the case in
equilibrium1.

Answer: If every student chooses the same number of selfies, then ni = n̄−i.
Plugging this into the best response you get n∗i = 5 + (0.8)n∗i , which implies
n∗i = 5

0.2
= 25. It is easy to check that if everyone else is taking 25 selfies, the best

response is to also take 25 selfies, so it is in an equilibrium: n∗i (25) = 5+(0.8)·25 =
25.

(d) What will be the equilibrium if instead the disutility form choosing a different

number of selfies was
(
ni − (0.5) 1

N−1
∑

j 6=i nj

)2
. Interpret.

The best response is now n∗i (n̄−i) = 5 + (0.5)n̄−i. Assuming ni = n̄−i you get
n∗i = 5 + (0.5)n∗i , thus n∗i = 5

0.5
= 10 Now that there is disutility the further

you are from taking 50% less selfies than the average, as opposed to 80%, every
student ends up taking less photos.

(e) How does the equilibrium number of selfies changes when the size of the classroom,
N , increases?

The equilibrium does not depend on the size of the classroom. Notice that n∗i
does not depend on N .

1Note that some symmetric games may also have equilibria that are not symmetric, these equilibria are
usually of less interest and, in general, harder to find.
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