
Complete derivation of Feynman rules for scalar fields

This note reproduces the (scalar field) Feynman rules used in the Michaelmas term Term 2011 Part

III Quantum Field Theory course, via the interaction picture and Dyson’s formula.

Introduction

Our conventions follow the Michaelmas Term Quantum Field Theory course in Cambridge:

• The metric is mostly minus, ηµν = diag(1,−1,−1,−1).

• The mode expansion of a free field in the Heisenberg picture is

φ(x) =

∫
d3p

(2π)3
1√
2E~p

(
a~p e

−ipx + a†~p e
ipx
)
, (1)

with [a~p, a
†
~q ] = (2π)3 δ(3)(p− q). A properly normalised single-particle state is

|p〉 ≡
√

2E~p a
†
~p |0〉 . (2)

• The Feynman propagator for free fields is defined by

∆F (x− y) ≡ 〈0|Tφ(x)φ(y)|0〉 =

∫
d4p

(2π)4
i

p2 −m2
e−ip(x−y) , (3)

and satisfies (∂µ∂
µ +m2)∆F (x− y) = 1

i
δ(4)(x− y).

Interaction picture

Let’s recall the interaction picture. We split our Hamiltonian as H = H0 + Hint, with H0 being the

Hamiltonian for the free theory. The interaction Hamiltonian is

Hint = −
∫
d3xLint , (4)

and for simplicity we’ll consider just φ4 theory so

Lint = −λ
4
φ4 . (5)

We use H0 to define interaction picture fields and states from their Schrodinger picture counterparts:

OI = e−iH0tOSeiH0t , (6)

|ψ(t)〉I = eiH0t|ψ(t)〉S . (7)

Note that fields in the interaction picture are essentially the same as the free fields in the Heisenberg

picture.

The Schrodinger equation is

i
∂

∂t
|ψ(t)〉S = (H0 +Hint)|ψ(t)〉S ⇒ i

∂

∂t

(
e−iH0t|ψ(t)〉I

)
= (H0 +Hint)e

−iH0tψ(t)〉I . (8)
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Differentiating on the left-hand side we find

i
∂

∂t
|ψ(t)〉I = eiH0tHinte

−iH0t|ψ(t)〉I = (Hint)I |ψ(t)〉I . (9)

To solve this equation we let |ψ(t)〉I = U(t, t0)|ψ(t0)〉I , so that

i
∂

∂t
U(t, t0) = (Hint)IU(t, t0) , (10)

which has the solution

U(t, t0) = T exp

(
−i
∫ t

t0

dt′(Hint)I(t
′)

)
. (11)

The operator which evolves states in the far past to states in the far future is then

S ≡ lim
t→∞
t0→−∞

U(t, t0) . (12)

We are particularly interested in computing the amplitude for an initial state |i〉, which will be some

combination of free field single-particle momentum states |p〉, to evolve into a final state |f〉, which

will also be given by free field theory states |p〉. This amplitude is known as an S-matrix element:

〈f |S|i〉 . (13)

Actually, as we’re interested in actual scattering events, we will want to calculate

〈f |S − 1|i〉 . (14)

Correlation functions

The Green’s functions of the interacting theory can be shown to be given by

〈Ω|φH(x1) . . . φH(xn)|Ω〉 =
〈0|φ(x1) . . . φ(xn)S|0〉

〈0|S|0〉
. (15)

Here |Ω〉 is the true vacuum of the interacting theory, |0〉 is the vacuum of the free theory, the field

φH(x) is the Heisenberg picture field of the interacting theory and φ(x) is the interaction picture field.

Our aim now will be to outline the diagrammatic expansion of 〈0|φ(x1) . . . φ(xn)S|0〉.
Expanding S = T exp(i

∫
d4xLint) leads to generic terms of the form

〈0| 1

m!

1

4!m
(−iλ)m

∫
d4y1 . . . d

4ymTφ(x1) . . . φ(xn)φ(y1)
4 . . . φ(ym)4|0〉 . (16)

This can be evaluated using Wick’s theorem:

Tφ . . . φ =: φ . . . φ : + : all possible contractions : . (17)

Because of the vacuum states bookending our collection of fields, we’ll only get contributions from the

completely contracted term. Recall that the contraction of two fields is just the Feynman propagator,
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φ(x)φ(y) = ∆F (x− y).

It’s fairly easy to convince yourself that working out all the possibly contractions in (16) leads to

diagram involving vertices joining four lines (one such vertex for each φ(y)4), with a line from a point

x to a point y corresponding to ∆F (x − y). Each vertex corresponds to an integration −iλ
∫
d4y.

There are also n external lines, which have xi as their external endpoint. There may also be an overall

numerical factor, which is the symmetry factor of the diagram and which we will ignore here.

It’s obvious that 〈0|S|0〉 then corresponds to all Feynman diagrams without external lines, known

as vacuum bubbles. It’s less obvious that dividing by this factor in fact cancels all such diagrams from

〈0|φ(x1) . . . φ(xn)S|0〉, so that

〈Ω|φH(x1) . . . φH(xn)|Ω〉 =
∑

connected graphs , (18)

where a connected graph here means that you can reach an external point from any line in the graph.

Note that there is a distinction between “connected” and “fully connected” - in the latter, you can

reach any line in the graph from any other line. This distinction is illustrated in figure 1, and will be

discussed further below.

Figure 1: Connected versus fully connected.

We thus have the position space Feynman rules for correlation functions G(n)(x1, . . . , xn):

• Draw all connected (but not just fully connected) diagrams with n external lines, ignoring vacuum

bubbles completely.

• These diagrams consist of lines labelled by spacetime points x and y, giving propagator factors

∆F (x− y), and vertices joining four lines, giving a factor of −iλ
∫
dy. Note that there are propagators

on external lines too.

• There is also a numerical symmetry factor associated to each diagram.

Now let’s derive the momentum-space Feynman rules. The momentum space correlation function is

G̃(n)(p1, . . . , pn) =

∫ n∏
i=1

d4xie
−ipixiG(n)(x1, . . . , xn) . (19)

We simplify this by writing all propagators in their momentum space form,

∆F (x− y) =

∫
d4p

(2π)4
i

p2 −m2
e−ip(x−y) . (20)
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We can then do all integrals over the external points xi, which involve∫
d4xie

−xi(pi−p) , (21)

where p will be the momentum associated to the propagator joining the external point xi to the rest

of the diagram. This integral gives (2π)4δ(p− pi) and we can perform the p integral to find that the net

effect of the xi integrations is to replace each external ∆F (y− xi) with an external line with momentum

pi (or possibly −pi, depending on the direction we have taken our momentum to flow, but this is a

minor detail). This external line now carries a factor of i/(p2i −m2).

Next we can gather together all vertex terms, each of which will be of the form

−iλ
∫
d4ye−iy(

∑
p) , (22)

giving a factor of −iλ(2π)4 and a delta function which acts to conserve momentum at each vertex. We

now use these delta functions to do as many of the remaining (internal line) momentum integrals as

we can. The ones that we can’t do will correspond to loops - Euler’s formula relates the number of

loops L to the number of vertices V and number of internal lines I by V − I = 1− L. We note that we

have V (2π)4 terms coming from the vertices and I (2π)−4 factors coming from the momentum space

representatations of internal lines; in total we have a factor of (2π)4(V−I) = (2π)4(1−L). Combining these

facts we get the momentum space Feynman rules:

• Diagrams consist of external lines, vertices and internal lines as before. The external lines have

momenta p1, . . . , pn associated to them and momentum is conserved at each vertex.

• Each line (external or internal) carrying momentum p gives a factor of i/(p2 −m2).

• Vertices give a factor of −iλ.

• There may remain some unconstrained momenta, we integrate over each of these with measure
∫

d4l
(2π)4

.

• There is also an overall factor of (2π)4, as well as possibly a symmetry factor.

• There will also be a factor δ(4)(
∑

i pi) enforcing overall momentum conservation (at least if the graphs

are fully connected).

To go from correlation functions to scattering amplitudes one uses the LSZ reduction formula. This

has the effect of putting the momentum of external lines on-shell, and in doing so removes the external

propagators. This formula will also remove diagrams which are connected but not fully connected for

us. Essentially, we have that1

〈p′1, . . . , p′n′|S − 1|p)1, . . . , pn〉 = (−i)n+n′
n′∏
i=1

(p′2i −m2)
n∏
j=1

(p2j −m2)G̃(n+n′)(−p′1, . . . ,−pn′ , p1, . . . , pn)

(23)

and we then extract a physical scattering amplitude by letting all external momenta be on-shell.

For instance, referring to figure 1 again, we see that the external lines of the not fully connected

1Just taking this from Tong’s notes; see textbooks for derivation.
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diagram contribute

∼ 1

p21 −m2

1

p′21 −m2
δ(4)(p1 − p′1)

1

p22 −m2

1

p′22 −m2
δ(4)(p2 − p′2) ∼

1

(p21 −m2)2
1

(p22 −m2)2
(24)

This then vanishes when we multiply by p′2i −m2 and let the momenta be on-shell.

S-matrix elements

Correlation functions and the LSZ formula give us one way of computing scattering amplitudes. We

can also try and compute these directly from the definition using Wick’s theorems. Consider the initial

and final states

|i〉 =
n∏
i=1

√
2E~pia

†
~pi
|0〉 , |f〉 =

n′∏
i=1

√
2E~p′ia

†
~p′i
|0〉 . (25)

A generic term in the expansion of 〈f |S − 1|i〉 is of the form

〈0|
n′∏
j=1

√
2E~p′ja~p′j

1

m!

1

4!m
(−iλ)m

∫
d4y1 . . . d

4ymTφ(y1)
4 . . . φ(ym)4

n∏
i=1

√
2E~pia

†
~pi
|0〉 . (26)

For true scattering we no longer want to consider complete contractions of the fields φ(y); rather we

want to contract some number of them together, leaving some number of normal ordered terms which,

using the mode expansions, schematically look like

〈0| a . . . a︸ ︷︷ ︸
n′

:
∏

(a+ a†) : a† . . . a†︸ ︷︷ ︸
n

|0〉 . (27)

When expand out the normal ordered fields we only need to keep terms ∼ (a†)n
′
an. Then we consider

for instance an(a†)n|0〉. Commuting the creation operators through generates all possible delta functions

pairing external momenta pi to internal momentum p. As

φ(y) =

∫
d3p

(2π)3
1√
2E~p

(
a~p e

−ipy + a†~p e
ipy
)
, (28)

so that each creation operator comes with a factor of eipy, we end up with the new contraction rules:

φ(y)|p〉 = e−ipy , 〈p|φ(y) = e+ipy . (29)

This basically then amounts to a trivial extension of our previous Feynman rules, except now external

lines come with factors of e±ipiy, with the minus sign for incoming particles. Internal lines are again given

by ∆F (x−y) and vertices by −iλ
∫
d4y. It’s easy to then turn these into momentum space Feynman rules

for scattering amplitudes - we write each propagator in its momentum space form and then carry out the

integrals over the vertices, which simply enforce momentum conservation throughout the diagram, with the

e±ipiy factors ensuring the external momenta are incorporated correctly. Note that by convention we define

〈f |S − 1|i〉 = (2π)4iAi→fδ(4)(
∑
i

pi) (30)
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and the following Feynman rules then give us iAi→f :

• Diagrams consist of external lines, vertices and internal lines as before. The external lines have

momenta p1, . . . , pn associated to them and momentum is conserved at each vertex.

• Each internal line carrying momentum p gives a factor of i/(p2 −m2).

• Vertices give a factor of −iλ.

• There may remain some unconstrained momenta, we integrate over each of these with measure
∫

d4l
(2π)4

.

• There may be an overall symmetry factor which we must divide by.
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