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UNIT-4 

QUEUING THEORY 

 

Queuing theory is the mathematical study of waiting lines, or queues. The theory enables mathematical 

analysis of several related processes, including arriving at the (back of the) queue, waiting in the queue 

(essentially a storage process), and being served at the front of the queue. The theory permits the derivation 

and calculation of several performance measures including the average waiting time in the queue or the 

system, the expected number waiting or receiving service, and the probability of encountering the system 

in certain states, such as empty, full, having an available server or having to wait a certain time to be served. 

Queuing theory has applications in diverse fields including telecommunications, traffic engineering, 

computing and the design of factories, shops, offices and hospitals. 

 Overview 

The word queue comes, via French, from the Latin cauda, meaning tail. The spelling "queuing" over 

"queuing" is typically encountered in the academic research field. In fact, one of the flagship journals of the 

profession is named "Queuing Systems". 

Queuing theory is generally considered a branch of operations research because the results are often used 

when making business decisions about the resources needed to provide service. It is applicable in a wide 

variety of situations that may be encountered in business, commerce, industry, healthcare, public service 

and engineering. Applications are frequently encountered in customer service situations as well as transport 

and telecommunication. queuing theory is directly applicable to intelligent transportation systems, call 

centers, PABXs, networks, telecommunications, server queuing, mainframe computer queuing of 

telecommunications terminals, advanced telecommunications systems, and traffic flow. 

Notation for describing the characteristics of a queuing model was first suggested by David G. Kendall in 

1953. Kendall's notation introduced an A/B/C queuing notation that can be found in all standard modern 

works on queuing theory, for example, TIJMS. 

The A/B/C notation designates a queuing system having A as inter arrival time distribution, B as service time 

distribution, and C as number of servers. For example, "G/D/1" would indicate a General (may be anything) 

arrival process, a Deterministic (constant time) service process and a single server. More details on this 

notation are given in the article about queuing models. 

Application to telephony 

The public switched telephone network (PSTN) is designed to accommodate the offered traffic intensity with 

only a small loss. The performance of loss systems is quantified by their grade of service, driven by the 

assumption that if sufficient capacity is not available, the call is refused and lost. Alternatively, overflow 

systems make use of alternative routes to divert calls via different paths — even these systems have a finite 

traffic carrying capacity. 

However, the use of queuing in PSTNs allows the systems to queue their customers' requests until free 

resources become available. This means that if traffic intensity levels exceed available capacity, customer's 

calls are not lost; customers instead wait until they can be served. This method is used in queuing customers 

for the next available operator. 
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A queuing discipline determines the manner in which the exchange handles calls from customers. It defines 

the way they will be served, the order in which they are served, and the way in which resources are divided 

among the customers. Here are details of four queuing disciplines: 

First in first out: This principle states that customers are served one at a time and that the customer that has 

been waiting the longest is served first. 

Last in first out: This principle also serves customers one at a time, however the customer with the shortest 

waiting time will be served first. Also known as a stack. 

Processor sharing: Customers are served equally. Network capacity is shared between customers and they 

all effectively experience the same delay. 

Priority: Customers with high priority are served first. 

Queuing is handled by control processes within exchanges, which can be modeled using state equations. 

Queuing systems use a particular form of state equations known as a Markov chain that models the system 

in each state. Incoming traffic to these systems is modeled via a Poisso  dist i utio  a d is su je t to E la g s 
queuing theory assumptions viz. 

Pure-chance traffic – Call arrivals and departures are random and independent events. 

Statistical equilibrium – Probabilities within the system do not change. 

Full availability – All incoming traffic can be routed to any other customer within the network. 

Congestion is cleared as soon as servers are free. 

Classic queuing theory involves complex calculations to determine waiting time, service time, server 

utilization and other metrics that are used to measure queuing performance. 

 QUEUING NETWORKS 

Networks of queues are systems which contain an arbitrary, but finite, number m of queues. Customers, 

sometimes of different classes, travel through the network and are served at the nodes. The state of a 

network can be described by a vector, where ki is the number of customers at queue i. In open networks, 

customers can join and leave the system, whereas in closed networks the total number of customers within 

the system remains fixed. 

Role of Poisson process, exponential distributions 

A useful queuing model represents a real-life system with sufficient accuracy and is analytically tractable. A 

queuing model based on the Poisson process and its companion exponential probability distribution often 

meets these two requirements. A Poisson process models random events (such as a customer arrival, a 

request for action from a web server, or the completion of the actions requested of a web server) as 

emanating from a memory less process. That is, the length of the time interval from the current time to the 

occurrence of the next event does not depend upon the time of occurrence of the last event. In the Poisson 

probability distribution, the observer records the number of events that occur in a time interval of fixed 

length. In the (negative) exponential probability distribution, the observer records the length of the time 

interval between consecutive events. In both, the underlying physical process is memory less. 
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Models based on the Poisson process often respond to inputs from the environment in a manner that mimics 

the response of the system being modeled to those same inputs. The analytically tractable models that result 

yield both information about the system being modeled and the form of their solution. Even a queuing model 

based on the Poisson process that does a relatively poor job of mimicking detailed system performance can 

be useful. The fact that such models often give "worst-case" scenario evaluations appeals to system 

designers who prefer to include a safety factor in their designs. Also, the form of the solution of models 

based on the Poisson process often provides insight into the form of the solution to a queuing problem 

whose detailed behavior is poorly mimicked. As a result, queuing models are frequently modeled as Poisson 

processes through the use of the exponential distribution. 

 Limitations of queuing theory 

The assumptions of classical queuing theory may be too restrictive to be able to model real-world situations 

exactly. The complexity of production lines with product-specific characteristics cannot be handled with 

those models. Therefore specialized tools have been developed to simulate, analyze, visualize and optimize 

time dynamic queuing line behavior. 

For example; the mathematical models often assume infinite numbers of customers, infinite queue capacity, 

or no bounds on inter-arrival or service times, when it is quite apparent that these bounds must exist in 

reality. Often, although the bounds do exist, they can be safely ignored because the differences between the 

real-world and theory is not statistically significant, as the probability that such boundary situations might 

occur is remote compared to the expected normal situation. Furthermore, several studies show the 

robustness of queuing models outside their assumptions. In other cases the theoretical solution may either 

prove intractable or insufficiently informative to be useful. 

Queuing Theory Basics 

We have seen that as a system gets congested, the service delay in the system increases. A good 

understanding of the relationship between congestion and delay is essential for designing effective 

congestion control algorithms. Queuing Theory provides all the tools needed for this analysis. This article will 

focus on understanding the basics of this topic. 

Communication Delays 

Befo e e p o eed fu the , let s u de sta d the diffe e t o po e ts of dela  i  a essagi g s ste . The 
total delay experienced by messages can be classified into the following categories: 

Processing Delay 

This is the delay between the times of receipt of a packet for 

transmission to the point of putting it into the transmission queue. 

On the receive end, it is the delay between the time of reception of a 

packet in the receive queue to the point of actual processing of the 

message. 

This delay depends on the CPU speed and CPU load in the system. 

Queuing Delay 
This is the delay between the point of entry of a packet in the transmit 

queue to the actual point of transmission of the message. 
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This delay depends on the load on the communication link. 

Transmission Delay 

This is the delay between the transmissions of first bit of the packet to 

the transmission of the last bit. 

This delay depends on the speed of the communication link. 

Propagation Delay 

This is the delay between the points of transmission of the last bit of 

the packet to the point of reception of last bit of the packet at the 

other end. 

This delay depends on the physical characteristics of the 

communication link. 

Retransmission Delay 

This is the delay that results when a packet is lost and has to be 

retransmitted. 

This delay depends on the error rate on the link and the protocol used 

for retransmissions. 

 

QUEUING MODEL 

In queuing theory, a queuing model is used to approximate a real queuing situation or system, so the 

queuing behavior can be analyzed mathematically. Queuing models allow a number of useful steady state 

performance measures to be determined, including: 

1. The average number in the queue, or the system, 

2. The average time spent in the queue, or the system, 

3. The statistical distribution of those numbers or times, 

4. The probability the queue is full, or empty, and 

5. The probability of finding the system in a particular state. 

These performance measures are important as issues or problems caused by queuing situations are often 

related to customer dissatisfaction with service or may be the root cause of economic losses in a business. 

Analysis of the relevant queuing models allows the cause of queuing issues to be identified and the impact 

of proposed changes to be assessed. 

NOTATION 

Queuing models can be represented using Kendall's notation: 

A/B/S/K/N/D 

Where: 

A is the inter arrival time distribution 

B is the service time distribution 

S is the number of servers 

K is the system capacity 
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N is the calling population 

D is the service discipline assumed 

Many times the last members are omitted, so the notation becomes A/B/S and it is assumed that K = , N = 

and D = FIFO. 

Some standard notation for distributions (A or B) is: 

M for a Markovian (exponential) distribution 

E  fo  a  E la g dist i utio  ith  phases 

D for degenerate (or deterministic) distribution (constant) 

G for general distribution (arbitrary) 

PH for a phase-type distribution Models Construction and analysis 

Queuing models are generally constructed to represent the steady state of a queuing system, that is, the 

typical, long run or average state of the system. As a consequence, these are stochastic models that 

represent the probability that a queuing system will be found in a particular configuration or state. 

A general procedure for constructing and analyzing such queuing models is: 

Identify the parameters of the system, such as the arrival rate, service time, queue capacity, and perhaps 

draw a diagram of the system. 

Identify the system states. (A state will generally represent the integer number of customers, people, jobs, 

calls, messages, etc. in the system and May or may not be limited.) 

Draw a state transition diagram that represents the possible system states and identify the rates to enter 

and leave each state. This diagram is a representation of a Markov chain. 

Because the state transition diagram represents the steady state situation between state there is a balanced 

flow between states so the probabilities of being in adjacent states can be related mathematically in terms 

of the arrival and service rates and state probabilities. 

Express all the state probabilities in terms of the empty state probability, using the inter-state transition 

relationships. 

Determine the empty state probability by using the fact that all state probabilities always sum to 1. 

Whereas specific problems that have small finite state models can often be analysed numerically, analysis 

of more general models, using calculus, yields useful formulae that can be applied to whole classes of 

problems. 

 Single-server queue 

Single-server queues are, perhaps, the most commonly encountered queuing situation in real life. One 

encounters a queue with a single server in many situations, including business (e.g. sales clerk), industry (e.g. 

a production line), and transport (e.g. queues consequently, being able to model and analyze a single server 

queue's behavior is a particularly useful thing to do. 

 Poisson arrivals and service 

M/M/1/ represents a single server that has unlimited queue capacity and infinite calling population, both 

arrivals and service are Poisson (or random) processes, meaning the statistical distribution of both the inter-
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arrival times and the service times follow the exponential distribution. Because of the mathematical nature 

of the exponential distribution, a number of quite simple relationships are able to be derived for several 

performance measures based on knowing the arrival rate and service rate. 

This is fortunate because an M/M/1 queuing model can be used to approximate many queuing situations. 

Poisson arrivals and general service 

M/G/1/ represents a single server that has unlimited queue capacity and infinite calling population, while 

the arrival is still Poisson process, meaning the statistical distribution of the inter-arrival times still follow the 

exponential distribution, the distribution of the service time does not. The distribution of the service time 

may follow any general statistical distribution, not just exponential. Relationships are still able to be derived 

for a (limited) number of performance measures if one knows the arrival rate and the mean and variance of 

the service rate. However the derivations are generally more complex and difficult. 

A number of special cases of M/G/1 provide specific solutions that give broad insights into the best model 

to choose for specific queuing situations because they permit the comparison of those solutions to the 

performance of an M/M/1 model. 

Multiple-servers queue 

Multiple (identical)-se e s ueue situatio s a e f e ue tl  e ou te ed i  tele o u i atio s o  a 
customer service environment. When modeling these situations care is needed to ensure that it is a multiple 

servers queue, not a network of single server queues, because results may differ depending on how the 

queuing model behaves. 

One observational insight provided by comparing queuing models is that a single queue with multiple servers 

performs better than each server having their own queue and that a single large pool of servers performs 

better than two or more smaller pools, even though there are the same total number of servers in the 

system. 

One simple example to prove the above fact is as follows: Consider a system having 8 input lines, single 

queue and 8 servers. The output line has a capacity of 64 k bit/s. considering the arrival rate at each input as 

2 packets/s. So, the total arrival rate is 16 packets/s. With an average of 2000 bits per packet, the service 

rate is 64 k bit/s/2000b = 32 packets/s. Hence, the ave age espo se ti e of the s ste  is /  −  = 
1/(32 − 16) = 0.0625 sec. Now, consider a second system with 8 queues, one for each server. Each of the 8 

output lines has a capacity of 8 k it/s. The al ulatio  ields the espo se ti e as /  −  = / 4 − 2) = 0.5 

se . A d the a e age aiti g ti e i  the ueue i  the fi st ase is ρ/  − ρ  = . , hile i  the se o d 
case is 0.25. 

 INFINITELY MANY SERVERS 

While never exactly encountered in reality, an infinite-servers (e.g. M/M/infinite) model is a convenient 

theoretical model for situations that involve storage or delay, such as parking lots, warehouses and even 

atomic transitions. In these models there is no queue, as such, instead each arriving customer receives 

service. When viewed from the outside, the model appears to delay or store each customer for some time. 

Basic Terminology: Queuing theory (Waiting Line Models) 

The present section focuses on the standard vocabulary of Waiting Line Models (Queuing Theory). 
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Queuing Model 

It is a suitable model used to represent a service oriented problem, where customers arrive randomly to 

receive some service, the service time being also a random variable. 

Arrival 

The statistical pattern of the arrival can be indicated through the probability distribution of the number of 

the arrivals in an interval. 

Service Time 

The time taken by a server to complete service is known as service time. 

Server 

It is a mechanism through which service is offered. 

Queue Discipline 

It is the order in which the members of the queue are offered service. 

Poisson Process 

It is a probabilistic phenomenon where the number of arrivals in an interval of length t follows a Poisson 

dist i utio  ith pa a ete  t, he e  is the ate of a i al. 
Queue 

A group of items waiting to receive service, including those receiving the service, is known as queue. 

Waiting time in queue 

Time spent by a customer in the queue before being served. 

Waiting time in the system 

It is the total time spent by a customer in the system. It can be calculated as follows: 

Waiting time in the system = Waiting time in queue + Service time 

Queue length 

Number of persons in the system at any time. 

Average length of line 

The number of customers in the queue per unit of time. 

Average idle time 

The average time for which the system remains idle. 

FIFO 

It is the first in first out queue discipline. 

 

Input Source: The input source generates customers for the service mechanism. The most important 

characteristic of the input source is its size. It may be either finite or infinite. Please note that the calculations 

are far easier for the infinite case, therefore, this assumption is often made even when the actual size is 

relatively large. 

Queue: It is characterized by the maximum permissible number of units that it can contain. Queues may be 

infinite or finite. 

Service Discipline: It refers to the order in which members of the queue are selected for service. Frequently, 

the discipline is first come, first served. 

Following are some other disciplines: 

 LIFO (Last In First Out) 

 SIRO (Service In Random Order) 

 Priority System 

Service Mechanism: A specification of the service mechanism includes a description of time to complete a 

service and the number of customers who are satisfied at each service event. The service mechanism also 
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prescribes the number and configuration of servers. If there is more than one service facility, the calling unit 

may receive service from a sequence of these. At a given facility, the unit enters one of the parallel service 

channels and is completely serviced by that server. Most elementary models assume one service facility with 

either one or a finite number of servers. The following figure shows the physical layout of service facilities. 

 
Unusual Customer/Server Behavior 

Customer's Behavior 

Balking. A customer may not like to join the queue due to long waiting line. 

Reneging. A customer may leave the queue after waiting for some time due to impatience. 

Collusion. Several customers may cooperate and only one of them may stand in the queue. 

Jockeying. When there are a number of queues, a customer may move from one queue to another in hope 

of receiving the service quickly. 

 

Assumptions of Queuing Theory 

 The source population has infinite size. 

 The inter-arrival time has an exponential probability distribution with a mean arrival rate of l customer 

arrivals per unit time. 

 There is no unusual customer behavior. 

 The service discipline is FIFO. 

 The service time has an exponential probability distribution with a mean service rate of m service 

completions per unit time. 

 The mean arrival rate is less than the mean service rate, i.e., l < m. 

 There is no unusual server behavior. 

Waiting Line System Operating Characteristics 

Operational characteristics of waiting lines include: 

the probability that no customers (or units) are in the system, 

the average number of customers in the lines, 

the average number of customers in the system (customers in line plus those being served, 

the average time a customer spends in the waiting line, 

the average time a customer spends in the system (waiting time plus time in the service facility, 

the probability that an arriving customer has to wait for service, 

the probability of n customers in the system, where n could be any real integer such as 1 customer, 2, 3, ... 

 

The Population 

 

The population that generates customers to waiting line systems may be infinite or finite. In most cases, 

populations can be considered infinite, even though they are really finite. For example, if we were to study 

the characteristics of waiting lines forming at the Fort Myers side of the Cape Coral Bridge at morning rush 

hour, we know that the population generating the arrivals is the finite population of Cape Coral, around 

100,000. However, since there is no actual limit placed on the customers arriving at the toll booths, we 

assume the population is infinite. All but one of the models we will study make this assumption. The finite 

model is the appropriate model to use when the population is relatively small, such as 20 total computers in 

a network office that feed a computer repair person server. 

Arrival Process 

Arrivals to the waiting line system from the population source may be on an individual or batch basis. We 

will assume arrivals are on an individual basis. The difference is best illustrated by the arrival of a car to a 

parking lot at a restaurant. One driver leaving the car to enter the restaurant would represent the arrival of 

one unit or customer to the waiting line system. If a bus pulls in, there could be a batch arrival of 30 
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customers. Did you ever notice that the bus stalls are behind the Cracker Barrel Restaurants on the interstate 

highways - just so you can't see all those batch arrivals before you pull off! 

It is also assumed that the arrivals are nonscheduled, and the arrival of one unit is independent of, or does 

not impact, the arrival of other units. Whenever these assumptions are made, arrivals are assumed to follow 

the Poisson Probability Distribution, a member of the family of discrete probability distributions. The Poisson 

Probability Distribution is completely described by its mean, which is given the Greek symbol lambda. In a 

waiting line system, the mean we are referring to is the mean arrival rate. For example, we may say that the 

mean arrival rate is 4 calls per hour to a catalog company's telephone bank. 

Another way of representing the mean arrival rate is to take its inverse, which gives us the mean time 

between arrivals. So, if I invert the mean rate of 4 calls per hour, I get ¼ hours. The mean time between 

arrivals is 1/4th of an hour, or one arrival every 15 minutes. 

Mean Time between Arrivals = 1 / Mean Arrival Rate 

The probability distribution that is used to describe this time between arrivals in a waiting line system is the 

Exponential Distribution. The Exponential Distribution is used to model the probabilities of continuous 

variables such as time, in the case of waiting line systems. The Greek Symbol Mu, is used to describe the 

mean of the Exponential Distribution. 

If you have the mean time between arrivals, you can find the mean arrival rate by the similar procedure - 

taking the inverse. For example, what if we knew that the average time between arrivals to a bank teller was 

5 minutes. The mean arrival rate would be computed as follows: 

Mean Arrival Time = 5 minutes = 5/60th hours 

Mean Arrival Rate = 60/5 = 12 customers per hour 

Customers arriving from a population next join the waiting line in the waiting line system. 

 

Waiting Line Configuration 

 

Waiting lines may be infinite or truncated. For all of the models we will examine except one, we will assume 

infinite line length. One of the models we will examine is designed to model situations where no waiting is 

allowed - the ultimate of truncated systems. My telephone allows no waiting - if I am talking to someone, 

the next caller gets a busy signal. However, airline reservation systems allow callers to a busy reservation 

agent to wait in a queue. 

 

The waiting line system may use a single line/single server channel configuration which means one line 

forms in front of a single service channel. The word service channel is used rather than server to avoid 

confusion. A single service channel may have many servers, but room for only one customer. That is called a 

single service channel. Grocery stores have multiple single line/single channel configurations. Banks, on the 

other hand, employ a single line/multiple channel or teller configuration. 

 

Customers discipline in the waiting line configuration may vary from patient, to balk (view the line, then 

leave), renege (join the line, then leave), jockey (join the line, then move to another line when you think it 

is moving faster - that's me!), or collude (give your groceries to another customer - scum of the earth to 

students of quantitative methods)! Waiting line models assume that the customer is patient  

 

Departures from the waiting line to the server are assumed to be first in, first out or first come, first served 

rather than last in first out, or like my deli - service in random order! 
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Service Channel 

The main feature of a service channel in a waiting line system is the service time, also assumed to follow the 

Exponential Distribution when the time to perform service for one customer is independent from the time 

to perform service for others. If the average time to serve one customer is 10 minutes, then the mean service 

rate in hours may be found by converting 10 minutes to hours (10/60th of an hour), then taking the inverse: 

Mean Service Rate = 60/10 = 6 customers per hour 

Note that rates are always stated as per hour, per minute, or per whatever time unit; whereas service times 

and times between arrivals are stated simply as hours, minutes, or whatever time unit.  

 

Once service is completed, it is assumed that customers exit the system and return to the population. Of 

course, they may exit one system and feed another. If the second system is independent of the first, then 

there may be two separate and distinct single line/single server systems. 

That finishes our coverage of the basic structure of the waiting line system. Waiting line models have been 

designed as quantitative methods to analyze the operating characteristics and costs of waiting line systems. 

The models are categorized by the probability distributions that describe the arrival rate and service time 

processes, the number of channels, and whether the population is infinite or finite. The first model we will 

examine is one which follows the structure of a single service/single channel system. 

The following formulas are used to model the operating characteristics of the single line/single channel 

waiting line system with Poisson Arrivals and Exponential Service time. 

1. Probability of system is idle  = 1 – (arrival rate/ service rate) 

2. Length of queue = (arrival rate/ service rate) x {(arrival rate)/ (service rate – arrival rate)} 

3. Length of system = (arrival rate)/ (service rate – arrival rate) 

4. Waiting time of customer in queue = (arrival rate/ service rate) x {1 / (service rate – arrival rate)} 

5. Waiting time of customer in system = {1 / (service rate – arrival rate)} 

 

GAME THEORY 

Game Theory is a misnomer for Multi person Decision Theory, analyzing the decision making process when 

there are more than one decision- ake s he e ea h age t s pa -off possi l  depe ds o  the actions taken 

 the othe  age ts. Si e a  age t s p efe e es o  his a tio s depe d o  hi h a tio s the othe  pa ties 
take, his action depends on his beliefs about what the others do. Of course, what the others do depends on 

their beliefs about what each age t does. I  this a , a pla e s a tio , i  p i iple, depe ds o  the a tio s 
a aila le to ea h age t, ea h age t s p efe e es o  the out o es, ea h pla e s eliefs a out hi h a tio s 
are available to each player and how each player ranks the outcomes, and further his beliefs about each 

pla e s eliefs. 

U de  pe fe t o petitio , the e a e also o e tha  o e i  fa t, i fi ite a  de isio  ake s. Yet, thei  
decisions are assumed to be decentralized. A consumer tries to choose the best consumption bundle that 

he a  affo d, gi e  the p i es — without paying attention what the other consumers do. In reality, the 

futu e p i es a e ot k o . Co su e s  de isio s depe d o  thei  e pe tatio s a out the futu e p i es. 
And the future prices depend on consu e s  de isio s toda . O e agai , e e  i  pe fe tl  o petiti e 
e i o e ts, a o su e s de isio s a e affe ted  thei  eliefs a out hat othe  o su e s do — in an 

aggregate level. When agents think through what the other players will do, taking what the other players 

think about them into account, the  a  fi d a lea  a  to pla  the ga e.  
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Representation of games 

A game consists of a set of players, a set of moves (or strategies) available to those players, and a 

specification of payoffs for each combination of strategies. Most cooperative games are presented in the 

characteristic function form, while the extensive and the normal forms are used to define non-cooperative 

games. 

Extensive form 

 

The extensive form can be used to formalize games with some important order. Games here are often 

presented as trees (as pictured above). Here each node represents a point of choice for a player. The player 

is specified by a number listed by the node. The lines out of the node represent a possible action for that 

player. The payoffs are specified at the bottom of the tree. 

In the game pictured here, there are two players. Player 1 moves first and chooses either F or U. Player 2 

sees Player 1's move and then chooses A or R. Suppose that Player 1 chooses U and then Player 2 chooses 

A, then Player 1 gets 8 and Player 2 gets 2. 

The extensive form can also capture simultaneous-move games and games with imperfect information or 

asymmetric information. To represent it, either a dotted line connects different vertices to represent them 

as being part of the same information set (i.e., the players do not know at which point they are), or a closed 

line is drawn around them. 

Normal form 

The normal (or strategic form) game is usually represented by a matrix which shows the players, strategies, 

and payoffs (see the example to the right). More generally it can be represented by any function that 

associates a payoff for each player with every possible combination of actions. In the accompanying example 

there are two players; one chooses the row and the other chooses the column. Each player has two strategies 

i  this e a ple, ut e ould ha e o e i  ou  lass , hich are specified by the number of rows and the 

number of columns. The payoffs are provided in the interior. The first number is the payoff received by the 

row player (Player 1 in our example); the second is the payoff for the column player (Player 2 in our example). 

Suppose that Player 1 plays Up and that Player 2 plays Left. Then Player 1 gets a payoff of 4, and Player 2 

gets 3. 
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When a game is presented in normal form, it is presumed that each player acts simultaneously or, at least, 

without knowing the actions of the other. If players have some information about the choices of other 

players, the game is usually presented in extensive form. 

 

 

 

 

 

 

 

 

 

Economics and business 

Economists have long used game theory to analyze a wide array of economic phenomena, including auctions, 

bargaining, duopolies, fair division, oligopolies, social network formation, and voting systems and to model 

across such broad classifications as behavioral economics and industrial organization. This research usually 

focuses on particular sets of strategies known as equilibria in games. These "solution concepts" are usually 

based on what is required by norms of rationality. 

In non-cooperative games, the most famous of these is the Nash equilibrium.  If ea h pla e s st ateg  
represents the best response to the other strategies, this set of strategies is a Nash equilibrium. So, if all the 

players are playing the strategies in a Nash equilibrium, they have no unilateral incentive to deviate, since 

their strategy is the best they can do given what others are doing. 

The payoffs of the game are generally taken to represent the utility o  disutilit  if it is egati e  of i di idual 
players. Often in modeling situations the payoffs represent money, which presumably corresponds to an 

individual's utility. This assumption, however, can be faulty. 

Zero-sum games are a special case of constant-sum games, in which choices by players can neither increase 

nor decrease the available resources. In zero-sum games the total benefit to all players in the game, for every 

combination of strategies, always adds to zero (more informally, a player benefits only at the equal expense 

of others). Poker exemplifies a zero-sum game (ignoring the possibility of the house's cut), because one wins 

exactly the amount one's opponents lose. Other zero-sum games include matching pennies and most 

classical board games including Go and chess. 

 
Player 2 

chooses Left 

Player 2 

chooses Right 

Player 1 

chooses Up 
4, 3 –1, –1 

Player 1 

chooses Down 
0, 0 3, 4 

Normal form or payoff matrix of a 2-player, 2-

strategy game 
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 Simultaneous and sequential 

Simultaneous games are games where both players move simultaneously, or if they do not move 

simultaneously, the later players are unaware of the earlier players' actions (making them effectively 

simultaneous). Sequential game (or dynamic games) are games where later players have some knowledge 

about earlier actions. This need not be perfect information about every action of earlier players; it might be 

very little knowledge. For instance, a player may know that an earlier player did not perform one particular 

action, while he does not know which of the other available actions the first player actually performed. 

The difference between simultaneous and sequential games is captured in the different representations 

discussed above. Often, normal form is used to represent simultaneous games, and extensive form is used 

to represent sequential ones; although this isn't a strict rule in a technical sense. 

Perfect information and imperfect information 

A game of imperfect information (the dotted line represents ignorance on the part of player 2)  

An important subset of sequential games consists of games of perfect information. A game is one of perfect 

information if all players know the moves previously made by all other players. Thus, only sequential games 

can be games of perfect information, since in simultaneous games not every player knows the actions of the 

others. Most games studied in game theory are imperfect-information games. Perfect-information games 

include chess. 

 

Perfect information is often confused with complete information, which is a similar concept. Complete 

information requires that every player know the strategies and payoffs of the other players but not 

necessarily the actions. 

Infinitely long games 

 A B 

A –1, 1 3, –3 

B 0, 0 –2, 2 

A zero-sum game 
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Games, as studied by economists and real-world game players, are generally finished in finitely many moves. 

Pure mathematicians are not so constrained, and set theorists in particular study games that last for infinitely 

many moves, with the winner (or other payoff) not known until after all those moves are completed. 

Discrete and continuous games 

Much of game theory is concerned with finite, discrete games that have a finite number of players, moves, 

events, outcomes, etc. Many concepts can be extended, however. Continuous games allow players to choose 

a strategy from a continuous strategy set. For instance, Carnot competition is typically modeled with players' 

strategies being any non-negative quantities, including fractional quantities (this is a game for duopolies). 

Mixed strategy: A mixed strategy is an active randomization, with given probabilities that determines the 

pla e s de isio . As a spe ial ase, a i ed st ateg  a  e the dete i isti  hoi e of o e of the gi e  pure 

strategies. 

Payoff: A payoff is a number, also called utility that reflects the desirability of an outcome to a player, for 

whatever reason. When the outcome is random, payoffs are usually weighted with their probabilities. The 

expected payoff incorpo ates the pla e s attitude to a ds isk. 

Player: A player is an agent who makes decisions in a game. 

Strategy: In a game in strategic form, a strategy is one of the given possible actions of a player. In an extensive 

game, a strategy is a complete plan of choices, one for each decision point of the player. 

Zero-sum game: A game is said to be zero-sum if for any outcome, the sum of the payoffs to all players is 

zero. In a two-player zero-su  ga e, o e pla e s gai  is the othe  pla e s loss, so thei  i te ests are 

diametrically opposed. 

Dominance 

Since all players are assumed to be rational, they make choices which result in the outcome they prefer most, 

given what their opponents do. In the extreme case, a player may have two strategies A and B so that, given 

any combination of strategies of the other players, the outcome resulting from A is better than the outcome 

resulting from B. Then strategy A is said to dominate strategy B. A rational player will never choose to play a 

dominated strategy. In some games, examination of which strategies are dominated results in the conclusion 

that rational players could only ever choose one of their strategies.  

Dominant Strategy Rules (Dominance Principle) 

 If all the elements of a column (say ith column) are greater than or equal to the corresponding 

elements of any other column (say jth column), then the ith column is dominated by the jthcolumn and 

can be deleted from the matrix. 

 If all the elements of a row (say ith row) are less than or equal to the corresponding elements of any 

other row (say jth row), then the ith row is dominated by the jth row and can be deleted from the 

matrix. 

Player B 

Player A   I II III IV 
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I 3 5 4 2 

II 5 6 2 4 

III 2 1 4 0 

IV 3 3 5 2 

Use the principle of dominance to solve this problem. 

  Player B 

Player A 

  I II III IV Minimum 

I 3 5 4 2 2 

II 5 6 2 4 2 

III 2 1 4 0 0 

IV 3 3 5 2 2 

Maximum   5 6 5 4   

There is no saddle point in this game. 

Using Dominance Property in Game Theory 

If a column is greater than another column (compare corresponding elements), then delete that column. 

Here, I and II column are greater than the IV column. So, player B has no incentive in using his I and II course 

of action. 

 

 

Player B 

Player A 

  III IV 

I 4 2 

II 2 4 

III 4 0 

IV 5 2 

If a row is smaller than another row (compare corresponding elements), then delete that row. 

Here, I and III row are smaller than IV row. So, player A has no incentive in using his I and III course of action. 

 

  Player B 
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Player A 

  III IV 

II 2 4 

IV 5 2 

 

GRAPHICAL METHOD 

Consider the following pay-off matrix 

Player A 

Player B 

  B1 B2 

A1 -2 4 

A1 8 3 

A1 9 0 

The game does not have a saddle point as shown in the following table. 

Player A 

  Player B Minimum Probability 

B1 B2 

A1 -2 4 -2 q1 

A2 8 3 3 q2 

A3 9 0 0 q3 

Maximum 9 4     

Probability p1 p1  

 
 

Maximin = 4, Minimax = 3 

First, we draw two parallel lines 1 unit distance apart and mark a scale on each. The two parallel lines 

represent strategies of player B. 

If player A selects strategy A1, player B can win –  i.e., lose  u its  o   u its depe di g o  B s sele tio  of 
strategies. The value -2 is plotted along the vertical axis under strategy B1 and the value 4 is plotted along 

the vertical axis under strategy B2. A straight line joining the two points is then drawn. 

Similarly, we can plot strategies A2 and A3 also. The problem is graphed in the following figure. 
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The lowest point V in the shaded region indicates the value of game. From the above figure, the value of the 

game is 3.4 units. Likewise, we can draw a graph for player B. 

The point of optimal solution (i.e., maxi-min point) occurs at the intersection of two lines: 

E1 = -2p1 + 4p2 and 

E2 = 8p1 + 3p2 

Comparing the above two equations, we have 

-2p1 + 4p2 = 8p1 + 3p2  

 

Substituting p2 = 1 - p1 

-2p1 + 4(1 - p1) = 8p1 + 3(1 - p1) 

p1 = 1/11 

p2 = 10/11 

Substituting the values of p1 and p2 in equation E1 

V = -2 (1/11) + 4 (10/11) = 3.4 units 

Advantages 

 Game theory gives insight into several less-known aspects, which arise in situations of conflicting 

interests. For example, it describes and explains the phenomena of bargaining and coalition-

formation. 

 Game theory develops a framework for analyzing decision making in such situations where 

interdependence of firms is considered. 

 At least in two-person zero-sum games, game theory outlines a scientific quantitative technique that 

can be used by players to arrive at an optimal strategy. 

Limitations 

 The assumption that players have the knowledge about their own pay-offs and pay-offs of others is 

not practical. 

 The techniques of solving games involving mixed strategies particularly in case of large pay-off matrix 

is very complicated. 

 All the competitive problems cannot be analyzed with the help of game theory. 
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 

 

 

https://qp.rgpvnotes.in/
mailto:rgpvnotes.in@gmail.com

	Basic Terminology: Queuing theory (Waiting Line Models)
	Queuing Model
	Arrival
	Service Time
	Server
	Queue Discipline
	Poisson Process
	Queue
	Waiting time in queue
	Waiting time in the system
	Queue length
	Average length of line
	Average idle time
	FIFO

	Unusual Customer/Server Behavior
	Customer's Behavior

	Assumptions of Queuing Theory
	Dominant Strategy Rules (Dominance Principle)
	Using Dominance Property in Game Theory
	Advantages
	Limitations


