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Abstract: The problem of detecting a minefield in the presence of clutter can be abstracted to that
of detecting a spatial pattern within a set of point locations. The point locations are superpositions
of several patterns, one of which corresponds to mines. In contrast to previous articles that take
a formal, model-based approach, this article proposes a statistical methodology that is distinctly
exploratory. Each point location is considered separately, and its contributions to a global measure
of spatial distances between locations are featured. Different patterns and unusual points can
be more easily identified on the new scale. Both minefield data and simulated point patterns
demonstrate the power of the method. c© 2001 John Wiley & Sons, Inc. Naval Research Logistics 48:
333–347, 2001
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1. INTRODUCTION

The detection of minefields using remote-sensing technology is an area of high priority for
defense forces. This has resulted in a U.S. Navy Advanced Technology Demonstration (ATD)
called the Coastal Battlefield Reconnaissance and Analysis (COBRA) Program. Specifically,
through the use of an unmanned aerial vehicle (UAV) equipped with a passive multispectral video
sensor subsytem, COBRA’s goal is to detect and locate obstacles and minefields before and during
amphibious assaults and land combat operations in littoral areas [24].

The video imagery from the airborne subsystem is transmitted to a ground-station subsystem,
where it is processed. All six spectral bands are used in a hypothesis-testing strategy to make
declarations as to the presence of an object (either a mine or a minelike object) at various locations
throughout the scene [13, 24]. Thus, based on a point pattern of locations, some of which may
be mines and some of which may be clutter (metal objects, rocks, false positives), the analyst
attempts to detect and locate the minefields.

Several statistical modeling approaches have been taken, based on the expectation that the
spatial pattern of mines is different from that of the clutter. An assumption that the minefield

Correspondence to: N. Cressie

c© 2001 John Wiley & Sons, Inc.



334 Naval Research Logistics, Vol. 48 (2001)

is a region of elevated intensity has been made in inter alia [2], [13], and [16]. Alternatively,
the methodology proposed in [12] and [14] assumes approximate collinearity of mines in the
presence of random clutter. A very flexible Bayesian methodology that is adaptable to these and
other assumptions about the mine and clutter patterns is given in [5].

In contrast, this article develops exploratory data analytic tools to examine individual points in
the point pattern in terms of how they relate to their neighboring points. The methodology can
be used in a number of ways. It can suggest subpatterns that are different, possibly indicative
of mines and certainly worthy of further scrutiny. It also gives another way to look at a point
location (or locations) deemed unusual for reasons that might be unrelated to its neighborliness
in the pattern.

Local indicators of spatial association or LISAs (e.g., [1], [8], and [9]) are the constituent parts
of a global statistic that summarizes a given data set. For example, in a nonspatial setting where
X1, . . . , Xn are simply n independent and identically distributed observations with known means
µ, a global statistic that expresses the variability in the sample is

V 2 ≡
n∑

i=1

(Xi − µ)2/n .

A set of corresponding LISAs is

(V 2)(i) ≡ (Xi − µ)2 , i = 1, . . . , n ,

measuring the contribution of each datum to the global quantity V 2. Importantly,

V 2 = n−1
n∑

i=1

(V 2)(i) ;

that is, the sum of the LISAs is proportional to the global statistic. [In practice, µ is not usually
known; its estimation by µ̂ = X yields local indicators (V̂ 2)(i), i = 1, . . . , n, which we continue
to refer to as LISAs.]

In the considerably more complicated setting of spatial point patterns, we develop LISAs
based on the product density function. The product density function is the rate of change of the
K-function, which is a measure of clustering in a point process. Estimating the K-function is
considered standard practice when analyzing any point pattern; see Section 2 for more details.
Section 3 gives the distribution theory needed to interpret the resulting product density LISAs.
Using this theory, Section 4 shows how multidimensional scaling can be used to transform the
point locations to a new scale; on this scale, different subpatterns and unusual points can be
identified. In Section 5, the method is applied to minefield data from the COBRA Program
(made available by the NSWC Coastal Systems Station in Panama City, Florida), and to simu-
lated data whose patterns exhibit more or less spatial structure. Concluding remarks are given in
Section 6.

2. POINT PROCESSES, PRODUCT DENSITY FUNCTIONS, AND LISAS

Consider a planar point process N observed in a region A ⊂ R
2 of area |A|, and define N(A)

to be the number of points of the process appearing in region A. (A nice review of spatial point
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processes can be found in [6].) For stationary and isotropic point processes in the plane with
intensity λ, the K-function [18] is defined by

λK(t) ≡ E[N(b(0, t)\{0}) | 0 ∈ N ] , t > 0 , (1)

where b(0, t) is a disc of radius t centered at 0 and the notation ‘‘\{0}’’ refers to the element
0 being removed from the disc. The K-function provides an interpretable measure of clustering
in a point process. It is a cumulative function and investigation of its derivative leads to another
interpretable function, called the product density function, defined by

ρ(t) ≡ λ2K ′(t)
2πt

, t > 0 (2)

(see [20], p. 120). When estimated from observed point locations, {s1, s2, . . . , sN(A)}, the em-
pirical product density function, ρ̂(t), provides a description of the density of interevent distances
among the observed locations. For example, high values of ρ̂(t) for small t indicate an overabun-
dance of short interevent distances (i.e., clustering in the locations).

Several interevent distance estimates of both the K-function and the product density function
have been proposed [3], [7], [15], [17], and all provide a ‘‘global’’ measure of clustering in the
point pattern by summing over the contributions from each event observed in the process. As
an extension of the exploratory nature of plotted estimates of the product density function, we
consider here local indicators of spatial association (LISAs). An individual LISA product density
function ρ̂(i)(t) should reveal the extent of the contribution of the event si to the ‘‘global’’ estimate
ρ̂(t) and may provide a further description of structure in the data (e.g., determining events with
similar local structure through similarity measures of the individual LISA functions). One could
also consider a LISA based on K̂(t) rather than its derivative ρ̂(t) (e.g., [8]), although we believe
that the {ρ̂(i)(t)} are more sensitive to different patterns and unusual points. We present here the
general formulation of an interevent distance estimate for the product density function and then
extend it to LISA functions.

A kernel density estimate of λ2K ′(t) (ignoring edge effects) takes the basic form of a smoothed
histogram:

λ2K̂ ′(t) ≡ |A|−1
n∑

i=1

∑
j /=i

fε(‖si − sj‖ − t) , t > ε > 0 , (3)

for {s1, . . . , sn} observed in a region A ⊂ R
2 of area |A|, where ‖s − u‖ denotes the Euclidean

distance between s and u, and n = N(A). Here, fε is a kernel function indexed by bandwidth ε,
such that fε(r) = 1

εf( r
ε ); throughout this article, the Epanechnikov kernel,

f(r) ≡
{

(3/4)(1 − r2) , for − 1 ≤ r ≤ 1, ,
0 , otherwise ,

will be used (e.g., [19], p. 42). Our choice of bandwidth is guided by the results in [3] and
[7], namely, ε = (51/2/10)|A|1/2n−1/2. In further refinements, we would consider a variable
bandwidth; see Stoyan and Stoyan’s discussion in [22].

In this article, we consider the development of a LISA function for the contribution of an event
si to the kernel density estimate of the product density function,

ρ̂ε(t) ≡ 1
2πt|A|

n∑
i=1

∑
j /=i

fε(‖si − sj‖ − t) , t > ε > 0 , (4)
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derived from (2) and (3). Stoyan and Stoyan ([21], p. 290) introduce a very similar notion, namely,
that of individual product density functions. A product density LISA function can be constructed
in the same manner as the global estimate (4). We begin by considering local features of the
K-function. For example, define

{λK(t)}(i) ≡ E[N(b(si, t)\{si}) | si ∈ N ] , t > 0 ,

as the expected number of extra events whose distances from si are less than or equal to t; recall
that b(si, t) is a disc of radius t centered at si. The expectation is conditional on observing si ∈ N
and is calculated with respect to the reduced Palm measure ([20], p. 113). As in (3), and for a
given si ∈ A, a kernel-density estimate for the quantity {λK ′(t)}(i) (ignoring edge effects) is

{λK̂ ′(t)}(i) ≡
∑
j /=i

fε(‖si − sj‖ − t) , t > ε > 0 . (5)

Now, for a homogeneous Poisson process with intensity λ, we see that (n − 1)/|A| provides
an unbiased estimator for λ under the reduced Palm process N !

si
, since this process has the same

probability distribution as the original process N ([20], p. 114). The unbiasedness is a consequence
of

E![N(A) − 1] = E

[∫
A

N !
si

(ds)
]

=
∫

A

E[N(ds)] = λ|A| ,

where E![·] denotes expectation with respect to the reduced Palm measure.
Combining the kernel estimate (5) with the estimate, λ̂ = (n − 1)/|A|, of the intensity, a

localized version of the non-edge-corrected empirical product density function is given by

ρ̂(i)
ε (t) ≡ n − 1

2πt|A|
∑
j /=i

fε(‖si − sj‖ − t) ; t > ε > 0 , (6)

where si ∈ A, i = 1, . . . , n. The estimates given by (6) are analogous to the ‘‘individual g-
functions’’ defined by Stoyan and Stoyan [21], p. 290. For fixed t, ρ̂(i)

ε (t) satisfies the operational
definition of a LISA statistic as set out in [1], since the sum of the individual product density
LISA functions is proportional to the global estimate at fixed t:

ρ̂ε(t) =
1

n − 1

n∑
i=1

ρ̂(i)
ε (t) .

3. DISTRIBUTION THEORY

We now give a brief presentation of the distribution theory associated with the LISAs defined
by (6). For more details, the reader should consult [4]. Thus far, we have ignored edge effects;
clearly, for si observed near the border of the observation region A, the product density LISA
function (6) will underestimate the contribution of si to the ‘‘global’’ product density function.
Now, let |∂b(si, r) ∩ A| denote the length of the perimeter of the circle of radius r centered at si
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that is contained in the region A. Then, in the spirit of Ripley’s isotropic edge correction [17] for
the K-function,

ρ̂ε(t) ≡ 1
2πt|A|

n∑
i=1

∑
j /=i

2π‖si − sj‖
|∂b(si, ‖si − sj‖) ∩ A|fε(‖si − sj‖ − t) , (7)

where t > ε > 0, is an edge-corrected ‘‘global’’ estimate of the product density. Other types
of edge corrections are given in [7]. Henceforth, we use (7) in place of (4). The corresponding
edge-corrected product density LISA functions are

ρ̂(i)
ε (t) ≡ n − 1

2πt|A|
∑
j /=i

2π‖si − sj‖
|∂b(si, ‖si − sj‖) ∩ A|fε(‖si − sj‖ − t) , (8)

where t > ε > 0, si ∈ A, i = 1, . . . , n. Henceforth we use (8) in place of (6).
We consider now the variances and covariances associated with the edge-corrected product

density LISA function (8), calculated for a homogeneous Poisson process. Collins and Cressie
([4]) show that, for

g(s,u, t) ≡ 2π‖s − u‖
|∂b(s, ‖s − u‖) ∩ A|fε(‖s − u‖ − t) , (9)

the variance of ρ̂
(i)
ε (t) and the covariance of ρ̂

(i)
ε (t1) and ρ̂

(i)
ε (t2) are given by

var![ρ̂(i)
ε (t)] =

λ3 + 3λ2/|A| + λ/|A|2
2πt2

∫ t+ε

t−ε

2πr2f2
ε (r − t)

|∂b(si, r) ∩ A|dr

+3(λ3/|A| + λ2/|A|2) , t > ε > 0 , (10)

cov![ρ̂(i)
ε (t1), ρ̂(i)

ε (t2)] =
λ3 + 3λ2/|A| + λ/|A|2

(2π)2t1t2

∫
A

g(si, s, t1)g(si, s, t2)ds

+3(λ3/|A| + λ2/|A|2) , t2 > t1 > ε > 0 . (11)

Notice that the variance and covariance calculations are made with respect to the reduced Palm
process, accounting for the notation var![·] and cov![·, ·]. To obtain an estimator of the variance
(10) and covariance (11) from data, replace λ by its unbiased estimator (n − 1)/|A|.

There are other types of dependencies to account for in the LISAs, namely the covariance
between estimators of product density LISA functions for two distinct events, si and sl. Define

σt1t2
il ≡ cov!![ρ̂(i)

ε (t1), ρ̂(l)
ε (t2)]

= E!![ρ̂(i)
ε (t1) × ρ̂(l)

ε (t2)] − E!![ρ̂(i)
ε (t1)] × E!![ρ̂(l)

ε (t2)] ,

where t1 > ε > 0 and t2 > ε > 0. The expectation E!![·] is conditional on observing both si ∈ N
and sl ∈ N . That is, the expectation is with respect to the ‘‘doubly reduced’’ Palm process N !!

si,sl
.
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In [4], each of these terms is calculated for a homogeneous Poisson process, resulting in the
expression

σt1t2
il =

λ/|A|
(2π)2t1t2

g(si, sl, t1)g(sl, si, t2) +
λ2/|A|

π

[
g(si, sl, t1)

t1
+

g(sl, si, t2)
t2

]

+
λ3 + 5λ2/|A| + 2λ/|A|2

(2π)2t1t2

∫
A

g(si, s, t1)g(sl, s, t2)ds

+3λ3/|A| + 5λ2/|A|2 , t1 > ε > 0 , t2 > ε > 0 , (12)

where g(·) is given by (9). Note that if ‖si − sl‖ > (max(t1, t2) + ε), all terms involving g(·)
are zero and (12) simplifies to 3λ3/|A| + 5λ2/|A|2.

We shall also make use of the covariance between ρ̂
(i)
ε (t1) and ρ̂

(i)
ε (t2), conditional on ob-

serving both si and another event sl. Note that this is different from (11) since now we calculate
expectations with respect to the doubly reduced Palm process N !!

si,sl
, just as we did in (12). From

[4], this covariance is given by

σt1t2
ii =

λ/|A|
(2π)2t1t2

g(si, sl, t1)g(si, sl, t2) +
λ2/|A|

π

[
g(si, sl, t1)

t1
+

g(si, sl, t2)
t2

]

+
λ3 + 5λ2/|A| + 2λ/|A|2

(2π)2t1t2

∫
A

g(si, s, t1)g(sl, s, t2)ds

+ 3λ3/|A| + 5λ2/|A|2 , t1 > ε > t2 > ε > 0 . (13)

In both (12) and (13), we replace λ by (n − 2)/|A| (the unbiased estimator of λ with respect
to the doubly reduced Palm process N !!

si,sl
) to obtain an estimator of the covariances from data.

The two-dimensional integral appearing in the covariance equation (12) is accomplished through
simple Monte Carlo integration.

4. MULTIDIMENSIONAL SCALING AND CLUSTERING
BASED ON LISA FUNCTIONS

We choose G ordered t-values 0 < t1 < · · · < tG (see Section 5) and, for each event si ∈ A,
observe the vector

Yi ≡
[
ρ̂(i)

ε (t1), ρ̂(i)
ε (t2), . . . , ρ̂(i)

ε (tG)
]T

, i = 1, . . . , n , (14)

of product density LISA values. A bundle of LISA functions will consist of a set of ‘‘similar’’
vectors from among the n G-dimensonal vectors given in (14). Based on a measure of the ‘‘dis-
tance’’ between any two such vectors, we can create a symmetric matrix of distances and identify
mines via classical multidimensional scaling (e.g., [11], p. 602) and k-means cluster analysis.

For two events, si ∈ A and sl ∈ A, define the distance between their observed vectors Yi and
Yl as follows:

dil = [Yi − Yl]T Σ−1
il [Yi − Yl] , (15)

where Σil is the G×G covariance matrix for the vector [Yi−Yl]. Using the results of (12) and (13),
calculated for a homogeneous Poisson process, the k-th diagonal element of Σil (corresponding
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to the value tk) is given by

var!!
[
ρ̂(i)

ε (tk) − ρ̂(l)
ε (tk)

]
= σtktk

ii + σtktk

ll − 2σtktk

il

=
λ/|A|

(2πtk)2
[g(si, sl, tk) − g(sl, si, tk)]2

+
λ3 + 5λ2/|A| + 2λ/|A|2

(2πtk)2

∫
A

[g(si, s, tk) − g(sl, s, tk)]2ds , (16)

and an off-diagonal element (for distinct values, tk and tm) can be written as

cov!![(ρ̂(i)
ε (tk) − ρ̂(l)

ε (tk)), (ρ̂(i)
ε (tm) − ρ̂(l)

ε (tm))]
= σtktm

ii + σtktm

ll − σtktm

il − σtktm

li

=
λ/|A|

(2π)2tktm
[g(si, sl, tk) − g(sl, si, tk)] × [g(si, sl, tm) − g(sl, si, tm)]

+
λ3 + 5λ2/|A| + 2λ/|A|2

(2π)2tktm

∫
A

[g(si, s, tk) − g(sl, s, tk)]

× [g(si, s, tm) − g(sl, s, tm)]ds . (17)

The covariance-matrix elements given by (16) and (17) can be estimated from data using λ̂ =
(n − 2)/|A|, an unbiased estimator of λ for a homogeneous Poisson process, conditional upon
observing events at locations si ∈ A and sl ∈ A.

For data from a stationary and isotropic (but not necessarily homogeneous Poisson) point
process, we shall continue to use (15), (16), and (17) to define distances between two product
density LISA functions. For nearby events si and sl, we would expect Yi and Yl to be highly
correlated, and this normalization will provide an appropriate reduction of the measurement of
distance between the two vectors.

Now, let D be the n×n symmetric matrix of distances dil calculated as in (15). The next stage
of our analysis involves use of the S-Plus function cmdscale ([23], p. 306) to perform classical
multidimensional scaling given the distance matrix D. To identify subpatterns and bundles, we
examine the point pattern on the new scale using k-means cluster analysis (kmeans in S-Plus).
This methodology is applied to minefield data and simulated data in the next section.

5. MINEFIELD DATA AND SIMULATED POINT PATTERNS

A brief description of the COBRA program, one of whose goals is the detection and location
of minefields in littoral areas, is given in Section 1. Using a hypothesis-testing approach, the six
spectral bands of the video imagery are processed and the presence of an object (either a mine
or a mine-like object) is declared at various locations in the scene [10]. Figure 1(a) shows point-
location data obtained from the NSWC Coastal Systems Station, Dahlgren Division, Panama City,
Florida. It is the result of imaging a grassy test area, where ‘‘truth’’ (i.e., the actual locations of
the mines and the mine-like objects) is known. The mines are represented by numbers (1–11) and
the mine-like objects are represented by letters (A–Q) in Figure 1(a). In what is to follow, we shall
apply the LISA methodology to the problem of minefield detection when the mine and mine-like
locations are not distinguished in the data. A simulation study assesses the power of our method.
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Figure 1. (a) Point locations of detected objects in a grassy test area. The locations of the 11 true mines
are represented by numbers (1–11) and the locations of the 17 minelike objects are represented by letters
(A–Q). The units on the horizontal and vertical axes represent the same distance. (b) The global estimate of
the product density function. The vertical dotted lines correspond to the distances t = t1, . . . , t7, at which
the product density LISA functions are evaluated. On the vertical axis, the scale is in (distance units)−4; on
the horizontal axis, the scale is in distance units.

5. 1. Minefield Data

Let b denote half the length of the shortest side of the rectangular observation region A. We
estimate the global product density ρ̂ε(t), from (7), at 100 values of t equally spaced between ε
and b−ε. (Recall from Section 2 that we chose ε = (51/2/10)|A|1/2n−1/2; here |A| = 750×555
and n = 28, so that ε = 27.26 distance units.) From these 100 values, G = 7 was chosen for use
in the multidimensional scaling, where 0 < t1 < t2 < · · · < t7; see (14) and (15). The first and
last values, t1 = 51.79 and t7 = 227.94, correspond to the first and last local extrema of ρ̂ε(·);
the values of t2 = 65.17 and t6 = 194.49 correspond to two local maxima; and the remaining
values, t3 = 96.39, t4 = 127.6 and t5 = 161.05, correspond to three local minima [see Fig.
1(b)]. Note that two values of t corresponding to two local maxima near t4 = 127.6 were not used
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because the local extrema we have chosen already capture the main features of ρ̂ε(t). In general,
the choice of values of t1, . . . , tG should ensure that we capture the gross features of the global
product density estimate, while keeping the computational requirements reasonably small.

The 28 product density LISA functions are all estimated at these t = t1, . . . , t7 values [see Figs.
2(a) and 2(b)]. After estimating the covariance matrices of differences (see (16) and (17)) and
creating the statistical distances (see (15)), we apply classical multidimensional scaling and k-
means cluster analysis using the S-Plus functions cmdscale and kmeans, respectively. Through

Figure 2. (a) Product density LISA functions for the 11 point locations of mines given in Figure 1(a). The
vertical dotted lines correspond to the distances t = t1, . . . , t7, at which the product density LISA functions
are evaluated. The bold dotted curve is the global estimate of the product density function given in Figure
1(b). (b) Product density LISA functions for the 17 point locations of minelike objects given in Figure 1(a).
The vertical dotted lines and the bold dotted curve are as in Figure 2(a). (c) Point locations plotted on the
new scale, which is determined from classical multidimensional scaling of the matrix of statistical distances
between the n = 28 product density LISA functions shown in Figures 2(a) and 2(b). (d) k = 2 groups of
point locations plotted on the new scale, which is determined from a k-means cluster analysis of the point
locations shown in Figure 2(c). The locations of classified mines are represented by 1 and those of classified
minelike objects are represented by 2; the crosses correspond to the centers of the two groups.
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classical multidimensional scaling, we can transform Figure 1(a) onto a new scale where statistical
distances are featured. Figure 2(c) shows this transformed map, where again the locations corre-
sponding to mines are represented by numbers and those corresponding to minelike objects are
represented by letters. (The numbers and letters were not used when applying the LISA method-
ology.) Then we apply a k-means cluster analysis to classify these transformed locations into
k = 2 groups. The number of correctly classified mines and minelike objects are good indicators
of how well our method has worked. Figure 2(d) shows the two groups after the cluster analysis.

Something quite interesting has happened. After the classical multidimensional scaling, most
of the mine locations have clustered towards the southwest corner of the transformed region,
indicating a possible way to discriminate between mines and minelike objects [see Fig. 2(c)]. The
result of the 2-means cluster analysis shows that 10 of the 11 mines and 9 of the 17 minelike
objects are classified correctly [see Fig. 2(d)]. Given that correct detection of mines is of much
more importance than that of minelike objects, our method has performed reasonably well. This
is probably because the LISA functions for mines have a somewhat similar shape, although not
similar values [see Figs. 2(a) and 2(b)].

This analysis indicates that the LISA methodology might be used to discriminate between
different patterns in a map of point locations. The same methodology was implemented in [4] on
the point locations of pine saplings in a Finnish forest, and a quite remarkable substructure was
discovered. To assess the power of this methodology, we compare its performance on a number
of simulated point patterns.

5. 2. Simulated Point Patterns

In describing the results of our simulation study, conclusions are presented both qualitatively
and in detail for three representative patterns. The simulation was designed around the minefield
data given in Section 5.1. Mine patterns were either uniform, original, or regular, and minelike
patterns were either clustered, original, or uniform. Thus, there are nine combinations of mine
patterns and minelike patterns, one of which is the original minefield data itself.

The following three pattern combinations are representative of what we found. First, given
the locations of the original mines, we generated locations of 17 minelike objects, of which 12
are clustered in a small rectangle in the middle of the observation region A and the other 5 are
uniformly distributed in the rest of A [see Fig. 3(a)]. The choice of values of t is again based on
the local extrema of the global product density ρ̂ε(t) [see Fig. 3(b)]. The discriminant ability of
mines improves, because there is a more concentrated cluster of mines in the transformed map
[Fig. 3(c)]; all the mines and 10 minelike objects are classified correctly [Fig. 3(d)]. This indicates
that the more clustered the minelike objects are, the easier it is for the mines to be distinguished
from them.

Next, given the locations of the original mine-like objects, we put the 11 mines on a 4 × 4
regular grid by keeping the basic mine pattern similar to that of the original mine locations [see
Fig. 4(a)]. The classification of mines is still quite good, comparable to the classification for the
COBRA data. On the transformed map, the mines start to form a cluster in the north, and 10
mines and 8 minelike objects are classified correctly [see Figs. 4(c) and 4(d)]. This shows that
the regular patterns of mines makes it easier to distinguish them from the minelike objects.

Finally, given the same regular pattern of mine locations referred to in the previous paragraph,
we randomly generated locations of 17 minelike objects independently and uniformly on A [see
Fig. 5(a)]. Then the discriminant ability of mines deteriorates. On the transformed map, the mines
scatter among the mine-like objects and now only 7 mines are classified correctly [see Figs. 5(c)
and 5(d)].
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Figure 3. (a) Simulated point locations: The locations of the 11 true mines are represented by numbers
(1–11); the locations of the 17 simulated minelike objects are represented by letters (A–Q), where 12 are
clustered in a small rectangle in the middle of the test area and the other 5 are uniformly distributed in the
remaining area. (b) The global estimate of the product density function. The vertical dotted lines correspond to
the distances t = t1, . . . , t4, at which the product density LISA functions are evaluated. (c) Point locations
plotted on the new scale, which is determined from classical multidimensional scaling of the matrix of
statistical distances between the n = 28 product density LISA functions shown in Figure 3(b). (d) k = 2
groups of point locations plotted on the new scale, which is determined from a k-means cluster analysis of
the point locations shown in Figure 3(c). The representation of the crosses and numbers are the same as in
Figure 2(d).

The three simulations featured come from a 3×3 factorial design where each of the two factors,
mine and minelike patterns, had three levels determined by the type of pattern presented. Based
on this simulation, we found the best discrimination to occur when mine patterns were regular
and mine-like patterns were clustered. A loss in discriminatory power was noted when minelike
locations were uniformly distributed rather than clustered (see Table 1). The LISA methodology
performed quite well on the COBRA data because the mine locations are quite regular and the
minelike locations are moderately clustered.
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Figure 4. (a) Simulated point locations: The locations of the 11 mines are represented by numbers (1–11)
and are on a regular grid; the locations of the 17 minelike objects are represented by letters (A–Q) and are
the original minelike object locations. (b) The global estimate of the product density function. The vertical
dotted lines correspond to the distances t = t1, . . . , t8, at which the product density LISA functions are
evaluated. (c) Point locations plotted on the new scale, which is determined from classical multidimensional
scaling of the matrix of statistical distances between the n = 28 product density LISA functions shown
in Figure 4(b). (d) k = 2 groups of point locations plotted on the new scale, which is determined from a
k-means cluster analysis of the point locations shown in Figure 4(c). The representation of the crosses and
numbers are the same as in Figure 2(d).

6. CONCLUSIONS

The methodology presented in this article was initially developed in [4] for investigating point
patterns of tree locations. Adapted here to the context of the superposition of two (or more)
patterns, one of which might be a minefield, the product density LISA functions show some
utility. The multidimensional scaling that comes from looking at statistical distances between all
pairs of LISA functions, defines a new scale for mapping the point locations. Not only can bundles
of like LISA functions be identified by looking for concentrated clusters on the new scale (using
k-means cluster analysis for example), but an isolated point on the new scale provides insight
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Figure 5. (a) Simulated point locations: The locations of the 11 true mines are represented by numbers
(1–11) and are on a regular grid; the locations of the 17 minelike objects are represented by letters (A–Q) and
are uniformly distributed in the test area. (b) The global estimate of the product density function. The vertical
dotted lines correspond to the distances t = t1, . . . , t8, at which the product density LISA functions are
evaluated. (c) Point locations plotted on the new scale, which is determined from classical multidimensional
scaling of the matrix of statistical distances between the n = 28 product density LISA functions shown
in Figure 5(b). (d) k = 2 groups of point locations plotted on the new scale, which is determined from a
k-means cluster analysis of the point locations shown in Figure 5(c). The representation of the crosses and
numbers are the same as in Figure 2(d).

into the presence of spatial outliers. For the minefield data presented in Section 5, we were able
to identify 10 out of 11 of the true mines using our LISA methodology, and our simulations show
that the best discrimination occurs when one pattern is regular and the other is clustered.

The distribution theory presented in Section 3 assumes a homogeneous Poisson distribution.
Although for many point patterns, this assumption might not hold, it appears to provide an effec-
tive first-order approximation. Exploratory data analysis probably should avoid overcomplicated
assumptions, and it is in this spirit that the methodology of product density LISA functions make
a contribution to the difficult problem of analyzing spatial point patterns.
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Table 1. Entries represent the total number of correct classifications (out of 38) using the methodology
described in Section 4.

MI Pattern
ML Pattern Uniform Original Regular

Clustered 17 21 21
Original 17 19 18
Uniform 16 15 17
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