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In a series of recent articles on nonparametric regression, Donoho and Johnstone developed wavelet- 
shrinkage methods for recovering unknown piecewise-smooth deterministic signals from noisy data. 
Wavelet shrinkage based on the Bayesian approach involves specifying a prior distribution on the 
wavelet coefficients, which is usually assumed to have a distribution with zero mean. There is 
no a priori reason why all prior means should be 0; indeed, one can imagine certain types of 
signals in which this is not a good choice of model. In this article, we take an empirical Bayes 
approach in which we propose an estimator for the prior mean that is “plugged into” the Bayesian 
shrinkage formulas. Another way we are more general than previous work is that we assume 
that the underlying signal is composed of a piecewise-smooth deterministic part plus a zero-mean 
stochastic part; that is, the signal may contain a reasonably large number of nonzero wavelet 
coefficients. Our goal is to predict this signal from noisy data. We also develop a new estimator for 
the noise variance based on a geostatistical method that considers the behavior of the variogram 
near the origin. Simulation studies show that our method (DecompShrink) outperforms the well- 
known VisuShrink and SureShrink methods for recovering a wide variety of signals. Moreover, it 
is insensitive to the choice of the lowest-scale cut-off parameter, which is typically not the case 
for other wavelet-shrinkage methods. 

KEY WORDS: EM algorithm; Empirical Bayes; Image denoising; Multiscale graphical model; 
Nonparametric regression; Normal probability plot. 

Wavelets are mathematical constructs with great po- 
tential in statistical methodology. They have been ap- 
plied extensively in diverse applications, including data 
compression, signal processing, image analysis, object de- 
tection, turbulence, numerical analysis, neural networks, 
economics, astronomy, and statistics. For an informative 
overview of wavelet-based multiresolution analyses, see 
Jawerth and Sweldens (1994) and Alsberg, Woodward, and 
Kell (1997). Good references for the mathematical proper- 
ties of wavelets are Daubechies (1992), Chui (1992), and 
Meyer (1992, 1993). 

Wavelets are functions with varying scales and locations 
obtained by dilating and translating a single basic func- 
tion Q, known as the mother wavelet. For certain functions 
$ E L2(IR), the family, tij,k(x) = 2j&/)(2j1(: - Ic),j,lc E Z, 
constitutes an (orthonormal) basis of L2(IR). Associated 
with each mother wavelet $ is a scaling function q5 so that 
together they yield a multiresolution analysis in L2 (IL!). That 
is, after choosing an initial scale JO, any f E L2(R) can be 
expressed as 

kEZ j=Jo kEZ 

where 4,,.k(X) E 2j/3q5(23n: - k). 
Spatial wavelets in JR? are an easy generalization of one- 

dimensional wavelets (Mallat 1989). For the purpose of il- 
lustration, we consider the case d = 2, in which wavelet 

analysis of two-dimensional images is an important appli- 
cation. A two-dimensional scaling function can be defined 
in the separable form @(x,~J) = ~(s)$(w),z,~ E IR, and 
there are three basic wavelet functions given by 

m = 1,2,3. 

Then any function g E L2(IFt2) can be expanded as 

j=J,, ki,kp m=l 
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WAVELET DECOMPOSITION FOR RECOVERY OF SIGNAL FROM NOISY DATA 263 

Because of this direct connection between one- 
dimensional wavelets and spatial wavelets, we shall present 
most of the methodological development in Iw. In a subse- 
quent section, however, we do give an application of our 
wavelet methodology to two-dimensional spatial prediction 
of an image. 

In a series of articles, Donoho and Johnstone (1994, 
1995, 1998) and Donoho, Johnstone, Kerkyacharian, and 
Picard (1995) developed the wavelet-shrinkage method for 
reconstructing signals from noisy data for nonparamet- 
ric regression. Suppose that a signal is sampled at n. = 
2J equally spaced points, S E (S(ti), . . . , S(t,))‘, but 
is observed with additive Gaussian white noise, Y z 
pi,..., Y,)‘, where Y, = Y(t,) and ti = i/n; i = 1, . . . , n. 

The discrete wavelet transform of Y is given by w = 
(wi”)‘, W’J” > : W’J-1 )’ = W,Y, where W, is an orthog- 
onal matrix, w;, = (~;,,a, . : w;~,~~~-~)’ is the vector of 
scaling function coefficients, and wj = (~~,a,. , w~,~~-~) 
is the vector of wavelet coefficients at the jth scale, j = 
Jo, . , J - 1. Methods for dealing with the problem when 
the sample size n is not a power of 2 can be found in the 
work of Cohen, Daubechies, and Vial (1993) and Ogden 
(1997, sec. 6.4). 

The wavelet-shrinkage method proceeds as follows. First, 
the data are transformed using the discrete wavelet trans- 
form W,, resulting in the following decomposition in the 
wavelet domain: 

w=p+E, (1) 

where w = lV,Y, p = W,S, and E - Gau(0, a21) because 
W, is an orthogonal matrix. Next, to suppress the noise, 
the empirical wavelet coefficients are “shrunk” toward 0 
based on a shrinkage rule. Usually, wavelet shrinkage is 
carried out by thresholding the wavelet coefficients; that is, 
the wavelet coefficients that have absolute values below a 
prespecified threshold are replaced by 0. Finally, the pro- 
cessed empirical wavelet coefficients are transformed back 
to the original domain using the inverse wavelet transform 
WA. In practice, the discrete wavelet transform and its in- 
verse transform can be computed very quickly in only O(n) 
operations using the pyramid algorithm (Mallat 1989). 

With a suitably chosen shrinkage method, Donoho and 
Johnstone (1994, 1995, 1998) and Donoho et al. (1995) 
showed that the resulting estimate ,!?(.) is nearly minimax 
over a large class of function spaces and for a wide range 
of loss functions. More importantly, ,!?(.) is automatically 
adaptive to the smoothness of the underlying function S(.) 
without the need to adjust a “bandwidth” as in the kernel 
smoothing method. 

The crucial step of this procedure is the choice of a 
thresholding (or shrinkage) method. Several approaches 
have been proposed including minimax (Donoho and John- 
stone 1994, 1995, 1998) cross-validation (Nason 1996), hy- 
pothesis testing (Abramovich and Benjamini 1995, 1996; 
Ogden and Parzen 1996a,b), and Bayesian methods (Vi- 
dakovic and Miiller 1995; Clyde, Parmigiani, and Vidakovic 
1996, 1998; Chipman, Kolaczyk, and McCulloch 1997; Lu, 
Huang, and Tung 1997; Abramovich, Sapatinas, and Silver- 

man 1998; Vidakovic 1998; Crouse, Nowak, and Baraniuk 
1998; Ruggeri and Vidakovic 1999). Some discussion for 
choices of thresholding rules were given by Nason (1995) 
and Hall and Patil (1996). 

Donoho and Johnstone (1994) proposed hard-thresholding 
and soft-thresholding rules. For a wavelet coefficient w3,k: 
and a threshold X, the hard-thresholding value is given by 

TH(Wj,k) = 
i 

Wj,kr if Iwj,kl > X 

0, if bJj,k/ 5 A, 

and the soft-thresholding value is given by 

i 

Wj,k - A, if wj,k > X 

Ts(wj,k) = 0, if jW3,kl 5 x 

w.y,k + A, if wj,k < -X. 

For these thresholding rules, the choice of the thresh- 
old parameter X is essential. Donoho and Johnstone 
(1994) proposed the “VisuShrink” method that applies the 
soft-thresholding rule and the universal threshold X = 
gJ27ogn. Donoho and Johnstone (1995) also proposed the 
“SureShrink” method by selecting the threshold parameter 
in a level-by-level fashion based on the soft-thresholding 
rule. For a given resolution level j, the threshold is chosen to 
minimize Stein’s unbiased risk estimate (SURE), provided 
the wavelet representation at that level is not too sparse; the 
sparsity condition is given by 

Otherwise, the threshold Xj = aV’m is chosen. 
In practice, as suggested by Donoho and Johnstone (1994, 

1995), the scaling-function coefficients w$” are not shrunk. 
Usually the noise parameter 0 is unknown, in which case 
Donoho et al. (1995) proposed a robust estimator, the me- 
dian of absolute deviations (MAD), of wavelet coefficients 
at the highest resolution: 

6 = MAD{wJ-l,k} 

= median{!wJ-l,k - median{wJ--l,k}l} - 
.6745 . (2) 

A Bayesian wavelet shrinkage rule is obtained by spec- 
ifying a prior for both p and cr2 defined in (1). Vidakovic 
(1998) assumed that {&k} are independent and identi- 
cally t-distributed with n df and c is independent of {,!?,,l,} 
with an exponential distribution. Their wavelet-shrinkage 
rule, however, either based on the posterior mean or via 
a Bayesian hypothesis-testing procedure, requires numeri- 
cal integration. Chipman, Kolaczyk, and McCulloch (1997) 
also assumed an independent prior for {/$k}. Because a 
signal is likely to have a sparse wavelet distribution with 
a heavy tail, they considered a mixture of two zero-mean 
normal components for {Pj,k}; one has a very small vari- 
ance and the other has a large variance. Treating g2 as a 
hyperparameter, their shrinkage rule based on the posterior 
mean has a closed-form representation. Both Clyde, Parmi- 
giani, and Vidakovic (1998) and Abramovich et al. (1998) 
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264 H.-C. HUANG AND N. CRESSIE 

considered a mixture of a normal component and a point 
mass at 0 for wavelet coefficients (03.k). Clyde et al. (1998) 
assumed that the prior distribution for 0’ is inverse gamma 
and {pj,k} are independent conditional on cr2. They used 
the stochastic search variable-selection algorithm (George 
and McCulloch 1993, 1997) to search for nonzero wavelet 
coefficients of the signal and used the Markov-chain Monte 
Carlo technique to obtain the posterior mean (i.e., mean of 
the predictive distribution). Moreover, closed-form approx- 
imations to the posterior mean and the posterior variance 
were also provided. Abramovich et al. (1998) considered a 
sum of weighted absolute errors as their loss function, re- 
sulting in a thresholding rule (i.e., coefficients with absolute 
values below a certain threshold level are replaced by 0) that 
is Bayes, rather than a shrinkage rule, which is Bayes un- 
der squared error loss. Their thresholding rule is based on 
the posterior median and has a closed-form representation, 
under the assumption that g 2 is known. Lu, Huang, and 
Tong (1997) applied a nonparametric mixed-effects model 
in which the scaling-function coefficients are assumed to be 
fixed and the wavelet coefficients are assumed to be random 
with zero mean. Their empirical Bayes estimator is shown 
to have a Gauss-Markov type of optimality. 

Though the discrete wavelet transform is an excellent 
decorrelator for a wide variety of stochastic processes, it 
does not yield completely uncorrelated wavelet coefficients. 
In practice, the wavelet coefficients of an observed pro- 
cess are still somewhat correlated, especially for coeffi- 
cients that are closer together in the same scale or at nearby 
scales around the same locations. To describe this structure, 
Crouse et al. (1998) considered an m-state Gaussian mix- 
ture model for wavelet coefficients. The state variables are 
linked via a tree structure in a Markovian manner. An em- 
pirical Bayes approach is taken and the prior parameters 
are estimated using an EM algorithm. 

Vidakovic and Miiller (1995) considered a conjugate 
normal-inverse-gamma prior on (p, 0”). That is, they as- 
sumed that (1) holds, PIa2 N Gau(0,g2X), and g2 has an 
inverse-gamma distribution. The resulting shrinkage rule 
based on the posterior mean can be written as E(PIw) = 
(I + C-l)-‘w. Notice that different choices of X can lead 
to different shrinkage procedures. 

All of the Bayesian approaches described previously as- 
sume a prior for ,6 with zero mean. In this article, we do not 
put such a strong assumption on the prior mean, but rather 
we estimate it and “plug” it into the Bayesian shrinkage 
formulas. Another way that we are more general than pre- 
vious work is that we assume the underlying signal to be 
composed of a piecewise-smooth deterministic part plus a 
zero-mean stochastic part. Based on this model, Section 1 
develops an empirical Bayesian wavelet-shrinkage method 
that we call DecompShrink. Various prior covariance mod- 
els are considered in Section 2. Simulations based on one- 
dimensional test signals and two-dimensional images are 
described in Section 3, and comparisons are made with 
other well-known wavelet-shrinkage methods. An applica- 
tion to environmental-monitoring data from the Taiwan Air 
Quality Monitoring Network is also presented. Discussion 
and conclusions are given in Section 4. 
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1. EMPIRICAL BAYESIAN WAVELET SHRINKAGE 

1 .l The Bayesian Hierarchical Model 
We assume the following Bayesian model: 

w/p, cr2 - Gau(/?, g21), (3) 

and the signal p z ((p;,,)‘, ,0(r,, . , ,@-i)’ is assumed to 
have a prior distribution given as PJp: 6 N Gau(p, X(e)), 
where p = ((cl;“)‘, ,u’J,,, . . , pi-i)’ is the deterministic 
mean structure and C(0) describes the variability and the 
correlations in the signal. This prior is different from other 
priors used in the literature in that we do not assume nec- 
essarily that (cl><,,, . . , p/J-i)’ = 0. We regard p as a prior 
parameter to be specified, which represents the large-scale 
variation in p. Thus, we may write 

P=P+frl, (4) 

where v N Gau(0, C(0)) is the stochastic component rep- 
resenting the small-scale variation. 

The presence of both a deterministic mean structure and 
a stochastic structure allows us to recover a wider variety 
of signals, including piecewise-smooth signals considered 
in the nonparametric regression model and nonsmooth sig- 
nals often appearing in time series and spatial statistics. 
In time or space, nearby data tend to be more alike than 
those far apart, and it is usually the case that a stochastic 
description of this dependence is much more parsimonious 
than a deterministic description (e.g., Box and Jenkins 1970; 
Cressie 1993). Indeed the stochastic description allows op- 
timal temporal and spatial prediction of unknown values of 
the time series and spatial process, respectively. In these 
circumstances, the noise process is white, as in (3), and the 
signal /J is colored, as in (4). 

The identification of deterministic p and stochastic 77 in 
(4) is an ill-posed problem. Although it is possible to sepa- 
rate them out asymptotically with some further assumptions 
on ~1 and 77 (e.g., Johnstone and Silverman 1997), from fi- 
nite data, it is impossible to distinguish them. The signal 
is the sum of the two, however, whose extraction we show 
can be achieved with high precision. 

The optimal predictor of p can be written as E(Plw) = 
P + C(@)(C(@) + a21)-‘(w - cl). Based on estimates e2 
(Sec. 1.2), fi (Sec. 1.3), and 8 (Sec. 21, our empirical Bayes 
shrinkage rule, which we call DecompShrink, is given by 

ja = p + c(e)(qe) + 62I)-i(w - fi). (5) 

Hence the empirical Bayes predictor of S = lV;p can be 
obtained as 2 = WL(fi + X(6)(X(b) + 321)-1(w - fi)). 

1.2 Estimation of the Noise Parameter u 
Estimation of the noise parameter (T is crucial for success 

of the wavelet-shrinkage method. If (T is overestimated, not 
only is the noise removed but so too are some important 
features of the signal. When the underlying signal has a 
sparse wavelet representation, which is usually the case for 
a piecewise-smooth deterministic signal, the MAD estima- 
tor 6 given by (2) performs quite well. When the underlying 
signal contains stochastic components, however, they will 
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WAVELET DECOMPOSITION FOR RECOVERY OF SIGNAL FROM NOISY DATA 

confound with the noise component in all the wavelet coeffi- k=0,1,...,23 -1 by 
cients. Therefore, the MAD estimator tends to overestimate 
the true value of 0. 

265 

We propose a method based on the variogram of the orig- bj.k = 

{ 

q$;:?,, wj,k, if lW3.kl > -$ 
(8) 

inal process for estimating 0 that will be seen to be reliable 0, if lWj.kI 5 xj, 

when the signal 0 is either deterministic (i.e., C(0) = 0) 
or stochastic. Assume that S(.) has stationary covariance 

where the threshold parameter Xj is determined by 

structure with autocovariance at lag Ic given by C(k); Ic E IL?. X.j = +j x max{Iqj,kl: Iwj,kl < f&~~,kl). (9) 
Then 

cov(yt, Yt+k) = 
i 

C(O)+a”, ifk=O 

C(k), if k # 0. 

It follows that the variogram of Y is given by 

Figure 1 shows the normal probability plot of the wavelet 
coefficients at scale 8 for a noisy block signal (n = 1,024), 
where the two dashed lines on the figure correspond to the 
threshold values. 

To explain our choice of (8) and (9), we note that if 

27(k) = var(Y,+I, - Yt) 

=C 
0, ifIc=O 
2(02 + C(0) - C(k)), if k # 0. 

Notice that the semivariogram y(k) + o2 as Ic + 0. 
We estimate g2 based on a linear extrapolation to the 

zero ordinate of the semivariogram at two small lags 0 < 
kl < k2, provided such an extrapolation is nondegenerate. 
Consequently, our estimator of cr2 is b2, where 

if ka+(kl) > kl’j(k2) 2 kl-j/(kl) 

( 
T(h)+?(h) l/2 (6) 

2 > ’ 
if ?(k2) < -ji(kl) 

{Wj,o, Wj>l, “. , Wj,2Ll) are actually normally distributed, 
either the threshold value Xj will become large or the resid- 
uals {rj,o, T~,~, . . , rj,23 -1} will become small. Therefore, 
only few points will be estimated as deterministic trend 
components but, importantly, these values will be small. On 
the other hand, a signal with a large &k will typically have 
a large wJ,k and rj,k, and the corresponding fij,k is hardly 
shrunk. Finally then, we can write the estimate of ,V as, 

b = ((i$,,‘, @J,,)‘, . . > (b&l)‘)‘> (10) 

where fij = (,Gj,o, j&i,. , &23-l)‘,j = JO,. , J - 1. 
We also note that the threshold chosen in (9) has some 

connection with the false-discovery-rate approach proposed 
by Abramovich and Benjamini (1995, 1996). Our approach 
is different from theirs, however, in that we do not control a 
certain false discovery rate using a prespecified significance 

0, otherwise, 

and 2+(k) = (MAD{Yt+k - Yt})2 is a robust estimator of 
the variogram at lag k. For one-dimensional signals, one 
may choose kl = 1 and k2 = 2. The same idea can be ex- 
tended to higher dimensions. For example, one may choose m 
kl = 1 and k2 = fi for a two-dimensional image. 

1.3 Estimation of the Mean Parameter /I 
We now turn to estimation of the deterministic mean 

structure in the wavelet domain. Because the scaling- 
function coefficients w;~ correspond to large-scale features 
of the signal, we estimate pTr, by 0 

lqo = w;& (7) 

as do most other authors writing on Bayesian wavelet 
shrinkage. Furthermore, we shall assume that its stochas- 
tic counterpart qTO E 0. That is, we declare the scaling- 
function coefficients w;~ to be purely deterministic. For ’ 
the wavelet coefficients at the jth level, the deterministic 
trend pJ could be considered as coming from components 
that are potential outliers in the normal probability plot 
of wj because significant trend components usually stand 
out among the zero-mean stochastic components, which are 
more evenly distributed at each wavelet scale. We estimate 

- 

~ 

- 

s” i 
ooo 0 

0 
I I I 

the slope of the fitted line for the normal probability plot -3 -2 -1 0 1 

by PJ E median{lwJ,lcl}/.6745. For k = O,l,. . ,23 - 1, let Quantiles of Standard Normal 
qJ,k be the corresponding normal quantile of wj,k, and let 
rJ,k E wj,k - ?jqj,rc be its residual. We estimate p~j,k for 

Figure 1. Normal Probability Plot of the Wavelet Coefficients at Scale 
8 for a Noisy “Blocks” Signal (n = 1,024, RSNR = 7). 

TECHNOMETRICS, AUGUST 2000, VOL. 42, NO. 3 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
W

ol
lo

ng
on

g]
 a

t 1
5:

51
 0

2 
D

ec
em

be
r 

20
14

 



266 H.-C. HUANG AND N. CRESSIE 

level (e.g., .05), followed by a classification of each wavelet 
coefficient into either a pure signal or pure noise. Instead, a 
less conservative threshold is used and, even when a wavelet 
coefficient passes the threshold, it will still be shrunk ac- 
cording to the value of its residual in the normal probability 
plot. 

The optimal choice of Jo, the lowest-scale cut-off pa- 
rameter, is usually a difficult problem. Abramovich and 
Benjamini (1996) demonstrated that the choice of Jo may 
strongly affect the estimate of signal for several shrink- 
age procedures. We choose Ja to be the lowest possible 
scale, as allowed by the filter length of the discrete wavelet 
transform. In fact, simulation results (Sec. 3) show that our 
method is insensitive to the choice of Jo because the deter- 
ministic part ,Q and the stochastic part Q tend to compensate 
for each other. That is, if the signal is not caught by the de- 
terministic part ,Q, it is likely to be caught by the stochastic 
part 77, and vice versa. 

2. PRIOR COVARIANCE C(0) 
In this section, we consider modeling the prior covariance 

C (0) or, equivalently, the corresponding stochastic com- 
ponent 77 z (($J’, VI:“, . . , ~>-i)‘. Two classes of sta- 
tistical models are considered in this section, zero-mean 
scale-independent models and zero-mean multiscale graph- 
ical models. 

The vector of hyperparameters 0 will be estimated by 
maximum likelihood based on the marginal distribution of 
the data w, with the plug-in values d2 and fi obtained from 
(6) and (lo), respectively. That is, 

6 = argsupp(w]@, G2, fi) 
6 

= argi;f{log p(e) f 911 

+ (W - jq’(x:(e) + c~I)-~(w - jq}. (11) 

Thus, 6 is a pseudo maximum likelihood estimator (Gong 
and Samaniego 198 1). 

2.1 Scale-Independent Models 
First, we consider scale-independent models, which cor- 

respond to block diagonal matrices E(e). Specifically, 
we assume that the stochastic scaling-function coefficients 
r15” E 0, which is in line with an earlier assumption 
that all the scaling-function coefficients w;(, are attributed 
to the deterministic trend component p*J, (Sec. 1.3). We 
also assume that the stochastic wavelet coefficients qJ, j = 
JO, . : J - 1, are statistically independent (i.e., scale inde- 
pendence) with zero means, which allows us to model vJ 
at each level j separately. 

If S is a temporal process, it is natural to assume a 
Gaussian autoregressive moving average (ARMA) model 
for each vJ, j = Jo- : J - 1. If S is a higher-dimensional 
process, we could specify a Gaussian Markov random field 
model for each vJ,j = Jn, . J - 1. Because the dis- 
crete wavelet transform is an excellent decorrelator for a 
wide variety of stochastic processes, one may further as- 
sume that the wavelet coefficients are also independent 

TECHNOMETRICS, AUGUST 2000, VOL. 42, NO. 3 

within each scale with var(rlj) = ~$1, j = Jo,. . . J - 1. 
From (1 l), the pseudo maximum likelihood estimator of 
8s (&... i CI~-,)’ is given by 

k-3” = max 23 
i 

L (Wj - fill)‘(w3 - f!iLj) - e2,0 ~ (12) 
1 

for j = Jo, . : J - 1. Under this simple independence 
model, the DecompShrink rule based on (S), for j = 
Jo> . . . . J-l,k=O,l,..., 2j-1,canbewrittenas 

t&k = bj,k + & cw,,k - i$,k)> (13) 
3 

where 6’ is given by (6), (8;) are given by (121, and {i&k} 
are given by (8). This results in a new level-dependent 
wavelet shrinkage rule that we call the “DecompShrink I” 
method. The whole procedure requires O(n log n) computa- 
tion, due to the ordering of {wJ,g, ~j,~, , wJ,2J -i } at each 
wavelet scale j = Jo, . , J - 1, when computing {&k}. 
By contrast, the “DecompShrink II” method that we shall 
develop is based on a scale-dependent prior model. 

2.2 Scale-Dependent Multiscale Graphical Models 
As mentioned in the introduction, the discrete wavelet 

transform does not yield completely uncorrelated wavelet 
coefficients. A natural way to describe this structure is to 
use multiscale models, which form a very flexible class of 
models corresponding to a more general class of covari- 
antes E(e). Moreover, when (vr/a, . . , $-r) is convolved 
with noise, the optimal predictor of (q>, , . . , $-i) can 
be computed efficiently using the change-of-scale Kalman- 
filter algorithm (Huang and Cressie 1997). In what follows, 
we shall concentrate on tree-structure models, which are an 
important subclass of multiscale graphical models in which 
computation is relatively simple. For more general multi- 
scale graphical models, the reader is referred to Huang and 
Cressie (1997). 

We consider a multiscale model for (Q>~, . , ~[1-i)’ with 
a binary tree structure; that is, we assume that 

%,k = ajqj-l,[k/2] + &j,k (14) 

for j = Ja + 1,. . , J - 1, Ic = 0, 1, . ,2j - 1, where [z] 
denotes the largest integer that is not larger than 2, 

vJo,k - Gau(O, &I, k = 0, 1: . . : 2Jo - 1. 

tj:j.k N Gau(0, a:), 

j=5,+1,..., J-l,k-=O,l,..., 23-l. 

and {7IJ&}, {[j,k}, and {~~,k) are mutually independent. 
The vector of parameters to be estimated is denoted by 
8 5 (‘vJ~+~, . . , QJ-1, c$, &+r.. . &,)‘. Notice that, 
when “Jo+1 = a,Jo+2 = . ‘. = aJ-1 = 0, we obtain the 
scale-independent models as a special case. 

Chou, Willsky, and Nikoukhah (I 994) developed a 
fast optimal-prediction Kalman-filter algorithm for tree- 
structure models. The algorithm consists of two steps, the 
uptree filtering step, followed by the downtree smoothing 
step. In the uptree filtering step, the algorithm goes upward 
from the leaves of the tree and successively computes the 
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WAVELET DECOMPOSITION FOR RECOVERY OF SIGNAL FROM NOISY DATA 267 

optimal predictor of the state variables {qj.k} based on the 
data observed at node (j, Ic) and its descendent nodes. At 
the roots, the optimal predictor of v. based on all the data is 
obtained. The algorithm then goes back downward, toward 
the leaves, and recursively computes the optimal predictor 
of the state variables {qlj,k} based on all the data. These two 
steps, though more complicated, are analogous to the filter- 
ing step and the smoothing step of the standard Kalman 
filter in time series (e.g., see Harvey 1989). The algorithm 
has also been extended to more general graphical Markov 
models (Huang and Cressie 1997). 

First, we introduce some notation. For j = JO, . . , J - 
1, Ic = O,l, . . . ,2j - 1, denote wd+k) to be the data ob- 
served at the descendent nodes de(j, Ic) of node (j, Ic)-that 
is, Wd&,k) = {wj’,k’ : j’ > j, [Ic’/2j’-j] = k}-and let uj E 
var(qj,a), j = JO, . , J - 1, which can be computed recur- 
sively from (14) by va = #&, and wj = c$~~-i + a;,j = 
Jo + 1,. , J - 1. 

In the uptree filtering step, we start with the leaves of 
the tree and proceed along all upward paths to the roots 
of the tree. At each node (j, Ic), E(n.j,k]Wj,k, w&(j,k)) and 
var(qk]Wj,k, w&(j,k)) are obtained recursively. Using con- 
ditional distribution results for multivariate Gaussian pro- 
cesses, for a leaf (J - l,Ic),k = O,l,. ,2J-1 - 1, we 
have 

E(qJ-l&J-1,k) = (vj + “,2)-1ujwj,k, (13 

r I 
0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

(4 (4 

and 

For j = Jo,. , J - 2, k = 0: 1:. .23 - 1, we have the 
following recursions: 

E(%,kbj,k, %e(j.k)) = v=(~&j,k> W&(&k)) 

‘%,klWde(.7,k)) 

varh,klWde(j.k)) 
(17) 

and 

v~(llj,klwj.k> Wde(j,k)) = var(%klwde(j.k)) 

_ (var(121,klWde(3,k)))2 

var(v.i,klWde(3,k)) f 0:’ 
(18) 

where 

E(%klWde(j,k)) = vd%klwde(,,k)) 

I 

0.4 0.6 0.8 1.0 

(b) 

0.2 0.4 0.6 0.8 1.0 

04 

Figure 2. The Four Test Signals---“Blocks,” “Bumps,” “Heavisine,” “Doppler.” 
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268 H.-C. HUANG AND N. CRESSIE 

At the roots (i.e., the nodes at the coarsest scale Jo), we 
obtain fho,k = ~(wo.k:lw) and var(ljJ,,k - rl.~,.l~); k = 
0.1 . . . 2J" - 1. . . 

The downtree smoothing algorithm moves downward 
from the roots to the leaves of the tree, allowing li,.k s 

0 

0.0 0.2 0.4 0.6 0.8 1.0 

(a) 

;;‘r 

r/ 

0.0 0.2 0.4 0.6 0.8 1.0 

04 

, 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

(c) (f) 

E(r~~,kIw) and F3.k = var(liJ.k -7lj.k) to be computed recur- 
sively for .j = Jo. , J - 1 and k = 0.1, ~ 2j - 1, based 
on the following: 

7if.k = ~(~l~.kl~‘:J.Ic. %:(j.k)) 

var(rl,,k:l~~~.~~~d~(~.lc)) 
+ ‘ri+17”7~~~~1var(l/l-1.~~,2]~~j,~.~ wdrCj,kJ) 

x E-l.[k/Z] - E(723-l,[lc/2]IWLl.lirWde(j,lc))} (19) 

and 

+ a? v‘Q2 var(77j,klw,,l,:wd,(j.k))’ 
.7+1 3 3+1 var(l7j-l.p/2] I~q,k,wde(j,k))2 

x {rJ-1.p421 - var(rlj-l.p/2j 17q,k. wde(j,k))l. (20) 

The prediction covariance between nodes (j, k) and (j - 
1, [k/2]) for j = Jo + 1,. . , J - 1. k = 0, 1, . ,2j - 1, can 
also be computed recursively by 

rj.j-1.k = 4ri,-l,[k/2] - 77j-l,[k/2], 6J.k - TjJc) 

0.0 0.4 0.6 0.8 1 .o 

(4 

0 v 
7 

0.0 0.2 0.4 0.6 0.8 1.0 

Figure 3. (a) Noisy “Blocks” Signal (n = 1,024, RSNR = 7); (b) VisuShrink Reconstruction: (c) SureShrink Reconstruction; (d) AGusted 
SureShrink Reconstruction; (e) DecompShrink I Reconstruction; (f) DecompShrink II Reconsfrucfion. 
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WAVELET DECOMPOSITION FOR RECOVERY OF SIGNAL FROM NOISY DATA 269 

a 

0.0 0.2 0.4 0.6 0.8 1.0 

(4 

0.0 0.2 0.4 0.6 0.8 1.0 

1 I 

0.0 0.2 0.4 0.6 0.8 1.0 

(b) 

I I 

0.0 0.2 0.4 0.6 0.8 1.0 

(4 

0.0 0.2 0.4 0.6 0.8 1.0 

@I 

0.0 0.2 0.4 0.6 0.8 1.0 

(9 

Figure 4. (a) Noisy Random-Walk Signal (n = 1,024, RSNR = 7); (b) VisuShrink Reconstruction; (c) SureShrink Reconstruction, (d) Adjusted 
SureShrink Reconstruction; (e) DecompShrink I Reconstruction; (5, DecompShrink /I Reconstruction. 

Complete derivation of the algorithm was given by Chou for j = Jo,..., J - 1,k = 0: 1:. .2,j - 1, where {fij.k} 
et al. (1994) and via a Bayesian approach by Huang and are given by (8) and {?jj,k(a)} can be obtained from the 
Cressie (1997). change-of-scale Kalman filter based on (15)-(20). 

Plugging in the pseudo maximum likelihood estimator 6 
of 8 (Sec. 2.3), our DecompShrink rule, which we call the 
“DecompShrink II” method in this multiscale tree-structure 
setting, can be written as 

2.3 Pseudo Maximum Likelihood Estimation 
We estimate 0 by pseudo maximum likelihood based on 

the data w, with the plug-in values 6 and C; obtained from 
(6) and (lo), respectively. Note that, unlike the usual state- 
space model in time series, direct evaluation of the likeli- 
hood function for multiscale graphical models is difficult. 
In what follows, we derive the pseudo maximum likelihood 
estimator for 8 using the EM algorithm (Dempster, Laird, 
and Rubin 1977). 

c 
6 

Ln 
0 

x 

8 

Visu SUE Adjusted Sure Decomp I Decomp II 

Figure 5. Boxplots of MSE Performance of the “Blocks” Signal Using 
Various Wave/et-Shrinkage Techniques Based on 100 Replications (n = 
2,048, RSNR = 7). 

From (3), (4), and (14), the log-likelihood of 8 based on 
w and Q can be written as 

log L(e) 

2,“) 
= c- llogO:o - & ‘5’ r,;,,k 

Jo I;=0 

(22) 
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H.-C. HUANG AND N.CRESSlE 

Visu Sure Adjusted Sure Decomp I Decomp II 

Figure 6. Boxplots of MSE Performance of the AR(i) Signal Using 
Various Wave/et-Shrinkage Techniques Based on 100 Replications (n = 
2,048, RSNR = 7). 

where c is a constant. The (incomplete) likelihood based 
only on the data w is a complicated mixture that would 
be difficult to maximize directly. Instead, we apply the EM 
algorithm and treat Q as missing data. 

The EM algorithm is an iterative procedure starting with 
some initial estimator &“). Each iteration consists of two 
steps, the expectation step (E step) followed by the maxi- 
mization step (M step). At the ith iteration, the E step con- 
sists of evaluating 

Et-1 (log L/w), (23) 

where EsP1 denotes the conditional expectation based on 
the parameter &-l) obtained from the (i - l)th iteration. 
We then find the &‘) that maximizes (23) in the M step. The 
procedure is repeated until convergence. It has been shown 
that the likelihood always increases at each iteration and 
the algorithm is guaranteed to converge for an exponential 
family (see Dempster et al. 1977; Boyles 1983; Wu 1983). 

In our case, we take conditional expectations in (22) to 
obtain, for the E step, 

E(log 4~) 
2.70 1 24 -1 

= c- -logc& - __ 
2 Cc 

240 k=O 
rJo,k + li?&k) 

- & C C {(QJ~.~ - kk - fb,k)2 + rj,d, 
j=Jo k=O 

where {+jj,k} are given by (19). It follows that, in the M 
step, 

1 24-l 

6:" = 2Jo C( kk + f&d 

k=O 

and for j = JO + 1,. . , J - 1, 

- 2%rj,j-l,k - 2+ej,k7j3-1,[k/2] + r&k + $k). 

3. SIMULATION AND APPLICATION 
In this section, we apply our DecompShrink method to 

one-dimensional signal processing and to two-dimensional 
image-denoising problems. 

3.1 Simulation Comparison in One Dimension 
We use the four test functions, “Blocks,” “Bumps,” 

“Heavisine,” and “Doppler,” created by Donoho and John- 
stone (19941, with the sample standard deviation SD(S) = 7 
(Fig. 2, p. 267). We also use a stochastic signal gener- 
ated from a random walk with SD(S) = 7, a stochastic 
signal generated from an AR(l) stationary process with 
autoregressive parameter equal to .95 and SD(S) = 7, 
and four signals with both deterministic and stochastic 
components. These latter four signals were obtained by 
adding the four test functions, referred to previously, to 
an AR(l) stationary process with the autoregressive pa- 
rameter equal to .95, resealed so that SD(p) = v% and 

Table 1. Average MSE Performance of Simulated Examples Using Various Wave/et-Shrinkage Techniques Based on 100 
Replications (n = 1,024, RSNR = 7) 

Signals Visu Sure Adjusted Sure Decomp I Decomp II 

Blocks 1.149 (.llO) ,472 (.006) ,435 (.006) ,295 (.002) ,295 (.002) 

Bumps 1.593 (.014) .463 (.006) ,460 (.006) ,325 (.003) ,323 (.003) 
Heavisine ,122 (.002) ,092 (.OOi) .OSl (.OOl) ,086 (.002) ,087 (.002) 

Doppler ,608 (.006) ,299 (.003) .284 (.004) ,209 (.003) .209 (.003) 
Random-walk 1.193 (.059) ,483 (.018) ,461 (.016) .371 (.Oll) .371 (.Oll) 
AR (1) 6.187 (.042) 2.117 (.038) 1.068 (.028) ,818 (.OlO) ,817 (.OlO) 
Blocks + AR(l) 3.127 (.021) 1.151 (.012) .807 (.014) ,631 (.006) ,630 (.005) 

Bumps + AR(l) 3.704 (.026) 926 (.006) ,785 (.OiO) ,672 (.007) 
Heavisine + AR(I) 

,671 (.007) 
2.350 (.015) ,855 (.004) ,776 (.OOS) ,570 (.005) ,570 (.005) 

Doppler + AR(l) 2.744 (.020) ,960 (.Oll) ,739 (.OOS) .616 (.006) ,615 (.006) 

NOTE. The values \n parentheses are the estmmted standard dewations. 
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WAVELET DECOMPOSITION FOR RECOVERY OF SIGNAL FROM NOISY DATA 

Tab/e 2. Proportion of MSE Values Smaller Than Those of the 
SureShrink Method, for Various Shrinkage Techniques Based on 100 

Replications (n = 1,024, RSNR = 7) 

Signals visu Adjusted Sure Decomp I Decomp II 

Blocks .oo .84 1 .oo 1 .oo 
Bumps .oo .43 1 .oo 1 .oo 
Heavisine .oo .68 .73 .72 
Doppler .oo .67 .98 .98 
Random-walk .oo .75 .98 .98 

AR(l) .oo 1 .oo 1 .oo 1 .oo 
Blocks + AR(i) .oo 1 .oo 1 .oo 1 .oo 
Bumps + AR(I) .oo .97 .99 .99 
Heavisine + AR(l) .oo .99 1 .oo 1 .oo 
Doppler + AR(i) .oo .95 .99 .99 

SD(q) = a. We consider two different sample sizes 
(n = 2,048,1,024), and three different root signal-to-noise 
ratios (RSNR = 10,7,3). The goal is to predict the orig- 
inal signal S z (S(tl), , S(t,))’ from the noisy data 
Y E (Yl, ~ Y,)‘. 

We apply our DecompShrink I and the DecompShrink 
II methods, in which the shrinkage functions are given 
by (13) and (21), respectively. We compare our meth- 
ods to two commonly used wavelet-shrinkage methods, 
VisuShrink [0( 71 computation] and SureShrink [(n log(n) ) 
computation], defined in the introduction. We have al- 
ready remarked that the MAD estimator 5 given by (2) 
tends to overestimate the noise parameter when the signal 
contains stochastic components. Therefore, we also con- 
sider the Adjusted SureShrink method that uses instead the 
variogram-based estimator 6 given by (6). For all cases, 
we choose a nearly symmetric wavelet that is smooth, 
has finite support, and has four vanishing moments, from 
a family of wavelets called symmlets (Daubechies 1992). 
For VisuShrink, SureShrink, and the Adjusted SureShrink, 
we choose JO = J - 5 to match Donoho and John- 
stone (1995) and Donoho et al. (1995). All the pro- 
grams are implemented using S+ Wavelets (Bruce and Gao 
1994). For illustration, some reconstructions from these 
five methods for “Blocks” and “Random-Walk” signals are 
shown in Figure 3, page 268, and Figure 4, page 269, 
respectively. 

The performance of the various wavelet methods for es- 
timating the signal S is compared using the mean squared 

error (MSE) criterion: 

MSE(8) = f, 2 ($&) - S(t,))‘. 
2=1 

Based on the random variation in the stochastic signal and 
noise, 100 replications of Y were obtained. Each replicate 
gives an MSE(3). Figure 5 and Figure 6 display boxplots 
of MSE values for the “Blocks” and the “AR(l)” signals 
with n = 2,048 and RSNR = 7. It is easy to see that the 
distributions of MSE values for both of our methods not 
only have smaller means, but also have smaller variances. 
We summarize the simulation results in Tables l-4. 

Table 1 shows the average MSE values over 100 replica- 
tions obtained from the five wavelet-shrinkage methods for 
VIZ = 1,024 and RSNR = 7, where the values in parenthe- 
ses are the estimated standard deviations. It can be seen that 
both the DecompShrink I and the DecompShrink II methods 
have smaller average MSE values than the other methods 
for all the signals considered. Comparing the SureShrink 
and the Adjusted SureShrink method, we see that they per- 
form similarly for the four deterministic test signals and for 
the random walk, but the Adjusted SureShrink method per- 
forms much better than the SureShrink method when the 
signal contains an “AR(l)” component. The MSE value of 
the Adjusted SureShrink method for the “AR(l)” signal is 
1.068, however, which is still larger than 0’ = 1. The Visu- 
Shrink method always has the largest average MSE values 
among the four methods. Notice that when the signal is 
known to be generated from an AR(l) process in advance 
and the parameters are estimated by maximum likelihood, 
one can construct a parametric Bayes predictor for S(.). In 
this case, the average MSE value for n = 1,024 and RSNR 
= 7 reduces from .818 (DecompShrink I) to .751. In prac- 
tice, however, the form of the true signal is rarely known; 
it is in these realistic situations that our approach using 
wavelets is very powerful. 

Table 2 shows the proportion of MSE values smaller than 
those of the SureShrink method for various shrinkage tech- 
niques based on 100 replications for n = 1,024 and RSNR 
= 7. Both the DecompShrink I and the DecompShrink II 
methods beat the SureShrink method around 72% of time 
for the “Heavisine” signal, and they beat the SureShrink 
method at least 98% of time for all the other signals. 

Tab/e 3. Estimation of the Noise Parameter v Using the MAD and the Variogram Methods Based on 100 Replications (n = 1,024, RSNR = 7) 

MAD Variogram 

Signals Mean Bias MSE Mean Bias MSE 

Blocks 1.0291 .0291 .0037 .9704 -.0296 .0046 
Bumps 1.0431 .0431 .0048 1.0388 .0388 .0106 
Heavisine .9920 -.0080 .0027 .9656 -.0344 .0047 
Doppler 1 .0134 .0134 .0030 .9580 - .0420 .0096 
Random-walk 1.0853 .0853 .0146 .9904 p.0096 .0085 
AR(l) 1.6502 .6502 .4299 1.0073 .0073 .0765 
Blocks + AR(I) 1.2678 .2678 .0759 .9973 -.0027 .0174 
Bumps + AR(l) 1.2794 .2794 .0818 .9968 -.0032 .0313 
Heavisine + AR(l) 1.2294 .2294 .0560 1.0120 .0120 .0180 
Doppler + AR(l) 1.2450 .2450 .0636 .9288 -.0712 .0327 
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272 H.-C. HUANG AND N. CRESSIE 

Table 3 shows the estimation of the noise parameter u for compshrink II methods perform almost uniformly better 
r~ = 1,024 and RSNR = 7, based on both the MAD method than the other methods in terms of average MSE values, 
and the variogram method. As we expect, the MAD esti- and the advantage is more significant for signals that con- 
mator tends to overestimate the noise parameter (T when tain stochastic components. Comparing DecompShrink I to 
the signal contains stochastic components. The estimate of DecompShrink II, it is interesting to see that both methods 
0 based on the variogram method is almost unbiased for perform about the same. The improvement of the Decomp- 
both deterministic and stochastic signals. It is not surpris- Shrink II method over the DecompShrink I method, if any, 
ing then that the Adjusted SureShrink method outperforms is small. Thus, the DecompShrink I method is preferable in 
the SureShrink method for signals that contain stochastic terms of its good performance and ease of computation. 
components. Finally, Table 5 shows the effect of the choice of Jo using 

Table 4 shows that, among all the signals, sample sizes, the five wavelet-shrinkage methods (7~ = 1,024 and RSNR 
and RSNR’s we consider, the DecompShrink I and the De- = 7). It can be seen that both the DecompShrink I and the 

Table 4. Average MSE Performance of Simulated Examples Using Various Wave/et-Shrinkage Techniques Based on 100 
Replications (n = 1,024, 2048, RSNR = IO, 7, 3) 

Signals Methods 

RSNR= 70 RSNR = 7 RSNR = 3 

n = 1,024 n = 2,048 n = 1,024 n = 2,048 n = 1,024 n = 2,048 

Blocks 

Bumps 

Heavisine 

Doppler 

Random-walk 

AR(l) 

Blocks + AR(l) 

Bumps + AR(l) 

Heavisine + AR(l) 

Doppler + AR(I) 

Visu .694 .394 1.149 ,666 3.527 1.936 
Sure .I94 ,142 ,472 .293 1.667 1.107 
Adj-Sure ,175 ,139 ,435 .277 1.612 1.097 
Decomp I ,155 .097 ,295 ,186 1.358 ,930 
Decomp II ,155 ,097 ,295 ,185 1.355 .928 
Visu .908 .514 1.593 ,907 5.599 3.278 
Sure ,199 ,160 .463 ,281 1.762 1.176 
Adj-Sure .203 .I63 .460 ,283 1.835 1.176 
Decomp I ,168 ,111 ,325 ,209 1.604 ,974 
Decomp II .167 ,110 ,323 .208 1.595 ,968 
Visu ,076 ,045 .I22 .075 ,326 ,243 
Sure ,056 .037 ,092 ,065 .307 ,237 
Adj-Sure .056 .037 ,091 .065 ,306 ,236 
Decomp I .048 ,028 .086 ,050 ,329 ,202 
Decomp II .049 .029 ,087 .051 ,335 .205 
Visu ,369 ,194 ,608 ,325 1.780 1.013 
Sure ,143 ,086 ,299 ,143 1.007 ,683 
Adj-Sure ,150 ,085 ,284 ,145 ,999 ,671 
Decomp I .115 ,065 .209 .121 ,851 ,484 
Decomp II ,143 ,065 ,209 ,121 ,856 .486 
Visu ,956 .571 1.193 ,712 2.104 1.189 
Sure ,347 ,223 .483 ,323 1.243 ,838 
Adj-Sure ,296 ,209 .461 ,314 1.220 .827 
Decomp I ,238 .172 ,371 ,258 1.030 ,686 
Decomp II ,238 ,171 ,371 ,258 1.032 ,686 
Visu 5.662 5.820 6.187 6.401 9.146 9.318 
Sure 1.761 1.461 2.117 1.994 3.560 3.368 
Adj-Sure ,569 ,531 1.068 1.004 3.324 3.263 
Decomp I ,465 .462 ,818 ,814 2.593 2.553 
Decomp II .465 ,461 .817 ,812 2.590 2.547 
Visu 2.540 2.328 3.127 2.814 5.794 4.799 
Sure ,740 ,600 1.151 ,957 2.585 2.323 
Adj-Sure ,430 .420 ,807 ,733 2.421 2.247 
Decomp I .372 ,356 ,631 ,599 1.993 1.755 
Decomp II ,372 ,355 .630 .598 1.990 1.753 
Visu 2.926 2.481 3.704 3.053 7.923 5.984 
Sure ,690 ,585 .926 .806 2.892 2.069 
Adj-Sure ,415 ,424 ,785 .719 2.606 2.054 
Decomp I .384 ,369 ,672 .605 2.253 1.825 
Decomp II ,383 ,358 .671 ,603 2.244 1.821 
Visu 1.981 2.021 2.350 2.379 3.749 3.736 
Sure .710 ,699 ,855 ,838 1.879 1.848 
Adj-Sure ,459 ,438 ,776 ,734 1.858 1.838 
Decomp I ,353 ,343 ,570 ,560 1.533 1.483 
Decomp II ,352 ,343 ,570 .559 1.533 1.479 
Visu 2.267 2.127 2.744 2.540 4.809 4.239 
Sure ,670 .692 ,960 .863 2.264 2.004 
Adj-Sure .457 .415 .739 ,699 2.144 1.941 
Decomp I ,374 ,344 ,616 ,563 1.765 1.560 
Decomp II .374 ,343 ,615 ,562 1.764 1.556 
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WAVELET DECOMPOSITION FOR RECOVERY OF SIGNAL FROM NOISY DATA 273 

Table 5. Average MSE Performance of Simulated Examples Using Various Wave/et-Shrinkage Techniques and Various Lowest- 
Scale Cut-off Parameters Jo, Based on 100 Replications (n = 1,024, RSNR = 7) 

Signals Methods Jo = 2 Jo = 3 Jo = 4 Jo = 5 Jo = 6 Jo = 7 

Blocks Visu 1.488 1.433 1.321 1.149 ,908 .705 
Sure 1.978 ,610 ,479 ,472 ,473 .489 
Decomp I ,295 ,295 ,295 .295 ,294 ,307 

Bumps Visu 1.916 1.874 1.780 1.593 1.406 1.130 
Sure ,489 ,487 ,472 ,463 ,465 ,478 
Decomp I ,325 ,325 ,325 ,325 ,324 .340 

Heavisine Visu ,312 ,257 ,157 ,122 ,118 .152 
Sure 26.394 ,125 ,088 .092 .I09 .I51 
Decomp I ,086 .086 ,086 ,089 ,110 ,159 

Doppler Visu ,799 ,744 .662 ,608 .523 ,454 
Sure ,966 ,303 ,296 ,299 ,307 ,338 
Decomp I .209 .209 .209 ,213 ,226 ,263 

DecompShrink II methods are insensitive to the choice of 
Jo, in particular for smaller Jo. This is not the case for 
VisuShrink and SureShrink and gives further justification 
for preferring DecompShrink. 

3.2 An Application to Environmental-Monitoring Data 
In this section, we apply the DecompShrink I method to 

environmental-monitoring data of PMlO, which refers to 
particulate matter with an aerodynamic diameter less than 
or equal to a nominal 10 micrometers. Major sources of 
PM10 include dust from road traffic, motor vehicles, pro- 
duction facilities, power plants, fires, construction activities, 
or droplets of emitted gases transformed from other air pol- 
lutants. Due to its small size, PM10 can penetrate into the 
lungs, so several environmental laws and regulations have 
been set based on the effect of PM10 on human health. 

The PM10 data we use are observed hourly at a monitor- 
ing station in the Taiwan Air Quality Monitoring Network. 
We chose a period of observations from August 12, 1993, 
through May 31, 1996. An average of PM10 values is taken 
every 24 hours, resulting in 1,024 daily observations, and 
it is these 1,024 observations that are analyzed using our 
approach. 

The PM10 measurements are known to contain measure- 
ment error (noise). The goal is to produce more precise 
PM10 values. We use the DecompShrink I method to fil- 
ter out the noise. Figure 7(a) displays a portion of the 1,024 
observations (dashed line) analyzed, along with its Decomp- 
Shrink I reconstruction (solid line). It can be seen that the 
DecompShrink method shaves off the peaks and fills in the 
valleys differentially, by adapting to the large-scale, small- 
scale, and noise components in the PM10 variable. The dif- 
ference between the observed and the fitted curves is shown 
in Figure 7(b). It is not surprising that the resulting PM10 
estimate is still not smooth at all because the true daily 
PM10 values are expected to have high daily variations. 

3.3 Image Denoising 
In this section, we consider an image-denoising problem 

in two dimensions. We use the “Peppers” image, shown in 
Figure 8(al), as our test image. It consists of 256 x 256 pic- 
ture elements (pixels). We choose a two-dimensional symm- 
let wavelet, constructed from the one-dimensional symm- 
let wavelet with four vanishing moments, using the tensor- 

product method described in the introduction. The empirical 
wavelet coefficients at the jth scale in this setting can be 
written as wj = ((WI”)‘, (WY))‘, (WY’)‘)‘, j = Jo,. ,8, 
where each component corresponds to horizontal, verti- 
cal, and diagonal spatial orientations, respectively (Mal- 
lat 1989). We then apply the DecompShrink I and the 
SureShrink methods to each of the three components of wj 
at each scale. For the DecompShrink I method, we choose 
Jo to be the smallest scale possible allowed by the dis- 
crete wavelet transform (i.e., Jo = 2). For the SureShrink 
method, we try different values of Jo and find that it works 
best when Ja = 5. 

The log signal-to-noise ratio (LSNR) is used as a quan- 
titative measure of image quality, and is expressed as 

LSNR E 10 log,, 
variance of signal 
variance of noise 

in “db” units. Figure 8, (bl) and (cl), shows two “Peppers” 
images, degraded by adding Gaussian white noise (LSNR 
= 5.5 db and 2 db, respectively). 

The images reconstructed from Figure 8, (al), (bl), and 
(cl), based on the SureShrink method are shown in Figure 
8, (a2), (b2), and (c2), respectively, and the reconstructions 
based on the DecompShrink I method are shown in Figure 
8, (a3), (b3), and (c3), respectively. 

The results show that the image reconstructed from the 
original image with no noise added [i.e., Fig. 8(a3)] based 
on the DecompShrink I method is exactly the same as the 
original image, as we would hope for but not always ex- 
pect. Furthermore, the LSNR of the reconstructed images 
increases substantially over that of the noisy images. For 
example, for the “Peppers” images shown in Figure 8, (bl) 
and (b3), we see an increase in LSNR from 5.5 db to 13.48 
db and for Figure 8, (cl) and (c3), we see an increase from 
2 db to 11.75 db. Notice that the DecompShrink I method 
performs better than the SureShrink method, for recovering 
the noisy images, in terms of LSNR. 

4. DISCUSSION AND CONCLUSIONS 
In this article, we have developed an empirical Bayesian 

wavelet-shrinkage method by assuming that the observed 
process can be decomposed into a large-scale determinis- 
tic trend plus a zero-mean Gaussian stochastic process plus 
noise. The proposed shrinkage rule has some advantages 
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over current wavelet-shrinkage methods. First, it is adap- 
tive to the smoothness of the signal regardless of whether 
the signal has a sparse wavelet representation because the 
DecompShrink method not only catches the signal compo- 
nents with larger wavelet coefficients based on normal prob- 
ability plots but it also catches the signal components with 
smaller wavelet coefficients based on a prior covariance. 
Second, our estimate of ~7 using the variogram method turns 
out to be more robust than the MAD estimate, especially 

for stochastic signals. Third, our DecompShrink I estimate 
is computationally efficient [requiring only O(12 lof; 72) op- 
erations], and finally it is insensitive to the choice of the 
lowest-scale cut-off parameter Jo. 

Simulation studies show that our method, based on ei- 
ther a simple independence covariance or a multiscale 
tree-structure covariance, has superior MSE performance 
over the VisuShrink and the SureShrink methods for both 
deterministic and stochastic signals. It is not surprising 

Figure 7. (a) Daily PM10 Observations (dashed line) and DecompShrink I Reconstruction (solid line) From August 12, 1993, through December 
17, 1993; (b) the Difference Between Daily PM10 Observations and DecompShrink I Reconstruction From August 12, 1993, Through December 
17. 1993. 
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(4 (c3) 

Figure 8. (al), (bl), (cl): Original “Peppers” Images (256 x 256 pixels), Where LSNR = cc db, 5.5 db, and 2 db, Respectively; (a2), (b2), (~2): 
SureShrink Reconstructions, Where LSNR = 28.92 db, 13.39 db, and 10.99 db, Respective/y; (a3), (b3), (~3): DecompShrink I Reconstructions With 
LSNR = 00 db, 13.48 db, and 11.75 db, Respectively 

that the VisuShrink and the SureShrink methods do not 
perform well for recovering stochastic signals because 
shrinkage rules based on simple hard-thresholding or soft- 
thresholding functions rely heavily on a sparse wavelet rep- 
resentation, which is not the case typically for stochastic 
signals. 
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