
Cressie, N. and Hulting, F. L. (1992). A spatial 

statistical analysis of tumor growth.  Journal of 

the American Statistical Association, 87, 272-283.  

 



A Spatial Statistical Analysis of Tumor Growth
NOEL CRESSIE and FREDERICK L. HULTING*

Growth models for tumors commonly are developed for a one-dimensional summary (e.g., number ofcells,volume). At the supracellular
level, however, ignoring tumor shape leads to oversimplification of the growth mechanism. For example, an oncologist would view
the discovery of a compact tumor of volume v differently from the discovery of two osculatory compact tumors each of volume
v /2. This article presents a growth model that uses shape information at a previous time to describe the tumor at the present time.
An analysis is given of three successive two-dimensional images of cell islands, which are obtained from in vitro growth of human
breast cancer cells.

KEY WORDS: Boolean model; Geometric probability; Hitting function; Interacting particles; Mathematical morphology; Random
sets; Regression diagnostics.

1. MODELING GROWTH WITH RANDOM SETS

Growth ofan entity often is quantified by measuring one
dimensional aspects, thus making it difficult to detect growth
patterns of varying shape. For example, most mathematical
models of tumor growth have used one-number summaries
(e.g., volume, number of cells, leading front, mean radius)
of the tumor in (sometimes stochastic) differential equations.
These contributions (Laird 1964; Burton 1966; Saidel, Liotta,
and Kleinerman, 1976; Sawyer 1977; Hanson and Tier 1982;
Bartoszynski, Brown, and Thompson 1982; LeCam 1982;
Miller, Halks-Miller, Egger, and Halpern 1982; Adam 1986;
Swan 1987; and Norton 1988) typically answered different
questions than those asked in this article and usually are
meant for applications with incidence data available on many
cancer patients.

The spatial component of growth models, although less
prominent, has not been ignored completely (Adam 1987;
Goodall 1985; Green 1980; Shymko and Glass 1976; and
Tautu 1986). Rubin (1982) has argued that cellular orga
nization is important in characterizing tumor growth. Fur
ther, interacting particle models built at the cellular level
allow simulations ofand conjectures about the tumor shape.
Theoretical results have shown the tumor as asymptotically
(as time tends to infinity) circular. Nevertheless, none of
these papers addresses the important inverse problem: esti
mating spatial model parameters from growth data like those
presented in Cressie (1991 a) and reproduced here in Fig
ure 1.

In this article we solve the inverse problem for a spatial
model (based on growth from randomly located foci) fit to
the "set data" shown in Figure 1. A growth process can be
very complex; all we are trying to do is capture the broad
spatial structure at the supracellular level. Although the cell
islands represent in vitro growth, one could imagine moni
toring changes in tumor size and shape through precise non
invasive imaging. Necessarily, then, the data must be good
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quality images sequenced at specified time intervals and
taken under identical conditions. In vivo data of this type
are unknown (to us), partly because tumors have been sur
gically removed as soon as possible after discovery, partly
because the precision of X-ray pictures has been inadequate
for detailing tumor shape, and partly because of the impor
tance of taking pictures under identical conditions and se
quenced at specified intervals has only been clinically ap
preciated recently.

Even if the clinical and engineering problems are resolved,
the difficult statistical problem of analyzing the images re
mains. This article builds a model of tumor growth at the
supracellular level before vascularization and shows how in
ference can be carried out on the model's parameters. Good
quality pictures of in vitro growth are analyzed in Sections
3 and 4, giving very good fits. With improved imaging tech
niques and development of statistical methods such as de
scribed here, there is no reason why in the future growth
modelers should be restricted to analyzing one-dimensional
summaries.

The general growth model is presented in Section 2, with
supporting theory contained in Appendix A.l. Methods of
analysis and inference are presented in Sections 3 and 4 (with
computational details given in Appendix A.2), and the results
obtained are discussed in Section 5.

2. RANDOM-SET GROWTH MODELS

Appendix A.l defines the notion of a random closed set
(RACS) Zin ~d and its translate Z(s) == ze {s} == {z + s:
z E Z C ~d}, where s E ~d. It also defines the notion of a
point process D in ~d as a collection of random spatial 10
cations. This article considers an application in the plane
~2, although we provide all the model development in the
more general d-dimensional Euclidean space ~d.

The Boolean modelX is defined as

x== U {Z;(s;): s;ED}.

Think of the {s.} as foci (or germs) ofgrowth; around each
S;, an object (or grain) Z; grows.

The same principle is now applied to the tumor itself as
it grows; that is, within the tumor are foci around which
growth occurs. If this model is sensible, a much higher in-
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(a)

(b)

o O.2mm
- (c)

Figure 1. Digitized Boundaries of Three Images of the Same Tumor
Photographed 72 Hours Apart; In Vitro Growth in Two Dimensions of
Human Breast Cancer Cells (line MCF-7): (a) State 1, (b) State 2, and
(c) State 3. Original photograph was supplied by G. C. Buehring (School
of Public Health, University of California, Berkeley). Source: Cressie
(1991a).

Then from equation (A,10) in the Appendix, the probability
that %2 hits (i.e., intersects) a compact set K is

TX 2(K) == Pr(X2 n K *0)

= 1 - exp {- AE( Ii 8 K) n XI I)lo (4 )

which is used extensively in analyzing the tumor-growth data
in Section 3. (The set addition operation "8" and the set
reflection operation "',, are defined by (A,2) and (A,5);
IA I denotes fA ds.) The function TX2 is known as the hitting

function of X2 •

Simulations of (2) yield pictures evoking images of tu
mor growth. Figure 2, one of several such figures given by
Cressie ( 1991a), shows a progression XI , X 2 , X 3 , X 4 from
an initial disk (Figure 2a) through to an irregular set (Fig
ure 2d). Each set is generated from the previous set via
the relations (2) and (3), with grain Z a disk centered at
the origin of fixed radius. Figure 2 is presented for illus
tration only; Section 3 gives a shape-transformed version
of (2) and (3) that will be used to model images of the
type seen in Figure 1.

It is not expected that successive simulations of(2), even
after shape transformations, will give a realistic picture of in
vivo tumor growth over long periods. Initially the growth is
uninhibited, but before long a lack of blood supply to parts
of the tumor, as well as tissue barriers, cause a more com
plicated growth pattern. It is our hope that the model given
by (2) and (3) provides a good description ofvarious growth
processes, but this will depend on the spatial scale of obser
vations and the type of questions asked. An important re
quirement is the ability to make statistical inferences about
Aand the probability law of Z, from data XI and X 2 (see
Section 4).

3. TUMOR-GROWTH

where G is the inhomogeneous Poisson process with intensity
function

tensity of foci will occur in malignant tissue than in normal
tissue. Let Xl denote the tumor at time t = 1 and F C XI
denote the foci, countable in number. Then the tumor at
time t = 2 is modeled as:

where Z(Si) == Z, 8 {s.} (i = 1,2, ... ) and ZI, Z2, ... ,are
independent copies of a random closed set (RACS) Z. In
this model, first proposed by Cressie ( 1984), F consisted of
Poisson points homogeneous on XI' The model later was
extended by Cressie ( 1991a) to other cases such as regular
foci, including, as a special case, the contact processes of
Eden (1961), Harris (1974), and Williams and Bjerknes
( 1972).

For Poisson foci in an initial set XI , the model ( 1) can be
written as

X2 = U {Z(Si): SiE Flo

Cancer is a disease involving disordered cell growth char
acterized by one or more malignant tumors (International
Union Against Cancer 1978). Malignant tumors directly in
vade surrounding tissue. Their cells usually reproduce in a
rapid, disorderly manner and can spread via the lymphatic
or blood system to develop secondary tumors (metastases)
elsewhere in the body.

Good reviews ofthe mathematical theories ofcarcinogen
esis can be found in articles by Forbes and Gibberd ( 1984),
Murdoch, Krewski, and Crump (1987), Whittemore (1978),
and Whittemore and Keller ( 1978). Carcinogenesis generally
is considered to follow the degeneration of a normal cell to
a malignant state through a finite number of intermediate
stages, with heritable alterations to the cell accumulated at
each stage. This degeneration apparently starts at the level
of DNA, the cellular genetic material. Normal cells contain
DNA segments called protooncogenes, which appear to be
responsible for regulating cell growth. A carcinogen alters
the DNA by transforming protooncogenes to oncogenes,
DNA segments that produce cancer when transferred to nor
mal cells. The effects of exposure to a carcinogen often do
not emerge for many years after exposure. Other factors
known as promoters (e.g., hormones, dietary components,

(I)

(2)

(3)

ifs E XI

otherwise.

A(s) = A

=0

X 2 = U {Z(Si): SiE Glo
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(a)

(c)

Journal of the American Statistical Association, June 1992

(b)

(d)

Figure 2. Simulation of Models (2) and (3), Where (a) Shows the Disk (circle and its interior) XI and (b) Shows X2 • The set X3 in (c) is obtained
from X2 in the same way X2 is obtained from XI; similarly for X4 in (d). The random grain Z is a disk of fixed radius. Source: Cressie (1991a).

asbestos) then modify cells or body defense mechanisms to
allowmore rapid growth once cellular DNA has been altered.

Cell organization also is important, but this spatial com
ponent has not been given the attention it deserves (Rubin
1982, 1985; Takahashi, Iwama, and Yaegashi 1986). The
implication is that understanding tumor growth in humans
depends on understanding the growth process at the supra
cellular and cellular levels. The spatial cell growth model
detailed in the following pages assumes the presence of
growth foci in the tumor as it grows. (Growth foci are clin
ically verifiablein precancerous tissue; see Chover and King
[1985].)

Cancerous growth results from cell division rather than
from an abnormal cell infecting neighboring cells. Thus,
growth restricted to the boundary seems less likely in the
prevascularization stage of the tumor. At a referee's sugges
tion, we fit a boundary growth model to the set data in Figure
1,using similar methods to those given in Section 4. A much
poorer fit was obtained, reinforcing our earlier intuition.
Note, however, that the cell island growth analyzed is oc
curring in vitro, in a nutrient medium on a flat dish; in vivo
growth occurs in a much more heterogeneous environment,

in which inhomogeneous foci intensity and differential
growth from those foci likely will occur earlier in the growth
process.

The growth around a focus is assumed to be a disk of
random radius, as some clinical evidence indicates that tu
mor growth is spheroidal (Haji-Karim and Carlsson 1978;
Martinez and Griego 1980). Moreover, certain stochastic
models of tumor growth (Richardson 1973; Schurger 1979;
Bramson and Griffeath 1980, 1981; Durrett and Liggett
1981 ) have asymptotic (t - (0) circular growth. On a time
scale that detects cell division, 72 hours can be regarded as
infinity.

Other methods of analysis, such as by landmarks (Kendall
1989) and templating (Grenander and Keenan 1989), are
not particularly appropriate here because they do not take
advantage of the model mechanism. Ifan entity has natural
landmarks, it would be sensible to use them in a spatial anal
ysis of growth characteristics.

3.1 In Vitro Growth of Cell Islands

Cells from the human breast cancer cell line MCF-7
(Soule, Vazquez, Long, Albert, and Brennan 1973) were

D
ow

nl
oa

de
d 

by
 [

10
1.

17
4.

83
.2

5]
 a

t 1
6:

26
 2

2 
Ju

ly
 2

01
4 



Cressie and Hulting: Spatial Growth Modeling

grown on a flat dish covered with a nutrient medium. This
cell line typically grows in compact cell islands, as is seen
from the sequence of three digitized images photographed
72 hours apart presented in Figure 1; original photographs
can be found in Cressie ( 1991b, Fig. 9.13). These data, sup
plied by G. C. Buehring, School ofPublic Health, University
ofCalifornia at Berkeley, come from experiments similar to
those described in Buehring and Williams ( 1976). The data
are planar, as the cells are grown on a flat dish; thus there
are no stereological problems to solve, such as one would
encounter with in vivo growth. The time scale of 72 hours
between images was appropriate for counting numbers of
cancer cells and plotting a growth curve; our analysis will go
beyond this one-dimensional approach.

3.2. The Basic Stochastic Geometric Model
of Tumor Growth

275
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Figure 3. Digitized Boundary of X2 and X3 • Centered at X2 's Center of

Gravity. (-----) indicates boundary of X2 • (-) indicates boundary of
X3 • Source: Cressie (1991b).

a disk of random radius R I+ I, and that Dt+ I is a homogeneous
Poisson process. Then the goal is to estimate AI+ I , E(Rt+I),
var(Rt+l), ....

Performing the appropriate transformation to convert X2

into a disk is not difficult. Let the boundary ofX2 be described
by the polar coordinates {(r2(8), 8): °~ 8 < 211"}, where
the radius rz (8) is a function of the angle 8; that is, assume
X 2 is "star-shaped." If it is not and there are several bound
ary points r~, I, ... , r ~,k at 8 = 80 , then choose rz (80 )

= max{ r~,1> ... , r~,d. The geometric signature transfor
mation from ~2 onto ~ 2is defined in polar coordinates as

S2(U) = (u' {r2/r2(8)}, 8);

u = (u, 0) E (0, (0) X (0,211") = jR2, (9)

3.3 Isotropic Growth on the Transformed Scale

It is natural to analyze these data rotationally rather than
translationally, leading to the question of whether the growth
process is isotropic (i.e., no direction ofgrowth is preferred).
If the mechanism ofgrowth is something like a contact pro
cess(Harris 1974), parts of the X 2 boundary exhibiting higher
curvature may grow at a faster rate. However, a transfor
mation of jR2 such that X 2 transforms into a set with a
boundary having a constant radius ofcurvature (i.e., a disk)
would make an isotropy assumption reasonable. This trans
formation also is very important for comparing the two
growth periods; in both cases, one starts from the same initial
set (i.e., a disk) on the transformed spaces. Standardization
to the unit disk is the morphological equivalent of the usual
standardizations made with simple economic variables such
as inflation and unemployment. Finally, the hitting functions
are easier to calculate for this isotropic process.

The transformation is not sensible for a highly fibrous
tumor. Not only does such a tumor's boundary yield am
biguities in the transformation's definition, but its center of
gravity may have little to do with a center of isotropic growth.

Define b(s, r) == {u: [u - s] ~ r} to be the ball of radius
r with a center at s E jRd. Notice that k- b(s, r) = b(ks,

Ikl r) and b(SI' rd e b(S2' r2) = b(sl + 52, rl + r2).
After transformation, we shall assume in (6) that

Let XI denote the initial tumor and let D 2 denote a ho
mogeneous Poisson process of intensity A2' Then define the
time-2 tumor as

X2 = U {22( s;) : s, E D 2 n Xd, (5)

where 2 2(s;) == 2;,2 e {s.} (i = 1, 2, ..• ) and {2;,2: i
= 1, 2, ... } are independent copies of the RACS 2 2. In
general,

Xt+1 = U {2t+I(s;): s, E Dt+1 n Xd; t = 1,2, ... , (6)

where 2 1+ I(s;) == 2;,1+1 e {s;} (i = 1,2, .. '), {2;,t+1: i
= 1, 2, .•. } are independent copies of the RACS 2 t+I, and
Dt+ I is a homogeneous Poisson process of intensity At+ I in
dependent from {2;,1+1: i = 1,2, ••• }. Note thatXt+1 does
not necessarily include all of XI'

Conditional on observing XI' the hitting function of X I+I

is 1 - QX'+1 (K), for K any compact set, where

QXr+l(K) = exp{ -AI+ I E ( I(2 1+1e K) n XII)} (7)

is obtained from equation (A.tO) in the Appendix.
The parameters of the set growth process (6) are those

from the probability law of the RACS 2t+1 and the proba
bility law of the point process Di; I, having conditioned on
the previous state XI' For example, the source ofrandomness
in {2;,t+ I : i = 1, 2, ... } might be a scaling random variable
R1+ I ; that is, 2 1+1 is distributed as Rt+ I • B, where B is a fixed
closed set in ~d and scalar multiplication is defined by equa
tion (A.4) in the Appendix. Then the goal is to carry out
statistical inference on At+1> E(Rt+d, var(Rt+I), and possibly
higher-order moments, for each t = 1, 2, .... This involves
not only estimating the parameters, but also providing stan
dard errors for the estimators.

For the data of Figure 1, results will be presented for X2

growing from XI and X 3 growing from X 2 • To illustrate the
technique, we give full details for the evolution of X 3 from
X2 • Figure 3 shows X2 centered at the origin, its center of
gravity. The outer curve is the boundary ofX 3 , the cell island
X 3 having evolved from X 2 over 72 hours. A (translational)
alignment of X2 and X 3 is possible because a common ref
erence point exists on the sequence of photographs from
which Figure 1 was taken. (The three images already are
rotationally aligned.)

2t+1 = b(O, Rt+I), (8)
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Figure4. Plot of rdr2(8) Versus 8, Used in Definingthe Geometric Signature Transformation (9). Source: Cressie(1991b).

where
'z == (I/2)[sup{'zUI): 0::::;; 8 < 211"}

+ inf{'z(O):O:5 0 < 211"}). (10)

Zahn and Roskies ( 1972) also took this boundary description
approach to analyzing the size and shape of objects.

The quantity rz in (10) represents the average radius of
the largest inscribed circle and the smallest circumscribed
circle, centered at 0; 2,z has a clinical interpretation as the
mean caliper width of the tumor Xz. Along with the square
root of the area IXzl , rz is a measure of tumor size.

In any fixed direction, (9) preserves ratios of distances
from the origin. Figure 4 shows a plot of the multiplicative
ratio 'z/'z-(O), as a function of 8 E [0, 211"). Applying this
transformation to the boundaries ofXz and X 3 presented in
Figure 3, produces the results shown in Figure 5. Note that
X z is transformed to the disk of radius rz- The outer curve
shows the boundary of Y3, the transformation of X3.

After transformation, it is reasonable to assume that the
stochastic mechanism resulting in Y3 does not depend on
direction. In analyzing spatial data, stationarity usually is an
important assumption because it allows subregions of the
spatial process to serve as replicates and hence to provide
estimates of spatial parameters. Here, isotropy is important
for the same reason.

Now assume that the "conditional" Boolean model given
by (6) and (8) applies on the transformed scale. Specifically,
because Xz is transformed to b(O, ,z)-the disk of radius
,z-and because Z3 = b(O, R3 ) , the model for Y3 is the
isotropic RACS,

Y3 == U {b(Si' R3,i): s, E D3n b(O, 'z)}, (11)

where D3 is a homogeneous Poisson process of intensity A3
and {R3,i : i = 1, 2, .•. } are independent and identically

distributed nonnegative random variables. By simulating the
stochastic geometric model (11) followed by the inverse
transformation of (9), we were able to produce realistic
looking sets X 3 •

The RACS (11) can be characterized by its hitting func
tion, which from (7) is the complement of QY3(K ) == Pr(Y3

n K = 0) = exp{ -A3E(I(b(O, R3) 0 K) n b(O, ,z)l)},
where K is any compact set in IR z• Then for K = b(s, I), a
disk ofradius I centered at s,

QY3( b( s, I»
= exp{ -A3E(lb(s, R 3 + I) n b(O, ,z)l)}. (12)

Define

q(s, I; A, R)

== exp {-AE(lb(s, R + I) n b(O, 1)1)}, (13)

Scale: ~'mm

Figure5. Boundary of Y2 and Y3 , Obtained fromtheGeometric Signature
Transformation (9). (-----) indicates Y2. (-) indicates Y3 • Source:
Cressie(1991b).
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where s = [s], I> 0, X> 0, R > 0. It is easily seen from
(12) that

QY3( b( s, I» = Q(S/'2, 1/'2; X3d ,R3/'2), (14)

where s = [s]. Note that QY3 depends on s only through s,
because the RACS Y3 is isotropic.

By working in units of '2 (the size of the tumor X2 ) , we
can concentrate on the shape characteristics and transform
back to the original units later. Thus, for the moment, assume
'2 = 1.

From the exponent of( 12), write

which is the area ofintersection of two disks distance s apart,
one disk of radius (R 3 + I) and the other of radius 1. Figure
6 shows the geometrical configuration.

3.4 Theoretical and Empirical Investigation
of the Hitting Function

From ( 13) and ( 15),

-log q(s, I; X, R) = A.E(A[(R»; X> 0, R> 0, (16)

where a tedious but straightforward calculation yields

A[(R)

= (1I'"/2){(R + 1)2 + I} - y(l){(R + 1)2 - y(l)2} 1/2

- (R + 1)2sin - l(y(l)/(R + I» - sin-I(s - y(l»

- (s - y(l»{ 1 - (s - y(l»2} 1/ 2, (17)

provided R + I ~ 1 and IR + I - s I < 1, and y(l) == (S2
+ (R + 1)2 - 1)/2s. Expand (17) in a Taylor series about
some fixed value RO to obtain

-log q(s, I; X, R)

= X{A[(RO) + E(R - RO)Ai(RO)

+ E(R - RO)2A/(RO)/2! + ... }

==(j[XI(I) + (j2 X2(1) + (j3X3(1) + ... , (18)

277

where xAI) == AV-I)(RO)/(J - 1)!;j = 1,2 ... ,and

X = (jl> (19)

E(R) = ({j2/{jd + R~, (20)

var(R) = ({j3/{jd - ({j2/{j1)2. (21)

Note that ( 18) is a linear combination of independent vari
ables {xA· ): j = 1, 2, 3, .•• }, with coefficients that are
functions of the parameters to be estimated. Obtaining
formulas for the independent variables is straightforward,
because these variables are just derivatives of A[( • ) given
by (17).

To estimate parameters {jl' {j2, and (j3, the theoretical
function (16) will be "matched" to its empirical version.
This is very much in the spirit of the classical method-of
moments technique of parameter estimation.

Return now to the analysis ofgrowth from time 2 to time
3. Isotropy of the RACS ( 11) ensures that

QY3( b( s, I» ~ (211'")-11{ 8: 8 E [0, 211'"); s > ;:i:; + I II
== 4(s, I; x3 , R3 ) , (22)

where r; = 1. So, {('3(8)/'2(8), 8): 8 E [0, 211'")} in (22) is
the boundary of Y3 • That is, q(s, I; X3 , R3 ) is the proportion
of angles 8 for which {'3 (8) / '2 (8)} < s - I. Computational
details needed to compute (22) are given in Appendix sec
tion A.2.

The values of the parameters {j l s {j2, and {j3 that bring
(jIXI (I) + (j2X2(1) + (j3X3(1) "closest" to -log q(s, I; X3 , R3),
I = II, ... .l», will be used to obtain estimators orA3 , E(R3 ) ,

and var(R3 ) . This method of fitting parallels the approach
taken by Serra (1982, p. 495ff'); an important consequence
is that variance estimates are available, allowing inference
on the parameters. Similar parallels with other methods of
inference for the Boolean model could be established. A
comprehensive review ofsuch methods can be found in Hall
(1988, chap 5).

4. FITTING THE TUMOR-GROWTH PARAMETERS

Define

W(I) == -log 4(s, I; X3 , R3) (23)

to be the dependent variable in the linear model

W(I) = (XI (I), X2(1), X3(1) )({jl' «: (j3)' + e(l), (24)

which is obtained by matching ( 18) with (22). Here, e( • ) is
an error term representing a combination of higher-order
Taylor series terms in ( 18), lack of model fit, and sampling
fluctuations; it is assumed to have mean°and homoscedastic
variance (i2, an assumption that will be checked by analyzing

8+1 the residuals.
! To implement estimation through (24), design constants

Rg, s, n, and 1[, ... , In must be chosen. In analyzing the
growth from time 2 to time 3, R~ = 1.2, s = 3.2, n = 13,
and II, ... , In = 1.05(.02) 1.29 were chosen.

The choice of R ~ is based on the growth rate as measured
Figure 6. Area of Intersection of Two Circles, With Centers Separated by tumor area. Define Ck as the areal growth factors-that

by a Distance lsi, Radii 1 and R3 + I ~ 1. Source: Cressie (1991b) is, IXk+11 = Ckl Xkl; k = 1, 2. Assuming that X2 is a disk
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(25)

and

(29)

(30)

(32)

12.688
8.293
9.740

R
(a ) - R(S)
3 - 3 '2,

(.31894)
(.06949)
(.01660)

b,

4.04668
.57624
.16165

fJ,

Because these estimates are obtained by nonlinear transfor
mation of the original estimators, a a-method calculation is
needed to obtain their approximate biases and variances (see
Table 3).

Recall that '2 = 1 was assumed. In fact, '2 is not 1, but
the simple relationships

), (a) _ ), (5)/ 2.
1\3 - 1\3 '2,

Table 2. Estimates of Linear Regression Parameters, Their
Standard Deviations, and Their t Statistics (';2 Denotes the

Estimated Error Variance): State 3 From State 2

where the superscripts "a" and "s" stand for "actual" and
"standardized," allow reconstruction of actual parameter
estimates from standardized parameter estimates (obtained
assuming '2 = 1). The size variable '2 = .2604 allows con
struction of the second half of Table 3.

To obtain estimates of the tumor-growth parameters,
sample versions of (19), (20), and (21) are invoked:

4.2 Regression Diagnostics

The error variance u2 is estimated by 0- 2 = 5.52 X 10-4

(on the standardized scale), which is very small when com
pared to the regression mean-squared error of 8.1303. The
adjusted R 2 = .9997.

The model is a remarkably good fit to the data, as seen by
the small estimated standard deviations in Table 2. Figure
7a shows a plot of the data W(·) versus the fitted relation
b.x, ( . ) + b2X2( • ) + b3X3( • ), and Figure 7b shows the re
siduals

e(li) == W(li) - bIXI(li) - b2X2(li ) - b3X3(li);

i = 1, ... , n (33)

versus the fitted relation; there is no obvious lack of fit.
The simple residual plot of Figure 7b sometimes can miss

important features unexplained by the fitted regression line,
in part because it is only a single two-dimensional summary
of a model in four-dimensional space. A series ofadded vari
able (AV) and detrended added variable (DAV) plots, de
signed to assess the role of the explanatory variables Xl, X2,

and X3 in the regression, provides additional visual summaries
of the model (Cook and Weisberg 1982;Cook 1986). Figures
8a and 8b display the AV/DAV pair for the variable x.. The
AV plot suggests a strong linear relationship, and the DAV
plot of the residuals shows no serious model deficiencies.
Similar conclusions may be drawn for X2 and X3.

Table 1. Design Constants 11 • . . . • 113• Dependent Variables W (/), and
Independent Variables XI (I), X2 (I), and X3 (/): State 3 From State 2

W (/) XI (I) X2 (I) X3 (I)

1.05 .83011 .030741 .53380 2.61583
1.07 .90965 .042402 .62957 2.20634
1.09 .96758 .055837 .71218 1.94088
1.11 1.05173 .070830 .78582 1.75022
1.13 1.10262 .087225 .85279 1.60419
1.15 1.17334 .104907 .91454 1.48727
1.17 1.24479 .123779 .97204 1.39054
1.19 1.38897 .143764 1.02598 1.30847
1.21 1.50208 .164798 1.07686 1.23744
1.23 1.57022 .186821 1.12509 1.17493
1.25 1.72224 .209785 1.17095 1.11917
1.27 1.83258 .233645 1.21469 1.06885
1.29 1.92873 .258360 1.25652 1.02297

W = XfJ + e,

where var(e) = Ju2
, standard results give

b == (bl> b2 , b3 )' = (X'X)-IX'W, (26)

G(b) = (X'X)-1&2, (27)

&2 = W'(l- X(X'X)-lX')W/(n - 3). (28)

of radius I and X 3 is a disk of radius 1 + R 3 , C2 is obtained
from 11"( 1 + R 3 ) 2 = C211" . Substituting in the observed value
for C2 (i.e., 5.016) and solving for R 3 yields R~ = 1.2.

Although it is possible to vary both s and I in selecting the
remaining design points, we chose to fix s and vary I because
numerical evidence demonstrated that AI(R~) varies ap
proximately as a function of the difference, s - I. Now if I
~ 1, then R3 + I is always ~ 1, satisfying one condition of
( 17). The other condition can be expressed as s - R 3 - 1
~ I ~ s - R3 + 1, which suggests taking s so that s - R~ - 1
~ 1; that is, s = 3.2. Substituting s = 3.2 and R~ = 1.2 into
the inequality above gives an approximate range for I as ( 1.0,
3.0]. However, for these data, zero estimates for q(s, I; A3'
R 3 ) were obtained for I > 1.4, effectively reducing the range
to the interval (1.0, 1.4]. Because observations are inexpen
sive, any number of I values may be selected-although it
is wise to avoid taking values of I close to 1.0 and 1.4 or
values "too close" together, which likely will yield imprecise
or highlycorrelated observations. Moreover, the Taylor series
approximation in (18) worsens as I gets further from R ~

= 1.2. Diagnostic plots (see Sec. 4.2) were made for various
choices of 11, ... , 1m and the final choice was made on the
basis that the linear model (24) should provide an adequate
description of the data.

4.1 Estimating Growth Parameters
The data for estimating fJl' fJ2, and fJ3 in the linear model

(24) are given in Table 1. The error term e( • ) will not nec
essarily be uncorrelated. However, design constants were
chosen to make e(ld, ... , e(ln) look like white noise as
much as possible, so that we can proceed with ordinary least
squares estimation of the parameters.

Estimates of fJh fJ2, and fJ3, denoted bh bi. and b-, are
given in Table 2. This table also provides estimates of stan
dard deviations, an estimate of u 2 == var( e( Ii», and t statistics
to assess the significance of each coefficient. Writing (24) as
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Table 3. Estimates of Tumor-Growth Parameters, Their Standard
Deviations, and Their Biases: State 3 From State 2

Parameter Estimator Estimate (§d) [bias)

Standardized

A3 b, 4.04668 (.3189) [.0)
E(R3) (b2/b,) + Rg 1.34240 (.0283) (.0022)

var(R3 ) (b3/b,) - (b2/b,)2 .01967 (.0114) [-.0015)

4.3 Evolution of the Cell Island at Time 2
from the Cell Island at Time 1

Actual (r2 = .2604 mm)

this article may allow conjectures about cell island growth.
Apparently, foci of growth occur randomly and the radius
of growth is approximately constant (on the transformed
scale ).

The model allows a tumor to regress as well as grow. It
would be interesting to see whether parameter estimators- - ./"..A, E(R), var(R) could be used to monitor the effect (i.e.,
growth or regression) ofa treatment regimen on tumor shape
and size. Further variants ofthe model can be found in Cres
sie (1991 b, Sec. 9.7.3).

In conclusion, we are encouraged by the accurate descrip
tion achieved by these conditional Boolean models. Although
we cannot claim that an explanation for tumor growth at
the supracellular level has been found, inferences from the
stochastic model agree with observations made from exper
iments on cell growth.

[.0)
[.00057)
[-.00010)

(4.7035)
(.00737)
(.00077)

59.685 mm- 2

.3496 mm

.00133 mm2

b,/r~
{(b2/b,) + Rg}r2

{(b3/b,) - (b2/b,)2)r~

A3
E(R3 )

var(R3 )

APPENDIX

A.1 Theory of Random Sets

The theory ofrandom setsused here is due to Matheron ( 1971,
1975) and independently to Kendall (1974). A random closed set
(RACS)Xin the d-dimensional Euclidean space IR d is a measurable
mapping from a probability space (Q, .A, P) onto (';J, };), where
':J is the set of all closed sets in IR d and}; is a IT-algebra generated
by countable unionsand intersections of opensetsof the topological
space ':J. (See Matheron 1975, p. 3, for a base for the topology on
':J derived from"hit-Of-miss" information.) Letthe inducedmeasure
Prx( • ) on }; be definedby

Prx( {F: FE 'Y}) == P(X-1('Y»); 'Y E};.

Just as a random variable is characterized by its cumulativedis
tribution function (cdf), so a RACS is characterized by its hitting
function. Define

to be the hitting function Tx defined over the set of all compact
sets J( in IRd; it is interpreted as the probability that the RACS X

hits K. For example, suppose X(w) is almost surelya point in 1R 1
;

that is,X is a random variable. Then, T x( ( - 00, x]) = P( w: X (w )
E (-00, x]), which is the cdf of the random variable X.

Matheron (1975, p. 29) shows that T x is a Choquet capacity
of infinite order. That is, 0 ~ T x ~ I, T x is increasing, and T x
satisfies an infinite sequence of inclusion-exclusion probability
formulas. These regularity conditions should be compared with
(simpler) ones for a cdf(i.e., bounded between 0 and I, increas
ing, and continuous from the right). A powerful result in the
theory of random sets (Matheron 1971) is that the converse is
true; namely, provided a function on J( is a Choquet capacity
of infinite order, that function is the hitting function of an a.s.
unique RACS.

The topology used in the definition of a random set is some
times called a myopic topology, because when applied to open
and closed sets it cannot distinguish between an open set and its
closure. Serra (1982, p. 84) shows this to be a strength of the
theory in that it corresponds to the reality of how images are
perceived.

The purpose of this brief introduction to random set
theory is to show that modeling can be carried out via the
hitting function. However, there are few models with tract
able hitting functions (Cressie and Laslett 1987); one with
attractive mathematical and physical properties is the Boolean
model.

(A.I)KEJ(T x(K) == Prx( {F: F n K =/= 0});

5. DISCUSSION

Comparing Tables 3 and 4 reveals that the tumor character
has changed significantly (in a statistical sense) from one
time interval to the next, in a way that is not obvious from
inspecting Figure 1. Comparing standardized estimates for
each table avoids confounding the size variable. In the first
72 hours (between time 1 and time 2), foci ofgrowth occur
at a higher intensity but the average radius of growth is
smaller, as compared to the next 72 hours (between time 2
and time 3). Simulation of the model (Cressie 1991a) in
dicates that larger tumors tend to occur when the growth
radii are larger, despite a decreased intensity of growth
foci. Whereas IXzl = 4.151 X\ I, in the later period 1X3 1

= 5.01IXz l.
The analysis demonstrates that model ( 11) provides a good

description of the image data. Simulations of (11), when
untransformed by the geometric signature transformation,
show cell islands not unlike X 3 in Figure 1. Although the
growth process does not occur according to a time scale of
72 hours, the dynamic conditional Boolean model given in

Having modeled and fit the cell island at time 3 from that
at time 2, we now consider fitting time 2 from time 1. The
previous sequence of steps was repeated. The multiplicative
ratios {rt/r1(6): 6 E [0, 211")} were determined, and ~z was
transformed using the geometric-signature transformation
51 ( • ) defined analogously to (9). Again, without loss ofgen
erality, assume rl = 1 and transform X\ to a unit disk and
the boundary ofXz to {(rZ(6)/rl (6),6): 6 E [0, 211")}, which
defines the set Yz. An analogous stochastic model to ( 11) is
posited, the function q(s, I; Az, Rz) now represents the com
plement ofthe (conditional) hitting function of Yz. Matching
-log qz(s, I; Az, Rz) with its empirical version, -log <1z(s,
I; Az, Rz)' yields parameter estimates, standard deviations,
and biases for Az, E(Rz), var(Rz), which appear in stan
dardized form in the first halfofTable 4 on page 282. Tumor
size is rl = .1097 mm, from which "actual" estimates were
computed; these also are presented in Table 4. Design con
stants chosen were R~ = 1.0, s = 3.0, n = 22, and l,
= 1.05(.02) 1.47. Diagnostic checking again showed an ex
cellent fit (;;.z = .0047, regression mean-squared error
= 26.4464, and adjusted R Z = .9987).
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Figure 7. (a) Plot of Data {W (II)} Versus Predicted Values {b,xdll) + b2X2(11) + b3X30i)} (Source: Cressie 1991b); (b) Plot of Residuals
{i(II)} Versus Predicted Values {b,xdll) + b2X20i) + b3X3(11)} (Source: Cressie 1991b).

(A.5 )

Before we give the Boolean model and its hitting function, a
few preliminaries of mathematical morphology (Matheron 1975)
are needed. Think of jRd as a vector space (e.g., elements x, y
add through vector addition, x + y; scalar multiplication is
represented as Ax; etc.). Let A and B be two subsets of jRd;

define

A 8 B es {a + b: a E A, b E B} (set addition), (A.2)

A(h)==A8{h} (translation), (A.3)

AA == {Xa: a E A } (scalar multiplication), (AA )

and

A ee { -a: a E A} (reflection).

The Boolean model is defined as

X==U{Z(Si):SiED}, (A.6)

where Z(Si) == Z, 8 {s.} (== Zi(S;) by (A.3», Z" Z2, ... are
independent copies of the a.s. compact RACS Z in jRd, and D is a
homogeneous Poisson process, intensity A, in jRd (see, for example,
Stoyan, Kendall, and Mecke [1987, p. 42]). In other words, the
RACS X is the union of independent "grains" (Zi'S) growing about
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l
W.[l]
• 115

.10

.015

.00

- .015

- .10

•.

281

.015

• 00

•

•

. .

Figure 8. (a) Added Variable (AV) Plot of {iw' [1j (lI) } Versus {i1' [1j (lI) } (Source: Cressie 1991b); (b) Detrended Added Variable (DAV) Plot of
Residuals {i(II)} Versus {£1'[1j(l,}} (Source: Cressie 1991b).

measurable subset B of !Rd. Define the complement of the hitting
function as Qx(') == I - T x('); then, from (A.7),

The Boolean model can be generalized in a number of ways; see
Cressie and Laslett ( 1987) for a summary. One obvious way is to
let D in (A.6) be a nonhomogeneous Poisson process with rate
{A(s): s E !Rd}. The complement of the hitting function is easily
seen as

"germs" (s;'s) homogeneously distributed throughout space. This
is a good model for lunar craters (Marcus 1966), for example,
because the point of impact of a meteor is homogeneously distrib
uted and its size is random; larger meteors yield larger craters that
obliterate smaller ones.

The hitting function of the Boolean model (see, for example,
Serra [1982, p. 486]) is

Tx(K) = I-exp{-AE(IZGKI)}; KEJ(, (A.7)

where IBI denotes IB ds, the volume (area in !R2) ofany Lebesgue

Qx(K) = exp ] -AE(IZG KI)}; KEJ(. (A.8)
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Table 4. Estimates of Tumor-Growth Parameters, Their
StandardDeviations, and TheirBiases:State 2 FromState 1

Parameter Estimate (§d) [bias]

Standardized

;\2 5.26194 (.2968) [.0]
E(R2 ) 1.04758 (.0205) [.0011]

var(R 2 ) .02978 (.0076) [-.00071]

Actual (r2 = .1097 mm)

;\2 438.495 mm-2 (24.733) [.0]
E(R2 ) .11492 mm (.00225) [.00012]

var(R 2) .00036 mm-2 (.00009) [-.00001]

Journal of the American Statistical Association, June 1992

We now have the necessary elements to compute q(s, I; X3 , R3 ) .

Let {O~, .. . ,O;} be the sequence OJ"" 27r(j/J);j = 0, ... , J of
equispaced angles. For fixed s and I, define

* . r3(OJ)
o(s, I, OJ) = I if s » rz(OJ) + I

= 0 elsewhere.

Then q, defined by (22), is evaluated by

q(s, I; XJ , R3 ) =:7 ±o(s, I, OJ);
j~l

we chose J = 750 here .

[Received February 1990.RevisedAugust 1991.]

Qx(K) = exp {- E( lie KI x)}, (A.9)

where IBI x ... Is X(s)ds. For example, suppose X(s) = Xifs EA,
= 0 otherwise; then the Boolean model (2) is obtained and (A.9)
becomes

A.2 Computational Aspects

The observed cancer cells came to us as photographic images
(Figure 9.13 in Cressie (199lb1) and initially were not in a suitable
form for computing q(s, I; X, R). The information in the photo
graphs had to be converted to numerical data by digitizing the rel
evant features ofeach picture. In this case, it is sufficient to quantify
the boundaries of the cell islands. We traced the outline of the
islands using a pointer on a graphics tablet, and the software interface
to the device generated a sequence of Cartesian coordinates defining
a polygonal approximation to each of the tumors. (A common
reference point on each picture allowed the tumors to be aligned.)
Denote the sampled coordinates as (xlL Y?k), where k = I, 2, 3
indexes the tumor and i = I, ... , nk indexes the coordinate pairs
within each tumor. (Digitization of the boundaries in Figure I
yielded nl =213, nz =510, and n3=704.) For the computational
aspects of this study, Xk refers not to the actual cell island image
but rather to the approximating polygon.

From the boundary description, it is possible to determine the
island's center ofgravity, (Xb Yk), and its area by placing a regular
two-dimensional grid over the tumor. Henceforth, assume that the
origin ofthe plane is moved to (Xl, YI) when studying the evolution
of state 2 from state I and to (xz, Yz) when studying the evolution
of state 3 from state 2. For the data of Figure I, IXII = .00465
mnr', IXzl = .01932 mrrr', and IX31 = .0969 mnr', leading to
areal growth factors of 4.155 and 5.016.

Computation and application of the geometric-signature trans
formation Sz, given by (9), requires a polar coordinate represen
tation for the boundaries of Xz and Xl' Using

O?k = arctan(YVx?kl, if X?k ~ 0

= 7r + arctan (Y?k/x?d, if X?k < 0,

and rk(O?k) = {(X?k)z + (Y?k)Z} I/Z, each of the sample boundary
points (X?b yilc) can be converted to polar coordinates (rk(O?d,
O?k)' For a given 0* E (0, 27r], let (x(k, 0*), y(k, 0*» be the point
of intersection (in Cartesian coordinates) of the boundary of X k

and the ray extending along 0* from the origin, and suppose O?k
.s; 0* .s; O?+l,k. Then x(k, 0*) and y(k, 0*) are given by

x(k, 0*) = (Y?+l,k - aX?+I,k)/{tan(O*) - a}

y(k, 0*) = {tan(O*)}x(k, 0*),

where a = (Y?+l,k - Y?k)/(X?+l,k - X?k)' Thus, rk(O*) = {(x(k,
O*»z + (y(k, O*»Z} I/Z, and Sz may be calculated using (9).

Qx(K) = exp{ -XE(I(i e K) n A I)}. (A.IO)
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