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Discussion 6

Cooperative Game Theory:
Nash Bargaining and the Core

1 Key Concepts

• This week we explore interactions where players can cooperate with each other via
enforceable contracts.

• We will need appropriate notation since now thinking of players will be insufficient.
Now, we need to think of groups of players, we call them coalitions.

• For the same token, we will need to define solutions concepts that are appropriate for
this setup. We introduce the Core and the Nash bargaining solution.

Notation:

• A Cooperative game is defined by:

– The set of groups or coalitions

– The actions available for each coalition

– The payoffs for each player and for the coalition as a function of the action take
by the coalition1. We can assume that players have transferable utility (TU) or
non-transferable utility (NTU), depending on the context.

• A Cohesive (cooperative) game, is a game with the property that being in the largest
coalition, we call it the grand coalition, does not prevent you from getting a desirable
outcome. We will focus on this class of games.

• The Nash bargaining solution is useful when we think of 2 players coming together to
split the surplus they create. The splitting satisfies two conditions:

– The ratio of increases in marginal utilities between players equals the ratio of
bargaining powers2.

– All the surplus is allocated between the two players.

• The core is a solution concept that is useful for any cooperative games. For cohesive
games, it is defined as an action by the grand coalition, such that no subset of players
has incentives to leave the grand coalition and form a different one.

– In many games, finding the core can be quite challenging. Also, the core might
sometimes be empty, or have multiple elements in it.

– In 1962, David Gale and Lloyd Shapley3 developed the “Deferred Acceptance
Algorithm” which is very useful to find elements in the core for a lot of games.

1We assume that players only care about the actions taken by their coalition
2These bargaining powers are parameters of the model that must be provided.
3Shapley won the Nobel prize in 2012 along with Alvin Roth for their work applying concepts of cooper-

ative game theory to real world problems.

Summer 2019 1 August 7, 2019



ECON 521: Game Theory
TA: Gabriel Martinez

Email: gamartinez@wisc.edu
OH: T 4-5 (SS 7226), TH 6-8 pm (Online)

2 Practice Problems

The Core

1. *Consider a political system with 3 parties in it. They can create coalitions to influence
public policy. Suppose that the value of a coalition, S is equal to the squared of the
number of parties in the coalition; that is V (S) = |S|2 where S is a set of political
parties and |S| denotes the size of the set. Assume utility is transferable, and coalitions
can split the surplus they create anyway they want.

(a) * Formulate this as a cooperative game.

(b) * Show that it is a cohesive game.

(c) * Find all the elements in the core.

2. * Suppose that there are 3 youtubers and three able video editors looking to work
together. Let’s first assume that it is consider repugnant to pay for video editing
services, or for content creation services. So players payoffs from working with someone
are given only by the enjoyment and prestige they get from creating content plus the
revenue each of them receive directly from Youtube. The payoffs from being paired
with each player is given by the table below:

E1 E2 E3

Y1 1, 12 2, 6 3, 8
Y2 1, 6 3, 3 5, 4
Y3 0, 4 4, 1 7, 2

(a) * Suppose that the value of creating videos on your own is equal to 1. Use the
Deferred Acceptance Algorithm (DDA) with youtubers proposing to find a pairing
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that is in the core. Which players are paired with whom? How many rounds of
proposals it takes for the algorithm to finish?

(b) Suppose now that video editors propose, how does you answers to the previous
question change?

(c) Define this game as a cooperative game, think of the actions of any coalition as
the pairings of players that belong to the coalition.

3. * Use the same payoff matrix as in problem 1, but suppose not that utility is transfer-
able, and players will split evenly the total payoff of working together.

(a) * Build a new payoff matrix that includes the transfers for each possible pairing

(b) * Use the DAA to characterize the core. Is it unique?

(c) * How many players are left un-matched now?
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4. Suppose that utility is not transferable. Find two different elements in the core of the
following puppy-adoption matching:

H1 H2 H3 H4 H5

P1 1, 5 5, 1 2, 3 4, 5 3, 1
P2 4, 3 5, 2 1, 4 2, 4 3, 2
P3 3, 2 2, 3 1, 5 4,3 5, 3
P4 2, 4 1, 5 5, 2 3, 2 4, 4
P5 3, 1 1, 4 2, 1 4, 1 5, 5

Nash Bargaining

5. * Billie and Jean are in a legal dispute. Billie infringed Jean’s copyrights of a popular
one-hit-wonder song. They anticipate that if they go to court Billie will lose and pay
1 million dollars. However this will be an expensive legal procedure that will cost half
a million to Jean and a quarter of a million to Billie (she has better lawyers). They
can also negotiate and avoid going to court. Billie is a celebrity, so the shame of going
to court gives Jean twice as much bargaining power as Billie.

(a) * What is the Nash bargaining solution in this situation?

(b) * How does your answer change if they expect that Billie would have to pay 0.4
million if they go to court?

(c) Suppose that Billie and Jean now have to pay their lawyers regardless of whether
they go to court or not. How will your answer change? (you can assume that if
they go to court Billie will have to pay 1 million to Jean).
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6. * Antoni and Jonathan are two famous celebrities. However, they cannot really make
a show on their own. In contrast, working together they can create a super hit show
that will give them 25 thousand dollars a month. Antoni and Jonathan’s bargaining
power parameters are θA = 2, and θJ = 3 respectively. Finally, each of them has a
utility function over money (in thousands of dollars) equal to u(x) = x2. Find the
Nash bargaining solution to predict if they will do a show together and how will they
split the proceedings of it.

7. Suppose that two firms are looking to hire one CEO each. The intrinsic monetary
payoff each player derives for being paired with each counterpart is represented in the
table below. Suppose that this payoffs are transferable, and the payoff of being un-
matched is normalized to zero. Assume that the bargaining power for each firm is the
same and equal to 1, that is θf1 = θf2 = 1, but the bargaining power of the CEO’s are
θc1 = 2 and θc2 = 1

2
.

c1 c2
f1 10, 2 2, 4
f2 3, 6 3, 3

(a) Build another table that includes the payoffs that will result from each pair after
Nash bargaining the surplus.

(b) Characterize the core of this game.
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