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SUMMARY 

This paper considers an empirical Bayes approach to estimating the number of 
defectives in a hypergeometric distribution. It involves application of an empirical 
Bayes identity which has proved useful in providing simple Bayes estimates for various 
other models. Data on the reliability of coding the answers to questions from a household 
survey illustrate how an empirical Bayes estimate can be computed without knowledge 
of the prior distribution of the number of defectives. 
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1. INTRODUCTION 

Suppose that a batch of M items is inspected for defectives by drawing a random 
sample of size m without replacement from the batch. Let x denote the number of 
defectives observed in the sample and let d denote the number of defectives in the batch. 
In many situations it is reasonable to regard d as an unobserved realization of an integer- 
valued random variable whose distribution is determined by the quality of the 
production process. 

When N previous batches have been inspected, resulting in observations x1, ..., XN, we 
can use this information and the current x to make inferences about d. This requires an 
assumption that the production process is in equilibrium. The simplest case would be to 
regard the associated d1, ..., dN, d as a sample from a common distribution: this is 
precisely the situation envisaged by Robbins (1956) when he introduced empirical Bayes 
methods. More generally we could allow the d's to evolve as a stochastic process. The 
simple empirical Bayes estimators we develop here in fact require only stationarity of 
the d's to ensure stationarity of the x's: then a consistent estimate of the marginal 
distribution of x is available. Booth & Smith (1976) explore such an approach for 
Gaussian responses. 

In this paper we apply the empirical Bayes approach to the estimation of the number 
of defectives in the current batch. In ? 2 we investigate the empirical Bayes estimation of 
d when no assumptions are made about the distribution of d. We conclude this section 
with an investigation of the problem when the marginal distribution of d is assumed to 
be binomial, the success probability reflecting quality of production. In this case, 
an algorithm is given that produces a final empirical Bayes estimator which is mono- 
tonic in x. 

In ?3, we compare our estimator with the maximum likelihood estimator and the 
empirical Bayes estimator assuming a binomial approximation to the hypergeometric 
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distribution. Finally, we illustrate our results using data on the reliability of coding the 
answers to sample survey questions. 

2. SAMPLING INSPECTION AND EMPIRICAL BAYES ESTIMATION 

21. The model 

Consider, for the present, just the current batch, from which x defectives have been 
observed out of a sample of m. We can deduce immediately that the range of uncertainty 
of d has been reduced from [0, M] to [x, x + M-m], where M is the size of the batch. 

Given d, x is a realization of a random variable X with hypergeometric distribution 

h(x I ) m- ( (1) 

for max (0, d-M+m) < x < m (in(m, d). Note that the range of x depends on d. The 
unconditional distribution of X is 

L 

qg(x)) E h(xId)g(d) (0?x?m), (2) 
A=o 

where A = d - x and L = M - m, and g is the prior distribution of d. 
Inferences or decisions concerning d are based on the posterior distribution 

p(d I x) _= h(x I d) g(d)log(d). (3) 

In this paper we will restrict attention to the mean of this distribution, 

bg(x)-E(d I X = x), (4) 

which in turn is an unbiased estimator of the mean of d. Of course 6b is the Bayes 
estimator corresponding to squared error loss, but other loss functions could be 
considered; for example, see Griffiths & Rao (1964) and Craig & Bland (1981). However, 
we prefer to focus attention on 69 as a useful summary of the posterior distribution. 

In practice, the prior distribution g in (3) is seldom known; nevertheless 69 in (4) can be 
converted into an empirical Bayes estimator when x1, ..., XN, x are used to estimate the 
form of 69 and possibly g itself. Cressie (1982a) gives an identity that systematizes the 
search for simple empirical Bayes estimators; that is, empirical Bayes estimators whose 
corresponding Bayes estimator can be written as a function only of /g and x. Cressie 
(1982b) has applied the identity to many discrete models, but the hypergeometric is 
more complicated because the parameter d also appears in the support of h(x I d) in (1). 

It can be easily verified that for x = 0, ..., mr-I 

h(x+lId) _ (x+1)(L+I-A)L) 

h(x Id) 0 o (A = L+ 1).(5 

Using the same methods as Cressie (1982a), we obtain 

(m-x).x) E(LA |XE= X = x 1-p(L+x+l Ix+1) (x = 0,...,m-1), (6) 

where i = d-x and p(d l x) is the posterior distribution given by (3). From (4), 

This content downloaded from 130.130.37.84 on Fri, 15 May 2015 01:09:31 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


Empirical Bayes estimation 453 

bg(x) = x + E(9 I X = x). Strictly speaking we should choose the nearest integer to bg(x). 
However, the empirical Bayes estimator will not be discretized until the final stage of its 
construction in ? 2 3. 

Define 
0(x) _(x+i) g(x+ i)/{(m-x) 4g(x)} (x = 0, ..., m-i), (7) 

and set 0(-1) = 0 and 0(m) = oo. Also define 

a(x)-x + (L + 1) r(x) (x =-1, ..., m), (8) 

where r(x) = 0(x)/{l + 0(x)} for x =-1, ... m 
We can now derive two inequalities from (6). The first, bg(x) > x, follows immediately 

from A <, L. The second, bg(x) < a(x), follows on applying Jensen's inequality to the 
convex function A)(L+ 1- -A). 

Similarly by considering h(x -1 I d)/h(x I d) we obtain two further inequalities, 
bg(x) < x +L and bg(x) > a(x- 1). Combining these four inequalities, we obtain 

max{x,a(x-1)} <bg(x) <min{x+L,a(x)} (x=O,...,m). (9) 

Since x < a(x) < x + L+ 1, the effective interval will usually be [a(x- 1), a(x)]. Given 
data xl, ..., XN from samples of size m from N batches containing the same number of 
items, we could obtain empirical Bayes estimates of a(x) based on an estimate of /g. 
However, we shall see in ? 22 that we can do much better than this provided we are 
prepared to make additional assumptions about the prior distribution of d. 

2 2. A binomial distribution for the number of defectives 

So far we have made no specific distributional assumptions about the random 
mechanism generating the number of defectives d in a batch of M items. Hald (1960) 
considers several specific random mechanisms for the generation of d, resulting in various 
compound hypergeometric distributions for X. One such, the binomial prior, is the 
subject of this subsection. However, we differ from Hald in that here the success 
probability of the binomial prior is more generally assumed to vary independently from 
batch to batch (Guenther, 1971). Thus the prior distribution of d is taken to be 

g(d I P) 
M 

( d)P(I _p)Md (d = O, ..., M). (10) 

The parameter p can be interpreted as the probability that any item in the batch will 
be defective, independently of all the other items in the batch. It reflects the 'quality of 
production'; its variation from batch to batch is termed the process curve in the quality 
control literature (Wetherill, 1977, p. 18). Deely & Lindley (1981) discussed this prior- 
hyperprior approach from a purely Bayesian viewpoint. While they recognize that the 
distribution of d may have a frequency interpretation, they maintain that the 
hyperparameter p has a distribution which should be interpreted in the purest Bayesian 
sense. 

Henceforth we assume that, for each batch, p is a random variable whose realizations 
for different batches are independent and identically distributed. A straightforward 
calculation shows that the distribution of A, conditional on x and p, is binomial with 
index L and parameter p, and hence 

E(dI|X =x, p)-x+Lp. (11) 
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This last result is intuitively reasonable, being the observed number of defectives plus 
the expected number of defectives in the unsampled items. However, p is unknown so 
that the required Bayes estimate of d is 

E(d I X = x) = x+LE(p I X = x). (12) 

Moreover, the conditional distribution of X, given p, is binomial with index m and 
parameter p; in this case Cressie (1982a) has shown that, when the prior distribution of p 
is arbitrary, then 

r(x -1) <, E(p IX = x) <, r(x) (x = O, ..., m), (13) 

where r(x) is defined just below (8). Substitution into (12) yields the inequality 

x+Lr(x-1),< E(d lX =x) < x+Lr(x) (x =O, ...,m). (14) 

Note that since 0 < r(x) <? 1, the interval determined by the bounds in (14) always lies 
inside the naive interval [x, x + L]. Moreover, when we compare, for example, the upper 
bound in (14) with the upper bound in (9) we see that the former exceeds the latter by no 
more than r(x), which is between zero and one. Thus there is little difference between the 
bounds obtained under the binomial prior distribution and those derived from general 
prior distributions. 

However, the binomial assumption allows us to handle unequal batch sizes and to 
invoke the results of Cressie (1982a) to yield 

fBg(x) = x + Lr(x) I1-(x {1X + f(x -1)}+0x+1] (15) 

as an approximation to bg(x) (x = 0, ..., m). It is straightforward to show that f3g(x) lies 
within the bounds (14) and coincides with the Bayes estimate when p has a conjugate 
beta distribution. This seems to be the best we can expect, given the inherent 
nonidentifiability in the binomial problem. 

2-3. A simple empirical Bayes estimator of the number of defectives 

We now develop the 'empirical' part of the empirical Bayes procedure. Let xi denote 
the number of defectives in a random sample of size m from a batch containing Mi similar 
items (i = 1, ..., N). Define 

4g(x) = card {(x1, ..., XNx) = xN, 

(x= -1), 

{jX+U1) gX + 1) 
#(x) = (mx) () (x =0, ... ,m-1), (16) 

oo (x =m). 

The sequence of Bayes estimators {0(x); -1 < x < m} is increasing in x. Unfortunate- 
ly, this is not in general true for the empirical Bayes estimators {O(x); -1 < x < m}. 
Maritz (1966) has shown the importance of 'smoothing' such estimators. When X is 
discrete, van Houwelingen (1977) has developed an ingenious monotonization method 
which does not increase the overall risk. 
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For the binomial distribution it can be shown that van Houwelingen's method leads to 
replacing #(x) with 

0*(x) ={dZX (T) (x = 0,...,m), 
0 

where Z,(T) min [max { Y(), 0}, 1] is a probability distribution function in T, and 

() rO{(r) ()}T x[I{a(r) K T}-I{r < x}], 

for x = 0, .. ., m; I(A) is the indicator function of the event A. 
The sequence 

{0*(x);0 < x m} 

is the required nondecreasing version of {O(x); 0 < x < m}. Although the derivation of 0* 
may appear complicated its computation is straightforward. 

On replacing 0 by 0* throughout, we obtain from (15) the following point estimator of 
d, given x defectives were observed in a sample of m from a batch of size M: 

f3*(x)=x+Lr*(x)Ll {1 2Z*i (xj7-1) *(x)+l1 (17) 

where r* = 0*/(1 + 0*), and M might vary from batch to batch. We could choose the 
nearest integer to fl*(x) and still retain the interval inclusion and monotonicity 
properties; however, we do not want to lose sight of the associated empirical Bayes 
interval estimators 

[x+Lr*(x-1), x+Lr*(x)], (18) 

which are potentially just as important in making inferences about d. 
Even when the marginal distribution qg is known completely, the prior distribution is 

not uniquely determined. It is therefore fortuitous that when g is unknown this lack of 
identifiability allows construction of the estimators (17) and (18). 

3. OTHER APPROACHES AND AN EXAMPLE 

Two obvious alternatives to (17), henceforth denoted dhy, are dmi the maximum 
likelihood estimator [(M + 1) x/m] of d based only on the data x from the current batch 
and discussed by Johnson & Kotz (1969), and dba an empirical Bayes estimator obtained 
by using the binomial approximation to the hypergeometric distribution. Since exact 
Bayes results have not been available for the hypergeometric distribution, the latter has 
been the standard approach to this problem (Hald, 1960; Samuel, 1963). Although a 
parametric form for the prior has typically been assumed, application of work of Cressie 
(1982a) gives the approximate Bayes estimator dba of d as 

M 0(x) I ( + 0(x-1 )} + 0(x) + I 

A recent household survey involved the participants in completing answers on 
question forms which were then collected and put into batches for coding. For 
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illustrative purposes we consider coding errors pertaining to one particular question. A 
quality control programme was implemented to check on coding accuracy. The data 
presented in Table 1 show the numbers of errors after sampling 42 coded questionnaires 
from each of 91 batches. Sampling was without replacement and batch sizes were around 
200. The data are real but the actual nature of the survey is suppressed here for 
confidentiality reasons. The other entries in Table 1 will be explained below. 

The histogram {N$(x)} and the sequence {O(x)} are given in Table 2. The values of 
{O(x)} are not monotone but can be made so using the algorithm specified in ? 23, 
yielding the 'smooth' empirical Bayes estimators {0*(x)}; the results are given in Table 2. 

We have not included in Table 1 the smooth empirical Bayes interval because for each 
batch the upper endpoint coincided with j3. The reason for this is that, in this example, 
the 0*(x) are so small that they almost coincide with the r*(x). Whenever the proportion 
of defectives is small the bias correction will be negligible so that the nearest integer to 
the upper endpoint will usually coincide with /1-. 

A disadvantage of the monotone version of the empirical Bayes estimator , is well 
illustrated in this example. Whenever 0*(x) = so, the smooth empirical Bayes estimate 
of the proportion of defectives in the batch is 

1-1/{2+0*(x-1)}, (19) 

Table 1. Batch number i, batch size Mi, number of defectives xi from a sample of 42, 
and nearest integer to the monotonized empirical Bayes estimate /3*(xi). 

i mi Xi IF* (xi) +-]2 i mi Xi IF* (xi) + 12] i mi Xi [f* (xi) + 12] 

1 238 0 1 31 201 0 1 61 193 0 1 
2 199 0 1 32 140 0 1 62 233 1 3 
3 216 0 1 33 232 1 3 63 229 1 3 
4 145 0 1 34 141 1 2 64 171 0 1 
5 248 3 14 35 208 0 1 65 192 0 1 
6 228 1 3 36 215 1 3 66 186 0 1 
7 215 0 1 37 143 0 1 67 212 0 1 
8 254 0 2 38 180 0 1 68 170 0 1 
9 210 0 1 39 240 0 1 69 224 0 1 

10 185 0 1 40 223 0 1 70 256 0 2 
11 165 2 7 41 258 1 3 71 207 2 9 
12 221 0 1 42 175 3 10 72 141 1 2 
13 257 1 3 43 250 3 14 73 258 0 2 
14 241 4 19 44 257 0 2 74 249 0 1 
15 198 0 1 45 226 0 1 75 222 0 1 
16 190 0 1 46 243 0 1 76 196 0 1 
17 160 0 1 47 259 0 2 77 254 3 15 
18 150 0 1 48 249 0 1 78 176 3 10 
19 239 0 1 49 249 0 1 79 256 4 20 
20 212 1 3 50 204 0 1 80 156 1 2 
21 226 0 1 51 248 2 11 81 253 0 2 
22 194 3 11 52 195 1 3 82 142 1 2 
23 244 0 1 53 175 0 1 83 257 0 2 
24 226 0 1 54 147 0 1 84 190 0 1 
25 166 0 1 55 245 0 1 85 238 0 1 
26 220 0 1 56 180 5 16 86 237 1 3 
27 174 0 1 57 187 0 1 87 228 4 18 
28 168 0 1 58 256 1 3 88 185 1 3 
29 159 0 1 59 189 1 3 89 216 0 1 
30 186 0 1 60 228 1 3 90 145 2 7 

91 182 0 1 
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Table 2. Histogram N$ of number of defectives from Table 1, empirical Bayes 
estimator 0 of odds pl(l- p), and smooth empirical Bayes estimator 0*. 

x N$(x) 4(x)x 105 0*(X)X l05 x N$(x) 4(x)x l05 0*(X)x lo, 

- 1 0 0 0 6 0 oo oo 
0 59 726 726 7 0 oo 00 
1 18 1084 1084 
2 4 11250 4739 
3 6 5128 5842 
4 3 4386 8358 42 0 oo oo 
5 1 0 oo 

which always exceeds I and is 1 when 0* (x -1) = oo. In our example with x = 5, this 
proportion is 0-52 and for batch number 56 the nearest integer to fi*(5) equals 77, clearly 
an overestimate. We propose the obvious modification by replacing (19) with the lower 
endpoint r* (x -1), which for this batch is 0 077, leading to the more reasonable estimate 
of 16 for the number of defectives in batch number 56. 

When we compare the three estimators for these 91 batches, the result for batch 5, for 
example, is dhy = 14, dba = 14 and d.m = 17. We have repeated these calculations for each 
batch and the pattern is the same. The estimates dhy and dba are shrunk towards zero and 
are nearly equal. These observations are explained by the observed overall small 
proportions of coding errors: from the 91 x 42 questionnaires sampled 1V6% are defective. 
This small proportion suggests that the binomial approximation to the hypergeometric 
distribution is appropriate, and explains the near equality of dhy and dba. The small 
variability in the xi's reflects the small variation in the distribution of the probability of a 
coding error, which in turn explains the shrinkage effect; d"m ignores this source of 
information. 

In those cases where the distribution of defectives is concentrated near zero, there will 
be little gained by computing dhy, rather than dba. The main contribution of this paper 
has been to give an exact approach for the hypergeometric model, applicable in all cases. 
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