
Problem set on covering spaces and fundamental groups

All spaces below are connected, Hausdorff, and locally path-connected (or even locally contractible,
often manifolds) unless otherwise specified. All maps of spaces are continuous, and all maps of
groups are homomorphisms. G-rated problems should be straightforward from definitions and are
basic facts likely treated in most textbooks; PG-rated problems may require some clever trick or
familiarity with topology and are more akin to exercises; R-rated problems are likely hard without
not-directly-related knowledge.

Definition. A covering map is a continuous map p : E→ B (with E nonempty) that is a projection
away from a discrete set, locally on the target. More explicitly, B can be covered by open sets Uα

so that the restriction p−1(Uα)→ Uα of p is isomorphic to the projection Uα × Fα → Uα for some
discrete set Fα. Even more explicitly, p−1(Uα) is homeomorphic to Uα × Fα so that the following
diagram commutes:

p−1(Uα) Uα × Fα

Uα

∼=

p proj.

Each Uα is said to be evenly covered. ⋄

Definition. Given a covering map p : E→ B, the space B is the base, the space E is the cover, and
p−1(b) for b ∈ B is the fiber at b. The terms cover and covering map are occasionally confused. ⋄

Problem 1 (First examples). (G) Which of the following versions of the map x 7→ exp(ix) are
covering maps? Which are local (with respect to the domain) diffeomorphisms?

(i) R→ S1

(ii) [0, 2π]→ S1
(iii) (0, 3π)→ S1

(iv) C→ C× = C \ 0

Problem 2 (Another criterion). (PG) Suppose that f : M → N is a map of smooth manifolds.
Further suppose that

(a) f is a local diffeomorphism;
(b) f is proper, i.e. f−1(K) is compact for K compact;
(c) f is surjective.

Note that if M is compact, (b) is automatic and surjective follows from (a) since N is connected.
Show that f is a covering map. This is Ehresmann’s theorem in codimension 0 and is a common way
to show a map is a covering map. Compare with problem 1 to see that we need f to be proper and
not just finite-to-one.

Problem 3 (Intermediate covers). (G) Suppose p1 : E1 → B and p2 : E2 → B are two covers of
B. If p1 factors through p2, that is, if there is a map p : E1 → E2 such that p1 = p2 ◦ p, then p is
a covering map E1 → E2. (Hint: Around an arbitrary point b = p2(e2) ∈ B, consider a connected
neighborhood that’s evenly covered under both p1 and p2.)

Problem 4 (Product of covers). (G) Show that if X̃1 → X1 and X̃2 → X2 are covering maps, so is
the product map X̃1 × X̃2 → X1 × X2.
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Problem 5 (Disconnected covers). (PG) Suppose p : E → B is a covering map, and E is not
necessarily connected. For any connected component E′ of E, show that the restriction of p to E′ is a
covering map.

Problem 6 (Pullback of covers). (PG) Let p : E→ B be a cover and f : X → B be any map. Let f ∗E
be the fiber product

E×B X =
{
(x, e)

∣∣ f (x) = p(e)
}

,

which comes with natural projections to E and X:

f ∗E E

X B

f ∗p p

f

Show that f ∗p : f ∗E→ X is a cover. This is called the pullback of p via f (and f ∗E is the pullback
of E via f). Pullbacks of connected covers need not be connected; for instance if X is a point with
image b, f ∗E = p−1(b).

Problem 7 (Fiber cardinality). (G) Given a covering map p : E→ B, show that the cardinality of
the fiber p−1(b) is locally constant as b varies in B, and hence constant given B is connected.

Definition. The degree of a cover of B is the cardinality1 of f−1(b) for b ∈ B. We often only care if
the degree is (in)finite—accordingly we call the cover (in)finite. ⋄

Problem 8 (Finiteness and compactness). (G) Let E→ B be a cover.
(i) If E is compact then show that B is compact and the degree is finite.

(ii) If the degree of the cover is finite, show that E is compact iff B is compact.
(iii) If B is compact, show that E is compact iff the cover has finite degree.

Problem 9 (Composition of covers). (i) (PG) Show that the composition of two covering maps
of finite degree is a covering map (of finite degree).

(ii) (R) The composition of two covering maps of arbitrary degrees for an ill-behaved base need
not be a covering map. Find an example of this.

Definition. The deck group of a cover p : E→ B is the group

Γ =
{

g ∈ Homeo(E)
∣∣ p ◦ g = p

}
. ⋄

Problem 10 (Free action). (G) Show that the deck group Γ acts freely on E, i.e. if gx = x for g ∈ Γ
and x ∈ E, then g = id. (Hint: Use that E is connected; look at the subset of fixed points of g.)

Problem 11 (Deck group for the circle). (PG) Find the deck group for the cover R → S1, x 7→
exp(2πix).

Definition. A cover E → B is regular or normal or Galois if the deck group Γ acts transitively on
p−1(b) for b ∈ B. A regular cover with deck group Γ is also called a Γ-cover. ⋄

1If B is connected, otherwise this is only well-defined on components.
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Problem 12 (Equivalence for normal covers). (G) Let E→ B be a cover with deck group Γ. Show
that the following are equivalent and hence any of them can be used as a definition of a regular
cover.

(a) Γ acts transitively on p−1(b0) for some b0 ∈ B.
(b) Γ acts transitively on p−1(b) for every b ∈ B.
(c) The map (Γ\E)→ B given by the universal property of the quotient is a homeomorphism.
(d) (for a finite cover) The degree of the cover equals the cardinality of Γ.

Problem 13 (Index 2 implies normal). (G) Show that a covering map of index 2 is always normal.

Problem 14 (Covering-space actions). (PG) Suppose a group G acts on a space X properly discon-
tinuously, that is, every x ∈ X has a neighborhood U so that gU intersects U only if g = 1. Show
that:

(i) The action is free.
(ii) The quotient map X → X/G is a covering map. (Note: X/G may not be Hausdorff, even if X

is.)
(iii) The deck group is G.

Definition. The fundamental group of a space X based at x0 ∈ X, denoted by π1(X, x0), is the set
of (based) homotopy classes of loops based at x0 with the group operation given by concatenation.
More explicitly, a loop at x0 is a continuous map α : [0, 1]→ X with α(0) = α(1) = x0. Two loops α0
and α1 are homotopic (written α0 ≃ α1) if there is a continuous map A : [0, 1]× [0, 1]→ X with

A(_, 0) = α0(_) ; A(_, 1) = α1(_) ; A(0, _) = A(1, _) = x0 .

The concatenation α ∗ β of two loops α and β is the loop given by

t 7→

α(2t) if 0 ≤ t ≤ 1/2 ,

β(2t− 1) if 1/2 ≤ t ≤ 1 .

Homotopy of loops is an equivalence relation, and π1(X, x0) is the set of equivalence classes, called
homotopy classes, equipped with the operation ∗. ⋄

Problem 15 (The above definition makes sense). (G) Show that:
(i) Homotopy of loops is an equivalence relation.

(ii) The operation ∗ is well defined on homotopy classes, i.e. if α0 ≃ α1 and β0 ≃ β1 then
α0 ∗ α1 ≃ β0 ∗ β1.

(iii) The operation ∗ is associative on homotopy classes; (α ∗ β) ∗ γ ≃ α ∗ (β ∗ γ) for any loops α, β

and γ.
(iv) The class of the constant loop, ϵ : t 7→ x0, acts an identity; α ∗ ϵ ≃ α ≃ ϵ ∗ α for any loop α.
(v) The loop α traversed in reverse, α′ : t 7→ α(1 − t), acts as the inverse of the class of α;

α′ ∗ α ≃ ϵ ≃ α ∗ α′.
Thus the fundamental group π1(X, x0) is a group.
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Problem 16 (Independence of basepoint). (G) Suppose x0 and x1 are in the same path component
of X, joined by a path σ. Show that π1(X, x0) ∼= π1(X, x1). (Hint: an isomorphism in one direction
is given by [α] 7→ [σ ∗ α ∗ σ′].) Thus if X is path-connected (and non-empty), π1(X) = π1(X, x0) is
defined independent of the choice of x0 ∈ X.

Problem 17 (Plate trick). (PG) Look up a video of the “plate trick” and interpret it as a demonstration
of π1(SO3) ∼= Z/2.

Problem 18 (Fundamental group of a product). (G) Show that π1(X1×X2, (x1, x2)) ∼= π1(X1, x1)×
π1(X2, x2).

Definition. Given spaces X, Y and choices of basepoints x ∈ X and y ∈ Y, a based or pointed map
f : (X, x)→ (Y, y) is a map f : X → Y such that f (x) = y. ⋄

Definition. Let f : (X, x0)→ (Y, y0) be a pointed (continuous) map. Then the map induced by f on
π1, denoted f∗ : π1(X, x0)→ π1(Y, y0), is given by [α] 7→ [ f ◦ α]. If the basepoints are not specified
we assume they are chosen to make f pointed. ⋄

Problem 19 (Inducing maps is well-defined and functorial). (G) Show that:
(i) f∗ is a well-defined group homomorphism.

(ii) (idX)∗ = id and (g ◦ f )∗ = g∗ ◦ f∗, for f : X → Y and g : Y → Z.

Problem 20 (Induced maps and homotopy). (G) Show that:
(i) If f , g : X → Y are homotopic, then f∗ = g∗.

(ii) If f : X → Y is a homotopy equivalence, then f∗ is an isomorphism π1(X, x)→ π1(Y, f (x)).

Definition. Given a pointed cover p : (E, e)→ (B, b) and a pointed map f : (X, x)→ (B, b), a lift of
f to E based at e is a pointed map f̃ : (X, x)→ (E, e) such that the following diagram commutes:

(E, e)

(X, x) (B, b)

p
f̃

f

We occasionally consider lifts without choosing of basepoints, i.e. not require f̃ to be pointed (in
which case x, b and e are irrelevant). ⋄

Problem 21 (Lifts are unique, but only given basepoints). (G)
(i) Show that for connected X pointed lifts are unique.

(ii) Find two distinct lifts of [0, 1]→ S1; x 7→ exp(2πix) to the cover R→ S1.

Problem 22 (Path lifting). (G) Use the following sketch to show that if (X, x) = ([0, 1], 0) (that is,
when f is a path) lifts always exist.

(i) Using the compactness of [0, 1], show that it can be partitioned as 0 = x0 < x1 < x2 < · · · <
xk = 1 so that each subpath f ([xi, xi+1]) has an evenly covered neighborhood.

(ii) Show that given f̃ (xi) such that p( f̃ (xi)) = f (xi), f can be lifted over [xi, xi+1], i.e. there is
an extension f̃ : [xi, xi+1]→ E that lifts f : [xi, xi+1]→ B.
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(iii) Use induction to find a lift f̃ of f : [0, 1]→ B given f̃ (0) = e with p(e) = b = f (0).

Definition. Suppose p1 : E1 → B and p2 : E2 → B are two covers. A map f : E1 → E2 is an
isomorphism of covers (or isomorphism over B) if it is a homeomorphism and p1 = p2 ◦ f :

E1 E2

B

f

p1 p2

⋄

Problem 23 (Alternate proof of path lifting). (PG) Consider the same setup as problem 22. Recall
from problem 6 that f ∗E→ [0, 1] is a cover.

(i) Let c : [0, 1]→ B be the constant map c(t) = b. Since [0, 1] is contractible, c ≃ f . Use this to
show that c∗E is isomorphic (over [0, 1]) to f ∗E.

(ii) Show that c∗E = p−1(b)× [0, 1].
(iii) Consider the section x 7→ (e, x); [0, 1]→ c∗E and use this to get a section [0, 1]→ f ∗E and a

lift f̃ : [0, 1]→ E with f̃ (0) = e.
(Note: We didn’t quite need that [0, 1] is contractible, only that it does not have non-trivial covers.
This can be taken to be an alternate definition of simply connected.)

Problem 24 (Lifting homotopies). (G) Let α0 and α1 be two paths [0, 1]→ B that are path-homotopic:
i.e. there is a homotopy A : [0, 1]× [0, 1]→ B with

A(0, _) = α0(_) ; A(1, _) = α1(_) ; A(_, 0) = b ;A(_, 1) = b′ .

In particular α0 and α1 have the same endpoints b and b′. Let e ∈ p−1(b).
(i) Use the ideas in problem 22 to show that there is a lift Ã : [0, 1]× [0, 1]→ E of A satisfying

A(_, 0) = e .

You should partition [0, 1]× [0, 1] along both directions.
(ii) Show using problem 21 that Ã(1, _) is the lift of α1 based at e.

(iii) Show that Ã(_, 1) is a continuous map [0, 1]→ p−1(b′) and hence constant.
(iv) Conclude that the lifts α̃0 and α̃1 of α0 and α1, respectively, based at e have the same endpoint:

α̃0(1) = α̃1(1).

Problem 25 (π1(B) acts on p−1(b)). (G) Fix b ∈ B. Then given a loop α at b and e ∈ p−1(b), let
e · α be the endpoint of the (unique) lift of α starting at e.

(i) Show that e · α ∈ p−1(b).
(ii) Use problem 24 to show that e · α is independent of the homotopy class of α and hence we can

define e · [α] = e · α for [α] ∈ π1(B, b).
(iii) Show that for [α], [β] ∈ π1(B, b),

e · ([α] ∗ [β]) = (e · [α]) · [β] .

(Hint: If α̃ is the lift of α based at e and β̃ is the lift of β based at e · α, show that α̃ ∗ β̃ is a (the)
lift of α ∗ β based at e.)
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Thus we get a right action of π1(B, b) on p−1(b).
(iv) For E path-connected, show that the action is transitive, that is, for any e, e′ ∈ p−1(b), there

is some σ ∈ π1(B, b) with e · σ = e′. (Hint: Take a path connecting e and e′ and consider its
image in B.)

(v) Show that p∗ is injective and hence an isomorphism onto its image.
(vi) Show that e · [α] = e iff [α] ∈ p∗(π1(E, e)). That is, p∗(π1(E, e)) is the stabilizer of e, which

consists of the classes of loops that lift to loops at e.
(vii) Conclude that the degree of the covering map p equals the index of p∗(π1(E, e)) in π1(B, b).

Problem 26 (Lifting criterion). (G) Let f : (X, x)→ (B, b) be a pointed map and p : (E, e)→ (B, b)
a pointed covering map.

(i) Suppose f has a lift f̃ based at e. Use problem 19 to show that

f∗π1(X, x) ⊂ p∗π1(E, e) . (⋆)

Conversely we can try to construct a lift. Assume X is path-connected, otherwise we can construct
the lift on each component separately.

(ii) Verify that for any lift f̃ based at e and any path α in X starting at x, f̃ ◦ α has to be a lift of
f ◦ α based at e. Thus f̃ ◦ α(1) is determined by f ◦ α.

(iii) Suppose α and β are two paths in X starting at x with the same endpoint, i.e. α(1) = β(1).
Then α ∗ β′ (see problem 15 for a definition of β′) represents an element of π1(X, x). Assuming
(⋆) holds, show that if α̃ is the lift of f ◦ α starting at e and β̃′ is the lift of f ◦ β′ starting at
α̃(1), then e = β̃′(1).

(iv) Deduce that (β̃′)′ is the lift of f ◦ β starting at e and hence ends at α̃(1).
(v) Conclude that f̃ (α(1)) = α̃(1) produces a well-defined lift f̃ : (X, x)→ (E, e).

(vi) (PG?) There is a little more work to show that f̃ so constructed is actually continuous. Use
(assume) that X is locally path-connected and take a path-connected neighborhood U of x′

such that f (U) is evenly covered. Lift paths given by going from x to x′ and then to y staying
in U, and check that f̃ restricted to U is given by f composed with a homeomorphism.

Thus f has a lift based at e iff (⋆) holds. We could use this to check if lifts exist, except we haven’t
yet discussed how to compute π1 of any non-trivial space.

Definition. A path-connected space X is simply connected if π1(X) = {1}. ⋄

Problem 27 (Maps from simply connected spaces). (G) Show that if X is simply connected and
E→ B is a covering map, any map f : X → B lifts to a map f̃ : X → E.

Problem 28 (Contractible implies simply connected). (G) Show that any contractible space is simply
connected.

Problem 29 (Classification of pointed covers). (G)
(i) Suppose p1 : (E1, e1) → (B, b) and p2 : (E2, e2) → (B, b) are (path-)connected covers of

(B, b). Then there is a pointed covering map p : (E1, e1) → (E2, e2) iff (p1)∗π1(E1, e1) ⊂
(p2)∗π1(E2, e2).
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(ii) In the above situation show that there is a pointed isomorphism of covers (E1, e1)→ (E2, e2)

iff (p1)∗π1(E1, e1) = (p2)∗π1(E2, e2)

(iii) Suppose p : E→ B is a covering map with E simply connected. Then show that for any cover
p′ : E′ → B, p factors through p′, and thus E covers E′. The same also holds for any choice of
basepoints.

(iv) Show that two simply-connected covers of B are isomorphic, with a canonical isomorphism
given choice of basepoints.

Definition. The simply-connected cover of B, defined upto isomorphism, is called the universal cover
of B. ⋄

Given B sufficiently well-behaved2, it has a universal cover. We will not prove this, since the
proof is technical and has little bearing on the rest of the material.

Problem 30 (Universal covers are homotopy invariant). (PG) Show that if X and Y are homotopy
equivalent, so are their universal covers.

Problem 31 (Classification of covers without specifying basepoints). (G)
(i) Suppose p : E→ B is a covering map with E (path-)connected, b ∈ B, and e1, e2 ∈ p−1(b) are

two different choices of basepoints. Let Hi = (pi)∗π1(E, ei). Let γ be a path in E from e1 to e2,
which maps to a loop in B, representing g ∈ π1(B, b). Show that gH2g−1 ⊆ H1.

(ii) Consider γ′ (see problem 15) to show that g−1H1g ⊆ H2 and hence H1 = gH2g−1.
(iii) Conversely, suppose p1 : E1 → B and p2 : E2 → B are covering maps with (p1)∗π1(E1) and

(p2)∗π1(E2) conjugate in π1(B) (this is well-defined even without choosing basepoints, by
the previous parts). Show that E1 and E2 are isomorphic over B. (Hint: Choose basepoints
b = p1(e1) = p2(e2) and let g ∈ π1(B, b) be such that

(p1)∗π1(E1, e1) = g[(p2)∗π1(E2, e2)]g−1 .

Let e′1 = e1 · g (see problem 25), and show that (p1)∗π1(E1, e′1) = (p2)∗π1(E2, e2).)

TODO: Deal with the case of disconnected covers to adapt the proof of van Kampen from Andy Putman’s notes.

Problem 32 (π1 and deck groups). (G) Let p : (E, e)→ (B, b) be a covering map with E connected
and with deck group Γ. Let H = p∗π1(E, e) ⊂ π1(B, b).

(i) Show that e′ ∈ p−1(b) is in the Γ orbit of e iff H = p∗π1(E, e′).
(ii) Show that E is a normal cover iff H is normal in π1(B, b).

(iii) Show that for g ∈ π1(B, b), the points e · g and e are in the Γ orbit iff g ∈ N(H), the normalizer
of H, i.e. gH = Hg.

(iv) Show that there is an exact sequence

1→ H → N(H)→ Γ→ 1 .

That is, there is a surjective homomorphism N(H)→ Γ whose kernel is H. (Hint: With our
conventions, one needs to be careful in defining the homomorphism since π1(B) has a right
action on p−1(b) but Γ has a left action.)

2“Semi-locally simply connected”.
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In particular, for a normal cover, there is an exact sequence

1→ π1(E)
p∗−→ π1(B)→ Γ→ 1 .

Problem 33 (Deck group and universal cover). (G)
(i) Show that if E is the universal cover of B, then its deck group Γ is (canonically) isomorphic to

π1(B).
(ii) For any H < π1(B) = Γ, show that the quotient map pH : E/H → B is a covering map, with

(pH)∗(π1(E/H)) = H for appropriate choices of basepoints.

Parts of the last few results can be summarized as a correspondence between covers E of B
and subgroups H of π1(B), with intermediate maps E1 → E2 according as H1 < H2. Further,
E is a normal cover exactly when H is a normal subgroup and in that case the deck group is
given by π1(B)/H. This is called the Galois correspondence for covers, in analogy with the similar
correspondence in Galois theory.

Problem 34 (Fundamental group of the circle). (G) Compute π1(S1).

Problem 35 (Brouwer’s fixed point theorem for the 2-disk). (PG) Show that there is no map
f : D2 → S1 (where S1 = ∂D2) so that f |S1 = idS1 . Use this to show that there is no map
g : D2 → D2 such that g(x) ̸= x for each x. (Hint: for such a g, the ray from g(x) to x is
well-defined and intersects the boundary S1 at an unique point.)

Problem 36 (Higher dimensional spheres). Let n ≥ 2. Show that:
(i) (PG) Sn is simply connected

and using this show that
(ii) (G) π1(RPn) = Z/2;

(iii) (PG) R2 and Rn are not homeomorphic.

Problem 37 (Finite fundamental group). (G) Show that if π1(X) is finite (possibly trivial), for
example if X = RPn for n ≥ 2, any map X → S1 is homotopically trivial.

Problem 38 (Paintings and nails). (PG) You want to hang a painting on a wall with two nails so that
if either nail falls out the painting falls down. Convert this into a problem about π1(R

2−{2 points}).
Solve it given that this group is F2, the free group on two generators given by the loops around the
two punctures.

(R) Solve the analogous problem of hanging a painting on n nails so that it falls if any k nails fall
out, and stays up if any k− 1 nails fall out. The above case corresponds to n = 2, k = 1.

Problem 39 (Covers of topological groups). (PG) Suppose G is a topological group with identity
e, i.e. a topological space which is also a group so that the group operations ((x, y) 7→ x · y and
x 7→ x−1) are continuous. Suppose p : H → G is a covering map with f ∈ p−1(e).

(i) Show that there is a unique group structure on H with identity f .
(ii) Show that the kernel K is discrete and in the center of H.

(iii) Show that K acting by left multiplication is isomorphic to the deck group.

8



Problem 40 (Fundamental group of a topological group). (PG) Suppose G is a path-connected
topological group. Show that π1(G) is abelian. (Hint: Suppose α and β are loops at the identity.
Consider the pointwise product of α and β, and show that it’s homotopic to α ∗ β.)

Problem 41 (Short exact sequence for fiber bundles). (PG15) Suppose p : E → B is a fiber
bundle with path-connected fiber F. That is, B has a cover {Uα} with p−1(Uα) ∼= Uα × F, but F
is not discrete but path connected. Further suppose π2(B) = 0, i.e. every map from S2 → B is
nullhomotopic. Show that there is an exact sequence:

1→ π1(F)→ π1(E)→ π1(B)→ 1

Problem 42 (Classifications of deck groups). (i) Does every group occur as the deck group of
some cover? (See problem 45.)

(ii) (R) Show that a group occurs as the deck group of a cover of closed manifolds iff it is finitely
presented. (Hint: Compute the fundamental group of the k-fold connected sum of S1 × S2.
You may need the Seifert–van Kampen theorem.)

(iii) (R) Does every group occur as the deck group of a cover of manifolds?

Problem 43 (Étale fundamental group). (R) For a space X with an universal cover X̃ → X, π1(X)

is the deck group, and by the Galois correspondence, maps to the deck group of every cover of X. So

π1(X) = lim←−
E normal cover

deck group(E→ X) .

If we restrict to only covers of finite degree, things can (perhaps counterintuitively) get more
complicated. Compare π1(X) with

πét
1 (X) = lim←−

E finite normal cover

deck group(E→ X)

for X = S1.

Problem 44 (The algebraic view). Consider the finite covers of X = C× = C \ 0 and the ring of
rational functions C(t) as a ring of complex valued functions defined on (Zariski) open sets of X.

(i) (PG) Using the Galois correspondence for covers and subgroups of π1(X) ∼= Z, verify that the
finite covers of X are exactly given by the maps pn : X → X; z 7→ zn. Note that these are all
Galois covers (Z is abelian).

(ii) (PG) Under pullback of functions, verify that pn corresponds to the embedding C(t) ⊆ C(t)
via t 7→ tn.

(iii) (R) Show that the Galois extensions of C(t) that are unramified away from 0 and ∞ are given
by attaching nth roots of t for various n. Facts that are likely to be helpful:

• C ⊂ C(t) contains all roots of unity.

• If an extension K contains n
√

f (t) for n > 0 and a is either a root or pole of f then K is
ramified at a (i.e. (t− a)). Check this, possibly by passing to CLt− aM = CJtK[(t− a)−1].

(iv) (R) Verify that the Galois groups correspond to the deck groups, again under pullback of
functions.
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Problem 45 (Construction of EG). (R) Given a group G, the following provides a construction of a
contractible space EG with a properly discontinuous G-action, and hence a covering map EG → BG.
Such a cover is unique upto homotopy equivalence and universal in a precise sense below.

(i) Consider a ∆-complex EG with n-cells given by Gn+1. Show that the n-skeleton is nullhomo-
topic in the (n + 1)-skeleton and hence the space is contractible.

(ii) Verify that the diagonal action of G: g · (g0, . . . gn) = (gg0, . . . , ggn) is properly discontinuous.
(iii) If E→ B is any G-cover, then show that there is a map f : B→ BG, unique up to homotopy,

such that E = f ∗(EG).
(iv) Show that EG → BG is unique up to homotopy equivalence.
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