
 

 

Subject Name: Theory of Computation 

Subject Code: CS-4005 

Semester: 4
th

      

 

 

 

 



 

Unit-IV: Turing Machine 

4.1 Introduction 

Turing Machine was invented by Alan Turing in 1936 and it is used to accept Recursive Enumerable 

Languages (generated by Type-0 Grammar). Every problem that can be solved on a real computer can 

also be solved by a Turing machine. 

 

4.2 Turing Machine Model 

A Turing Machine (TM) is a mathematical model which consists of an infinite length tape divided into 

cells on which input is given. It consists of a head which reads the input tape. A state register stores the 

state of the Turing machine. After reading an input symbol, it is replaced with another symbol, its 

internal state is changed, and it moves from one cell to the right or left. If the TM reaches the final 

state, the input string is accepted, otherwise rejected. 
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4.3 Working or operation of Turing Machine 

The Turing machine performs a sequence of computation steps. In one such step, it does the following: 

1. Immediately before the computation step, the Turing machine is in a state q of Q, and  tape heads is 

on a certain cell. 

2. Depending on the current state q and the symbol that are read by the tape heads, 

a)  The Turing machine switches to a state p of Q (which may be equal to p) 

b)  Ea h tape head ites a s ol of Γ i  the ell it is u rently scanning (this symbol may be equal 

to the symbol currently stored in the cell), and  

c) Each tape head either moves one cell to the left, moves one cell to the right, or stays at the 

current cell. 

 

4.4 Formal Definition of Turing Machine 

A TM is expressed as a 7-tuple Q, T, B, ∑, δ, , B, F  he e: 

 Q is a finite set of states 

 T is the tape alphabet (symbols which can be written on Tape) 

 B is blank symbol (every cell is filled with B except input alphabet initially) 

 ∑ is the input alphabet (symbols which are part of input alphabet) 

 δ is a t a sitio  fu tio  hi h aps Q × T → Q × T × {L,R}. Depe di g o  its p ese t state a d 

present tape alphabet (pointed by head pointer), it will move to new state, change the tape 

symbol (may or may not) and move head pointer to either left or right. 

 q0 is the initial state 

 F is the set of final states. If any state of F is reached, input string is accepted. 

 

4.5 Transitions:  Representation of Turing Machine. 

 Transition function of TM is denoted as δ(q, X) = (p, Y, D) which specified  transition in TM is function of 

two components : 

1) Present state of TM, q  

2) Tape Symbol X, being scanned by TM. 

 In every transition                       

a) TM enters into new state p or remain into same state p = q.  

b) A new symbol Y is written on the scanning cell in place of symbol X. 

c) If Y = X then there is no change in symbol of scamming cell. 
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d) If D = L o  ← , tape head o es o e ell left to ell ei g s a ed.   

e) If D = R o  → , tape head moves one cell right to cell being scanned. 

 

4.5.1 Transition Diagram of Turing Machine 

Fo  t a sitio  fu tio  δ , β  = p, Υ, D  The t a sitio  diag a  ill ha e 

 

 

 

 

4.6 Language accepted by Turing Machine 

A TM accepts a language if it enters into a final state for any input string w. A language is recursively 

enumerable (generated by Type-0 grammar) if it is accepted by a Turing machine. 

A TM decides a language if it accepts it and enters into a rejecting state for any input not in the 

language. A language is recursive if it is decided by a Turing machine. 

There may be some cases where a TM does not stop. Such TM accepts the language, but it does not 

decide it. 

 

4.7 Design of Turing Machine 

Let us construct a turing machine for L={ anbncn |n>=1 } 

 Q = {0,1,2,3,4,H} where 0 is initial state. 

 T = {a,b,c,X,Y,Z,B} where B represents blank. 

 ∑ = { , } 

 F = {H} 

 

 

β, Υ, D  O  β/Υ, D 
 q  q  p 
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Input tape:- 

 

1. aabbcc 

2. Xabbcc 

3. XaYbcc 

4. XaYbZc 

5. XXYbZc 

6. XXYYZc 

7. XXYYZZ 
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4.8 Variants of TM : Multi-tape TM 

Multi-tape Turing Machines have multiple tapes where each tape is accessed with a separate head. 

Each head can move independently of the other heads. Initially the input is on tape 1 and others are 

blank. At first, the first tape is occupied by the input and the other tapes are kept blank. Next, the 

machine reads consecutive symbols under its heads and the TM prints a symbol on each tape and 

moves its heads. 

 

 

 

 

 

 

 

 

 

 

 

 

A Multi-tape Turing machine can be formally described as a 7-tuple  

 M = Q,Σ, Γ, δ, , B, F   

 he e − 

 Q is a finite set of states 

 Σ is set of i put alpha et 

 Γ is the tape alphabet 

 B is the blank symbol 

 δ is a elatio  o  states a d s ols he e 

 δ: Q × Xk → Q × X × {Left_shift, Right_shift, No_shift } k 

    where there is k number of tapes 

 q0 is the initial state 

 F is the set of final states 

Note − E e  Multi-tape Turing machine has an equivalent single-tape Turing machine. 

 

Downloaded from  be.rgpvnotes.in

Page no: 5 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


4.8 Variants of TM : NDTM 

In a Non-Deterministic Turing Machine, for every state and symbol, there are a group of actions the TM 

can have. So, here the transitions are not deterministic. The computation of a non-deterministic Turing 

Machine is a tree of configurations that can be reached from the start configuration. 

An input is accepted if there is at least one node of the tree which is an accept configuration, otherwise 

it is not accepted. If all branches of the computational tree halt on all inputs, the non-deterministic 

Turing Machine is called a Decider and if for some input, all branches are rejected, the input is also 

rejected. 

A non-deterministic Turing machine can be formally defined as a 7-tuple Q, ∑, Γ,  δ, , B, F  he e − 

 Q is a finite set of states 

 Γ is the tape alphabet 

 ∑ is the i put alpha et 

 δ is a transition function; 

   δ : Q × X → P Q × X × {Left_shift, Right_shift} . 

 q0 is the initial state 

 B is the blank symbol 

 F is the set of final states 
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4.8 Variants of TM : Universal Turing Machine (UTM)  

 The problem with Turing Machines is that a different one must be constructed for every new 

computation to be performed, for every input output relation. 

 This is why we introduce the notion of a universal Turing machine (UTM), which along with the 

input on the tape, takes in the description of a machine M. The UTM can go on then to 

simulate  

 The universal machine essentially achieves this by reading both the description of the machine to 

be simulated as well as the input thereof from its own tape. Alan Turing introduced the idea of 

such a machine in 1936–1937. This principle is considered to be the origin of the idea of 

a stored-program computer used by John von Neumann in 1946 for the "Electronic Computing 

Instrument" that now bears von Neumann's name: the von Neumann architecture. 

 

4.8 Variants of TM : composite & iterated TM 

A Turing machine represents an algorithm. Just as a typical large algorithm can be described as a 

number of sub-algorithms working in combination, we can combine several Turing machines into a 

larger composite TM. In the simplest case, if T1 and T2 are TMs, we can consider the composition T1T2 

hose o putatio  a  e des i ed app o i atel   sa i g fi st e e ute T , the  e e ute T .  I  

order to make sense of this, we think of the three TMs T1, 

T2, and T1T2 as sharing a common tape and tape head, and the tape contents and tape head position 

when T2 starts are assumed to be the same as when T1 stops. 
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4.8 Variants of TM : Turing machine as enumerators 

An enumerator is a Turing machine with a printer attached. The enumerator starts with no input on its 

tape. Rather than accept or reject strings, the enumerator prints out a set of strings which is the 

language of the enumerator. 

The enumerator may elect at any point to print the string on its tape. 

 

Every enumerator has an equivalent Turing machine that recognizes the language it generates. The 

following Turing machine MM recognizes the language produced by some enumerator EE: 

M=M= O  i put ww: 

1. Run EE. Every time EE outputs a string, compare it with ww. 

2. If ww ever appears in the output, accept. 

3. If EE halts before this happens, reject. 

Also, every Turing machine has an equivalent enumerator that generates the language it recognizes. 

The following enumerator EE generates the language recognized by some Turing machine MM: 

Say that s1,s2,...s1,s2,... is a list of all strings in Σ∗Σ∗. 

E=E= 

1. Repeat the following for i=1,2,3...i=1,2,3... 

1. Run MM for ii steps on each input s1,s2,...,sis1,s2,...,si. 

2. If any computation accepts, print out the string that was accepted. 

Here EE is careful to avoid infinite looping in MM by limiting the number of steps that are executed. 
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4.9 Church’s hypothesis 

 It states that a function on the natural numbers is computable by a human being following an 

algorithm, ignoring resource limitations, if and only if it is computable by a Turing machine. The 

thesis is named after American mathematician Alonzo Church and the British 

mathematician Alan Turing. 

 The Church-Turing thesis encompasses more kinds of computations than those originally 

envisioned, such as those involving cellular automata, combinators, register machines, 

and substitution systems. It also applies to other kinds of computations found in theoretical 

computer science such as quantum computing and probabilistic computing. 

 There are conflicting points of view about the Church-Turing thesis. One says that it can be 

proven, and the other says that it serves as a definition for computation. There has never been 

a proof, but the evidence for its validity comes from the fact that every realistic model of 

computation, yet discovered, has been shown to be equivalent. If there were a device which 

could answer questions beyond those that a Turing machine can answer, then it would be 

called an oracle. 

 

4.10 Recursive and Recursive Enumerable Languages 

Recursive Enumerable (RE) or Type -0 Language 

RE languages or type-0 languages are generated by type-0 grammars. An RE language can be accepted 

or recognized by Turing machine which means it will enter into final state for the strings of language 

and may or may not enter into rejecting state for the strings which are not part of the language. It 

means TM can loop forever for the strings which are not a part of the language. RE languages are also 

called as Turing recognizable languages. 

Recursive Language (REC) 

A recursive language (subset of RE) can be decided by Turing machine which means it will enter into 

final state for the strings of language and rejecting state for the strings which are not part of the 

language. e.g.; L= {anbncn|n>=1} is recursive because we can construct a turing machine which will 

move to final state if the string is of the form anbncn else move to non-final state. So the TM will always 

halt in this case. REC languages are also called as Turing decidable languages. The relationship between 

RE and REC languages can be shown in Figure  
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We hope you find these notes useful. 

You can get previous year question papers at  

https://qp.rgpvnotes.in . 

 

If you have any queries or you want to submit your 

study notes please write us at 

rgpvnotes.in@gmail.com 
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